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Abstract

Recurrent Neural Networks (RNN) are ubiquitous computing systems for sequences and multivariate
time series data. While several robust architectures of RNN are known, it is unclear how to relate
RNN initialization, architecture, and other hyperparameters with accuracy for a given task. In this
work, we propose to treat RNN as dynamical systems and to correlate hyperparameters with accu-
racy through Lyapunov spectral analysis, a methodology specifically designed for nonlinear dynamical
systems. To address the fact that RNN features go beyond the existing Lyapunov spectral analy-
sis, we propose to infer relevant features from the Lyapunov spectrum with an Autoencoder and
an embedding of its latent representation (AeLLE). Our studies of various RNN architectures show
that AeLLE successfully correlates RNN Lyapunov spectrum with accuracy. Furthermore, the latent
representation learned by AeLLE is generalizable to novel inputs from the same task and is formed
early in the process of RNN training. The latter property allows for the prediction of the accu-
racy to which RNN would converge when training is complete. We conclude that representation of
RNN through Lyapunov spectrum along with AeLLE, and assists with hyperparameter selection of
RNN, provides a novel method for organization and interpretation of variants of RNN architectures.

Keywords: Recurrent Neural Networks, Hyperparameter Optimization, Networked Dynamical Systems,
Lyapunov Exponents, Deep Learning

Introduction

Recurrent Neural Networks (RNN) specialize in
processing sequential data, such as natural speech
or text, and broadly, multivariate time series
data [1–3]. With such omnipresent data, RNN
address a wide range of tasks in the form of pre-
diction, generation, and translation for a myriad
of applications which include stock prices, markers
of human body joints, music composition, spoken
language, and sign language [4–11]. While RNN

are ubiquitous systems, these networks cannot
be easily explained in terms of the architectures
they assume, the parameters that they incorpo-
rate, and the learning process that they undergo.
As a result, it is not straightforward to associate
an optimally performing RNN with a particular
dataset and a task. The difficulty stems from RNN
characteristics making them intricate dynamic
systems. In particular, RNN can be classified
as (i) nonlinear (ii) high-dimensional (iii) non-
autonomous dynamical systems with (iv) varying
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parameters, which are either global (hyperparam-
eters) or connectivity weights during training.

RNN are defined as multi-layered systems
where each layer is viewed as a sequential com-
position of a function f for each time step of the
input sequence. The equations describing a generic
RNN are

ht+1 = f(ht, xt) = σ(Uxt + Vht + b), (1)

yt = Wht, (2)

where ht are the hidden states of the RNN, t is
the time step, xt is the input, U are the connec-
tivity weight parameters for the input, V are the
connectivity weight parameters for hidden (inter-
nal) states, b is the bias term, and σ is a non-linear
activation function (e.g., sigmoid or tanh). The
hidden states ht are translated to the predicted
output yt, where W are the connectivity weight
parameters for the output [12].

For RNN to be effective in handling differ-
ent time scales, it is important to employ the
concept of parameter sharing across inputs of
different length. This allows the network to gen-
eralize across inputs and identify similar features.
Since input data may exhibit these features in dif-
ferent orders or duration, the relationship between
elements in a sequence must be learnt by the
network hidden states through their connectivity
parameters.

Such requirements introduce several funda-
mental bottlenecks that hinder the performance
of generic RNN. The first bottleneck is due to
long-term propagation of gradients during training
which typically results in vanishing or explod-
ing gradients [13]. In addition, even when the
propagation of gradients is stabilized, another bot-
tleneck stems from RNN being a dynamic map
constituting the composition of the function f at
each time step being a dynamic map. The long-
term repetition of the composition may amplify
small inaccuracies at individual time step to large
contributions.

In order to have a network which can propa-
gate and learn longer sequence in a robust way,
it was shown that the eigenvalues of f need
to be close to zero [14]. Furthermore, architec-
tures of RNN, such as Long Short-Term Mem-
ory (LSTM) [15] and Gated Recurrent Units
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Fig. 1 RNN performance for the same task
varies significantly with hyperparameter variation.
A) RNN variants randomly initialized with initial states
and hyperparameters exhibit a wide distribution of accu-
racy on the target learning task. B) Clustering of variants
with various embeddings (left to right). PCA 2D embed-
ding of the connectivity weights (left), W in Eq. 1 does
not result in useful clustering. PCA 2D embedding of LE
spectrum (middle) separates the variants based on accu-
racy better. AeLLE 2D embedding (right) is capable, by a
vertical line classifier to separate variants and isolate high
accuracy variants with high precision.

(GRU)[16, 17], have been proposed to mitigate the
extreme effects of these long-term dependencies.
LSTM and GRU remedy these problems by incor-
porating gates (self-loops) which allow the net-
work to learn the amount of information that each
component should preserve from previous time
steps. By implementing this structure, LSTMs
and GRUs are able to learn long-term dependen-
cies, making them useful for a wide variety of
applications [9, 18–25].

While such specific architectures are intuitive
and robust, they represent singular points in the
space of RNN. In addition, for these architectures,
the accuracy still depends on hyperparameters,
among which are the initial state of the network,
initialization of the network connectivity weights,
optimization settings, architectural parameters,
and the input statistics. Each of these factors has
the potential to impact network learning and as a
consequence task performance. Indeed, by fixing
the task and randomly sampling hyperparameters
and inputs, the accuracy of otherwise identical
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networks can vary significantly, as demonstrated
in Fig. 1A.

Mitigation of the sensitivity on error gradient
propagation and informing parameter selection
typically involves studying the stability of the
propagation of the recursive compositions of the
hidden states, i.e., ht [14]. Since vanishing and
exploding gradients arise from long products of
Jacobians of the hidden states dynamics whose
norm could exponentially grow or decay, much
effort has been made to mathematically describe
the link between model parameters and the eigen-
and singular-value spectra of long products [26–
29]. For architectures used in practice, these
approaches appear to have a limited scope [30, 31].
This is likely due to spectra having non-trivial
properties reflecting intricate long-time dependen-
cies within the trajectory, and due to the need
to take into account the dynamic nature of RNN
systems.

The identification of RNN as dynamical sys-
tems and as such developing appropriate analy-
ses appears as a prospective direction. Recently,
dynamical systems methodology has been applied
to introduce constraints to RNN architecture to
achieve better robustness, such as orthogonal (uni-
tary) RNN [32–38] and additional architectures
such as coupled oscillatory RNN [39] and Lipschitz
RNN [40]. These approaches set network weights
to form dynamical systems which have the desired
Jacobians for long-term information propagation.
In addition, analyses such as stochastic treatment
of the training procedure have been shown to
stabilize various RNN [41]. Furthermore, a univer-
sality analysis of fixed points of different RNN,
proposed in [42], hints that RNN architectures
could be organized in similarity classes such that
despite having different architectural properties
would exhibit similar dynamics when optimally
trained. In light of this analysis, it remains unclear
to which similarity classes in the space of RNN the
constrained architectures belong and what is the
distribution of the architectures within each class.
These unknowns warrant development of dynam-
ical systems tools that characterize and classify
RNN variants.

A powerful dynamical system method for char-
acterization and predictability of dynamical sys-
tems is Lyapunov Exponents (LE) [43, 44]. LE

capture the information generation by the sys-
tem’s dynamics through measurement of the sep-
aration rate of infinitesimally close trajectories.
The collection of all LE is called LE spectrum (see
Fig. 2). When LE are computed from observed
evolution of the system, Oseledets theorem guar-
antees that LE characterize each ergodic com-
ponent of the system, i.e., when long enough
evolution of a trajectory in an ergodic compo-
nent is sampled, the computed LE spectrum is
guaranteed to be the same (see Methods section
for details of computation) [45, 46]. Efficient
approaches and algorithms have been developed
for computing LE spectrum [47]. These have been
applied to various dynamical systems including
hidden states of RNN and variants such as LSTM
and GRU [48]. Multiple features of LE spectrum
provide an insight into an underlying dynamical
system. For example, the maximal LE will deter-
mine the linear stability of the system [49]. Fur-
ther, a system having LE greater than zero repre-
sents chaotic dynamics with the magnitude of the
first exponent indicating the degree of chaos; when
the magnitude decreases and approaches zero, the
degree of chaos decreases as well. When all expo-
nents are negative, the dynamics converge towards
a fixed point attractor. Zero exponents represent
limit cycles or quasiperiodic orbits [50, 51]. Many
additional features of LE, even non-direct, cor-
respond to properties of the dynamical system.
For example, the mean exponent determines the
rate of contraction of full volume elements and is
similar to the KS entropy [52]. The LE variance
measures heterogeneity in stability across differ-
ent directions and can reflect the conditioning of
the product of many Jacobians. In the study of
turbulence [53], LE close to and below zero in a
chaotic system have been showed to align with the
inertial subrange of the turbulent system [54].

These features are descriptive and hold for
nonlinear autonomous dynamical systems which
share with RNN the characteristics of being (i)
nonlinear and (ii) high-dimensional. However,
RNN possess two additional characteristics of (iii)
non-autonomous systems due to the hidden states
dynamics ht driven by inputs xt, and (iv) varying
parameters. Computing meaningful LE spectrum
and preserving its features might still be plausible
for RNN with non-autonomous inputs and fixed
parameters, as described in [55]. This approach
relies on the theory of random dynamical systems
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which establishes LE spectrum even for a system
driven by a noisy random input sequence sam-
pled from a stationary distribution [56]. Analytical
foundations employ uncorrelated Gaussian inputs,
however, the framework is expected to apply to a
wider range of well-behaved input statistics. This
includes those with finite, low-order moments and
finite correlation times like character streams from
written language and sensor data from motion
capture systems. The time course of the driven
dynamics depends on the specific input realiza-
tion, but critically, the theory guarantees that
the stationary dynamics for all input realizations
share the same stability properties which will, in
general, depend on the input distribution, e.g., its
variance.

While including non-autonomous inputs in the
analysis of RNN LE spectrum appears feasible,
very little is known about LE spectrum features
for systems with varying parameters, especially
systems like RNN which have a high number of
parameters making them sensitive to parameter
variation and impractical to analyze on a per-
parameter basis. In fact, contradictory examples
in [55] and in Fig. 2 suggest that the known fea-
tures of LE spectrum are not directly correlated
with RNN robustness and accuracy. Such inconsis-
tency motivates our work where we develop a data
driven methodology, called AeLLE, to infer LE
spectrum features and associate them with RNN
performance. The methodology implements an
Autoencoder (Ae) which learns through its Latent
units a representation of LE spectrum (LLE) and
correlates the spectrum with the accuracy of RNN
for a particular task. The latent representation
appears to be low dimensional and interpretable
such that even a simple linear embedding of the
representation, denoted as AeLLE, corresponds to
a classifier for selection of optimally performing
parameters of RNN based on LE spectrum. We
show that once AeLLE is trained, it holds for
novel inputs and we also investigate the correla-
tion between AeLLE classification accuracy and
needed RNN training.

Methods

The proposed AeLLE methodology consists of
three steps: 1) Computation of LE spectrum, 2)
Autoencoder for LE spectrum, and 3) Embedding
of Autoencoder Latent representation.

Computation of LE [48, 55]

We compute LE by adopting the well-established
algorithm [57, 58] and follow the implementation
in [48, 55]. For a particular task, each batch of
input sequences is sampled from a set of fixed-
length sequences of the same distribution. We
choose this set to be the validation set. For each
input sequence in a batch, a matrix Q is initial-
ized as the identity to represent an orthogonal set
of nearby initial states. The hidden states ht are
initialized as zeros.

To track the expansion and the contraction of
the vectors of Q, the Jacobian of the hidden states
at step t, Jt, is calculated and then applied to the
vectors of Q. The Jacobian Jt can be found by
taking the partial derivatives of the RNN hidden
states at time t, ht, with respect to the hidden
states at time at t− 1, ht−1

[Jt]ij =
∂hjt
∂hit−1

. (3)

Beyond the hidden states, the Jacobian will
depend on the input xt. This dependence allows
us to capture dynamics of a network as it responds
to input. The expansion factor of each vector is
calculated by updating Q by computing the QR
decomposition at each time step

Qt+1,Rt+1 = QR(JtQt). (4)

If rit is the expansion factor of the ith vector at
time step t – corresponding to the ith diagonal
element of R in the QR decomposition– then the
ith LE λi resulting from an input signal of length
T is given by

λk =
1

T

T∑

t=1

log(rkt ) (5)

The LE resulting from each input xm in the batch
of input sequences are calculated in parallel and
then averaged. For each experiment, the LE were
calculated over a fixed number of time steps with
n different input sequences. The mean of n result-
ing LE spectra is reported as the LE spectrum.
To normalize the spectra across different network
sizes and consequently the number of LE in the
spectrum, we interpolate the spectrum such that
it retains the shape of the largest network size.



Springer Nature 2021 LATEX template

Lyapunov-Guided Embedding for Hyperparameter Selection in Recurrent Neural Networks 5

-1

-2

-3

-4

	ℎV

x

U

y

𝑸𝟎
(𝟏)

𝑸𝟎
(𝟎)

𝒉𝟎

𝑸∆𝒕
(𝟎)

𝑸∆𝒕
(𝟏)

𝒉∆𝒕

Hidden States 𝒉𝒕 Evolution

1
Expansion

Contraction

dim(ℎ)1

0

D

W

Zero Crossing

Maximum

Initial Slope Final Slope

𝝀𝒊
Lyapunov Exp.

LSTM hyperparameters:  

A, B, C, D, E

Expansion

Contraction

Fig. 2 LE Spectrum of RNN variants. RNN (top left) hidden states h evolution is tracked to calculate the LE spectrum
of the network. The exponents are found by calculating the expansion and the contraction of nearby trajectories over time
(bottom left). LE spectra correspond to points on LE spectrum curves (right). Variation of hyperparameters will correspond
to distinct spectra curves. Basic known LE features such as Maximum, Initial Slope, Final Slope, Number of exponents
greater than zero marked on the plot, do not directly correlate to task accuracy.

Through this interpolation, we can represent the
LE spectra as curves. Spectra curves will have the
same number of LE points for small networks and
for larger networks.

Autoencoder for LE spectrum

As illustrated in Fig. 1, the computed LE spec-
trum appears to organize RNN variants and
correlate them with accuracy better than direct
quantities of RNN architecture, e.g., the connec-
tivity weights of the output layer W and their
embeddings. However, it is also evident that the
correlation is subtle and depends on the choice of
the embedding (features) of LE spectrum. In fact,
when hyperparameters are varied, we observe that
direct LE spectrum features are not correlated
with performance (see Fig. 2 insets of maximum,
zero-crossing, initial slope and final slope) . This
warrants association of a robust embedding that
will extract key correlative features between LE
spectrum and RNN accuracy. For such purpose,
Autoencoder methodology has been introduced as
a methodology for learning robust and nonlinear
embeddings from data and employed in numerous
feature extraction applications [59–63].

Autoencoders are multilayered neural net-
works consisting of two components: an encoder
network φ and a decoder network ψ. The encoder
receives an input data Z and includes multiple
layers that shrink in dimension as the input prop-
agates through the layers. The last layer of the

encoder, and typically the most compact in dimen-
sion, is denoted as the Latent layer. The decoder
is a multi-layered network as well, receiving input
from the Latent layer and is typically a reflection
of the encoder, such that each layer expands in
dimension up to the decoder’s last (output) layer
of same dimension as the first (input) layer of the
encoder, see Fig. 3. The Autoencoder is trained
for the task of reconstruction, namely the output
of the decoder is optimized to closely match the
input into the encoder. Over the course of train-
ing, the Latent layer becomes representative of
the variance in the input data and extracts key
features that might not immediately be appar-
ent in the input. In addition to the reconstruction
task, it is possible to include constraints on the
optimization by the formulation of a loss function
for the Latent layer values (Latent space), e.g.,
a classification or prediction criterion. This can
constrain the organization of values in the Latent
space [13, 64]. We propose to adopt the Autoen-
coder methodology for correlating LE spectra and
RNN task accuracy. In this setup, the input into
the encoder of the Autoencoder of LE spectrum of
RNN (Ae) is the LE spectrum and denoted as Z.
Ae consists of a fully-connected encoder network
φ, a decoder network ψ, and a prediction network
θ defined by

Ẑ = (ψ ◦ φ)Z,

T̂ = (θ ◦ φ)Z,
(6)
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Autoencoder for Lyapunov Exponents
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Fig. 3 AeLLE: LE spectrum Autoencoder and Latent Representation Embedding. A) LE Autoencoder is set
to reconstruct LE spectrum (LE Reconstruction loss) and correlate it with task accuracy (Accuracy Prediction loss). B)
The Latent space of the LE spectrum Autoencoder correlates LE spectrum and accuracy. Embedding of Latent space
representation provides a low-dimensional clustering and classification space. We find that Latent space clusters the LE
spectra well such that simple embedding (PCA) and simple linear classifiers (hyperplane, hyperellipse or threshold) classify
RNN variants according to accuracy.

where Ẑ, and T̂, correspond to the output from
the decoder and predicted accuracy, respectively,
with loss of L = Z−Ẑ2+α·T−T̂n. Ae performs the
reconstruction task, optimization of the first term
of Eq. 7, mean-squared reconstruction error of LE
spectrum, as well as prediction of the associated
RNN accuracy T (best validation loss), the second
term of Eq. 7.

φ, ψ, θ = argmin
φ,ψ,θ

(Z − Ẑ2 + α · T − T̂n). (7)

The parameter n can defined based on the desired
behavior. The most common choices are the n =
1-norm and n = 2-norm.

During training of Ae, the weight α in the pre-
diction loss is gradually being increased so that
Ae emphasizes RNN accuracy prediction once the
reconstruction error has converged. We found that
this approach allows to capture features of both
RNN dynamics and accuracy. A choice of α being
too small leads to dominance of the reconstruc-
tion loss such that the correlation between LE
spectrum and RNN accuracy is not captured. Con-
versely, when α is initially set to a large value, the
reconstruction along with the prediction diverge.
The convergence of Ae for different RNN vari-
ants, as we demonstrate in Results section, shows
that correlative features between LE spectrum
and RNN accuracy can be inferred. The depen-
dency of Ae convergence on a delicate balance of
the two losses reconfirms that these features are

tangled and thus the need for Ae embedding. We
describe the settings of α and additional Ae imple-
mentation details in Supplementary Materials.

Embedding of Autoencoder Latent
Representation

When the loss function of Ae converges, it indi-
cates that the Latent space captures the corre-
lation between LE spectrum and RNN accuracy.
However, an additional step is typically required
to achieve an organization of the Latent represen-
tation based on RNN variants accuracy. For this
purpose, a low dimensional embedding, denoted
as AeLLE, of the Latent representation needs to
be implemented. An effective embedding would
indicate the number of dominant features needed
for the organization, provide a classification space
for the LE spectrum features and connect them
with RNN parameters. We propose to apply the
Principal Component Analysis (PCA) embedding
to the Latent representation [65, 66]. The embed-
ding consists of computing PCA (PC modes) and
projecting the representation on the dominant PC
modes (e.g. 2 or 3 PC modes). Notably, while
other, nonlinear, embeddings are possible, e.g.,
tSNE or UMAP [67, 68], when PCA results in
a few dominant PC modes and a projection of
them results in effective organization it indicates
that the Latent representation has successfully
captured the characterizing features of the corre-
lation. We show in the Results section that, for
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all examples of RNN architectures and tasks that
we considered, the PCA embedding is sufficient to
provide an effective space. In particular, in this
space, most accurate RNN variants (green) can be
clustered from other variants (red) through a sim-
ple clustering procedure, either a hyperplane or a
hyperellipse (see Fig. 4).

Results

To investigate application and generality of our
proposed method, we consider tasks with various
inputs and outputs and various RNN architec-
tures that have been demonstrated as effective
models for these tasks. In particular, we choose
three tasks: Signal Reconstruction, Character Pre-
diction and Sequential MNIST. All three tasks
involve learning temporal relations in the data
with different forms of the input and objec-
tives of the task. Specifically, the inputs range
from low-dimensional signals to categorical char-
acter streams to pixel greyscale values. Nonethe-
less, across this wide variety of input data and
tasks, the AeLLE space and clustering is consis-
tently able to separate variants of hyperparame-
ters according to accuracy (indicated by colors and
elliptical regions in Fig. 4) in a way that is more
informative than network hyperparameters alone.

More specifically, the Signal Reconstruction
task, also known as target learning, a random
RNN is being tracked to generate a target out-
put signal from a random input [31, 69]. This
task involves intricate time-dependent signals and
a generic RNN for which dynamics in the absence
of training are chaotic. Character Prediction is a
common task which takes as an input a sequence
of textual characters and outputs the next char-
acter of the sequence. This task is a rather sim-
ple task and used to benchmark various RNN
variants. In particular, LSTM models have been
shown to be successful in this task. Sequential
MNIST is a more extensive benchmark for RNN
classification accuracy. The input in the task is
an image of a handwritten digit unrolled into a
sequence of numerical values (pixels greyscale val-
ues) and the output is a corresponding label of
the digit. We investigate LSTM performance on
this task which was demonstrated to achieve high
accuracy. We describe the outcomes of AeLLE
application and resulting insights per each task
below.

Fig. 4 Application of AeLLE to examples of RNN
and tasks. For each example shown left to right: 2D
AeLLE space and classifier, error distribution as function
of hyperparameters, examples of output for three error val-
ues. A) Target Learning with Rank1-RNN. While
g hyperparameter indicates possibility to train a network
with low-error, each g value includes both low and high
error variants (middle). AeLLE with 2D PCA embed-
ding clusters the variants such that low error (< 0.2)
ones (across g values) are located in the bottom-right of
the plane. For such an error, the outputs are visually
indistinguishable from the target (right). B) Character
Prediction (CharRNN) with LSTM. The network size
hyperparameter of 256 and 512 appear optimal for accu-
racy for the CharRNN task. Different initialization can
impact the accuracy for each network size (middle). AeLLE
2D PCA (left) clusters variants according to network size
branches and in addition organizes variants into groups of
high and low error variants (green < 1.75). Low error region
can be identified with an ellipse and examples show the
probability maps for characters with such error (right). C)
Sequential MNIST classification (SMNIST) with
LSTM. The network size hyperparameter of 32 and 64

appear optimal for accuracy for the SMNIST task (mid-
dle) in contrast to CharRNN task. AeLLE 2D PCA (left)
clusters variants into an arc shape where low error variants
(green < 0.5) are all separated from high error variants
(red) in the left segment of the arc. Low error region can be
identified with an ellipse and examples show the probability
maps for digit recognition with such error (right).
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Target Learning with Random RNN

To examine how AeLLE interprets generic RNN
with time evolving signals as output and input, we
test Rank-1 RNN. Such a model corresponds to
training a single rank of the connectivity matrix,
the output weights W , on the task of target learn-
ing (Eq. 2 only). We set the target signal (output)
to be a four-sine wave, a benchmark used in [69].
A key parameter in Rank-1 RNN is the amplifica-
tion factor of the connectivity, g, which controls
the output signal in the absence of training. For
g ≤ 1, the output signal is zero, while for g ≥ 1.8
the output signal is strongly chaotic. In the inter-
val 1 < g < 1.8 the output signal is weakly chaotic.
Previous work has shown that the network can
generate the target when it is in the weakly chaotic
regime, i.e., 1 < g < 1.8 and trained with FORCE
optimization algorithm [69, 70].

However, not all samples of the random con-
nectivity correspond to accurate target genera-
tion. Even for g values in the weakly chaotic
interval, there would be Rank-1 RNN variants that
fail to follow the target (see Fig. 4A). Thereby, the
target learning task, Rank-1 RNN architecture,
and FORCE optimization are ideal candidates to
test whether AeLLE can organize the variants of
Rank-1 RNN models according to accuracy. The
candidate hyperparameters for variation would
be in 1) sampling of fixed connectivity weights
(from normal distribution) and 2) the parameter
g from the weakly chaotic regime. We structure
the benchmark set to include 1200 hyperparame-
ter variants and compute LE spectrum for each of
them. After training is complete, the set of LE in
the validation set are projected onto the Autoen-
coder’s AeLLE space, depicted in Fig. 4A-left.

Our results show that AeLLE organizes the
variants in a 2D space according to accuracy. The
variants with low error values (< 0.2) are col-
ored in green and variants with larger error values
(> 0.2) are colored in red. With this threshold,
only 22% of networks are classified as low-error
and 78% as large error. We demonstrate the dis-
parity in the signals that different error values
correspond to in Fig. 4A-right. AeLLE space suc-
ceeds to correlate LE spectrum with accuracy
such that most low-error networks are clustered in
the bottom-right of the two-dimensional projec-
tion (see Fig. 4A), whereas large-error networks
are concentrated in the left and top of the region

shown. The coloring demonstrates that the red
and the green regions can be easily separated using
a hyperplane or a hyperellipse and multiple candi-
dates as top performing variants can be identified
with such a simple classification. Comparison of
AeLLE clustering with a direct clustering accord-
ing to values of g, Fig. 4A-left vs Fig. 4A-middle,
shows that while most networks with g < 1.6
include variants with low-error, there are also vari-
ants with high-error for each value of g. This is
not the case for all variants in the low-error hyper-
ellipse of the AeLLE space. These variants have
different g and connectivity values and sampling
from the hyperellipse provides a higher probability
Rank-1 RNN variant to be accurate.

Character Prediction with LSTM

Multiple RNN tasks are concerned with non-time
dependent signals, such as sequences of charac-
ters in a written text. Therefore, we test AeLLE
on LSTM networks that perform the charac-
ter prediction task (CharRNN) in which for a
given sequence of characters (input) the network
predicts the character (output) that follows. In
particular, we train LSTM networks on English
translation of Leo Tolstoy’s War and Peace, sim-
ilar to the setup described in [71]. In this setup,
each unique character is assigned an index (num-
ber of unique characters in this text is 82), and
the text is split into disjoint sequences of a fixed
length l = 101, where the first l − 1 = 100 char-
acters represent the input, and the final character
represents the output. The loss is computed as the
cross entropy loss between the expected character
index and the output one.

The hyperparameters of network size (num-
ber of hidden states) and initialization of weight
parameters appear to have most impact on the
accuracy. We create 1200 variants of these param-
eters, varying the number of hidden units from
64 to 512 and sample initial weights from a sym-
metric uniform distribution with the parameter p
denoting the half-width of the uniform distribu-
tion from which the initial weights are sampled in
the range of [0.04, 0.4]. We split the variants into
Autoencoder training set (80%) and validation set
(20%). The validation is depicted in Fig. 4B-left.

Similarly to the target learning task, we mark
the variant networks according to accuracy. LSTM
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networks with loss < 1.75 are considered as low-
error (green) which includes 28.3% of networks,
while the rest of the networks with larger loss are
considered as large-error (red). We depict exam-
ples of error values and the impact on character
prediction in Fig. 4B-right. Similarly to the tar-
get learning example, nor the network size, nor
the initialization parameter p alone provide clear
separation between low-error and large-error vari-
ants and need to be set to optimal values together,
Fig. 4B-middle. Previous investigations indicated
that larger network sizes would be preferable for
achieving better accuracy. This is indeed reflected
in the variants that we have examined. Smaller
networks (size 64 and 128) do not reach low-error
accuracy. Larger networks can attain low-error,
however, we observe that much larger networks
(size 512) are not necessarily more accurate than
mid size networks (size 256) across variants that
we compared.

AeLLE analysis, based on LE spectrum, clearly
reflects these observations. We find that AeLLE
in 2D space separates the spectra of the variants
into four branches which correspond to the four
network sizes that were varied. The branches cor-
responding to smaller networks are located in the
top of the AeLLE plane, whereas larger networks
are in either the lower half or the far left of the
AeLLE plane. Among larger networks, the set of
low-error variants is stretched to the right of the
bottom region (marked by ellipse), meanwhile, the
higher-error networks, even of larger size, are all
located in the top and left regions of the AeLLE
plane, see Fig. 4B-left. Effectively, AeLLE disen-
tangles the dependence on the two parameters and
succeeds to cluster high-accuracy networks into an
easily identifiable cluster.

Sequential MNIST Classification
with LSTM

LSTM networks have been shown to be applicable
in a variety of sequence related tasks. A common
benchmark for LSTM is the sequential MNIST
task (SMNIST) applied on MNIST dataset [72]. In
this task, the input is a sequence of pixel greyscale
values unrolled from an image of handwritten dig-
its from 0 − 9. The output is a prediction of the
corresponding label (digit) written in the image.
We follow the SMNIST task setup in [73], where
each image is treated as sequential data and each

row is the input at one time, and number of time
steps is equal to the number of columns in the
image. The loss corresponds to the cross entropy
between the predicted and the expected one-hot
encoding of the digit. As in CharRNN, we vary two
hyperparameters, network size chosen from values
of 32−256, and initialization parameter p sampled
from the range of [2.0, 3.0].

Similarly to previously described tests, we
color code the variants according to accuracy.
LSTM networks with loss < 0.5 are considered as
low-error (green) which includes 28% of networks,
while the rest of the networks with higher loss
are considered as large-error (red). We illustrate
different outputs and error values in Fig. 4C-
right. SMNIST accuracy appears to be favorable
for smaller network sizes, conversely to CharRNN
task. LSTM variants of larger size (128 and 256)
do not achieve low-errors while LSTMs of 32 units
appear to have the smallest number of high-error
variants. Furthermore, the distribution of errors
appears to be in the full range of the parame-
ter p indicating the importance of selecting both
hyperparameters for optimal accuracy.

As in previous tests, AeLLE analysis is able to
unravel variants and their accuracy according to
LE spectrum. AeLLE plane clusters the spectra
of variants with low-error into a group in a form
of a dense arc in the mid-left part of the plane,
see Fig. 4C-left. Such separation clearly distin-
guishes between the two groups of accuracies and
allows easy detection of the high-accuracy group
by fitting an ellipse which contains the arc.

Pre-Trained AeLLE for Accuracy
Prediction

In the three tests described above, we find that the
same general approach of AeLLE allows selection
of variants of hyperparameters of RNN associated
with accuracy. LE spectrum is computed for fully
trained models to set apart the sole role of hyper-
parameter variation. Namely, all variants in these
benchmarks have been trained prior to computing
LE spectrum. Over the course of training, con-
nectivity weight parameters vary and as a result
LE spectrum undergoes deformations. However, it
appears that the general properties of LE spec-
trum such as the overall shape emerge early in
training.
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From these findings and the success of AeLLE,
a natural question arises: how early in training
can AeLLE identify networks that will perform
well upon completion of training? To investigate
this question we use a pre-trained AeLLE clas-
sifier, i.e., trained on a subset of variants that
were fully trained for the task. We then propose
to test how such pre-trained fixed AeLLE rep-
resents variants that are only partially trained,
e.g., underwent 0% − 50% of training. This test
is expected to show how robust are the inferred
features within AeLLE correlating hyperparame-
ters and LE spectrum subject to optimization of
connectivity weights. Also it would provide insight
into how long it is necessary to train the net-
work to predict the accuracy of a hyperparameter
variant.

We select the SMNIST task with LSTM mod-
els with 64 hidden states size and initialization
parameter p between 2.0 and 2.5 (200 variants
with similar number of low- and large-accuracy
models) as the test for the study. We then compute
LE spectrum for first ten epochs of the training
(out of all 20 epoch) for all variants. We then select
64 variants into a training set and train AeLLE
on LE spectrum curves for all epochs of the train-
ing set. We define such AeLLE as a Pre-Trained
AeLLE and investigate its performance.

We select the validation set (16 variants), and
apply the same loss threshold of 0.5 as above.
Therefore, 56.3% of these variants are low-error
networks and 43.7% are large-error networks. We
use this set to define a simple threshold that clas-
sifies low- and large-error variants according to
AeLLE ( Fig. 5 green shaded region of PC1 > 5).
We then apply the same Pre-Trained AeLLE and
accuracy threshold to variants in the test set (120
variants) at different epochs (formulated as % of
Training) illustrated in Fig. 5 with training pro-
gressing from left to right and Table 1. We observe
that projection of variants LE spectrum onto
AeLLE (points in AeLLE 2D embedding) changes
over the course of training. Before training, the
embedding is dense with none of the embedded
LE spectra is positioned in the low-error region.
In the course of training, the embedded points
separate from each other such that points cor-
responding to low-error move to the right and
points of large-error remain to the left and out-
side of the threshold region. Specifically, after just
a single epoch, 5% of training, we find that the

Training AeLLE vs. [Loss]
% Recall Precision F1
0% 0% [0%] – –
5% 35.9% [21.4%] 95.8% [100%] 0.52 [0.35]
20% 67.2% [49.0%] 91.5% [100%] 0.78 [0.66]
35% 82.0% [62.6%] 79.2% [100%] 0.81 [0.77]
50% 89.1% [70.4%] 75.0% [99%] 0.81 [0.82]
100% 96.9% 62.0% 0.76

Table 1 Precision, Recall, and F1 Score of pre-trained
AeLLE classifier for RNN final accuracy evaluated at
different stages of training compared with a direct
classifier based on loss values.

Recall, i.e., the number of the low-error networks
which fall within the low-error threshold region,
is 35.9%. The Precision, i.e., how many networks
in the region are low-error, is 95.8%, reflecting
that 23 of 24 variants are correctly identified as
low-error. After 4 epochs of training (20%), the
Recall becomes 67.2% such that the region con-
tains more low-error networks, and Precision of
91.5%. As training proceeds to 35% and 50%, we
observe that the Recall rate is further enhanced
to 82% and 89.1% respectively. This can be visu-
ally observed with almost all green points being
included in the green threshold region in Fig. 5-
(50% Task Training). With improvement of the
Recall, we also observe that the Precision slightly
decreases to 79% and 75% respectively, indicating
that several large-error LE spectrum (red points)
are erroneously classified as low-error. As a result,
we observe that F1 score settles at approximately
0.81 value.We contrast these results by computing
the Recall and the Precision rates at the com-
pletion training (100%). We find that in such a
case the Recall would increase to approximately
96.9%, while Precision would drop to 62% with F1
score of 0.76. Such F1 score is lower than the score
for 35% and 50% which indicates that in terms
of optimizing the F1 score an optimum would be
reached much earlier in training. Notably, the clas-
sifier that we have chosen is the simplest classifier
(threshold of the dominant PC mode) to estab-
lish a low bound on the the effectiveness of AeLLE
during training. We expect improved classification
rates for more precise classifiers.

In summary, we find that Pre-Trained AeLLE
converges early in training to an effective classifier
that predicts the accuracy of the given RNN when
fully trained. To further quantify the effective-
ness of AeLLE classifier prediction, we compare
it with a direct feature of training, the loss value
at each stage of training, see Table 1. We find
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Fig. 5 Pre-Trained AeLLE during RNN training. Prediction of task accuracy of inputs in a test set by pre-trained
AeLLE threshold classifier (PC1 > 5) of SMNIST LSTM variants is shown during (0%, 5%, 20%, 50%) RNN training. Before
the RNN is trained there are no low error variants (green; task accuracy of < 0.5) crossing the threshold. As training
progresses, low error variants cross the threshold, such that at 50% of training almost all low error variants have crossed
the threshold (high Recall). At 20% of training many low error variants crossed the threshold and almost all large error
variants (red) remained outside of the threshold (high Precision).

that variants with low loss early in training do
correspond to variants that will be classified as
low-error, indicated by almost perfect Precision
rate of 99%−100%. However, it appears that many
variants of high accuracy do not converge quickly.
Indeed, the Recall rate for a classifier based on loss
values is 21%−70% for 5%−50% of training, while
in contrast, AeLLE Recall rate is 35% − 89.1%
during the same training procedure. This indi-
cates that classification based only on loss could
miss multiple variants that may turn out to be
accurate.

Discussion

While Recurrent Neural Networks (RNN) are
ubiquitous in their applicability to multi-
dimensional input sequences and associated tasks,
the relation of RNN configurations to accuracy is
still lacking. Indeed, RNN can be viewed as nonlin-
ear high-dimensional non-autonomous dynamical
systems with varying parameters, and as such, are
complex systems that require advanced appropri-
ate methods for analysis. In this work, we studied
whether the methodology of Lyapunov exponents
(LE), designed for nonlinear complex systems,
can assist in inference of the relation between
RNN hyperparameters and accuracy. While the
direct approach of Lyapunov analysis and its stan-
dard features cannot be correlated with accuracy,
we show that there exists a learnable relation-
ship through an auxiliary Autoencoder for LE
spectrum. The proposed Autoencoder infers the
features of LE spectrum that are most related
to accuracy and hence serves as a link between

RNN architectural configurations and accuracy on
a given task.

LE methodology is an effective toolset to study
nonlinear dynamical systems since LE measure
the divergence of nearby trajectories, thus indicate
the degree of stability and chaos in that system.
Indeed, LE has been applied to various dynamical
systems and applications, and there exist theoreti-
cal underpinning for characterization of these sys-
tems by LE spectrum. However, RNN differ from
typical systems by being non-autonomous and
possessing multiple hyperparameters that provide
a configuration for network architecture. Further-
more, RNN undergo training, in which optimiza-
tion of loss varies the connectivity parameters.
These aspects make the information contained in
LE tangled such that it is unknown whether under
such alterations LE spectrum remains descriptive
of the underlying RNN. Our results demonstrate
that the information that LE contain regarding
the dynamics of a network could be related to net-
work accuracy on various tasks. In particular, we
show that AeLLE Latent representation can gen-
eralize across inputs such that AeLLE trained on
LE spectra of RNN with inputs belonging to the
validation set, can generalize and provide an effec-
tive representation for a separate set of inputs,
i.e., the test set. Furthermore, we also show that
AeLLE can generalize for connectivity weights
training such that pre-trained AeLLE can capture
the unique features that correspond to accuracy
early-on in training.

Due to these generalization properties, we con-
clude that AeLLE with an appropriate classifier
can serve as a predictive and diagnostic tool
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for hyperparameter selection early in training.
Specifically, the projection of the LE spectrum of
a network onto Pre-Trained AeLLE can predict
whether a network will eventually achieve low or
large error before completing training. With a sim-
ple classifier, being a threshold in the dominant
PC mode, we observe that prediction is effective
as early as 35% into training. With a more precise
classifier, we expect this prediction to happen even
sooner. From practical standpoint, this property
allows a quick selection of sets of hyperparameters
for the network during hyperparameter optimiza-
tion. Notably, AeLLE is unable to predict the
performance of networks which have not been
subject to training at all. This is expected as
the statistics of the input and the task are not
yet captured in the parameters of the RNN and,
therefore, in the LE.

While our work focuses on selection of RNN
hyperparameters with high-accuracy, the AeLLE
methodology is general and could be utilized to
other systems and extensions. For example, the
Autoencoder and its Latent representation can
be utilized to organize and classify architectural
variants of RNN for particular tasks and could
be targeted toward inference of features that
define each architecture. Furthermore, extension
of AeLLE methodology can be used to search and
unravel novel architectures. AeLLE approach can
be also adopted to analyze other complex dynam-
ical systems. For example, long-term forecasting
of temporal signals from dynamical systems is
a challenging problem that has been addressed
with a similar data-driven approach using autoen-
coders or spectral methods [74, 75]. Application of
AeLLE could unify such approaches for dynami-
cal systems representing various physical systems.
The key building blocks in AeLLE that would need
to be established for each of these extensions is
efficient computation of LE exponents and suffi-
cient sampling of data to train the Autoencoder
to form an informative Latent representation.

Code and Data Availability

The datasets analysed during the current study
as well as the code used to generated results are
available in the LyapunovAutoEncode repository,
https://github.com/shlizee/LyapunovAutoEncode.
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