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Abstract. Statisticians are interested in improving the ability of classical distribu-

tions to appropriately fit real-world data and accurately describe its characteristics.

Typically, this can be achieved by extending known distributions by incorporating ex-

tra parameters or compounding distributions. In this paper, a flexible general method

to obtain new families of distributions is proposed. A number of known methods turn

out to be special cases of the proposed method in this paper. Some examples are

given to demonstrate the power of the proposed method such as the exponential and

the Weibull distribution.

1. introduction

In statistics, it is always desired to generate new flexible distributions out of well-
known ones so that the new generated ones can adequately fit real-world date. There
is a lot of literature on creating new methods to generate new families of life-time
distributions (Alzaatreh et al. [2]), for example, by including exponentiation (Gupta
and Kundu [7]) and transmutation methods. A random variable Z is said to have
an exponentiated distribution if its cumulative distribution function (cdf) F (x) and
probability density function (pdf) f(x) are respectively

F (x) = [G(x)]α ,

f(x) = αg(x) [G(x)]α−1 , α > 0,

where G(x) and g(x) are, respectively, the cdf and pdf of some distribution, which is
usually called a baseline distribution.

Transmutation was proposed by Shaw and Buckley [12] to extend some non-Gaussian
distributions by incorporating new parameters. Transmuted distributions provide tools
to adjust the skewness and kurtosis of the distribution so that statisticians may effi-
ciently fit real world data (Riffi et al. [10]).

Give a random variable Z, the quadratic rank transmutation is achieved by producing
a cdf F (x) and pdf f(x) as follows.

E-mail address: riffim@gmail.com.

Key words and phrases. Exponentiated; transmuted; exponential; Gompertz; lognormal.

1



2 MOHAMED I. RIFFI

F (x) = (1 + λ)G(x)− λG2(x),

f(x) = g(x) [1 + λ− 2λG(x)] , |λ| ≤ 1.

Exponentiation is achieved by generating a cdf F (x) by Cordeiro et al. [4]

F (x) = {1− [1−G(x)]α}β ,

where the additional two shape parameters α and β are strictly positive real numbers.
Many authors applied the aforementioned methods and other methods that are not

mentioned here to classical distributions such as the Rayleigh distribution (Merovci [9]),
the Gompertz distribution (Abdul-Moniem and Seham [1]), the Gompertz-Makeham
distribution (El-Bar [5]), the Skew-Reflected-Gompertz distribution (Contreras-Reyes
et al. [3]), and the Weibull distribution (khan et al. [8]), etc.

2. Proposed method

Let u(y) be a non-negative continuous function with support [c, d] such that
∫ b

a
u(y) dy =

k > 0, where 0 ≤ c < d ≤ ∞ and c < a < b < d. Then p(y) = k−1u(y) is a pdf for a
certain random variable over [a, b]. Suppose Y is the random variable that corresponds
to the pdf p(y) on [a, b]. A new distribution can be generated from a distribution with
a cdf G(x) by using this equation

F (x) = 1−

∫ b−(b−a)G(x)

a

p(y) dy, (2.1)

where F (x) is the cdf of the generated distribution.
In this paper, Y is called the transformer, u(y) is called the kernel of the transformer,

and [a, b] is called the support of u (or the transformer).
In fact, F (x) is the cdf of the random variable Z = (Y −a)/(b−a) at 1−G(x). To see

this, consider the interval [b−(b−a)G(x), b] for a given x > 0, where G(x) = P (X ≤ x)
and the random variable X has the generating distribution. Then

1−

∫ b−(b−a)G(x)

a

p(y) dy = 1− P (Y ≤ b− (b− a)G(x))

= P

(

Y − a

b− a
≤ 1−G(x)

)

= FZ(1−G(x)),

where FZ is the cdf of the random variable Z = (Y − a)/(b− a).
F (x) has the following properties.

i. F (x) is a non-decreasing function of x.
ii. limx→−∞ F (x) = 0, since limx→−∞ G(x) = 0, and consequently

lim
x→−∞

(b− (b− a)G(x)) = b

.
iii. limx→∞ F (x) = 1, since limx→∞ G(x) = 1, and consequently

lim
x→∞

(b− (b− a)G(x)) = b− (b− a) = a

.
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iv. F (x) is continuous, thus it’s right-continuous.

Therefore, F (x) qualifies as a cdf for some random variable, which is the new distribu-
tion generated by (2.1).

Remark 2.1. Equation (2.1) implies that

F (x) = P (Z ≤ 1−G(x)) = P (Z ≤ R(x)), (2.2)

where R(x) = P (X ≥ x) is the reliability of X at x. For each value y of Y , the random
variable Z = (Y − a)/(b− a) represents the ratio of the points in the interval [a, y] to
the length of [a, b]. In this case,

F (x) = FZ(R(x))

Remark 2.2. For the proposed method, it is not necessary the selection of the kernel
and the support of the corresponding pdf. Also, the proposed method does not impose
any conditions on the cdf of the baseline distribution, G(x).

3. Flexibility of the method

When generating new distributions, we are free to select a and b, from the interval
[c, d], through which flexibility of choosing the distribution to appropriately fit our data
is achieved.

Example 3.1. By choosing G(x) to be the cdf of the exponential distribution with
parameter 1 and u(y) = y3, we can generate many new distributions by selecting
different intervals [a, b] (See Figure 1).

Figure 1. Using the exponential distribution as a baseline distribution
and the kernel u(y) = y3 with different supports.
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Example 3.2. In this example, we use G(x) as the cdf of the Weibull distribution with
parameters α = 3 and β = 2. Here, u(y) = y5. We generate many new distributions by
selecting different intervals [a, b] as in Figure 2.

Figure 2. Using the Weibull distribution as a baseline distribution and
the kernel u(y) = y5 with different supports.

Example 3.3. In this example, we use G(x) as the cdf of the gamma distribution with
parameters α = 2 and β = 3. Here, u(y) = y5. We generate many new distributions by
selecting different intervals [a, b] as in Figure 3.

Figure 3. Using the gamma distribution as a baseline distribution and
the kernel u(y) = y5 with different supports.
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Example 3.4. In this example, we use G(x) as the cdf of the lognormal distribution
with parameters µ = 0 and σ = 1. Here, u(y) = 3e−3y. We generate many new
distributions by selecting different intervals [a, b] as in Figure 4.

Figure 4. Using the lognormal distribution as a baseline distribution
and the kernel u(y) = 3e−3y with different supports.

4. Special cases

We can use (2.1) to get transmuted distributions of any rank.

(1) To obtain transmuted distributions of quadratic rank. Using (2.1), let u(y) =
(1− λ) + 2λy. Then cdf and pdf of the new distribution, respectively, are

F (x) = G(x)(1 + λ− λG(x)) (4.1)

f(x) = g(x)(1 + λ− 2λG(x)) (4.2)

(2) To obtain transmuted distributions of cubic rank (see Granzotto1 et al. [6]), let
u(y) = 3− λ1 − λ2 − 2 (3− λ1 − 2λ2) y + 3 (1− λ2) y

2. In this case,

F (x) = G(x)(λ1 + (λ2 − λ1)G(x) + (1− λ2)G
2(x)) (4.3)

f(x) = g(x){λ1 + 2(λ2 − λ1)G(x) + 3(1− λ2)G
2(x)} (4.4)

(3) Exponentiation can be achieved by letting u(y) = 1− λ+ 2λy and using Gα(x)
instead of G(x) in (2.1). In this case,

F (x) = Gα (1 + λ− λGα(x)) (4.5)

f(x) = αg(x)Gα−1(x) (1 + λ− 2λGα(x)) (4.6)
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(4) To obtain the exponentiated generalized class of distributions introduced in
Cordeiro et al. [4], we simply let u(y) = β(1− y)β−1, 0 < y < 1 to get

F (x) = [1− {1−G(x)}α]
β

(4.7)

f(x) = αβg(x) [1− {1−G(x)}α]
β−1

{1−G(x)}α−1 (4.8)

(5) To obtain transmuted distributions of any rank rank (Riffi [11]), let

u(y) = α1(1− λ1)y
α1−1 −

κ−1
∑

j=2

(α1 + αj)(λj − λj−1)y
α1+αj−1 + (α1 + ακ)λκ−1y

α1+ακ−1,

where α1 ≥ 1, αj+1 ≥ 0, and 0 ≤ λ1 ≤ 1 and λj − 1 ≤ λj+1 ≤ λj for j =
1, 2, . . . , κ− 1 and κ > 2. In this case we have

F (x) = 1− [1−G(x)]α1

{

1− λ1 +
κ−1
∑

j=2

(λj−1 − λj)[1−G(x)]αj + λκ−1[1−G(x)]ακ

}

(4.9)

5. Examples

In this section, we use some examples to highlight the flexibility of the proposed
method.

Example 5.1 (The Gompertz-Makeham distribution). We use the Gompertz-
Makeham distribution with scale parameter α = 2 and frailty parameter β = 3 as a
baseline distribution. In this case the cdf of the baseline distribution is given as

G(x) = 6e3(1−e2x)+2x, x ≥ 0

We use different kernels to produce different pdfs according to Figure 5, where the
a = 0, b = 1, and the pdf and cdf of the generated distribution are

g(x) =
6θeθ−θe3−3e2x+2x−3e2x+3

eθ − 1
, θ > 0, x ≥ 0

G(x) =
1− eθ−θe3−3e2x

1− eθ
, θ > 0,

respectively, for different values of θ as indicated in Figure 5.
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Figure 5. The Gompertz-Makeham distribution as a baseline distribu-
tion with different kernels and support [0, 1].

Example 5.2 (Waiting time). (See Appendix ?? for the data set). In this example we
use the gamma distribution with scale parameter α = 4.1 and shape parameter β = 0.97
as a baseline distribution to generate a new distribution that fits the waiting-time data,
where the kernel used in this example is u(y) = e−6y and [a, b] = [0, 1.25].

Figure 6 represents the waiting time data.

Figure 6. Histogram and smooth kernel density of the waiting times
data.
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The pdf of the generated distribution is

g(x) = 0.15x3.1e0.17Q(4.1,0,1.03x)−1.03x, x ≥ 0,

where Q is the generalized regularized incomplete gamma function, defined in non-
singular cases as

Q (a, z0, z1) =
Γ (a, z0, z1)

Γ(a)
=

∫ z1

z0
ta−1e−t dt

∫

∞

0
tz−1e−t dt

Figure 7. The gamma distribution as a baseline distribution with kernel
u(y) = e−6y and support [a, b] = [0, 1.25].

The mean squared error in this example is 0.000138254.

6. Conclusion

We conclude that the proposed method is flexible, easy to implement (see Mathe-
matica code in Appendix ??), and it gives accurate results when fitting real-world data.
Many important methods used to generate new distributions can be deduced from the
proposed method.
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