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Abstract 
 A shortcut to understand the microstructure-property relationship is sampling and analysis of 

microstructures that induce the desired material property. In the case of filled rubber, the simulation 

of complex filler morphology involves hundreds of filler particles. This requires a large amount of 

iterative sampling, because the number of parameters is 𝑂(3𝑛)  when using coordinates of the n 

particles as the search objective. Furthermore, the morphology that induces the desired property, e.g. 

extremely high modulus, only occurs rarely. In this paper, we propose an effective three-step search 

method for the filler morphology. In the first step, the replica exchange Markov chain Monte Carlo 

(MCMC) was employed to discretely search among a wide range of morphologies. In this step, we 

reduced the filler morphology space in sampling by introducing distributed filler candidate points and 

spin function. In the second step, the gradient descent method was applied to search for the desired 

morphology locally in the high-dimensional space 𝑂(3𝑛), starting from the morphologies obtained 

by the replica exchange MCMC. Lastly, the coarse-grained molecular dynamics (CGMD) simulations 

were performed to validate the morphologies actually show the desired properties, because the 

surrogate model of CGMD was employed in the first 2 steps for the efficient search. Using the 

proposed method, we demonstrate the search for morphologies that induce high elastic modulus. 
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1. Introduction 

Filled rubber is a composite material made of polymers and nanoscale fine filler particles, and 

their properties1 are directly related to tire performance such as rolling resistance, abrasion 

resistance, and wet traction. To examine the strong dependencies between the mechanical properties 

and the filler morphologies, many researchers have applied X-ray scattering, electronic microscopy, 

and atomic force microscopy techniques 2,3,4,5,6,7,8,9. However, the observations and experiments 

cannot clearly connect the structures with their effects. Computer simulations, on the other hand, 

can be used to visualize the inside of a tire and perform virtual experiments for tire design to improve 

the performance10. Coarse-grained molecular dynamics (CGMD) simulations of polymer materials 

have been performed to analyze the relationship between the nanometer-scale structures observed 

experimentally and the meter-scale mechanical properties4,11,12,13,14,15,16. However, several months 

of computation is often required to carry out a large-scale CGMD simulation that includes thousands 

of filler particles to analyze the nanometer-scale structures17,18. To the best of our knowledge, there 

have been no reports investigating the relationship based on many large-scale CGMD results. 

The best way to study the relationship is sampling and analysis of filler morphologies to extract 

the common nanometer-scale structures or features that induce the desired material properties (e.g., 

high elastic moduli and low hysteresis). In this regard, we are unaware of any reported sampling 

technique of the filler morphology for large strain responses, whether based on CGMD or not. The 

two major barriers to filler morphology sampling are the huge computational cost and the lack of 

effective sampling techniques. To overcome the former, we have previously established a highly 

accurate surrogate model for the large-scale CGMD19 of filled rubber. The details of the surrogate 

model will be explained here in a later section.  

Sampling the filler morphology means creating new filler morphology candidates, measuring a 

material property, and selecting filler morphologies providing the desired property. Two types of 

methods have been suggested for generating possible filler morphologies: probabilistic methods 

such as generating filler positions based on the Poisson point process20,21, and deterministic methods 

that directly determine each filler position. In the probabilistic methods, the stochastic parameters 

such as Poisson process intensity characterizing the filler morphology that induces the desired 

material properties are not easily searched, because material properties largely vary depending on 

the randomly sampled filler morphologies even under the same parameters. In the deterministic 

methods, the filler morphologies are fixed by the input parameters, which are the coordinates of 

each filler particle in a three-dimensional space. Nevertheless, the number of target parameters 

increases dramatically with the number of filler particles (n) as 𝑂(3𝑛), which prevents sufficient 

morphology sampling. 

In this paper, we propose a novel morphology search method which is hybrid of the probabilistic 
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and deterministic methods. It is the combination of the surrogate model for the large-scale CGMD, a 

Markov chain Monte Carlo (MCMC) technique22, a gradient descent method, and CGMD simulation. 

To the best of our knowledge, sampling techniques with MCMC have not been applied to the filler 

morphology search, although it was used for manufacturing23. When the filler morphology is sampled 

iteratively, it is desirable to use coordinates of filler particles as the search parameters instead of 

stochastic parameters, because the variations of stochastic trials are large when the stochastic 

parameters are used as described previously. However, parameter search that scales as 𝑂(3𝑛)  is 

hardly feasible for large 𝑛 due to the huge computational cost and the curse of dimensionality24,25. 

To overcome this problem, we specifically propose an efficient and effective technique to intensively 

sample filler morphology that induces desired material properties. This search is conducted by the 

replica exchange MCMC and the surrogate model-based simulation in a discrete representation space 

of the filler morphology. Once candidate filler morphologies predicted to provide good material 

properties are searched, they are updated by the gradient descent method using the surrogate model-

based simulation in order to further find filler morphologies that is predicted to provide better desired 

properties. Finally, CGMD simulations are carried out to validate whether the searched filler 

morphologies actually provide the desired properties, because the properties evaluated during the 

search using the replica exchange MCMC and the gradient descent method are merely the predicted 

values by a convolutional neural network (CNN) based surrogate model for efficient search. 

 

2. Problem setting 

 As a preliminary study, we investigated the relationship between filler morphology and stress at strain 

of 0.3 using a random sampling technique and CGMD simulation in order to obtain filler morphologies 

having high elastic modulus that improve tire abrasion resistance. The space size was 170[] × 170[] 

× 170[] (: unit length used in the CGMD), and radius of filler particles is 10[] in all morphologies. 

Stresses were calculated using the molecular dynamics simulation software LAMMPS26. Simulation 

conditions such as the elongation rate were described in our past paper18. The number of random 

samples were 5,000 where various filler morphologies were generated. Figure 1Figure 1 shows the 

result of this investigation. The increase of the elastic modulus along with the aggregation of more 

filler particles is observed which is consistent with our existing knowlegde1,9. The result included only 

one morphology exceeding stress 0.65. Even for the lower stress 0.6, only six morphologies exceeded 

this number. The filler morphologies having stress more than 0.65 are rarely found by the random 

sampling.  However, this does not imply nonexistence of any filler morphologies having higher stress. 

There may be some other filler morphologies providing high stress. 

Our sampling objective was to obtain filler morphologies that induce stress of 0.65 or higher. It is 

well known that the stress of filled rubber is roughly proportional to volume fraction of filler27,28, and 
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filler particles percolate beyond approximately from 22 vol% to 25 vol%29. Moreover, mechanical 

properties change once filler particles percolate30,31. Based on these studies, the volume fraction of 

filler was restricted to 20 vol% represented by 250 filler particles during the search, in this study, in 

order to understand the mechanisms to generate the stress in a phase not having filler percolation as 

the first step of our project. The space size and the radius of filler particle were 170[] × 170[] × 

170[] and 10[], respectively, same as the random sampling. 

In a nutshell, the technical issues related to the sampling of filler morphologies are followings: 

1. Iterative CGMD simulations were owing to huge amount of computation resource. 

2. There was no an efficient and effective sampling technique in the high-dimensional space 𝑂(3𝑛). 

We have developed a highly accurate surrogate model of CGMD simulation of filled rubber based 

on our past study19 to alleviate the former problem, and its details are explained in the next section. In 

this study, we propose the novel hybrid sampling approach to overcome the latter problem. 

 

 

Figure 1. Result of the random sampling: (a) is the distribution of stress at strain of 0.3, and 

(b) is a plot of the number of filler particles and stress. 

 

3. Our previous work 

 Our proposed method for sampling filler morphology is based on MCMC, which is an effective and 

sequential sampling technique for high-dimensional probability distributions. To search a high-

dimensional space densely, at least tens of thousands of samples and their evaluations are required. 

However, CGMD simulations cannot afford sampling all these filler morphologies, because it requires 

huge amount of computation resource. In our previous work, we have developed a surrogate model 

for CGMD simulation of filled rubber, which used a CNN to replace the CGMD simulation in highly 
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accurate approximation19. We were able to drastically reduce the computation cost from one month to 

one minute to derive the material properties. In the present paper, this surrogate model was used for 

high-speed simulation of the material property during the sampling. 

 

3.1 Training data 

Forty-five large-scale CGMD simulations of the filled rubber were performed to generate the 

training data set. The filler configurations were determined stochastically using multi-step Poisson 

point processes, in order to achieve effective distribution of the aggregated structures20. First, both the 

aggregate regions (where filler particles could be placed) and exclusion polymers (where the filler 

particles were not placed) were designated based on the aggregate radius, the volume fraction of the 

exclusion polymer, and the stochastic input parameters of Poisson point process intensity for the both 

the aggregate and the exclusion polymer. The Poisson point process intensity were used to derive the 

number of the aggregate and the exclusion polymer. Second, a thousand filler particles were placed in 

the aggregate region based on two input parameters: the volume fraction and particle radii of filler 

particle. We selected parameters that likely produce high elasticity based on our prior knowledge, 

because we aimed to sample the high-elasticity morphologies. Specifically, many papers have reported 

that the elastic modulus increases when the filler particles are aggregated1,9,17,18,32,33. Hence, small 

values were used for the aggregate radius and the Poisson point process intensity for the aggregate. 

Meanwhile, a large volume fraction and small Poisson point process intensity were applied for the 

exclusion polymer, because the fraction of the aggregate region is small in the aggregated structure of 

the filler particles. Figure 2 represents the 4 input parameter distributions of the filler configurations. 

CGMD input files representing the filler morphologies derived by this process were created, and 

deformation simulations up to a strain of 0.3 were carried out using the molecular dynamics simulation 

software LAMMPS26. Figure 3 shows a visualized filler morphology among 45 filler morphologies. 
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Figure 2. Distributions of four input parameters for filler morphology to generate the training 
data for the CNN-based surrogate model. 

 

 

Figure 3. Example of visualized filler configuration. The green box is the entire region of the 
large-scale CGMD simulation. The red particles are the filler particles. 
 

The training data which composed of filler morphology image at strain of 0.0 and stress at strain of 

0.3 were generated from these CGMD results for the CNN-based surrogate model. The information in 

the local region, not the entire CGMD region, were converted to the training data, with the aim of data 

augmentation. A total of 92,000 training data instances were generated through the selection of the 
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local regions and the adoption of their mirror images. The local region had 1/2 length of x, y, and z 

dimensions of the entire CGMD region, respectively. Thus, the volume of the local region was 1/8 of 

the entire CGMD region. Some reports have shown that the filler morphology in filled rubber has a 

hierarchal structure ranging from nanometer- to micrometer-scale2,4,7,34 and the filler-filler interaction 

is partially responsible for the stress1,18,35,36. Therefore, the stress arises from not only the filler 

particles inside the considered region but also nearby filler particles outside the region. To establish a 

surrogate model that considers particles both inside and outside the given region, we generated training 

data consisting of the filler morphology in a given local region and its surrounding region by extracting 

them from large-scale CGMD results. Figure 4 presents a schematic drawing of the training data 

instance. Hence, the trained CNN-based surrogate model outputs the estimated stress in the local 

region at strain of 0.3 from the input filler morphology image at strain of 0.0. 

 

Figure 4. Schematic for training data instance which composed of the imaged filler morphology 
information and the material property. The material property results from the large-scale 
CGMD simulation. 
 

3.2 Training of the CNN-based surrogate model 

 The surrogate model was constructed by 3D-CNN using PyTorch with two convolutional layers and 

one fully connected layer, and trained by minimizing a mean squared error between the value resulted 

by the CGMD simulation and the value estimated by the model. The number of features in both 

convolutional layers was 50. The kernel of size 4×4×4 moved with a stride of 1 in both convolutional 

layers. The pooling size of the first convolutional layer was 2, and the global average pooling37 was 
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used to connect the second convolutional layer to the fully connected layer. A leaky rectified linear 

unit (leaky ReLU38) was used as the activation function to avoid zeroing signals during training. 

Detailed conditions such as the learning rate were described in our previous study19. Figure 5 

represents the prediction performance of the CNN-based model. It shows that the prediction accuracy 

up to the stress 0.6 was sufficiently high. By assuming good extrapolation accuracy of this model 

toward the stress equal to and slightly more than 0.65, this model was used as the function that 

calculates the stress from filler morphology in the present study. 

 

Figure 5. Predictive performance of the CNN-based surrogate model for 250 filler particles: 

(a) presents the comparison between the correct stress and the predicted stress, and (b) is 

the histogram of the prediction accuracy of the stress.  

 

4. Proposed method 

 The multicanonical MCMC39 and the replica exchange MCMC40 are sampling techniques for rare 

events. The multicanonical MCMC uses a single MCMC technique that sequentially draws samples 

from an implicitly given probability distribution in a possibly high-dimensional space. Weights for the 

samples are iteratively updated to ensure their uniform distribution with respect to the feature of 

interest. Accordingly, it could efficiently produce samples meeting specific conditions including rare 

target conditions, with their weights precisely preserving their probabilities. The replica exchange 

MCMC employs layered MCMCs in parallel. The MCMC sequence in the top layer follows the 

probability distribution of interest by maintaining its detailed balance of the sequence. The deeper 

layers follow more flattened distributions in the same manner, respectively. Samples in the pairwise 
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layers are exchanged under a detailed balance in order to widely search for rare events. In this study, 

the replica exchange MCMC capable of simultaneous parallel searches was employed for sampling 

filler morphology, because our purpose was to obtain as many morphologies as possible. 

 

4.1 Replica exchange MCMC for filler morphology search 

 The replica exchange MCMC draws samples from 𝑇  probability distributions in parallel, where 

each distribution has parameter 𝜃𝑡  ( 𝑡 = 1, ⋯ , 𝑇)  and 𝑇  is total number of temperatures. The 

search area of each MCMC sequence in the sample spaces depend on the inverse temperature 𝜃𝑡 

when the probability distribution follows the Boltzmann distribution. A low temperature is used in the 

top layer to locally search for rare conditions of interest, while the deeper layers with higher 

temperatures search wider areas in the sample space because their distribution is wider than the top 

layer. Occasional exchange of the samples enables to search for local solutions in the wide sample 

space. In this study, the probability distribution 𝑃(𝑆𝑡) of the filler morphology 𝑆 at temperature 𝑡 

is designed using the Boltzmann distribution as follows: E(𝑆𝑡) = 1𝜆𝑓(𝑆𝑡) , (1) 

𝑃(𝑆𝑡) = 𝑒𝑥𝑝 (− 𝐸(𝑆𝑡)𝛼𝑡 ) . (2) 

where, 𝑓(∙) is the function that calculates the stress from filler morphology 𝑆𝑡 . The surrogate model 

for the CGMD of filled rubber based on our previous study was used to calculate 𝑓(𝑆𝑡). The energy 𝐸(𝑆𝑡) , which is inversely proportional to the stress, is designed to have higher probability of 

generating morphologies that provide greater stresses. Each MCMC sequence searches the filler 

morphology space iteratively, following the different probability distributions that depend on the 

temperature via the coefficient α𝑡 . 𝜆 is a hyper parameter to tune the dependency of the probability 

distributions on the stresses. In the high-temperature sequence, filler morphologies are iteratively 

searched according to a flattened state distribution, so that a wide filler morphology space is searched 

without being trapped in local solutions. In contrast, the low-temperature sequence focuses on the 

local search for rare filler morphologies by following the probability distribution near the target stress 𝑓𝑡ℎ. That is, it iteratively searches for rare filler morphology without significantly changing the filler 

morphology characteristics. In addition, the change in filler morphology at high temperatures is 

reflected in the sequence at low temperature via the exchange between their sequences. Thus, the 

replica exchange MCMC can be used to obtain many local solutions, including rare filler morphologies 

that provide high stresses, from the wide filler morphology space. This suggests that we efficiently 

obtain the local solutions searched in all temperature sequences by analyzing the sequence history of 

the low temperature 𝑡 = 1. In this study, the filler morphologies providing the maximum stress in the 

continuous MCMC sequence steps at 𝑡 = 1 were extracted as the candidate initial filler morphologies 
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in the subsequent gradient decent search. The detail will be described later in the subsection 4.2. 

Each MCMC sequence of the replica exchange MCMC tracks the transition of filler morphology 𝑆𝑛𝑡  

following the target distribution 𝑃(𝑆𝑛𝑡 ) where 𝑆𝑛𝑡  is filler morphology at step 𝑛. Let Q(S𝑡|𝑆𝑛𝑡 ) and Q(𝑆𝑛𝑡 |S𝑡) be the transition probabilities from the filler morphology 𝑆𝑛𝑡  to S𝑡  and from S𝑡  to 𝑆𝑛. S𝑡   is a candidate filler morphology of step 𝑛 + 1  at temperature 𝑡 . The acceptance of S𝑡   is 

determined as follows: 

𝑆𝑛+1𝑡 = {S𝑡 𝑖𝑓 P(S𝑡)Q(𝑆𝑛𝑡 |S𝑡)P(𝑆𝑛𝑡 )Q(S𝑡|𝑆𝑛𝑡 ) > 𝑟,𝑆𝑛𝑡 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 (3) 

where r~𝑃𝑈([0,1]) is sampled from a uniform distribution.  

The exchange of 𝑆𝑛𝑡  and 𝑆𝑛𝑡+1, that is, the exchange of filler morphologies between the adjacent 

temperatures 𝑡 and 𝑡 + 1 sequences, was attempted at every 𝑚 steps of 𝑛, i.e., {𝑛|𝑛 𝑚𝑜𝑑 𝑚 =0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ∈ 𝑁}, under the detailed balance, where 𝑚 is sufficiently larger than the relaxation 

periods of the sequences. Here, N represents the number of total sequence steps. 

 randomly choose 𝑡 ∈ 𝑇 − 1, (4) 𝑆𝑤𝑎𝑝(𝑆𝑛𝑡 , 𝑆𝑛𝑡+1)  𝑖𝑓 
𝑃(𝑆𝑛𝑡+1|𝑡)𝑃(𝑆𝑛𝑡 |𝑡 + 1)𝑃(𝑆𝑛𝑡 |𝑡)𝑃(𝑆𝑛𝑡+1|𝑡 + 1) > 𝑟, (5) 

where 𝑃 (𝑆𝑛𝑡 |𝑡′) is the probability of the filler morphology 𝑆𝑛𝑡  at temperature 𝑡′. 

As mentioned above, our purpose is to sample the filler morphology represented by the coordinates 

of the filler particle centers. Thus, the sampled parameter space for 250 particles has 250×3 = 750 

dimensions (the x, y, and z coordinates of 250 particles). The search of 750 dimension is hardly 

performed, because of so called the curse of dimensionality. To overcome this issue, we reduce the 

search space by introducing a spin function that indicates the filler morphology, and then searched for 

filler morphology in the reduced search space. Specifically, filler candidate points were distributed in 

the space, and the state of each point was controlled by the spin function. Given X ⊂ 𝑅3 be the set of 

filler candidate positions, the state of each filler candidate point 𝑥 ∈ X: s(x) is defined as follows: 

s(x)= { 1 𝑖𝑓 𝑥 𝑖𝑠 𝑓𝑖𝑙𝑙𝑒𝑟,−1 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒. (6) 

The filler morphology 𝑆𝑛𝑡   is represented by 𝑆𝑛𝑡 = {𝑠(𝑥)|𝑥 ∈ 𝑋} ∈{1, −1}|𝑋|
 s. t.   |{𝑥 ∈ 𝑋|𝑠(𝑥) = 1}| = 𝑁𝑓𝑖𝑙𝑙𝑒𝑟  , where 𝑁𝑓𝑖𝑙𝑙𝑒𝑟   is the number of filler particles. The 

candidate point 𝑥  representing filler is in {𝑥 ∈ 𝑋|𝑠(𝑥) = 1, 𝑠(𝑥) ∈ 𝑆𝑛𝑡 } . The filler morphology is 

updated during the search following the procedure described below. First, randomly selected point 

with 𝑠(𝑥) = 1 changes into the polymer state 𝑠(𝑥) = −1. Then, a randomly selected point y in the 

polymer state, 𝑠(𝑦) = −1, is changed into the filler 𝑠(𝑦) = 1 if its distance from point 𝑥 is 𝑑 or 
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less so that point 𝑦 is described as follows: 𝑦 ∈ 𝑋𝑛−(𝑥|𝑆𝑛𝑡 ) = {𝑦 ∈ 𝑋|‖𝑦 − 𝑥‖ < 𝑑, 𝑠(𝑦) = −1, 𝑠(𝑦) ∈ 𝑆𝑛𝑡 }. (7) 

The transition probability Q(S𝑡|𝑆𝑛𝑡 )  from the current filler configuration 𝑆𝑛𝑡   to the new 

configuration S𝑡 = {𝑠(𝑥) = −1,  𝑠(𝑦) = 1,  𝑠(𝑧) ∈ 𝑆𝑛𝑡  is unchaged for all 𝑧 ≠ 𝑥, 𝑦} is as follows: Q(S𝑡|𝑆𝑛𝑡 ) = 1|𝑋𝑛−(𝑥|𝑆𝑛𝑡 )| . (8) 

 

4.2 Filler morphology search using the gradient descent method 

 The second step employs the gradient descent method to search for the desired filler morphologies, 

starting from an initial filler morphology 𝑆. Every 𝑆 is the candidate initial morphology providing 

the maximum stress in its interval of the MCMC sequence at 𝑡 = 1. The interval is the period between 

the successive replica exchanges of the MCMC sequences at 𝑡 = 1 and 𝑡 = 2. The details are shown 

in Figure 6.  

Given a parameter vector 𝑋(𝑆) which is the concatenations of 3-dimensional continuous position 
vectors 𝑥𝑖   of all filler particles 𝑖 = 1, … , 𝑁𝑓𝑖𝑙𝑙𝑒𝑟   in a filler morphology 𝑆 , 𝑋(𝑆)  is iteratively 

updated during the gradient descent search. This search enables us to sample the filler morphologies 

with more desired property than the candidates resulted by the replica exchange MCMC. The mini-

batch gradient descent method41,42 is employed to update 𝑋(𝑆) of every candidate filler morphology 𝑆: 𝑋(𝑆) ← 𝑋(𝑆) − ηg, (9) g = 1|𝐵| ∑ ∂𝑓(𝑆)∂𝑥𝑖  𝑖∈𝐵 , (10) 

where B, η, and g are the mini-batches of fillers, the learning rate, and the gradient, respectively. 

Note that the gradient ∂𝑓(𝑆) ∂𝑥𝑖  ⁄ of the filler particle 𝑥𝑖 is measured as follows: ∂𝑓(𝑆)∂𝑥𝑖  = 𝑓(𝑥𝑖 + 𝛿|𝑋(𝑆)) − 𝑓(𝑥𝑖 − 𝛿|𝑋(𝑆))2𝛿 , (11) 

 

where 𝛿 is the virtual displacement of the filler particle and 𝑓(𝑥𝑖 + 𝛿|𝑋(𝑆)) is 𝑓 where all 𝑥 ∈𝑋(𝑆) except 𝑥𝑖  is fixed. The update of the filler position is repeated until 𝑓(𝑋(𝑆)) exceeded the 

threshold, 𝑓𝑡ℎ < 𝑓(𝑋(𝑆)) or fall into the local solution, that is, 𝑓(𝑋(𝑆)) converges.  
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Figure 6. Schematic for extracting filler morphologies used as an initial state in the gradient 

descent method from a history of replica exchange MCMC. Three morphologies were 

extracted in this example history. 

 

 

 Figure 7 is a schematic drawing of the proposed method that combines the replica exchange MCMC 

and the gradient descent method for the filler morphology search. 

 

 

Figure 7. Schematic drawing of the proposed method. Circles in the step-1 represent the filler 
candidate positions. Open circles and filled circles are polymer and filler, respectively. The left 
figure in the step-2 is the initial state of this step. The right figure shows an updated filler 
configuration. 

 

4.3 Validation simulation of the mechanical property using CGMD  
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 Stresses evaluated during the search using the replica exchange MCMC and the gradient descent 

method are values predicted by the CNN-based surrogate model for the effective search. Accordingly, 

the high stresses of the filler morphologies provided by the search is not ensured, and thus the 

validation of the high stress values of these filler morphologies is performed by using CGMD in the 

last step. 

 

5. Result and discussion 

5.1 Sampling performance 

 Sampling performance of the proposed method was compared with those of random sampling 

method, combined method of random sampling and gradient descent, and method using replica 

exchange MCMC only. The random sampling provides the baseline performance. The combined 

method of random sampling and gradient descent shows the effect of the gradient descent, and the last 

method shows the effect of the replica exchange MCMC. Every sampling method was applied using 

the computation resource of 10,000[node×hour]. As described in the previous section, every search 

trial employed 250 filler particles, and the goal was to find the filler morphologies providing the stress 

over 0.65 in terms of CGMD result. A total of 12×12×12=1,728 filler candidate points were set in a 

grid manner, that is, 12 points were set in each of x, y, and z directions at equal intervals, to define a 

filler morphology in every trial. The radius of the filler was 10[], same as in the previous study19. In 

the random sampling, 250 of the 1,728 candidate filler points were randomly selected as fillers. In the 

combined method of the random sampling and the gradient descent, the randomly selected filler 

coordinates were improved by the gradient descent until the stress converged as described in the 

subsection 4.2. In the method using the replica exchange MCMC, 4 parallel MCMC sequences were 

employed. Figure 8 presents the target distributions  𝑃(𝑆𝑡) defined in Equation (2). The parameter 𝛼𝑡   in Equation (2) reflecting the temperature 𝑡  to the distribution was set to (𝛼1, 𝛼2, 𝛼3, 𝛼4) =(0.5, 2.5, 10, 70). The hyper parameter λ in Equation (1) was set to 1 8⁄ . 𝑃(𝑆𝑡1) was designed to 

search the filler morphologies having higher stress, whereas 𝑃(𝑆𝑡4) was designed to search the wider 

filler morphology space. 𝑃(𝑆𝑡2) and 𝑃(𝑆𝑡3) were set to largely overlap with the distributions of the 

other layers to introduce the frequent replica exchanges between these layers which enhance search 

efficiency. Parameter 𝑑  in Equation (7), which was the threshold of the neighbor filler candidate 

points, was 30[]. First 5,000 steps of the MCMC sequence were abandoned for burn-in, and the 

exchanges of filler morphologies between the adjacent temperature sequences were attempted every 

3,000 MCMC steps. The learning rate η in Equation (9), mini-batch size 𝐵 in Equation (10), and 

virtual displacement 𝛿 in Equation (11) for measuring the gradient in the gradient descent were 5, 

1.0, and 0.1[]  (1/100 of the filler radius), respectively. CGMD simulations were performed with 

1020 cpus using a HPCI system. 
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Figure 8. Target distributions of each temperature. 
 

Table 1 and Figure 9 present the comparison of the sampling performances. Table 1 shows the 

number of the sampled filler morphologies providing the CGMD measured stress equal to or larger 

than 0.65, and the averages of the CGMD measured stresses over all sampled filler morphologies. 

Figure 9 shows distributions of the CGMD measured stresses. The histogram of each method was 

drawn by the CGMD measured stresses of twenty morphologies randomly sampled from the 

morphologies resulted by the method. The random sampling, which provides the baseline performance, 

did not find filler morphologies providing the stress over 0.65, and the average stress of sampled 

morphologies was the smallest. Both the gradient descent method and the replica exchange MCMC 

method could find the morphologies providing larger stress than the random sampling, but only one 

morphology having the stress over 0.65 was obtained by the replica exchange MCMC. Whereas, the 

proposed method combining the replica exchange MCMC and the gradient descent found eleven 

morphologies over 0.65. This result demonstrates the high sampling efficiency of the proposed method. 

In the proposed method, 20 morphologies were presumed to provide large stress over 0.65 by the 

CNN-based surrogate model, and 11 morphologies among the twenty provided CGMD measured 

stress over 0.65. This result indicated the extrapolation predictability of the CNN-based surrogate 

model, while the CNN was the interpolation model of the training instances providing the stresses up 

to 0.6 as described in the section 3. 

 

Table 1. Performance comparison of the random sampling method, the combined method 

of the random sampling and the gradient descent, the method using the replica exchange 
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MCMC only, and the proposed method. 

Sampling technique The number of the sampled filler 

morphologies providing CGMD 

measured stress of 0.65 or larger. 

Average of CGMD measured 

stresses. 

Random sampling method 0 0.33 

Combined method of random 
sampling and gradient decent 

0 0.46 

Replica Exchange MCMC 1 0.52 

Proposed method 

(replica exchange MCMC and 
gradient decent) 

11 0.66 

 

 

Figure 9. Distribution of the CGMD measured stress of the morphologies obtained by each 

method. 
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5.2 Comparison of the filler morphology 

The filler morphologies providing the GCMD measured stress over 0.65 sampled by the proposed 

method were compared with the morphologies providing the stress over 0.6 sampled by the random 

sampling in the section 2. Filler morphologies were quantified by persistent homology (PH) and 

visualized using persistent diagram (PD)43,44,45,46,47. Persistent homology is a mathematical method for 

investigating the hidden structure from complex data, and has been applied to analyze polymerized 

material45. Suppose that there are 𝑘 balls at 𝑧1, 𝑧2, ⋯ , 𝑧𝑘 as shown in Figure 10 (a). In this study, 

we present each filler by a ball with a radius 𝑟. 𝑘 = 250 represents the number of fillers, and 𝑧𝑖 
represents a coordinate of the center of 𝑖-th filler particle. All balls are disconnected, as shown in 

Figure 10 (a), when 𝑟 is small. As 𝑟 increase to 𝑟1, the balls coalesce to “birth” a loop, as shown 

in Figure 10 (b). Furthermore, the empty space surrounded by the loop is completely covered by the 

balls, if 𝑟 = 𝑟2 where the balls meet at the “death” position denoted by the cross mark in Figure 10 

(c), and the loop disappears. This example shows that a loop has a “birth” length, 𝑏 = 𝑟12, and “death” 

length, 𝑑 = 𝑟22, and the loop exists only when 𝑏 < 𝑟2 < 𝑑. PH is the map from {𝑧1, 𝑧2, ⋯ , 𝑧𝑘} to {(𝑏1, 𝑑1), (𝑏2, 𝑑2), ⋯ , (𝑏𝑙 , 𝑑𝑙)}, where 𝑙 is the number of the loops formed by the 𝑘 fillers in a space. 

The result of PH analysis is visualized in a scatter plot of (𝑏𝑖 , 𝑑𝑖) as shown in Figure 10 (d), and this 

plot is the PD. Figure 11 (a) displays the PDs of six morphologies providing the stress over 0.6, which 

were obtained by the random sampling in the section 2, and Figure 11 (b) displays the PDs of three 

morphologies providing the stress over 0.65, which were obtained by the proposed method. 

Comparing the PDs depicted that the proposed method could sample filler morphologies not obtained 

by the random sampling. The morphologies obtained by the proposed method obviously show longer 

life time (difference between death length and birth length) in the PDs. This is resulted by the 

significant difference of the death length distributions between the proposed method and the random 

sampling method rather than their difference of the birth length distributions. This fact implies that the 

morphologies obtained by the proposed method comprise of larger aggregates of filler particles than 

the morphologies obtained by the random sampling. In addition, some morphologies obtained by the 

proposed method have greater aggregates whose birth lengths and death lengths are beyond 0.5 and 

0.7, respectively. This variety of aggregate sizes suggests that hierarchical aggregate structure is a key 

to induce the larger stress of filled rubber. Such complex structures were hardly found by the random 
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sampling. 

 

 

Figure 10. Schematic drawing of persistent homology. (a) Balls are disconnected when 

radius of ball 𝒓  is smaller than 𝒓𝟏 . (b) A loop emerges at 𝒓 = 𝒓𝟏 = √𝒃 . (c) The loop 

disappears at 𝒓 = 𝒓𝟐 = √𝒅 . (d) Persistent diagram representing the result of persistent 

homology analysis. 
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Figure 11. Persistent diagrams: (a) filler morphologies obtained by the random sampling, 

the morphology on the upper left provided the stress over 0.65, while the other 

morphologies provided the stress from 0.6 to 0.65, and (b) filler morphologies, which 

provided the stress over 0.65, sampled by the proposed method. 

 

6 Conclusion 

 We proposed a novel approach searching for high-stress filler morphologies. It is a hybrid of the 

probabilistic and deterministic search methods. The approach is the combination of the surrogate 

model deriving the stress, the replica exchange MCMC, the gradient descent, and the CGMD 
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simulation. In the search using the replica exchange MCMC, we reduced the search space dramatically 

by introducing discrete filler candidate positions and the spin state at the candidate points. The filler 

morphologies are searched by the replica exchange MCMC with the surrogate model and updated by 

the surrogate model based gradient descent in order to further find filler morphologies that provide 

better property. The CGMD simulations were lastly performed to validate whether the sampled 

morphologies actually show the desired property. 

 We demonstrated the higher sampling efficiency of the proposed method than these of the random 

sampling method, the combined method of random sampling and gradient descent, and the method 

using replica exchange MCMC only. Through the comparisons of the filler morphologies obtained by 

the proposed method and the random sampling method, we demonstrated the possibility that the filler 

morphologies having the hierarchical aggregate structures of the fillers have high stress. 

In future wok, we will acquire many morphologies using the proposed method, analyze the common 

structures or features among the high-stress morphologies, and reveal keys for controlling the elastic 

modulus. A search under a larger filler volume fraction than 20vol% where filler particles percolate is 

also a subject of our future work. Moreover, a study on the morphology composed of multiple filler 

types is another subject of our future work, while we focused on the filler morphology composed of a 

unique filler type in this study. In addition, the enhancement of the extrapolation predictability of the 

CNN-based surrogate model should be attempted in future work. The proposed method can be widely 

applied to many microstructured materials, and will contribute to the advancement of materials science 

in many areas.  
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Figure Legends 

Figure 1. Result of the random sampling: (a) is the distribution of stress at strain of 0.3, and (b) is 
a plot of the number of filler particles and stress.Error! Reference source not found. 
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Figure 2. Distributions of four input parameters for filler morphology to generate the training data 
for the CNN-based surrogate model. 
Figure 3. Example of visualized filler configuration. The green box is the entire region of the 
large-scale CGMD simulation. The red particles are the filler particles. 
Figure 12. Schematic for training data instance which composed of the imaged filler morphology 
information and the material property. The material property results from the large-scale CGMD 
simulation. 
Figure 13. Predictive performance of the CNN-based surrogate model for 250 filler particles: (a) 
presents the comparison between the correct stress and the predicted stress, and (b) is the 
histogram of the prediction accuracy of the stress.  

Figure 14. Schematic for extracting filler morphologies used as an initial state in the gradient 
descent method from a history of replica exchange MCMC. Three morphologies were extracted 
in this example history. 
Figure 15. Schematic drawing of the proposed method. Circles in the step-1 represent the filler 
candidate positions. Open circles and filled circles are polymer and filler, respectively. The left 
figure in the step-2 is the initial state of this step. The right figure shows an updated filler 
configuration. 
Figure 16. Target distributions of each temperature. 
Figure 17. Distribution of the CGMD measured stress of the morphologies obtained by each 
method. 
Figure 18. Schematic drawing of persistent homology. (a) Balls are disconnected when radius of 

ball 𝑟  is smaller than 𝑟1 . (b) A loop emerges at 𝑟 = 𝑟1 = √𝑏 . (c) The loop disappears at 𝑟 = 𝑟2 = √𝑑. (d) Persistent diagram representing the result of persistent homology analysis.  
Figure 19. Persistent diagrams: (a) filler morphologies obtained by the random sampling, the 
morphology on the upper left provided the stress over 0.65, while the other morphologies 
provided the stress from 0.6 to 0.65, and (b) filler morphologies, which provided the stress over 
0.65, sampled by the proposed method. 

 

Tables  

Table 2. Performance comparison of the random sampling method, the combined method of the 

random sampling and the gradient descent, the method using the replica exchange MCMC only, and 

the proposed method. 

Sampling technique The number of the sampled filler 

morphologies providing CGMD 

measured stress of 0.65 or larger. 

Average of CGMD measured 

stresses. 

Random sampling method 0 0.33 
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Combined method of random 
sampling and gradient decent 

0 0.46 

Replica Exchange MCMC 1 0.52 

Proposed method 

(replica exchange MCMC and 
gradient decent) 

11 0.66 

 



Figures

Figure 1

Result of the random sampling: (a) is the distribution of stress at strain of 0.3, and (b) is a plot of the
number of �ller particles and stress.



Figure 2

Distributions of four input parameters for �ller morphology to generate the training data for the CNN-
based surrogate model.

Figure 3



Example of visualized �ller con�guration. The green box is the entire region of the large-scale CGMD
simulation. The red particles are the �ller particles.

Figure 4

Schematic for training data instance which composed of the imaged �ller morphology information and
the material property. The material property results from the large-scale CGMD simulation.

Figure 5



Predictive performance of the CNN-based surrogate model for 250 �ller particles: (a) presents the
comparison between the correct stress and the predicted stress, and (b) is the histogram of the prediction
accuracy of the stress.

Figure 6

Schematic for extracting �ller morphologies used as an initial state in the gradient descent method from
a history of replica exchange MCMC. Three morphologies were extracted in this example history.

Figure 7

Schematic drawing of the proposed method. Circles in the step-1 represent the �ller candidate positions.
Open circles and �lled circles are polymer and �ller, respectively. The left �gure in the step-2 is the initial
state of this step. The right �gure shows an updated �ller con�guration.



Figure 8

Target distributions of each temperature.



Figure 9

Distribution of the CGMD measured stress of the morphologies obtained by each method.



Figure 10

Schematic drawing of persistent homology. (a) Balls are disconnected when radius of ball r is smaller
than r1. (b) A loop emerges at r = r1 = √b. (c) The loop disappears at r = r2 = √d. (d) Persistent diagram
representing the result of persistent homology analysis.



Figure 11

Persistent diagrams: (a) �ller morphologies obtained by the random sampling, the morphology on the
upper left provided the stress over 0.65, while the other morphologies provided the stress from 0.6 to 0.65,
and (b) �ller morphologies, which provided the stress over 0.65, sampled by the proposed method.


