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Abstract This paper studies a model predictive hybrid tracking control scheme
under a multiple harmonics time-varying disturbance observer for a discrete-
time dynamics nonholonomic autonomous mobile robot (AMR) with external
disturbance. To solve the robust tracking control problem of the AMR and un-
manned aerial vehicle (UAV) air-ground cooperative, a hybrid tracking control
strategy combined with improved model predictive control (MPC) method and
multiple harmonics time-varying disturbance observer is presented. Firstly, a
time-varying air-ground cooperative tracking control model based on the non-
holonomic constraints AMR and quadrotor is established by polar coordinate
transformation. Secondly, for external disturbances estimating and solving in
practical engineering, a discrete-time multiple harmonics time-varying distur-
bance observer is designed. A hybrid tracking control scheme of the AMR
based on the estimated states and MPC method with kinematics constraints
is proposed, and a relaxing factor is designed to restrain the jump phenomenon
of the MPC increment. Finally, experimental results are shown the effective-
ness of the proposed control strategy.
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1 Introduction

Autonomous mobile robots (AMRs) and unmanned aerial vehicles (UAVs)
can implement many complex air-ground cooperation tasks, such as surveil-
lance, rescue, and transportation. With the development of electronic tech-
nology, the movement speed and real-time control performance of AMRs co-
operation motion have higher requirements [1]. However, since the nonlinear
characteristic of the AMR system with nonholonomic constraints, it is diffi-
cult to establish an effective cooperative tracking control model for the AMR
and UAV, which increases the complexity of the real-time control strategy
designing [2]. Besides, for the AMR and UAV cooperative tracking, the ex-
ternal disturbance often exists in AMR and UAV simultaneously in the form
of multiple harmonics, which affects the maneuverability of cooperative track-
ing control performance. Therefore, based on the nonlinear AMR and UAV
system, a new air-ground tracking frame and effective robust tracking con-
trol scheme is necessary to complement the cooperation tasks with external
disturbance.

The air-ground tracking control problem has received considerable inter-
est for many applications, such as collaborative path planning and trajec-
tory tracking [3]- [6]. In the air-ground trajectory tracking process, the es-
tablishment of cooperative control model will affect the controller designing.
Combined with the data fusion technology, an air-ground cooperation frame
through the environment awareness was proposed for AMRs tracking [7]. To
enhance control performance can cope with more complex practical coopera-
tive tracking tasks [8]. Under the uncertainties parameters and actuator faults,
a UAV-UGV cooperative control scheme was presented for the formation co-
operative finite-time trajectory tracking control [9]. In [10], combined with
continuous-time dynamics of a wheeled mobile robot (WMR), a cooperative
control scheme was designed based on the information sharing and data fusion
technology for the air-ground tracking. With the development of industrial
control technology, the discrete-time dynamics AMR system in practical en-
gineering increased the complexity of the controller designing by comparing
with the continuous-time system. Therefore, to overcome these issues of the
AMR and obtain an effective tracking control scheme, the problems of the
discrete-time dynamics AMR tracking control analysis should be considered.

It should be noted that the tracking control of AMRs is a complex prob-
lem with internal constraints, such as nonholonomic constraints and actuator
saturation [11]. The tracking control scheme under these constraints can be
designed based on a model predictive control (MPC) method, which is a re-
ceding horizon control method to handle constraints through optimization
procedures [12]-[14]. In [15], a trajectory tracking control strategy under the
MPC method applied to an omni-directional AMR was investigated. Based on
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the multiple nonholonomic AMRs, a nonlinear MPC scheme for the collision-
free and deadlock-free navigation tracking was presented with a desired target
[16]. In [17], a vision-based MPC scheme for a nonholonomic mobile robot was
proposed to reduce the algorithm complexity. To improve the system tracking
accuracy, an MPC method with quadratic robustness constraints of the WMR
with incremental input constraints was designed to obtain the optimal track-
ing control scheme [18]. However, based on the MPC method, the tracking
control problem of the AMR with the constraint conditions is transferred into
a linear quadratic programming problem, which is difficult to handle for the
discrete-time nonlinear dynamics AMR system. Besides, although the control
scheme can be generally solved by an MPC optimization algorithm, the exter-
nal disturbance will decrease the tracking performance of AMRs in practical
engineering. Therefore, a disturbance attenuation method should be consid-
ered to achieve the optimal solution of the control input for AMRs trajectory
tracking.

The disturbance observer was widely used as a feedforward compensation
method to handle the external disturbance of systems in recent years [19]-
[21]. In [22], combined with compound disturbance, a nonlinear-disturbance-
observer-enhanced control scheme based on a nonlinear disturbance observer
was studied for the motion control system. However, Under the nonholonomic
constraints characteristics of the AMR, the system dynamics of the AMR are
nonlinear, and the system parameters are time-varying, which increases the de-
sign difficulty of the disturbance observer. Considering the input disturbance,
a robust control strategy was presented for the WMR with nonlinear distur-
bance observer [11]. Nevertheless, the stability analysis of the MPC method
is different from the general method under the disturbance observer [23]. A
disturbance rejection MPC scheme under the nonlinear disturbance observ-
er was investigated for the tracking control of the continuous-time dynamics
WMR [24]. In practical situation, most disturbances are composed of different
frequency harmonics, which can be estimated separately for state compensa-
tion of systems, hence the multiple harmonics disturbance observer has been
studied [25]. However, considering the nonlinear time-varying dynamics of the
discrete-time dynamics AMR, the gain parameters of the disturbance observ-
er may be time-varying simultaneously. Therefore, to design a discrete-time
time-varying disturbance observer for the multiple harmonics disturbance at-
tenuation and rejection of the AMR tracking is worth to be considered.

A hybrid tracking control strategy under an improved MPC method and
a time-varying multiple harmonics disturbance observer is proposed for a
discrete-time AMR in this paper. The main contributions lie in:

1) To perform the cooperative tracking control of the AMR and UAV, a
discrete-time dynamics nonlinear time-varying tracking model is established
under the nonholonomic AMR and quadrotor by horizontal projection and
polar coordinate transformation method. Besides, considering the external
disturbance composed of different frequency harmonics, a multiple harmon-
ics time-varying disturbance observer is presented for the nonlinear tracking
model for disturbance estimation, and the time-varying gains of the distur-



4 Shixun Xiong et al.

bance observer are solved by the proposed MPC method in this paper, which
conforms to practical applications.

2) The difference between the traditional model predictive tracking con-
trol strategy and the designed one of this paper is that the tracking control
scheme consists of feedforward compensation items generated by the multi-
ple harmonics time-varying disturbance observer and feedback control inputs
generated by the MPC method, and the relax factor is introduced for MPC
method improving to restrain the jump phenomenon of the MPC incremen-
t and ensure the stability of the MPC feasible solutions. Furthermore, using
the improved MPC method to solve the time-varying gains of the disturbance
observer, an experiment is carried out for the AMR to verify the effectiveness
of the proposed control strategy.

This paper is organized as follows: Section II presents the establishment of
the nonlinear discrete-time cooperative tracking model of the AMR and UAV,
and the multiple harmonics disturbance observer is designed. In Section III, the
hybrid tracking control scheme based on the disturbance observer and MPC
method with relaxing factor is designed, and the stability analysis is given.
The experimental results with the AMR are shown in Section IV. Section V
summarizes the conclusion.

2 Problem Formulation

2.1 The establishment of tracking control model

In the partial air-ground cooperative tracking tasks, the trajectory mo-
tion of the AMR is usually guided by the UAV, especially quadrotor. With the
characteristics of flexibility and light, quadrotor is convenient to perform coop-
erative tasks with the AMR, and its height can be independently controlled so
that the quadrotor can fly to a specified altitude [25]. Besides, the research of
the cooperation of the AMR and UAV mainly focuses on trajectory tracking,
and there is no control over the pitch and roll angle of the AMR when tracking
the UAV. Therefore, this work focuses on the controller design and stability
analysis of the AMR trajectory tracking control in the horizontal plane. In-
spired by Ref. [26], the AMR can track the UAV trajectory projection on the
ground. Then considering the nonholonomic constraints and UAV trajectory
projection tracking of the AMR, the trajectory of the UAV can be converted
into the trajectory satisfying the motion constraints of the AMR when the
AMR tracks the UAV. The air-ground tracking process is depicted in Fig. 1.

The projection of the air-ground tracking of the AMR and UAV is depicted
in Fig. 2. From Fig. 2, the AMR is driven by two wheels at the bottom, and the
ground coordinate is denoted as XOY . Choosing O as the reference point, the
controlled AMR position P and the UAV position Pr in the ground coordinate
XOY are defined as o(x, y) and or(xr, yr), respectively, where x, xr and y, yr
are the transverse and vertical coordinates of P and Pr. θ and θr are the angles
between OX axis and symmetry axis. The linear velocity of the AMR in point
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Fig. 1: The air-ground tracking with AMR and UAV

Fig. 2: The projection of the air-ground tracking

(x, y) is v, and w is the angular rate. vr and wr are the linear velocity and
angular rate of the UAV.

Define the position of the AMR as η(k) = [x(k), y(k), θ(k)]
T
. Then, the

nonlinear discrete-time dynamics of a nonholonomic AMR with two actuated
wheels can be described as follows [27]:

x(k + 1) = x(k) + v(k) · cos θ(k) · T
y(k + 1) = y(k) + v(k) · sin θ(k) · T
θ(k + 1) = θ(k) + w(k) · T

(1)

where the linear velocity is v(k) and angular rate is w(k). T (0 < T < 1) is the
sample interval.

For practical tasks, to complement AMR real-time tracking, the UAV will
transfer the dynamic trajectory of itself into the AMR, which guarantees the
trajectory tracking real-time of the AMR. Besides, combined with Ref. [26], to
complement the AMR trajectory tracking, the dynamic trajectory of the UAV
can be projected on the ground and converted into the trajectory satisfying
the motion constraints of the AMR. Therefore, a projected trajectory dynamic
of the discrete-time UAV system on the ground is described as follows [28]:

xr(k + 1) = xr(k) + vr(k) cos θr(k)T
yr(k + 1) = yr(k) + vr(k) sin θr(k)T
θr(k + 1) = θr(k) + wr(k)T

(2)
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where xr, yr and θr are position and heading angle of the UAV projection,
respectively, which is shown in Fig. 2. vr and wr are the corresponding linear
velocity and angular rate.

To complete the trajectory tracking in the projected horizontal plane, the
tracking error of the AMR is defined that

xe(k) = x(k)− xr(k)
ye(k) = y(k)− yr(k)
θe(k) = θ(k)− θr(k)

(3)

For the AMR tracking error model, most previous works were localized with
a Cartesian set of variables. However, different from the continuous-time AMR
model, the analysis and the controller design for discrete-time AMR tracking
error model is more complex and challenging. Therefore, inspired by Ref. [17],
the tracking error (3) can be transformed from Cartesian coordinates into polar
coordinates, which is helpful for designing the tracking control scheme of the
discrete-time AMR. The tracking error variables with the polar coordinate
system are shown in Fig. 3. Under the UAV projected states xr, yr and θr, the
tracking error based on the polar coordinate system is defined as

e(k) =

√

(xr − x)
2
+ (yr − y)

2

φ(k) = arctan (−(xr − x),−(yr − y))
(4)

where e(k) is the distance between the AMR and UAV projection in the polar
coordinates, φ(k) is the angle between the desired direction and OX axis.
Let α(k) as the angle between the current motion direction and the desired
position, the tracking error system under the polar coordinates of the AMR is
depicted as

e(k) =
√

x2
e(k) + y2e(k)

φ(k) = arctan(−ye(k),−xe(k))
α(k) = φ(k)− θ(k)

(5)

where xe(k) = e(k) cosφ(k) and ye(k) = e(k) sinφ(k), α and φ are shown in
Fig. 3.

Invoking (1), (4), (5) and Fig. 3, the tracking errors e(k) and θe(k) can be
transformed as follows [17]:

e(k + 1) = e(k)− v(k) cosα(k)T
θe(k + 1) = θ(k) + w(k)T − θr(k)− wr(k)T

= θe(k)− wr(k)T + w(k)T
(6)

Considering that during the movement, the position of the AMR will be
affected under external disturbance. Therefore, invoking with (6), a polar coor-
dinate tracking error model of the AMR with external disturbance is described
as follows:

e(k + 1) = e(k)− v(k) cosα(k)T + d(k)
θe(k + 1) = θe(k)− wr(k)T + w(k)T + d(k)

(7)

where d(k) is the external disturbance.
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Fig. 3: AMR tracking under polar coordinate system

The control objective is to design a tracking control scheme for the AMR
such that the AMR (1) can track the UAV projection trajectory (2) under
the external disturbance. To design the AMR tracking control scheme, the
following assumptions are considered.

Assumption 1 [29]: The system state of the AMR is measurable, and
there is no slipping and skidding in the AMR.

Assumption 2 [30]: The angle between the desired direction direction and
the current motion is bounded, such that −π

2
< φ− θ < π

2
.

Remark 1 In Assumption 2, the AMR can adjust its motion direction pref-
erentially in the practical tracking process. If the angle between the desired
position and the current motion direction is too large, the AMR can firstly
adjust its motion direction to make it forward direction close to the desired
position, which reduces the angle difference between the motion direction and
the desired position, and then continues to track.

Invoking (3) and (5), we have

α(k) = φ(k)− θ(k)
θ(k) = θr(k)− θe(k)

(8)

According to (7) and (8), the tracking error e(k) can be written as follows:

e(k + 1) = e(k)− v(k) cos (φ(k)− θ(k))T + d(k)
= e(k)− v(k) (cosφ(k) cos θ(k)

+ sinφ(k) sin θ(k))T + d(k)
= e(k)− v(k) [cosφ(k) cos (θr(k)− θe(k))

+ sinφ(k) sin (θr(k)− θe(k))]T + d(k)
= e(k)− v(k) cosφ(k) cos θr(k) cos θe(k)T

−v(k) cosφ(k) sin θr(k) sin θe(k)T
−v(k) sinφ(k) sin θr(k) cos θe(k)T
+v(k) sinφ(k) cos θr(k) sin θe(k)T + d(k)

(9)
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Invoking (7) and (9), we have

[
e(k + 1)
θe(k + 1)

]

=

[
e(k) + p1(k) + d(k)

θe(k)− wr(k)T + w(k)T + d(k)

]

(10)

where
p1(k) = v(k) sinφ(k) cos θr(k) sin θe(k)T

−v(k) cosφ(k) sin θr(k) sin θe(k)T
−v(k) sinφ(k) sin θr(k) cos θe(k)T
−v(k) cosφ(k) cos θr(k) cos θe(k)T

(11)

Letting p(k) = [e(k), θe(k)]
T
and u(k) =

[
vT (k), wT (k)

]T
, a discrete-time

time-varying error system under equation (10) is given in the following form

p(k + 1) = F (p(k)) +G(p(k))u(k) +Dd(k) (12)

where

F (p(k)) =

[
e(k)

θe(k)− wr(k)T

]

G (p(k)) =

[
TG1 (p(k)) 0

0 T

]

D =
[
1 1

]T

G1 (p(k)) = sinφ(k) cos θr(k) sin θe(k)
− cosφ(k) sin θr(k) sin θe(k)
− sinφ(k) sin θr(k) cos θe(k)
− cosφ(k) cos θr(k) cos θe(k)

(13)

Then, to design the multiple harmonics disturbance observer of the AMR,
the following assumption is considered.

Assumption 3 [31]: For system (12), the time-varying disturbance can be
formed by the following linear exogenous system:

ςi(k + 1) = Ziςi(k)

d(k) =
n∑

i=1

Miςi(k)
(14)

where ςi(k) are the auxiliary variables of disturbances, Zi and Mi are the
known matrices.

2.2 Multiple harmonics time-varying disturbance observer

For the continuous-time dynamics AMR, the disturbance observer tech-
nique has been widely studied by researchers. However, the tracking error
model (12) of the AMR is discrete-time dynamics and time-varying, and the
disturbance d(k) is composed of multiple harmonics, which increases the d-
ifficulty in the design of the disturbance observer. Therefore, a discrete-time
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linear time-varying multiple harmonics disturbance observer is designed to
estimate each harmonic disturbance respectively. Here we define

d̂(k) =
N∑

i=1

Miςi(k)

ς̂1(k) = η1(k)− L1(k)p(k)
ς̂2(k) = η2(k)− L2(k)p(k)
...
ς̂N (k) = ηN (k)− LN (k)p(k)

(15)

where ηi(k) are the auxiliary variables, ς̂i(k) and d̂(k) are the estimated values
of ςi(k) and d(k), respectively. Li(k) are the designed time-varying gains of
the disturbance observer.

Then, to estimate d(k), a multiple harmonics time-varying disturbance
observer is developed as follows:

ηi(k + 1) = (Zi + Li(k)DMi)ς̂i(k)
+Li(k)[F (p(k)) +G(p(k))u(k)

+D
i−1∑

j=1

Mj ς̂j(k) +D
N∑

j=i+1

Mj ς̂j(k)]

ς̂i(k) = ηi(k)− Li(k)p(k)

d̂i(k) =
N∑

i=1

Miς̂i(k)

(16)

Define the estimated errors as

eςi(k) = ςi(k)− ς̂i(k) (17)

Invoking (14), (15), (16) and (17), it yields

eςi(k + 1) = ςi(k + 1)− ς̂i(k + 1)
= Ziςi(k)− ηi(k + 1) + Li(k + 1)p(k + 1)
= Ziςi(k)− (Zi + Li(k)DMi)ς̂i(k)
−Li(k)[F (p(k)) +G(p(k))u(k)

+D
i−1∑

j=1

Mj ς̂j(k) +D
N∑

j=i+1

Mj ς̂j(k)]

+Li(k)[F (p(k)) +G(p(k))u(k) +Dd(k)]
= Zi(ςi(k)− ς̂i(k))− Li(k)DMiς̂i(k)

−D
i−1∑

j=1

Mj ς̂j(k)−D
N∑

j=i+1

Mj ς̂j(k)

+Li(k)Dd(k)

= Zieςi(k) + Li(k)D
N∑

j=1

Mjeςj (k)

(18)

Defining the augment vectors as eTς =
[
eTς1 , e

T
ς2
, ..., eTςN

]
, LT =

[
LT
1 , L

T
2 , ..., L

T
N

]
,M =

[M1,M2, ...,MN ] and Z = [Z1, Z2, ..., ZN ], equation (18) can be rewritten as

eς(k + 1) = Zeς(k) + L(k)DMeς(k)
= (Z + L(k)DM)eς(k)

(19)
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Based on the multiple harmonics time-varying disturbance observer, a hy-
brid tracking control scheme under the MPC method is designed for trajectory
tracking accurately in the next section.

3 Design of The Tracking Control Scheme

In this section, to obtain the time-varying gains of disturbance observer
and guarantee cooperative tracking performance of the AMR, a hybrid track-
ing control scheme based on the MPC method with relaxing factor and the
disturbance estimated values is proposed.

3.1 The hybrid control scheme

Based on (8), (9), (12) and (13), the term G (p(k)) is related to α and
α = φ− θ. According to Assumption 2, it has −π

2
< φ− θ < π

2
, which yields

that 0 < cosα < 1. Then it induces that G1(p(k)) 6= 0 and G(p(k)) is an
nonsingular matrix. Hence, it can obtain a time-varying matrix G̃(p(k)) which
satisfy G(p(k))G̃(p(k)) = D. Then, for error system (12), the control scheme
u(k) can be designed as u(k) = um(k)−ud(k), where ud(k) is the feedforward
compensation term of the control input after obtaining the estimated values
of the disturbance observer and ud(k) = G̃(p(k))d̂(k), um(k) is the feedback
control input, and um(k) and Li(k) will be calculated by MPC method, which
constitute the hybrid control input. Therefore, system (12) can be rewritten
as

p(k + 1) = F (p(k)) +G(p(k))(um(k)− ud(k)) +Dd(k)

= G(p(k))(um(k)− G̃(p(k))d̂(k))
+F (p(k)) +Dd(k)

= F (p(k)) +G(p(k))um(k)−Dd̂(k) +Dd(k)
= F (p(k)) +G(p(k))um(k)−DMeς(k)

(20)

Combined with p(k) and eς(k), letting p̄(k) =
[
eT (k), θTe (k), e

T
ς (k)

]T
, e-

quation (20) can be given by

p̄(k + 1) = F̄ (p̄(k)) + Ḡ(p̄(k))um(k) + L̄(k)eς(k) (21)

where

F̄ (p̄(k)) =





e(k)
θe(k)− wr(k)T

Zeς(k)



 , L̄(k) =





−M
−M

L(k)DM





Ḡ(p̄(k)) =





TG1(p(k)) 0
0 T
0 0
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Remark 2 For (21), if the state of the system (21) is convergent, then the
disturbance estimation errors and the trajectory errors are convergent. In ad-
dition, the closed-loop system constructed in the form of equation (21) is
convenient to use the MPC method to obtain the feedback control input um,
and also to get the time-varying gain matrix L(k) of the disturbance observer
by the MPC method.

3.2 The design of MPC method with relaxing factor

The MPC method is an iterated solution online of an optimization prob-
lem, which can be introduced to obtain the tracking control scheme with con-
straints. It means that the feedback control input um(k) and time-varying dis-
turbance observer gain matrix L(k) is obtained through the MPC method. The
control input increment solved by traditional MPC method exists jump phe-
nomenon, hence in this paper the relax factor is introduced for MPC method
to restrain the jump phenomenon of the increment and ensure the stability of
the MPC feasible solutions. From (21), with soft constraints, a cost function
is given as follows [29]:

J(k) =
n∑

ϑ=1

p̄T (k + ϑ|k)V p̄(k + ϑ|k)

+
n−1∑

ϑ=0

∆uT
m(k + ϑ|k)Y ∆um(k + ϑ|k)

+
n−1∑

ϑ=0

γT (k + ϑ|k)Wγ(k + ϑ|k)

(22)

where p̄(k + ϑ|k) and ∆um(k + ϑ|k) denotes the predicted state and control
input increment in the future horizon, n is the predicted horizon, γ(k + ϑ|k)
is the relaxing factor, which ensures to obtain the MPC infeasible solutions
and restrains the jump phenomenon, the predictive control input increment
∆um(k+ϑ|k) = um(k+ϑ|k)−um(k+ϑ−1|k). In cost function (22), V , Y and
W are the appropriate positive definite matrices. Besides, to avoid the jump
phenomenon, the constraints of the state vector p̄, the control input um and
control increment ∆um are shown as

p̄min ≤ p̄ ≤ p̄max

ummin
≤ um ≤ ummax

∆ummin
+ γcmin ≤ ∆um ≤ ∆ummax

+ γcmax

(23)

where p̄min, p̄max, ∆ummin
and ∆ummax

are the lower and upper bounds of p̄
and ∆um, respectively. cmin and cmax are the lower and upper bounds of the
relaxing factor gain coefficient. The control increment scheme ∆um is solved
through minimizing the cost function (22) with constraints (23). Then the
control input scheme um is obtained by um(k) = ∆um(k) + um(k − 1). The
specific algorithm is described in the following.
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According to equations (21) and (22), the predictive vectors are defined as
follows:

p̂(k) =
[
p̄T (k + 1|k), ..., p̄T (k + n|k)

]T

ûm(k) =
[
uT
m(k|k), ..., uT

m(k + n− 1|k)
]T

∆ûm(k) =
[
∆uT

m(k|k), ..., ∆uT
m(k + n− 1|k)

]T

γ̂(k) =
[
γT (k|k), ..., γT (k + n− 1|k)

]

(24)

Invoking equations (21) and (24), the predictive vectors can be transformed
to state-space equations as

p̂(k) = q(k)∆ûm(k) + F̂ (k) + Ĝ(k) + L̂(k) (25)

where

q(k) =











G1 0 · · · · · · 0
G2 G2 0 · · · 0

G3 G3 G3

. . . 0
...

...
. . .

. . .
...

Gn−1 Gn−1 · · · · · · Gn−1











F̂ (k) =








F̄ (p̄(k|k))
F̄ (p̄(k + 1|k))

...
F̄ (p̄(k + n− 1|k))








L̂(k) =








L̄(k|k)eς(k|k)
L̄(k|k)(Z + L(k|k)DM)eς(k|k)

...

L̄(k|k)(Z + L(k|k)DM)
n−1

eς(k|k)








Ĝ(k) =








G1um(k − 1)
G2um(k − 1)

...
Gnum(k − 1)








G1 = Ḡ(p̄(k|k))
G2 = Ḡ(p̄(k + 1|k))
...
Gn = Ḡ(p̄(k + n− 1|k))

(26)

Combined with equations (24), (25) and (26), the cost function (22) subject
to constraints (23) becomes

J(k) =
n∑

ϑ=1

p̄T (k + ϑ|k)V p̄(k + ϑ|k)

+
n−1∑

ϑ=0

∆uT
m(k + ϑ|k)Y ∆um(k + ϑ|k)

+
n−1∑

ϑ=0

γT (k + ϑ|k)Wγ(k + ϑ|k)

= ‖p̂(k)‖
2

V̄ + ‖∆ûm(k)‖
2

Ȳ + ‖γ̂(k)‖
2

W̄

(27)
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subject to
ûmmin

≤ ûm(k − 1) + I∆ûm ≤ ûmmax

p̂min ≤ L̂+ F̂ + Ĝ+ q∆ûm ≤ p̂max

∆ûmmin
+ γ̂cmin ≤ ∆ûm ≤ ∆ûmmax

+ γ̂cmax

(28)

where V̄ = diag{

n
︷ ︸︸ ︷

V, ..., V }, Ȳ = diag{

n
︷ ︸︸ ︷

Y, ..., Y } and W̄ = diag{

n
︷ ︸︸ ︷

W, ...,W}.

Let ∆U =
[
∆ûT

m γ̂T
]T

and Ī = diag

2n
︷ ︸︸ ︷

{I, ..., I}, the cost function (27) with
constraints (28) can be rewritten as a Quadratic Programming (QP) problem

min
1

2
∆UTΞ∆U +ΩT∆U (29)

subject to
E∆U ≤ Π (30)

where the coefficient matrices are

Ξ =

[
2qT V̄ q + 2Ȳ 0

0 2W̄

]

, Ω =

[

2qT V̄ (Ĝ+ F̂ ) 0
0 0

]

E =











Ī 0
−Ī 0
q 0
−q 0
Ī cmax

−Ī cmin











, Π =











ûmmax
− ûm(k − 1)

−ûmmin
+ ûm(k − 1)

p̂max − F̂ − Ĝ− L̂

−p̂min + F̂ + Ĝ+ L̂
∆ûmmax

∆ûmmin











(31)

Remark 3 Combined with equations (27), (29) and (30), to solve the QP prob-
lem with constraint conditions, the control schemes um can be obtained in-
voking with ∆um, and the time-varying gain matrix L(k) of the multiple har-
monics disturbance observer can be solved.

3.3 Feasibility and stability analysis

Under the proposed MPC algorithm, the stability of the system (21) is
given in the following.

Theorem 1: Considering the discrete-time system (21), the cost function
is designed in (27) with constrains (28). The positive matrices V , Y , W and
the predictive horizon n are chosen to calculate the optimal solution of the
QP problem

min
1

2
∆UTΞ∆U +ΩT∆U (32)

s.t.
E∆U ≤ Π (33)

where ∆U , Ξ, Ω, E and Π are given in (31). Choosing the optimal cost
function min J(k), then the nominal stable of the system (21) is guaranteed
under the optimal solution.
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Proof : For the QP problem (29) with constraints (30), let p̄∗, ∆u∗

m and
γ∗ be the optimal state, the optimal control input increment and the optimal
relaxing factor, respectively. u∗

m is the optimal control input of um. Choosing

V ∗(k) = min J(k) (34)

A sequence of the difference of the optimal control input is denoted as

∆û∗

m(k) = [∆u∗

m(k|k), ..., ∆u∗

m(k + n− 1|k)]
T

(35)

which satisfies the constraints (28) and (30). The corresponding optimal se-
quence is denoted as

p̂∗(k) = [p̄∗(k + 1|k), ..., p̄∗(k + n|k)]
T

(36)

The optimal relaxing factor sequence is defined as follows:

γ̂∗(k) = [γ∗(k + 1|k), ..., γ∗(k + n|k)]
T

(37)

Consider the fact that the cost function J(k) has been minimized by opti-
mal input sequence, combined with (34), (35), (36) and (37), we have

V ∗(k) = min J(k) = ‖p̂∗(k)‖
2

V̄ + ‖∆û∗

m(k)‖
2

Ȳ + ‖γ̂∗(k)‖
2

W̄ (38)

According to equation (27), we have

J(k + 1) =
n∑

ϑ=1

‖p̄(k + ϑ+ 1|k + 1)‖
2

V

+
n−1∑

ϑ=0

‖∆um(k + ϑ+ 1|k + 1)‖
2

Y

+
n−1∑

ϑ=0

‖γ(k + ϑ+ 1|k + 1)‖
2

W

(39)

According to Ref. [17], if the predictive horizon n is selected sufficiently
large, it has p̄(k+ϑ+1|k+1) = p̄∗(k+ϑ+1|k),∆um(k+ϑ|k+1) = ∆u∗

m(k+ϑ|k)
and γ(k + ϑ+ 1|k + 1) = γ∗(k + ϑ+ 1|k), 1 < ϑ < n. Then, it deduced that

J(k + 1) =
n∑

ϑ=1

‖p̄(k + ϑ+ 1|k + 1)‖
2

V

+
n−1∑

ϑ=0

‖∆um(k + ϑ+ 1|k + 1)‖
2

Y

+
n−1∑

ϑ=0

‖γ(k + ϑ+ 1|k + 1)‖
2

W

=
n∑

ϑ=1

‖p̄∗(k + ϑ+ 1|k)‖
2

V

+
n−1∑

ϑ=0

‖∆u∗

m(k + ϑ+ 1|k)‖
2

Y

+
n−1∑

ϑ=0

‖γ∗(k + ϑ+ 1|k)‖
2

W

(40)
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Further, it yields

J(k + 1) =
n∑

ϑ=1

‖p̄∗(k + ϑ+ 1|k)‖
2

V

+
n−1∑

ϑ=0

‖∆u∗

m(k + ϑ+ 1|k)‖
2

Y

+
n−1∑

ϑ=0

‖γ∗(k + ϑ+ 1|k)‖
2

W

=
n∑

ϑ=2

‖p̄∗(k + ϑ|k)‖
2

V +
n−1∑

ϑ=1

‖∆u∗

m(k + ϑ|k)‖
2

Y

+
n−1∑

ϑ=1

‖γ∗(k + ϑ|k)‖
2

W

=
n∑

ϑ=1

‖p̄∗(k + ϑ|k)‖
2

V +
n−1∑

ϑ=0

‖∆u∗

m(k + ϑ|k)‖
2

Y

+
n−1∑

ϑ=0

‖γ∗(k + ϑ|k)‖
2

W − ‖p̄∗(k + 1|k)‖
2

V

−‖∆u∗

m(k|k)‖
2

Y − ‖γ∗(k|k)‖
2

W

(41)

Combined with (38), it obtains

J(k + 1) = V ∗(k)− ‖p̄∗(k + 1|k)‖
2

V

−‖∆u∗

m(k|k)‖
2

Y − ‖γ∗(k|k)‖
2

W

(42)

which means that J(k+1) ≤ V ∗(k). Based on (38), it has V ∗(k+1) ≤ J(k+1),
then it yields

V ∗(k + 1) ≤ V ∗(k) (43)

From (43), it illustrates that the Lyapunov function (34) is monotone de-
creasing, then the system (21) with MPC scheme is nominal stable. That
means that the estimated errors of the disturbance observer is convergent,
and the AMR (1) can track the UAV projection trajectory (2) with external
disturbance. The proof is completed.

Remark 4 Combined with Theorem 1, after solving the QP problem (29), the
control input schemes um = u∗

m and the time-varying gain matrix L(k) of
the multiple harmonics disturbance observer are obtained. By combining L(k)
with equation (16), the disturbance estimated value can be calculated, hence
the term ud is obtained. Then, invoking with (1) and (12), the final control
input u = um + ud for the AMR system can be obtained.

4 Experiment Results

In this section, the experimental results are presented, and the used exper-
imental devices in experiment is produced by Quanser Corporation.
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Fig. 4: The whole experimental environment

4.1 Parameters setup

The experimental platform in this paper consists of an AMR Qbot 2, an
Optical-track camera system and a ground station with a router. The trajecto-
ry information of experimental devices is detected by the Optical-track camera
system and interactively transferred to by the ground station with WLAN. The
AMR device and experimental field are shown in Fig. 4. Restricted by the e-
quipment, in this experiment, the AMR will track a virtual quadrotor UAV
trajectory, and the used model of the quadrotor UAV is borrowed by Quanser
Corporation.

Let the sample interval T as 0.02s, the initial position of the AMR are given
that x(0) = 0.4m, y(0) = 0.1m. The projection initial position of the UAV are
given that xr(0) = yr(0) = 0m, the desired linear velocity is vr(k) = 0.08m/s,
and the desired angular velocity wr(0) = 0.1rad/s.

Combined with Theorem 1, to solve the parameters of the QP problem (29)
with constraints (30), the weighting matrices are chosen as V = 0.5∗I3×3, Y =
0.3 ∗ I2×2 and W = 0.2 ∗ I2×2. The boundaries of the variables are cho-
sen as ummin

= [−0.1,−0.1]T , ummax
= [0.1, 0.1]T , ∆ummin

= [−0.1,−0.1]T ,
∆ummax

= [0.1, 0.1]T , p̄min = [0,−3,−3]T and p̄max = [1, 3, 3]T . The bound-
aries of the relaxing factor coefficients are cmin = [−0.05,−0.05]T and cmax =
[0.05, 0.05]T . Besides, the parameters of the external disturbance are selected
as follows:

Z1 =

[
0.9998 −0.02
0.02 0.9998

]

, Z2 =

[
0.9992 −0.04
0.04 0.9992

]

Z3 =

[
0.98 −0.08
0.08 0.98

]

, Z4 =

[
0.92 −0.12
0.12 0.92

]

Z5 =

[
0.88 −0.16
0.16 0.88

]

, Z6 =

[
0.82 −0.24
0.24 0.82

]

M1 =
[
0.2 0.2

]
,M2 =

[
0.8 0.8

]

M3 =
[
1 1

]
,M4 =

[
1.2 1.2

]

M5 =
[
1.6 0.6

]
,M6 =

[
0.4 0.4

]
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Fig. 5: x-axis tracking trajectory
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Fig. 6: y-axis tracking trajectory

4.2 Experimental results

In this part, let the virtual quadrotor as a tracked target, the experimental
results are exhibited.

Figs. 5 and 6 show the AMR tracking trajectory at x-axis and y-axis. It
can observe that without the disturbance observer, there are some deviations
between the AMR trajectory and target trajectory, and the AMR can track
the target trajectory effectively under the developed model predictive hybrid
tracking control scheme based on the multiple harmonics disturbance observer.
The tracking errors are shown in Fig. 7. It illustrates that the tracking errors
are convergence. Fig. 8 presents the top view of the AMR trajectory with the
tracked target trajectory. The target trajectory is a circle with 0.4m radius.
Fig. 9 presents the actual space trajectory in the experimental field with the
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Fig. 8: Top view tracking trajectory of the AMR

virtual quadrotor. Fig. 8 and Fig. 9 validate that the AMR can effectively
track the target trajectory.

From the experimental results, it obtains the proposed tracking control
scheme under the proposed MPC method with the multiple harmonics time-
varying disturbance observer is valid for the AMR.

5 Conclusion

In this paper, an air-ground hybrid tracking control scheme under the im-
proved MPC method and multiple harmonics time-varying disturbance observ-
er was proposed for the discrete-time nonholonomic AMR and UAV. By adopt-
ing the polar coordinate transformation method, a time-varying air-ground co-
operative tracking control model had been presented. Considering the external
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disturbance in tasks, a multiple harmonics time-varying disturbance observer
had been designed for cooperative tracking. Then invoking with disturbance
observer, the hybrid tracking control scheme had been solved by improved
MPC method with relaxing factor. Finally, the experiments show the the ef-
fectiveness of the proposed tracking control scheme. The slipping, skidding,
actuator fault and saturation in the AMR will be studied in the future.
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