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Locality and Conservation Laws:

How, in the presence of symmetry, locality restricts realizable unitaries

Iman Marvian1

1Departments of Physics & Electrical and Computer Engineering,

Duke University, Durham, North Carolina 27708, USA

According to an elementary result in quantum computing, any unitary transformation on a composite system

can be generated using 2-local unitaries, i.e., those that act only on two subsystems. Beside its fundamental

importance in quantum computing, this result can also be regarded as a statement about the dynamics of sys-

tems with local Hamiltonians: although locality puts various constraints on the short-term dynamics, it does

not restrict the possible unitary evolutions that a composite system with a general local Hamiltonian can expe-

rience after a sufficiently long time. We ask if such universality remains valid in the presence of conservation

laws and global symmetries. In particular, can k-local symmetric unitaries on a composite system generate

all symmetric unitaries on that system? Surprisingly, it turns out that the answer is negative in the case of

continuous symmetries, such as U(1) and SU(2): generic symmetric unitaries cannot be implemented, even

approximately, using local symmetric unitaries. In the context of quantum thermodynamics this means that

generic energy-conserving unitary transformations on a composite system cannot be implemented by applying

local energy-conserving unitary transformations on the components. We also show how this no-go theorem can

be circumvented via catalysis: any globally energy-conserving unitary can be implemented using a sequence of

2-local energy-conserving unitaries, provided that one can use a single ancillary qubit (catalyst).

Locality and symmetry are fundamental and ubiquitous

properties of physical systems and their interplay leads to di-

verse emergent phenomena, such as spontaneous symmetry

breaking. They also put various constraints on both equilib-

rium and dynamical properties of physical systems. For in-

stance, symmetry implies conservation laws, as highlighted

by the Noether’s theorem [1, 2], and locality of interactions

implies finite speed of propagation of information, as high-

lighted by the Lieb-Robinson bound [3]. Nevertheless, in spite

of the restrictions imposed by locality on the short-term dy-

namics, it turns out that after a sufficiently long time and in

the absence of symmetries, a composite system with a general

local (time-dependent) Hamiltonian can experience any arbi-

trary unitary time evolution. This is related to a fundamental

result in quantum computing: any unitary transformation on a

composite system can be generated by a sequence of 2-local

unitary transformations, i.e., those that couple, at most, two

subsystems [4–6].

In this Letter, we study this phenomenon in the presence

of conservation laws and global symmetries. In particular,

we ask whether this universality remains valid in the pres-

ence of symmetries, or whether locality puts additional con-

straints on the possible unitary evolutions of a composite sys-

tem. Clearly, if all the local unitaries obey a certain symmetry,

then the overall unitary evolution also obeys the same symme-

try. The question is if all symmetric unitaries on a composite

system can be generated using local symmetric unitaries on

the system. Surprisingly, it turns out that the answer is nega-

tive in the case of continuous symmetries, such as SU(2) and

U(1). In fact, we show that generic symmetric unitaries can-

not be implemented, even approximately, using local symmet-

ric unitaries. Furthermore, the difference between the dimen-

sions of the manifold of all symmetric unitaries and the sub-

manifold of unitaries generated by k-local symmetric unitaries

with a fixed k, constantly increases with the system size.

This result implies that, in the presence of locality, symme-

tries of Hamiltonian impose extra constraints on the time evo-

FIG. 1: Local Symmetric Quantum Circuits. A quantum circuit

with 2-local unitaries on 6 subsystems (e.g., qubits). A Local Sym-

metric Quantum Circuit (LSQC) only contains local unitaries that

respect a certain symmetry. For instance, they are all invariant under

rotations around z axis. Such circuits can model the time evolution of

systems with local symmetric Hamiltonians. Conversely, any LSQC

corresponds to the time evolution generated by a local symmetric

(time-dependent) Hamiltonian. Therefore, by studying LSQC, we

can also characterize general features of time evolution under local

symmetric Hamiltonians.

lution of the system, which are not captured by the Noether’s

theorem. These additional constraints can have interesting im-

plications, e.g., in the context of quantum chaos and thermal-

ization of many-body systems.

This surprising phenomenon also has important implica-

tions in the context of quantum thermodynamics and, specif-

ically, the operational approach to thermodynamics, which is

often called the resource theory of quantum thermodynam-

ics [7–14]. A fundamental assumption in this framework is

that all energy-conserving unitaries, i.e., those commuting

with the intrinsic Hamiltonian of the system, are free, that

is, they can be implemented with negligible thermodynamic

costs. This is assumed even for composite systems with arbi-

trarily large number of subsystems. However, our result im-

plies that general energy-conserving unitaries on a compos-

ite system cannot be implemented by applying local energy-

conserving unitaries on the subsystems. In fact, even by com-
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posing energy-conserving unitaries that act on n − 1 subsys-

tems, one still cannot generate all energy-conserving unitaries

on n subsystems. Note that energy-conserving unitaries are

those that are invariant under the time-translation symmetry

{e−iH0t : t ∈ R} generated by the intrinsic Hamiltonian H0;

a continuous symmetry, which is isomorphic to the group U(1)

in the case of periodic systems.

Therefore, this no-go theorem suggests that there might be

some hidden thermodynamic costs for implementing general

energy-conserving unitaries, using local energy-conserving

unitaries and, in principle, this additional cost can increase

with the system size. However, interestingly, we find that this

no-go theorem can be circumvented using ancillary qubits,

i.e., auxiliary systems initially prepared in a fixed state which

return to their initial states at the end of the process. In the

context of quantum thermodynamics, such ancillary systems

can be interpreted as catalysts. For instance, we show that us-

ing 2-local Hamiltonian XX + Y Y and local Pauli Z, which

are both invariant under rotations around z, it is possible to

implement all uniatiries that are invariant under this symme-

try, provided that one can employ an ancillary qubit. More-

over, any energy-conserving unitary on a composite system

can be implemented in a similar fashion, using a single ancil-

lary qubit (See Theorem 1).

I. PRELIMENARIES

We start by a few definitions that are needed to formulate

the problem. We present two slightly different formulations

in terms of the notions of (i) local symmetric quantum circuits

and (ii) local symmetric Hamiltonians, and argue that they are

indeed equivalent. We also briefly explain the Lie-algebraic

approach that will be used to study this problem.

A. Local Symmetric Quantum Circuits (LSQC)

Consider an arbitrary composite system formed from local

subsystems or sites (e.g., qubits or spins). In this paper we

focuse on systems with finite-dimensional Hilbert spaces. An

operator is called k-local if it acts non-trivially on the Hilbert

spaces of, at most, k sites. For systems with a given geom-

etry, such as lattice systems, we also consider a stronger no-

tion of locality, namely geometric locality, where the operator

acts non-trivially only on a local neighborhood of the system,

e.g., a pair of nearest-neighbor sites. Consider a symmetry

described by a general group G. To simplify the following

discussion, unless otherwise stated, we assume all sites in

the system have identical Hilbert spaces and carry the same

unitary representation of group G (In Appendix A we con-

sider a more general case). In particular, on a system with

n sites, assume each group element g ∈ G is represented by

the unitary U(g) = u(g)⊗n. An operator A acting on the

total system is called G-invariant, or symmetric, if satisfies

U(g)AU†(g) = A, for any group element g ∈ G. The set of

symmetric unitaries itself forms a group, denoted by

VG ≡ {V : V V † = I, [V,U(g)] = 0,∀g ∈ G} , (1)

where I is the identity operator.

As an example, we consider a system with n qubits

and the U(1) symmetry corresponding to global rotations

around the z axis. Then, an operator A is symmetric if

(e−iθZ)⊗nA(eiθZ)⊗n = A, for θ ∈ [0, 2π), or, equivalently,

if it commutes with
∑n

j=1 Zj , where Xj , Yj , Zj denote Pauli

operators on qubit j tensor product with the identity operators

on the rest of qubits. Depending on the context, this symme-

try can have different physical interpretations. For instance,

if each qubit has Hamiltonian ∆E
2 Z, then ∆E

2

∑n
j=1 Zj is the

total Hamiltonian of the system. Then, unitaries that satisfy

this symmetry are the energy-conserving unitaries.

We define VG
k to be the set of all unitary transformations

that can be implemented with Local Symmetric Quantum Cir-

cuits (LSQC) with k-local unitaries (See Fig.1). More for-

mally, VG
k is the set of unitaries V =

∏m
i=1 Vi, generated by

composing symmetric k-local unitaries Vi : i = 1 · · ·m, for

a finite m. It can be easily seen that VG
k is a subgroup of

VG = VG
n , the group of all symmetric unitaries. More gener-

ally, for k ≤ l ≤ n, we have VG
k ⊆ VG

l ⊆ VG. We are inter-

ested in characterizing each subgroup VG
k and, in particular, to

determine if there exists k < n, such that k-local symmetric

unitaries become universal, that is VG
k = VG

n = VG. As we

discussed before, in the absence of symmetries, i.e., when G
is the trivial group, this holds for k = 2.

It is worth noting that for composite systems with a given

geometry, one can consider the stronger constraint of geomet-

ric locality in the above definitions: the k-local symmetric

unitaries should act on local neighborhoods, e.g., only on k
nearest-neighbor sites. However, provided that the sites lie on

a connected graph, e.g., on a connected 1D chain, adding this

additional constraint does not change the generated group VG
k .

This is true because the swap unitary that exchanges the states

of two nearest-neighbor sites is 2-local and respects the sym-

metry, for all symmetry groups. If the graph is connected, by

combining these 2-local permutations on pairs of neighboring

sites, we can generate all permutations and hence change the

order of sites arbitrarily. Therefore, any k-local symmetric

unitary can be realized by a sequence of k-local symmetric

unitaries on k nearest-neighbor sites.

B. Time evolution under local symmetric Hamiltonians

Next, we consider a slightly different formulation of this

problem in terms of the notion of local symmetric Hamilto-

nians. A generic local Hamiltonian H(t) acts non-trivially

on all subsystems in the system, but, it has a decomposition

as H(t) =
∑

j hj(t), where each term hj(t) is k-local for a

fixed k, which is often much smaller than the total number of

subsystems in the system. The unitary evolution generated by
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this Hamiltonian is determined by the Schrödinger equation

dV (t)

dt
= −iH(t)V (t) = −i

[

∑

j

hj(t)
]

V (t) , (2)

with the initial condition V (0) = I . Suppose, in addition

to the above locality constraint, the Hamiltonian H(t) also

respects the symmetry described by the group G, such that

[U(g), H(t)] = 0, for all g ∈ G, and all t ≥ 0. Then, it can

be shown that the family of unitaries {V (t) : t ≥ 0} gener-

ated by any such Hamiltonian belongs to VG
k , i.e., the group of

symmetric unitaries that can be implemented by k-local sym-

metric unitaries (See Appendix A). Conversely, any unitary in

this group is generated by a Hamiltonian H(t) satisfying the

above locality and symmetry constraints (Any quantum circuit

can be thought of as the time evolution generated by a time-

dependent local Hamiltonian). Therefore, by characterizing

VG
k and studying its relation with the group of all symmetric

unitaries VG, we can also unveil possible constraints on the

time evolution under local symmetric Hamiltonians, which are

not captured by the standard conservation laws and Noether’s

theorem.

As an example, consider a closed spin chain with n qubits

with Hamiltonian H(t) equal to

n
∑

j=1

aj(t)[XjXj+1 + YjYj+1] + bj(t) ZjZj+1 + cj(t)Zj .

For any choices of the real functions aj(t), bj(t), and cj(t),

the Hamiltonian commutes with
∑

j Zj , and clearly can be

written as the sum of 2-local terms. Therefore, all unitaries

generated by this family of Hamiltonians should be in V
U(1)
2

for the U(1) symmetry corresponding to rotations around the z

axis. We are interested to determine if this set includes all uni-

taries that respect the symmetry, or, the fact that the Hamilto-

nian is 2-local implies additional constraints on the time evo-

lution of the system.

C. The Lie algebra generated by local symmetric

Hamiltonians

To investigate these questions, we use the Lie algebraic

methods of quantum control theory [15, 16], which have also

been previously used to study the universality of 2-local gates

in the absence of symmetries [4, 5, 17–22]. Here, we briefly

discuss the main relevant result. The details and precise state-

ments can be found in Appendix A.

Suppose one can implement the unitary time evolutions

generated by Hamiltonians ±A and ±B for an arbitrary

amount of time t ≥ 0; that is one can turn on and off these

Hamiltonians at will. Then, combining these time evolutions

one can obtain unitaries

e−iB(c2δt)e−iA(c1δt) = e−i(c1A+c2B)δt + O(δt2) (3a)

e−iAδte−iBδteiAδteiBδt = e−[A,B]δt2

+ O(δt3) , (3b)

FIG. 2: The schematic relation between the group of all symmetric

unitaries (the torus) and the subgroup generated by Local Symmetric

Quantum Circuits (the blue curve). They are both closed connected

Lie groups and hence closed manifolds. Unitary evolution under any

local symmetric Hamiltonian is restricted to the submanifold cor-

responding to LSQC. In other words, adding a perturbation to the

Hamiltonian can bring the evolution outside this submanifold, only

if it is non-local or symmetry-breaking.

for arbitrary coefficients c1, c2 ∈ R, and for sufficiently small

δt. This means that using Hamiltonians ±A and ±B, one

can approximately simulate the time evolutions generated by

any Hamiltonian in the linear span of A and B as well as the

Hamiltonian i[A,B]. Furthermore, by repeating such combi-

nations of unitaries, one can obtain a larger class of unitaries.

In fact, it can be proven that using finite sequences of uni-

taries generated by Hamiltonians ±A and ±B, one obtains

all unitary transformations {e−iHt : t ∈ R} generated by any

Hermitian operatorH if, and only if,H belongs to the real Lie

algebra generated byA andB, i.e., it can be written as a linear

combination ofA,B, and their (nested) commutators, i[A,B],
[[A,B], A], [[A,B], B], ..., with real coefficients [15]. As we

explain more in Appendix A, this result means that to char-

acterize the group VG
k generated by k-local symmetric uni-

taries, it suffices to characterize the Lie algebra generated by

k-local symmetric Hermitian operators. In particular, the di-

mension of this Lie algebra, as a vector space over R, is equal

to dim(VG
k ), the dimension of the manifold associated to VG

k ,

which is also equal to the number of real parameters needed

to specify a general element of VG
k . Using this relation, we es-

tablish an upper bound on dim(VG
k ), which is discussed next.

II. MAIN RESULTS

A. A no-go theorem: Non-universality of local unitaries in the

presence of symmetries

We show that in the case of continuous symmetries such as

U(1) and SU(2), most symmetric unitaries cannot be imple-

mented, even approximately, using local symmetric unitaries:

First, as we prove in Appendix A, for any group G, the set

of symmetric unitaries VG = VG
n and its subgroup VG

k gener-

ated by k-local symmetric unitaries, are both connected com-

pact Lie groups, and hence closed manifolds (See Fig.2). This

means that if a unitary V is not in VG
k , then there is a neigh-

borhood of symmetric unitaries around V , none of which can
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be implemented using k-local symmetric unitaries. On the

other hand, if V belongs to VG
k , then it can be implemented

with a uniformly finite number of such unitaries, that is upper

bounded by a fixed number independent of V [15].

Secondly, we prove that for any finite or compact Lie group

G, the difference between the dimensions of the manifolds

associated to all symmetric unitaries VG = VG
n and its sub-

manifold VG
k is lower bounded by

dim(VG) − dim(VG
k ) ≥ |IrrepsG(n)| − |IrrepsG(k)| , (4)

where for any integer l, |IrrepsG(l)| is the number of inequiv-

alent irreducible representations (irreps) of group G, appear-

ing in the representation {u(g)⊗l : g ∈ G}, i.e., in the ac-

tion of symmetry on l subsystems. We conclude that, unless

|IrrepsG(n)| = |IrrepsG(k)|, there is a family of symmetric

unitaris on n subsystems that cannot be implemented with k-

local symmetric unitaries. In the case of continuous symme-

tries such as U(1) and SU(2), |IrrepsG(n)| grows unboundedly

with n. This means that there is no fixed integer k, such that k-

local symmetric unitaries become universal for all system size

n. This is in a sharp contrast with the universality of 2-local

unitaries in the absence of symmetries.

Moreover, in the special case of connected compact Lie

groups, such as U(1) and SU(2), we prove a more fine-grained

version of Eq.(4): for any integer l in the interval k ≤ l ≤ n,

it holds that

dim(VG
l ) − dim(VG

k ) ≥ |IrrepsG(l)| − |IrrepsG(k)| . (5)

This means that, if |IrrepsG(l)| > |IrrepsG(k)|, then there

are symmetric unitaries that can be implemented with l-local

symmetric unitaries, but not with k-local symmetric unitaries.

In other words, as k increases from 1 to n, i.e., as the local

unitaries become more non-local, the subgroup VG
k generated

by k-local symmetric unitaries gradually becomes larger.

The above results are obtained using a technique introduced

in Sec. IV, called charge vectors. In Appendix A, we present

the complete proofs and also show how the no-go theorem

can be extended to the case where the subsystems can have

different representations of the symmetry.

1. Example: U(1) symmetry for qubits

Recall the example of the U(1) symmetry corresponding

to rotations around the z axis for a system with n qubits.

In this case, the representation of symmetry on l sites is

{(eiθZ)⊗l : θ ∈ [0, 2π)}, which decomposes to l+ 1 inequiv-

alent irreps of U(1). Hence, |IrrepsU(1)(l)| = l + 1. There-

fore, Eq.(4) implies that for a system with n qubits the differ-

ence between the dimensions of the manifold of all symmetric

unitaries and those generated by k-local symmetric unitaries

is, at least, n − k. This means that under any restrictions

on locality, i.e., if k < n, most symmetric unitaries cannot

be implemented using local symmetric unitaries. As an ex-

ample, we show that if k < n then the family of unitaries

{eiθZ⊗n

: θ ∈ [0, 2π)} generated by the Hamiltonian Z⊗n

cannot be implemented using k-local U(1)-invariant unitaries

(except a finite set of points in this family).

More generally, consider diagonal Hamiltonians in the

computational basis {|z〉, z ∈ {0, 1}n} of n qubits, defined

as the tensor products of {|0〉, |1〉}, the eigenbasis of Pauli Z
operator. Any such Hamiltonian can be written as

Hdiag =
∑

z∈{0,1}n

h(z) |z〉〈z| =
∑

b∈{0,1}n

h̃(b) Z
b , (6)

where for any bit string b = b1 · · · bn ∈ {0, 1}n,

we have defined Z
b = Zb1

1 · · ·Zbn
n and h̃(b) =

2−n
∑

z∈{0,1}n(−1)b·z h(z) is the Fourier transform of h(z).

We show that for any diagonal Hamiltonian Hdiag the family

of unitaries {e−itHdiag : t ∈ R} belongs to V
U(1)
k and hence can

be implemented using k-local U(1)-invariant unitaries if, and

only if, the following condition holds: for all y in the interval

k + 1 ≤ y ≤ n,

∑

b∈{0,1}n:w(b)=y

h̃(b) = 0 , (7)

where the summation is over all bit strings with Hamming

weight w(b) =
∑n

l=1 bl equal to y. It is interesting to com-

pare this condition with the stronger constraint h̃(b) = 0 for

all b with w(b) ≥ k + 1, which is relevant if rather than all

k-local U(1)-invariant unitaries, one is restricted to diagonal

k-local unitaries. As we show in Appendix B, the necessity

of condition in Eq.(7) follows immediately using the notion

of charge vectors, introduced in Sec.IV. In the rest of this sec-

tion, we sketch the argument that proves the sufficiency of this

condition.

For any pair of distinct qubits r, s ∈ {1, · · · , n}, consider

the 2-local U(1)-invariant Hamiltonians

Rrs =
XrXs + YrYs

2
, Trs =

i

2
[Zr, Rrs] . (8)

It can be shown that for any set of distinct v qubits

r1, r2, · · · , rv ∈ {1, · · · , n} it holds that

(Zr1
− Zrv

) Zr1
Zr2

. . . Zrv
= (9)

cv

[

[

...[Rr1r2
, Rr2r3

], ..., Rrv−1,rv

]

, Rrv,r1

]

: v odd ,

icv

[

[

...[Rr1r2
, Rr2r3

], ..., iRrv−1,rv

]

, Trv,r1

]

: v even ,

where cv = ±1, depending on v. Then, the Lie algebraic

result discussed under Eq.(3) implies that using Hamiltoni-

ans {Rrs} and local Z on qubits, we can implement the uni-

tary evolutions generated by all Hamiltonians in the form

(Zr1
−Zrv

)Zr1
Zr2

. . . Zrv
and their linear combinations with

real coefficients. It turns out that the linear combinations of

these Hamiltonians and local Z on all qubits, is equal to the

set of all diagonal Hamiltonians satisfying the constraint in

Eq.(7) for all y in the interval 2 ≤ y ≤ n. In other words,

all such Hamiltonians can be implemented using interaction

XX + Y Y and local Z. Finally, combining this family of

Hamiltonians with k-local diagonal Hamiltonians, we obtain
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FIG. 3: A protocol for implementing U(1)-invariant unitaries us-

ing interaction XX+YY. We show that using 2-local interactions

that are invariant under rotations around the z axis, the family of

unitaries {eiθZ1Z2Z3 : θ ∈ [0, 2π)} cannot be implemented, un-

less one uses ancillary systems. Using a single ancillary qubit a,

we can implement this family of unitraies just using interactions

Rrs = (XrXs + YrYs)/2 for r, s ∈ {1, 2, 3, a} and local Za on

the ancillary qubit, which are both invariant under rotations around

z. The ancillary qubit a, highlighted by blue, is initially prepared in

state |0〉 and returns to the same state at the end of the process. In part

(i) we use Hamiltonians Ra1 and Za to simulate Hamiltonian Z1. To

achieve this, we consider the commutator i[Ra1, T1a] = Z1 − Za,

where T1a = i

2
[Za, R1a]. Since a is initially in state |0〉, the ef-

fect of Hamiltonian Z1 − Za is equivalent to Hamiltonian Z3 − I ,

where I is the identity operator. Therefore, by applying Ra1 and

Za in a proper order, we can implement unitaries generated by

Z1, up to a global phase. Part (ii) corresponds to the commutator
[[

[Ra1, R12], R2a

]]

= Z1(Z2 − Za). The equality means that

by applying Ra1, R12 and R2a in a proper order, we can imple-

ment Hamiltonian Z1Z2 − Z1. Combining it with Z1 obtained in

the step (i) we obtain Z1Z2. Part (iii) corresponds to the commu-

tator i
[[

[Ra1, R12], R23

]

, T3a

]

= Z1Z2(Z3 − Za). Since qubit

a is initially in state |0〉, the effect of this time evolution on qubits

1, 2, 3 is equivalent to the time evolution generated by Hamiltonian

Z1Z2Z3 − Z1Z2 (See Eq.10). Combining this with Hamiltonian

Z1Z2 obtained from step (ii), we obtain Z1Z2Z3.

diagonal Hamiltonians satisfying the constraints in Eq.(7) for

y in the interval k + 1 ≤ y ≤ n. This proves the sufficiency

of condition in Eq.(7) (See Appendix B for further details).

B. Circumventing the no-go theorem with ancillary systems

Interestingly, it turns out that in the case of U(1) symme-

try the above constraints can be circumvented, provided that

one is allowed to interact with an ancillary qubit. Here, we

explain the main idea with an example. See Appendix B for

the general result and further details.

Suppose the goal is to implement the family of unitaries

{eiθZ1Z2Z3 : θ ∈ [0, 2π)} on a system with n = 3 qubits, la-

beled as 1, 2, 3. The condition in Eq.(7) implies that this fam-

ily cannot be generated by 2-local U(1)-invariant unitaries.

Now suppose in addition to these 3 qubits, we can use an an-

cillary qubit labeled as a. As we explain in Fig.3, Eq.(9) im-

plies that by applying the unitaries generated by XX + Y Y
and local Z Hamiltonians, which are both 2-local and invari-

ant under rotations around z, one can simulate Hamiltonian

(Z3 −Za)Z1Z2, where Za is Pauli Z on the ancillary qubit a
tensor product the identity operators on the rest of qubits. As-

suming the ancillary qubit is initially prepared in state |0〉a

and qubits 1, 2, 3 are in an arbitrary state |ψ〉, under the

time evolution generated by this Hamiltonian, the initial state

|ψ〉 ⊗ |0〉a evolves to

eiθ(Z3−Za)Z1Z2 (|ψ〉⊗|0〉a) =
(

eiθ(Z1Z2Z3−Z1Z2)|ψ〉
)

⊗|0〉a ,
(10)

for θ ∈ [0, 2π). Therefore, if after applying this unitary we

apply the 2-local symmetric unitary eiθZ1Z2 on qubits 1 and

2, the overall unitary evolution of qubits 1, 2, 3 will be the

desired unitary eiθZ1Z2Z3 . Note that because at the end of the

process the ancillary qubit goes back to its initial state, we

can use it again to implement other unitary transformations.

As we discuss in Fig.3 and prove in Appendix B, the com-

mutation relations in Eq.(9) imply that this technique can be

generalized to implement all diagonal Hamiltonians, just us-

ing interactionsXX+Y Y , and local Z on the ancillary qubit.

Finally, we show that combining diagonal unitaries with

unitaries generated by 2-local interaction XX +Y Y , one ob-

tains all U(1)-invariant unitaries. In summary, we prove that:

all unitaries that are invariant under rotations around z, i.e.,

those preserving
∑

j Zj , can be implemented using a single

ancillary qubit and via interactionsXX+Y Y and local Z on

the ancillary qubit. Furthermore, as we discuss in Appendix

B, this result remains valid if there are further geometric con-

straints on the interactions between qubits. In particular, if the

qubits in the system form a chain and only nearest-neighbor

XX+Y Y interactions between them are allowed, we can still

implement general U(1)-invariant unitaries, provided that the

ancillary qubit can interact with all the qubits via XX + Y Y
interaction. Alternatively, if in addition to XX + Y Y in-

teraction, one can also apply ZZ interactions to the nearest-

neighbor qubits, then the ancillary qubit only needs to interact

with one qubit in the chain, e.g., the qubit at one end of the

chain.

C. Quantum thermodynamics with local interactions

Energy-conserving unitaries, i.e., those commuting with the

intrinsic Hamiltonian of a system, play a fundamental role in

quantum thermodynamics. In fact, the central assumption of

the resource theory of quantum thermodynamics is that any

such unitary can be implemented with negligible thermody-

namic costs, regardless of the system size [7–13]. However,

according to our no-go theorem, a generic energy-conserving

unitary on a composite system cannot be implemented by ap-

plying local energy-conserving unitaries on the subsystems.

Therefore, under the restriction to local interactions (which is

inevitable due to fundamental and practical reasons) to imple-

ment a general energy-conserving unitary, one needs to apply

non-energy-conserving transformations on the system. That is

the subsystems need to exchange energy with an external sys-

tem. Can we implement a general energy-conserving unitary

by interacting with a finite-size external system? The follow-

ing theorem addresses this question (See theorem 9 in Ap-

pendix C for a more precise statement).

Theorem 1. Consider a finite set of closed systems with the

property that for each system the gap between any consecutive

pairs of energy levels is ∆E (See Fig.4). Then, any global
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Sys 1 Sys 2 Sys 3

Ancillary qubit (catalyst)

∆E

4∆E

3∆E

2∆E

∆E

0 |l = 0i

|l = 1i

|l = 2i

|l = 4i

|l = 3i

|0i

|1i

FIG. 4: A scheme for implementing energy-conserving unitaries

on composite systems. In each system we consider a pair of en-

ergy eigenstates with energy difference ∆E, which can be inter-

preted as a single qubit. Then, we can apply the protocol discussed

in the previous section for qubits with U(1) symmetry (See Fig.3).

To implement this protocol, the qubits defined in different systems

are sequentially coupled to each other and to an ancillary qubit, via

2-local energy-conserving interactions in Eq.(12) and Eq.(11). The

ancilla is initially prepared in its ground state |0〉, whose energy gap

with the excited state |1〉, is ∆E. This implies that the interac-

tion in Eq.(11), which couples the ancilla to the systems, is energy-

conserving. Using these 2-local energy-conserving interactions and

following the protocol introduced in the previous section, we can

implement energy-conserving unitaries on the selected energy pairs.

Repeating these steps with other pairs of energy eigenstates with en-

ergy difference ∆E, we obtain all energy-conserving unitaries (See

Appendix C).

energy-conserving unitary transformation on these systems

can be implemented by a finite sequence of 2-local energy-

conserving unitaries, provided that the systems can interact

with a single ancillary qubit with energy gap ∆E between its

two levels.

Therefore, the assumption of the resource theory of quan-

tum thermodynamics [7–13] that all energy-conserving uni-

taries (and, hence all thermal operations) are free, is consistent

with the locality of interactions, provided that one allows the

use of ancillary systems. In the context of quantum thermody-

namics such systems can be interpreted as catalysts [14, 23].

It is worth mentioning that the assumption in this theorem on

the energy gap ∆E between consecutive levels can be relaxed,

provided that one can use larger catalysts with more energy

levels.

To prove this result, we first show how to implement gen-

eral diagonal energy-conserving unitaries, i.e., those that con-

serve the energy of all individual subsystems. Then, we show

that by combining diagonal unitaries with 2-local energy-

conserving unitaries, we can implement all energy-conserving

unitaries.

In the rest of this section, we briefly sketch a specific

scheme for implementing energy-conserving unitaries (See

Appendix C for further details). This is, in fact, a general-

ization of the protocol introduced in the previous section, for

the special case of qubits with U(1) symmetry (Note that for

the family of Hamiltonians considered in the above theorem,

energy conservation is equivalent to a U(1) symmetry). In par-

ticular, this scheme uses an ancillary qubit with Hamiltonian

∆E|1〉〈1|a, initially prepared in the ground state |0〉a. Sup-

pose in each system we pick a pair of energy levels with en-

ergy difference ∆E, which can be interpreted as a qubit (See

Fig.4). Then, following the protocol introduced in the previ-

ous section, we can implement all energy-conserving unitaries

defined on these qubits using 2-local energy-conserving uni-

taries. For concreteness, suppose in system j we choose en-

ergy eigenstates |l − 1〉j and |l〉j with energies (l − 1) × ∆E
and l × ∆E . Consider the 2-local interaction

R
(l)
j,a = |l − 1〉〈l|j ⊗ |1〉〈0|a + H.C. , (11)

which couples the selected levels in system j to the ancillary

qubit, where H.C. denotes the Hermitian conjugate of the first

term. Similarly, suppose in system j′, we pick levels {|l′ −
1〉j′ , |l′〉j′} with energy difference ∆E. Consider the 2-local

interaction

R
(l,l′)
j,j′ = |l − 1〉〈l|j ⊗ |l′〉〈l′ − 1|j′ + H.C. . (12)

Note that both interactions R
(l)
j,a and R

(l,l′)
j,j′ conserve the to-

tal energy of the systems and ancilla. Therefore, by turn-

ing on and off each of these interactions we can implement

2-local energy-conserving unitaries. In fact, if we interpret

states |l − 1〉j and |l〉j as states |0〉 and |1〉 of a qubit, then

R
(l)
j,a will be equivalent to the interaction 1

2 (XX + Y Y ) be-

tween a pair of qubits. Similarly, R
(l,l′)
j,j′ can be interpreted

as interaction 1
2 (XX + Y Y ) between a pair of qubits, de-

fined in systems j and j′. Recall that the protocol defined

in the previous section can be implemented using interactions

XX + Y Y and local Z on the ancillary qubit. Therefore,

interactions defined in Eq.(11) and Eq.(12) together with lo-

cal Za on the ancillary qubit, allow us to apply this protocol

and implement all energy-conserving unitaries defined on the

the selected pairs of energy eigenstates. It turns out that com-

bining these energy-conserving unitaries with those that can

be implemented on other pairs of eigenstates with energy dif-

ference ∆E, we obtain all energy-conserving unitaries (See

Appendix C).

Finally, it is worth mentioning that that the system-system

interactions in Eq.(12) that are required in the above scheme,

can also be engineered using the system-ancilla interactions

in Eq.(11), provided that one can use a second ancillary qubit

b. This follows from the fact that

R
(l,l′)
j,j′ Zb =

1

2

[

R
(l′)
j′,b , [R

(l)
j,b , Zb]

]

. (13)

Therefore, if qubit b is initially prepared in an eigenstate of

Zb, then by composing the time evolutions generated by R
(l)
j,b,

R
(l′)
j′,b, and Zb, we can implement the time evolution gener-

ated by R
(l,l′)
j,j′ (This is similar to the argument in Eq.(10)).

In conclusion, all energy-conserving unitaries can be imple-

mented without any direct interactions between the systems,
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just by coupling them to a pair of ancillary qubits, using 2-

local energy-conserving interactions in Eq.(11).

III. DISCUSSION

We conclude that while for a general (time-dependent)

Hamiltonian, the locality of interactions alone does not put

any constraints on the long-term time evolution, in the pres-

ence of symmetries, locality can restrict possible time evolu-

tions of the system. That is the unitary evolution of the system

satisfies certain additional constraints, apart from the standard

conservation laws. In particular, unlike the standard conser-

vation laws, these extra constraints can be violated by adding

non-local symmetric terms to the Hamiltonian (Note that a

long-range interaction, such as the Coulomb interaction, still

could be 2-local). Understanding the implications of these

non-trivial constraints on thermalization, quantum chaos and

scrambling of quantum information in many-body systems is

an interesting open question.

This observation also raises other interesting questions

about general properties of Local Symmetric Quantum Cir-

cuits. While this family of quantum circuits has been

used in various areas of quantum physics, from classifying

Symmetry-Protected Topological (SPT) phases [24, 25] to the

study of quantum chaos with conserved charges [26], many

important aspects of this family is not well-understood yet.

For instance, an interesting open question in this area is to

understand how the notion of circuit complexity changes under

the constraint of symmetry. Recall that the circuit complexity

of a unitary transformation or a state is the minimum number

of local gates needed to implement the unitary or to prepare

the state from a fixed (product) state [27]. For a symmetric

unitary or a symmetric state, we can define a modified notion

of complexity, which can be called Symmetry-Protected Com-

plexity (SPC) and is defined as the minimum number symmet-

ric local unitaries needed to implement a symmetric unitary

or to prepare a symmetric state. Certain aspects of this notion

of complexity has been studied in the context of SPT phases.

In particular, it is known that for certain family of states the

SPC grow linearly with the number of subsystems, whereas

the regular complexity remains constant. Given the conjec-

tured roles of complexity in the context of holography and

AdS/CFT correspondence [28–30], it is interesting to further

study the notion of SPC and compare it with the regular com-

plexity.

Finally, this work also raises interesting questions in the

context of quantum resource theories and specifically moti-

vates the study of Local Quantum Resource Theories: For

a general resource theory, one can ask if the set of free op-

erations can be generated by k-local free operations with a

fixed k, (and, possibly, with the help of a catalyst). A negative

answer to the this question suggests that the resource theory

may not correspond to any operationally well-motivated re-

strictions (See [31, 32] for a discussion on physical justifica-

tions of quantum resource theories).

IV. METHODS

Here, we present an overview of the proofs of our no-go

theorem in Sec.II A. See Appendix A for details.

A. Charge vectors

We start by introducing the idea of charge vectors, which is

our main tool for deriving constraints on the unitary evolutions

generated by local symmetric Hamiltonians.

Recall that IrrepsG(n) denotes the set of inequivalent ir-

reps of group G that appear in the representation {U(g) =
u(g)⊗n : g ∈ G} and |IrrepsG(n)| is the number of these

inequivalent irreps. Let Πµ be the projector to the subspace

corresponding to irrep µ ∈ IrrepsG(n), also known as the iso-

typic component of µ. For any operator A define the charge

vector of A as

|χA〉 ≡
∑

µ∈IrrepsG(n)

Tr(ΠµA) |µ〉 , (14)

where {|µ〉 : µ ∈ IrrepsG(n)} is a set of orthonormal vec-

tors in an abstract vector space with dimension |IrrepsG(n)|.
A general G-invariant Hamiltonian can have any charge vec-

tor with real coefficients. In particular, for any set of real

numbers {hµ ∈ R : µ ∈ IrrepsG(n)}, the Hermitian oper-

ator
∑

µ∈IrrepsG(n)
hµ

Tr(Πµ) Πµ is G-invariant and has the charge

vector
∑

µ∈IrrepsG(n) hµ |µ〉. In other words, under the linear

map A → |χA〉, the image of the linear space of Hermitian

G-invariant operators has dimension |IrrepsG(n)|.
On the other hand, it turns out that if the the unitary evolu-

tions generated by HamiltonianH can be simulated by k-local

G-invariant unitaries, i.e., if ∀t ∈ R : e−iHt ∈ VG
k , then the

charge of vector of H should satisfy certain constraints. Let

Sk be the set of charge vectors for all such Hamiltonians, i.e.,

Sk ≡ {|χH〉 : e−iHt ∈ VG
k , ∀t ∈ R} . (15)

We prove that Sk is a linear subspace (over the field R) with

dimension

dim(Sk) ≤ |IrrepsG(k)| , (16)

and the equality holds if G is a connected Lie group, such as

U(1) and SU(2). Therefore, if |IrrepsG(k)| < |IrrepsG(n)|,
then dim(Sk) < |IrrepsG(n)|, which means there are G-

invariant Hamiltonians whose charge vectors do not belong

to Sk, which in turn implies they cannot be simulated using

k-local symmetric unitaries. This proves our main no-go the-

orem. As we explain in Appendix A, Eq.(16) also implies

bounds in Eq.(4) and Eq.(5) on dim(VG
k ). Moreover, in the

example of U(1) symmetry, the necessity of the constraints in

Eq.(7) follows from the constraints on charge vectors (In fact,

Eq.(7) is simply the statement that the charge vector of Hdiag

should be in Sk). In the following, we discuss more about the

subspace Sk and the bound in Eq.(16) on its dimension. In

particular, in theorem 2 below, we present a simple method
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for testing the condition |χH〉 ∈ Sk, based on the Fourier

transform of |χH〉.

To determine Sk we use the fact that if e−iHt ∈ VG
k

for all t ∈ R, then H should be in the Lie algebra gener-

ated by k-local G-invariant operators, i.e., H =
∑

j cjAj +
∑

j1,j2
cj1,j2

i[Aj1
, Aj2

] + · · · , where Aj are Hermitian

k-local G-invariant operators and coefficients cj , cj1,j2
, · · ·

are real numbers. It can be shown that the commu-

tators appearing in this expansion, do not contribute in

the charge vector of H , i.e., |χH〉 =
∑

j cj |χj〉, where

|χj〉 ≡
∑

µ∈IrrepsG(n) Tr(ΠµAj) |µ〉 is the charge vector of

Aj . To see this note that for any irrep µ ∈ IrrepsG(n),

Tr([Aj1
, Aj2

]Πµ) = Tr(Aj1
[Aj2

,Πµ]) = 0, where the first

equality follows from the cyclic property of trace and the

second equality follows from the assumption that Aj2
is G-

invariant, and therefore commutes with Πµ. It follows that

the commutator [Aj1
, Aj2

] and other nested commutators do

not contribute in |χH〉. This implies that Sk is spanned by

the charge vectors of k-localG-invariant Hermitian operators,

i.e., Sk is equal to

Span
R

{

|χA〉 : A = A†, A is k-local, [A,U(g)] = 0 : ∀g ∈ G
}

.

(17)

Next, note that for any k-local operator A, by applying a

properly chosen permutation operator S which changes the

order of sites, we can obtain an operator in the form SAS† =
Ã ⊗ Irest with the property that Ã acts on a fixed set of k
sites (e.g., the first k sites according to a certain ordering)

and Irest is the identity operator on the remaining n − k sites.

Since charge vectors remain invariant under permutations, op-

erators A and SAS† = Ã ⊗ Irest have the same charge vec-

tors. It follows that the subspace in Eq.(17) is equal to the set

of the charge vectors of G-invariant Hermitian operators that

act non-trivially only on a fixed set of k sites (e.g., the first

k sites). Therefore, as the number of total sites n increases,

dim(Sk) remains bounded by a number independent of n. In

other words, even though using k-local G-invariant unitaries

we can simulate Hamiltonians that are not k-local, they can

only have charge vectors which are allowed for k-local G-

invariant Hamiltonians. Next, we show how the bound on

dim(Sk) in Eq.(16) can be established.

Fourier transform of charge vectors

To characterize the subspace Sk and determine its dimen-

sion, it is useful to consider the Fourier transform of charge

vectors. For any operator A, let χA be the complex func-

tion over group G, defined by χA(g) ≡ Tr(A U(g)) for all

g ∈ G. It turns out that for any G-invariant operator A, the

charge vector |χA〉 and function χA are related via a one-to-

one linear map, namely the Fourier transform over group G
(See Appendix A). In Appendix A, we prove

Theorem 2. Consider a system with n identical sites, and let

{U(g) = u(g)⊗n : g ∈ G} be the unitary representation

of an arbitrary finite or compact Lie group G on this system.

Suppose the family of unitaries {e−iHt : t ∈ R} generated by

Hamiltonian H , belongs to VG
k , i.e., can be implemented by

G-invariant k-local unitaries. Then, there exists a set of real

numbers cν ∈ R, such that for all group elements g ∈ G, it

holds that

Tr
(

H u(g)⊗n
)

= [Tr(u(g))]n−k ×
∑

ν∈IrrepsG(k)

cν fν(g) ,

(18)

where the summation is over all inequivalent irreducible rep-

resentations of G appearing in the representation {u(g)⊗k :
g ∈ G}, and fν : G → C is the character of the irrep ν.

Conversely, for any set of real numbers cν ∈ R, there exists

a Hermitian operator H satisfying the above equality, such

that all unitaries {e−iHt : t ∈ R} generated by H belong to

VG
k . Furthermore, for any unitary V ∈ VG

k , there exists a G-

invariant Hermitian operator H , such that V = e−iH , and H
satisfies the above condition for a set of real numbers cν ∈ R.

The right-hand side of Eq.(18) defines a linear subspace

in the space of complex functions over group G, namely

the subspace Span
R
{r(n−k) fν : ν ∈ IrrepsG(k)}, where

r(g) ≡ Tr(u(g)), for all g ∈ G. The theorem implies that

if Hamiltonian H can be simulated using k-local G-invariant

unitaries, then function χH should be restricted to the sub-

space Span
R
{r(n−k)fν : ν ∈ IrrepsG(k)}. This condition is

equivalent to the condition in terms of the charge vectors, i.e.,

|χH〉 ∈ Sk ⇐⇒ χH ∈ Span
R
{r(n−k)fν : ν ∈ IrrepsG(k)} .

(19)

The subspace in the right-hand side has dimension less than

or equal to |IrrepsG(k)| (In fact, in the case of connected

Lie groups this dimension is equal to |IrrepsG(k)|). Since

χH and |χH〉 are related via an invertible linear map, it fol-

lows that dim(Sk) ≤ |IrrepsG(k)|. Note that for a general

G-invariant Hamiltonian H , χH can be any function in the

subspace Span
R
{fν : ν ∈ IrrepsG(n)}, which has dimension

|IrrepsG(n)| (This follows from the linear independence of the

characters of different irreps).

Finally, we note that theorem 2 has other interesting

implications, which will be studied in a future work. For

instance, in the case of Abelian groups, it implies that if there

exists a group element g ∈ G such that Tr(u(g)) = 0, then

k-local symmetric unitaries are not universal, unless k = n.

In other words, in the case of Abelian groups if Tr(u(g)) = 0
for some group element g ∈ G, then any restrictions on

locality implies non-universality (See Appendix A).
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Appendices

The Appendices contain the formal proofs and further discussions on the results presented in the paper: Appendix A contains

the proofs of the results presented in Sec. II A, and in particular, the proof of our no-go theorem and Eq.(5), Appendix B contains

the results on the U(1) symmetry and Eq.(7), and Appendix C contains the proof of results in Sec.(II C) on energy-conserving

unitaries and theorem 1.

Appendix A: Characterizing the group generated by local symmetric quantum circuits

In this section we use a Lie algebraic approach to characterize the family of unitaries that can be implemented using local

symmetric quantum circuits. We start with a general setting, where the systems are not necessarily identical.

Consider n systems, labeled as j = 1, · · · , n. Assume the dimension of the Hilbert space of system j is dj < ∞. Therefore,

the total Hilbert space of the composite system is

n
⊗

j=1

C
dj . (A1)

Suppose for each system we are given a unitary representation of a symmetry group G. In particular, let u(j)(g) be the action of

group element g ∈ G on the Hilbert space of system j. Then, the action of this group element on the joint system is described

by the unitary

U(g) =

n
⊗

j=1

u(j)(g) : g ∈ G . (A2)

1. Lie Algebraic formulation of the problem

Suppose one can implement unitary transformations {e−itKj : t ∈ R, j = 1, · · · }, generated by a set of Hamiltonians

{±Kj}j . Composing these unitaris one can implement the group of unitaries

{

e−itmKjm · · · e−it2Kj2 e−it1Kj1 : t1, · · · , tm ∈ R,m ∈ N

}

. (A3)

Using the standard results in the theory of Lie groups and control theory [15, 16], it turns out that this group is a connected Lie

group and is fully characterized by its corresponding Lie algebra. In particular, for any Hermitian operatorH , the one-parameter

family of unitaries {e−iHt : t ∈ R} is in this group if, and only if, iH is in the real Lie algebra generated by skew-Hermitian

operators {iKj}j , denoted by alg{iKj}j , such that

iH =
∑

j

αj iKj +
∑

j1,j2

βj1,j2
[iKj1

, iKj2
] +

∑

j1,j2,j3

γj1,j2,j3

[

[iKj1
, iKj2

], iKj3
]
]

+ · · · ,

for some real coefficients αj , βj1,j2
, γj1,j2,j3

· · · .

We apply the above fact to study

VG
k ≡

〈

V : V V † = I, V is k-local, [V,U(g)] = 0,∀g ∈ G
〉

, (A4)

i.e., the group generated by k-local symmetric unitaries, where I is the identity operator on the total Hilbert space in Eq.(A1)

and 〈·〉 denotes the generated group. Note that for any k-local symmetric Hamiltonian h, the family of unitaries generated by h
i.e., {e−iht : t ∈ R} are all k-local and symmetric. Conversely, any k-local symmetric unitary V can be obtained by applying a

k-local symmetric Hamiltonian on the system for a finite time. Hence, we conclude that

Proposition 1. Let

hk ≡ algR
{

A : k-local, A+A† = 0 , [A,U(g)] = 0 : ∀g ∈ G
}

, (A5)
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be the real Lie algebra generated by the k-local, skew-Hermitian, G-invariant operators. For any Hermitian operator H , the

family of unitaries {e−iHt : t ∈ R} can be implemented using k-local symmetric unitaries, if and only if, iH ∈ hk, i.e.

∀t : e−iHt ∈ VG
k ⇐⇒ iH ∈ hk . (A6)

Therefore, in the following, to characterize VG
k , we study the Lie algebra hk. Note that hk corresponds to the tangent space

(at the identity) of the manifold associated to VG
k . In particular, the dimension of VG

k as a manifold, is equal to the dimension of

hk as a vector space (over the field R), i.e.

dim(VG
k ) = dim(hk) . (A7)

It is also worth noting that for l > k, VG
k is a subgroup of VG

l and hk is a sub-algebra of hl. If dim(hl) > dim(hk), then there

are unitaries that can be implemented with l-local symmetric unitaries but not with k-local symmetric unitaries.

2. Compactness of VG

k and the impossibility of approximate implementation of symmetric unitaries

As we show next, the group VG
k generated by k-local G-invariant unitaries is compact. To prove this, we use the following

fact, which can be proven using the techniques of the theory of algebraic groups (See e.g., chapter 5 of [33] and [17]).

Fact 1: For any compact Lie group, the subgroup generated by a finite set of compact connected subgroups is itself a compact

connected Lie group.

Recall that in this paper, we only consider systems with finite-dimensional Hilbert spaces, and therefore the unitary group

defined on the Hilbert space of the systems is a compact connected Lie group. Then, using this fact we can show that

Proposition 2. For any symmetry group G, the group of unitaries VG
k generated by k-local G-invariant unitaries is a compact

connected Lie group.

Proof. First, it can be easily seen that the group of G-invariant unitaries VG is a connected Lie group (i.e., there is a smooth

path between the identity and any other group element V ). Furthermore, defined as the commutant of a set of operators, the

subgroup of symmetric unitaries VG is closed. Therefore, we conclude that it is a compact connected subgroup of the unitary

group. In fact, as we discuss later, VG has a simple characterization, as the direct product of groups isomorphic to the unitary

group U(mµ), for different integers mµ.

Using similar arguments, we can also see that for any finite subset of sites, the group of G-invariant unitaries which act non-

trivially only on those sites is also a connected compact Lie group. Finally, recall that VG
k is generated by k-local G-invariant

unitaries, i.e., G-invariant unitaries that act non-trivially on arbitrary subset of k sites. Assuming the system has a finite number

of sites n, this means that VG
k is generated by a finite set of connected compact Lie groups. Using Fact 1 about compact Lie

groups, we conclude that VG
k itself is a compact connected Lie group.

The compactness of the group VG
k has several useful implications. For instance, as we mentioned before, compactness

implies that VG
k is uniformly finitely generated by k-local symmetric unitaries [15]. Another useful implication of compactness

follows from the following fact about Lie groups:

Fact 2: For compact connected Lie groups, the exponential map from the Lie algebra to the Lie group is surjective.

It follows that

Corollary 3. A unitary V can be implemented using k-local symmetric unitaries, i.e., V ∈ VG
k if, and only if, there existsC ∈ hk

such that V = eC . In other words, VG
k = ehk .

Therefore, by characterizing the Lie algebra hk we also find a full and direct characterization of VG
k . Hence, in the following,

we focus on the study of the Lie algebra hk.

3. Unitary evolution generated by local symmetric Hamiltonians

Although we defined the group VG
k in terms of local symmetric quantum circuits, it can also be equivalently defined in terms of

the unitary evolutions generated by local symmetric Hamiltonians. Clearly, any quantum circuit can be interpreted as the unitary

time evolution generated under a time-dependent Hamiltonian, whose symmetries and locality are determined by the symmetries
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and locality of the quantum circuit. In particular, any unitary W ∈ VG
k can be generated by a Hamiltonian H(t) =

∑

j hj(t),

where each term hj(t) is k-local and G-invariant. In particular, we can choose k-local, G-invariant terms hj(t) such that the

family of unitaries V (t), generated by Hamiltonian H(t) =
∑

j hj(t) under the Schrödinger equation,

dV (t)

dt
= −iH(t)V (t) = −i

[

∑

j

hj(t)
]

V (t), (A8)

satisfy V (t = 0) = I and V (t = 1) = W , where I is the identity operator on the total Hilbert space.

In the following, we argue that the converse is also true, i.e., the time evolution generated by any local symmetric Hamiltonian

can also be realized by a finite local symmetric quantum circuit.

Proposition 3. Suppose for all time t ≥ 0, the Hermitian operator H(t) is G-invariant and can be written as the sum of k-

local terms. Then, for all time t ≥ 0, the unitary evolution V (t) generated by Hamiltonian H(t) according to the Schrödinger

equation belongs to the Lie group VG
k , i.e., can be implemented by a quantum circuit with a finite number of k-local G-invariant

gates. Conversely, any unitary in VG
k can be generated using a G-invariant Hamiltonian H(t) that can be written as the sum of

k-local terms.

Proof. As we explained above the second part of this proposition is trivial. To prove the first part, suppose H(t) =
∑

j hj(t) is

G-invariant. This does not imply that the k-local terms {hj(t)} are alsoG-invariant. However, we can easily show thatH(t) can

be written as the sum of k-localG-invariant terms, i.e. H(t) =
∑

j h̃j(t), where each h̃j(t) is both k-local andG-invariant. This

can be shown, for instance, by twirling over group G, using the uniform (Haar) distribution over group G. E.g. for a compact

Lie group G, suppose we define

h̃j(t) ≡

∫

dg U(g)hj(t)U(g)† , (A9)

where dg is the uniform measure over group G. It can be easily seen that h̃j(t) becomes G-invariant. Furthermore, because

U(g) =
⊗n

s=1 u
(s)(g), the operator U(g)hj(t)U†(g) acts trivially on all systems except on the k systems, where hj(t) acts

non-trivially. It follows that h̃j(t) is also k-local. Finally, the assumption that H(t) =
∑

j hj(t) is G-invariant implies

H(t) =

∫

dg U(g)H(t)U(g)† =

∫

dg U(g)
[

∑

j

hj(t)
]

U(g)† =
∑

j

h̃j(t) . (A10)

Since all operators {h̃j(t) : t ≥ 0}j are k-local and G-invariant, the Lie algebra generated by operators {ih̃j(t) : t ≥ 0}j is a

sub-algebra of hk, the Lie algebra associated to the Lie group VG
k .

Finally, we use a standard result of quantum control theory [15, 16], which implies that the 1-parameter family of unitaries

{V (t) : t ≥ 0} satisfying the Schrödinger equation in Eq.(A8) with the initial condition V (t = 0) = I are in the Lie group

associated to the Lie algebra generated by the set of operators {ihj(t) : t ≥ 0}. Together with the above result this implies that

the family of unitaries {V (t) : t ≥ 0} belongs to VG
k for all t ≥ 0.

4. Charge vectors of general symmetric Hamiltonians

Consider the decomposition of the unitary representation {U(g) : g ∈ G} into the irreps of groupG. Under this decomposition

the Hilbert space decomposes as

H ∼=
⊕

µ∈Irreps(n)

Hµ , (A11)

where the summation is over Irreps(n), the set of inequivalent irreducible representations (irreps) of G appearing in this repre-

sentation and Hµ is the subspace corresponding to irrep µ, also known as the isotypic component of µ. Using Schur’s lemmas,

we can show that anyG-invariant operator is block-diagonal with respect to this decomposition and, in general, can have support

in any arbitrary subset of these sectors. However, as we will see in the following, for Hamiltonians generated by a fixed set ofG-

invariant Hamiltonians {Hj}j , the supports in different subspaces {Hµ} satisfy particular constraints, dictated by Hamiltonians

{Hj}j .
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For any operator A, consider the vector

|χA〉 ≡
∑

µ∈Irreps(n)

Tr(AΠµ) |µ〉 , (A12)

where Πµ is the projector to the subspace Hµ and {|µ〉 : µ ∈ Irreps(n)} is a set of orthonormal vectors in an abstract vector

space (not the state space of the system). Vector |χA〉, which will be called the charge vector of operatorA, encodes information

about the components of this operator in different sectors {Hµ}. A general G-invariant Hamiltonian can have any charge vector

with real coefficients. In particular, for any set of real numbers {aµ ∈ R}, the Hermitian operator
∑

µ∈Irreps(n) aµΠµ/Tr(Πµ)

is G-invariant and has the charge vector
∑

µ∈Irreps(n) aµ |µ〉. In other words, under the linear map A → |χA〉, the image of

the Lie algebra of skew-Hermitian G-invariant operators is {i
∑

µ aµ|µ〉 : aµ ∈ R}, which is a vector space over field R, with

dimension equal to |IrrepsG(n)|.

Lemma 1. Consider a set of G-invariant Hermitian operators {Hj}j . For any operator A, if iA ∈ alg{iHj}j then the

charge vector of A is in the subspace spanned by the charge vectors of {Hj}, i.e., |χA〉 ∈ Span
R
{|χj〉}j , where |χj〉 =

∑

µ∈Irreps(n) Tr(HjΠµ) |µ〉, Irreps(n) is the set of inequivalent irreps of G in the representation {U(g) : g ∈ G} and Πµ is the

projector to the subspace corresponding to irrep µ. Furthermore,

dim(hn) − dim(algR{iHj}) ≥ |Irreps(n)| − dim(Span
R
{|χj〉}j) , (A13)

where hn is the Lie algebra of all skew-Hermitian G-invariant operators.

Proof. Recall that the elements of the Lie algebra algR{iHj} can be written as linear combination of terms {iHj}j , and their

nested commutators {[iHj1
, iHj2

], [[iHj1
, iHj2

], iHj3
], ..}. This implies that if iA ∈ algR{iHj}j , then there exists a set of real

coefficients {aj ∈ R} and a Hermitian operator B, such that

A =
∑

j

ajHj + i[B,Hj ] . (A14)

Let Πµ be the projector to the subspace corresponding to irrep µ. Then, this equation implies

Tr(AΠµ) =
∑

j

ajTr(ΠµHj) + iTr(Πµ[Hj , B]) (A15)

=
∑

j

ajTr(ΠµHj) + iTr([Πµ, Hj ]B]) (A16)

=
∑

j

ajTr(ΠµHj) , (A17)

where the second line follows from the cyclic property of trace and the last line follows from the assumption that for each j,
operator Hj is G-invariant, which implies [Πµ, Hj ] = 0. Therefore, we conclude that

|χA〉 ≡
∑

µ

Tr(AΠµ)|µ〉 =
∑

j

aj

∑

µ

Tr(ΠµHj)|µ〉 =
∑

j

aj |χj〉 , (A18)

i.e., |χA〉 ∈ span
R
{|χj〉}, which proves the first part of lemma.

To prove the second part, we use the rank-nullity theorem for the linear map C → i|χC〉: Since algR{iHj} is a subspace

of hn, using the rank-nullity theorem, we find that the difference between the dimensions of hn and its subspace algR{iHj}
is larger than, or equal to, the difference between the dimensions of their images under the linear map C → i|χC〉. As we

have seen before, the dimension of these images are respectively, |Irreps(n)| and dim(Span
R
{|χj〉}j). This immediately implies

Eq.(A13).

5. Charge vector and its Fourier Transform

Condition in lemma 1 can be stated more generally without referring to the irreducible decomposition of the symmetry. For

any operator A, consider the function χA : G → C defined by equation

χA(g) ≡ Tr(AU(g)) : g ∈ G . (A19)
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Then, using an argument similar to the argument used in the proof of lemma 1, we can easily prove

Lemma 2. Assume iA ∈ algR{iHj}, where {Hj}j are G-invariant Hermitian operators. Then, χA ∈ Span
R
{χj}j , where

χj(g) = Tr(HjU(g)) : ∀g ∈ G . Furthermore,

dim(hn) − dim(algR{iHj}) ≥ |Irreps(n)| − dim(Span
R
{χj}j) . (A20)

For any G-invariant operator A, the function χA and the charge vector |χA〉 are related via Fourier transform. To understand

the connection better, consider the decomposition of the representation {U(g) : g ∈ G} to the irreducible representations of G.

If G is a finite or compact Lie group, then every finite-dimensional representation is completely reducible, i.e., there exists a

unitary W such that

WU(g)W † =
⊕

µ∈Irreps(n)

u(µ)(g) ⊗ Imµ
, ∀g ∈ G (A21)

and the Hilbert space H decomposes as

H ∼=
⊕

µ∈Irreps(n)

Hµ
∼=

⊕

µ∈Irreps(n)

C
dµ ⊗ C

mµ , (A22)

where Irreps(n) is the set of inequivalent irreps of G appearing in the representation {U(g) : g ∈ G}, {u(µ)(g) : g ∈ G} is the

irreducible representation which acts irreducibly on C
dµ , dµ is the dimension of irrep µ and mµ is its multiplicity, and Imµ

is

the identity operator on C
mµ . Using Schur’s lemmas, one can show that in this basis any G-invariant operator A can be written

as

WAW † =
⊕

µ∈Irreps(n)

Idµ
⊗A(µ) , (A23)

where Idµ
is the identity operator on C

dµ , and A(µ) is an operator acting on C
mµ . Using this decomposition, the charge vector

of operator A is

|χA〉 =
∑

µ∈Irreps(n)

Tr(ΠµA) |µ〉 =
∑

µ∈Irreps(n)

dµ × Tr(A(µ)) |µ〉 =
∑

µ∈Irreps(n)

dµ × aµ |µ〉 , (A24)

where aµ = Tr(A(µ)). On the other hand,

χA(g) = Tr(AU(g)) = Tr
(

⊕

µ∈Irreps(n)

u(µ)(g) ⊗A(µ)
)

=
∑

µ∈Irreps(n)

Tr(u(µ)(g)) × Tr(A(µ)) =
∑

µ∈Irreps(n)

aµ fµ(g) , (A25)

where fµ(g) = Tr(u(µ)(g)) is the character of irrep µ. Using the orthogonality relations for the characters, one can obtain |χA〉
from χA(g) and vice versa, using Fourier transforms. In partciular, for compact Lie groups

|χA〉 =

∫

G

dg χA(g)
∑

µ∈Irreps(n)

dµ f
∗
µ(g)|µ〉 , (A26)

where the integral is over Haar (uniform) measure, dµ is the dimension of irrep µ, and f∗
µ is the complex conjugate of the

character fµ.

Finally, it is worth noting that Eq.(A23) implies that the group of symmetric unitaries VG is isomorphic to the direct product

of unitary groups U(mµ), for all µ ∈ Irreps(n), where mµ is the multiplicity of irrep µ in the representation {U(g) : g ∈ G}.

6. Charge vectors of the Lie algebra generated by k-local symmetric Hamiltonians: The case of identical subsystems

In this section, we focus on the special case where all subsystems j = 1, · · ·n, have identical Hilbert spaces isomorphic to C
d

for a finite d, and identical unitary representation of symmetry G. In particular, we assume the action of group element g ∈ G
on the composite system is represented by U(g) = u(g)⊗n.

Suppose the family of unitaries {e−iHt : t ∈ R} can be implemented using k-localG-invariant unitarie, i.e., suppose iH ∈ hk.

Then, lemma 1 implies that the charge vector ofH should be in the subspace spanned by the charge vector of k-localG-invariant
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Hamiltonians, denoted by

Sk ≡ {|χH〉 : e−iHt ∈ VG
k ,∀t ∈ R} = {|χA〉 : iA ∈ hk} = {|χA〉 : A = A†, A is k-local, [A,U(g)] = 0 : ∀g ∈ G} , (A27)

where the last equality follows from lemma 1. Using this result, we can immediately see that the dimension of Sk does not grow

with n, the total number of sites, and only depends of k: First, note that the charge vectors are invariant under permutations of

sites, i.e., for any permutation S, the charge vector ofA and SAS† are equal. This follows from the assumption that all sites have

identical representation of symmetry and any such permutation leaves the total charge in the system invariant, i.e., [S,Πmu] = 0
for all µ ∈ Irreps(n).

Furthermore, by applying a proper permutation S, any k-local operator A can be converted to an operator SAS†, which acts

non-trivially only on a fixed set of k sites. Therefore, the dimension of Sk is equal to the dimension of the subspace spanned by

the charge vectors ofG-invariant operators which act nontrivially only on a fixed k sites. This immediately implies the dimension

of Sk does not grow with n. In fact, as we show next, it can be easily seen that dim(Sk) ≤ |IrrepsG(k)|, where |IrrepsG(k)|
is the number of distinct irreps of G appearing in representation {u(g)⊗k : g ∈ G}. This follows from the following lemma,

which also gives a simple criterion for testing whether the charge vector of A is in Sk, or not.

Lemma 3. Suppose iB ∈ hk ≡ alg{A : k-local, A + A† = 0, [A, u(g)⊗n] = 0 : ∀g ∈ G} . Then, there exists a set of real

coefficients {bµ ∈ R}, such that

∀g ∈ G : Tr(u(g)⊗nB) = [Tr(u(g))]n−k ×
∑

µ∈IrrepsG(k)

bµ fµ(g) , (A28)

where the summation is over IrrepsG(k), the set of distinct irreps of G appearing in representation {u(g)⊗k : g ∈ G} and fµ

is the character of irrep µ. Furthermore, for any set of real numbers {bµ}, there exists a Hermitian G-invariant operator B,

satisfying this equation.

Proof. For any k-local Hermitian operator B, there exists a permutation operator S such that SBS† = B̃⊗ I
⊗(n−k)
d , where B̃ is

a Hermitian operator defined on the first k systems and Id is the identity operator on the Hilbert space of each system. It follows

that

Tr(B u(g)⊗n) = Tr([SBS†]u(g)⊗n) = [Tr(u(g))]n−k × Tr(B̃ u(g)⊗k) . (A29)

Furthermore, if [B, u(g)⊗n] = 0, then [B̃, u(g)⊗k] = 0, for all g ∈ G. Then, using Eq.(A25) we find

Tr(B̃ u(g)⊗k) =
∑

µ∈Irreps(k)

bµ fµ(g) , (A30)

where {bµ} is a set of real coefficients. This proves the first part of the lemma. To see the second part, we note that if in

the left-hand side of Eq.(A30) we choose B̃ to be the projector to the subspace corresponding to irrep µ ∈ Irreps(k), then

Tr(B̃ u(g)⊗k) = cµfµ(g),∀g ∈ G, for a constant cµ > 0. More generally, considering the linear combinations of projectors

corresponding to all IrrepsG(k), we conclude that for any set of real coefficients {bµ : µ ∈ IrrepsG(k)}, there is a Hermitian

G-invariant operator B̃ acting on (Cd)⊗n, such that
∑

µ∈IrrepsG(k) bµ fµ(g). Then, operator B = B̃ ⊗ I⊗n−k
d , is a k-local

G-invariant Hermitian operator and satisfies Eq.(A30). This proves the the second part of the lemma.

Note that theorem 2 in the main paper follows from this lemma together with proposition 1 and corollary 3. An interesting

corollary of this result is

Corollary 4. Suppose G is an Abelian group. If there exists a group element g ∈ G such that Tr(u(g)) = 0, then for any k < n,

dim(hk) < dim(hn).

Proof. We prove a slightly more general result: Suppose the representation {u(g)⊗n : g ∈ G} contains a 1D irrep of group G,

and let Π be the projector to the subspace corresponding to this 1D irrep. In the case of Abelian groups all irreps are 1D and

therefore this assumption is always satisfied. Now we show that if there exists g ∈ G such that Tr(u(g)) = 0 and if k < n,

then iΠ /∈ hk, whereas clearly, iΠ ∈ hn. This implies dim(hk) < dim(hn). To prove this claim, we assume it is not true, i.e.,

iΠ ∈ hk and derive a contradiction. If iΠ ∈ hk, then Eq.(A28) should be satisfied for B = Π and certain coefficients bµ ∈ R.

However, if there exists a group elements g ∈ G such that Tr(u(g)) = 0 and k < n , then the right-hand side of this equation

is zero for this group element. On the other hand, the left-hand side, i.e., Tr(Πu(g)⊗n) is non-zero: because Π is a projector to

a 1D irrep, |Tr(Πu(g)⊗n)| = Tr(Π) > 0. Therefore, the assumption that iΠ ∈ hk is in contradiction with the assumptions that

k < n and Tr(u(g)) = 0, for some g ∈ G. This completes the proof.
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Another useful corollary of lemma 3 is the following result.

Corollary 5. Recall the definition Sk ≡ {|χH〉 : e−iHt ∈ VG
k ,∀t ∈ R} = {|χA〉 : iA ∈ hk}. For any group G, dim(Sk) ≤

∣

∣IrrepsG(k)
∣

∣. Furthermore, for any connected Lie group G, this holds as as equality, i.e., dim(Sk) =
∣

∣IrrepsG(k)
∣

∣.

Proof. Using Eq.(A27), we have

dim(Sk) = dim
(

{|χA〉 : A = A†, A is k-local, [A,U(g)] = 0 : ∀g ∈ G}
)

(A31)

= dim
(

{χA : A = A†, A is k-local, [A,U(g)] = 0 : ∀g ∈ G}
)

, (A32)

where χA : G → C is defined by χA(g) = Tr(AU(g)) = Tr(Au(g)⊗n), and to get the second line we have used the fact that

there is an invertible linear map between the charge vector |χA〉 and function χA, namely the Fourier transform in Eq.(A26).

Define

v(g) ≡ Tr(u(g)) : g ∈ G . (A33)

Then, using Eq.(A28)

{

χA : A = A†, A is k-local, [A,U(g)] = 0 : ∀g ∈ G
}

=
{

vn−k ×
∑

µ∈IrrepsG(k)

aµ fµ : aµ ∈ R

}

. (A34)

Together with Eq.(A32) this immediately implies that

dim(Sk) = dim
(

{χA : A = A†, A is k-local, [A,U(g)] = 0 : ∀g ∈ G}
)

(A35)

= dim
(

{

vn−k ×
∑

µ∈IrrepsG(k)

aµ fµ : aµ ∈ R

}

)

, (A36)

≤ |IrrepsG(k)| . (A37)

This bound holds for any group G. In the special case of connected Lie group, functions {vn−k × fµ : µ ∈ IrrepsG(k)} are

linearly independent. To prove this we assume the contrary holds, i.e., there exists a set of real coefficients aµ, such that

vn−k
∑

µ∈IrrepsG(k)

aµ × fµ = 0 . (A38)

Assuming G is a connected Lie group, then there is a finite neighborhood around the group identity, such that for all group

elements g in the neighborhood, v(g) = Tr(u(g)) 6= 0 (Recall that the representation is finite-dimensional). Therefore, if

Eq.(A38) holds then for all group elements g in this neighborhood
∑

µ∈IrrepsG(k) aµfµ(g) = 0. But, because the characters are

analytic functions, if
∑

µ∈IrrepsG(k) aµfµ(g) = 0 is zero in a finite neighborhood, then it should vanish everywhere. Finally, using

the fact that characters are linearly independent, we find that Eq.(A38) holds if and only if all aµ = 0 for all µ ∈ IrrepsG(k). We

conclude that the set of functions {vn−k × fµ : µ ∈ IrrepsG(k)} are linearly independent. Therefore, if G is a connected Lie

group, Eq.(A36) implies that dim(Sk) = |IrrepsG(k)|.

7. Non-universality of LSQC and proof of the bound in Eq.(5): The case of identical subsystems

Recall the following definitions

VG
k : The Lie group generated by k-local G-invariant unitaries

hk : The Lie algebra corresponding to VG
k

Sk : The corresponding charge vectors

Note that

dim(VG
k ) = dim(hk) , (A39)

where the left-hand side is the dimension of VG
k as a manifold and the right-hand side is the dimension of hk as a vector space.
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Theorem 6. For a general group G, and integer k ≤ n

dim(hn) − dim(hk) ≥ dim(Sn) − dim(Sk) ≥ IrrepsG(n) − IrrepsG(k) . (A40)

Furthermore, if G is connected Lie group, then for any integers k and l, satisfying 1 ≤ k ≤ l ≤ n, it holds that

dim(hl) − dim(hk) ≥ dim(Sl) − dim(Sk) = IrrepsG(l) − IrrepsG(k) . (A41)

Proof. This theorem follows immediately by applying the rank-nullity theorem for the linear map A → |χA〉, together with

corollary 5. In particular, note that for k ≤ l, the Lie algebra hk is a subspace of hl. Since Sk and Sl are their images under a

linear map (up to the imaginary i), using the rank-nullity theorem, we have

dim(hl) − dim(hk) ≥ dim(Sl) − dim(Sk) . (A42)

Combining this with corollary 5 together with the fact that dim(Sn) = IrrepsG(n), proves the theorem.

8. The general case of non-identical subsystems

In the previous section we focused on the special case where all the subsystems are identical and, in particular, they carry the

same representation of the group G. However, note that the general argument about charge vectors and, in particular, lemma 1

and 2 are valid in the case of non-identical subsystems. Using these lemmas it can be easily seen that the argument that proves

the non-universality of local symmetric unitaries can be generalized to the more general case where the subsystems are not

identical. Here, we sketch the main idea.

Assume there are a finite number of types of subsystems, where each type carries a particular representation of groupG. More

precisely, suppose each subsystem has one of T possible representations {v(1), · · · , v(T )}, where for each t ∈ {1, · · · , T},

{v(t)(g) : g ∈ G} is a finite-dimensional unitary representation of group G.

Then, our previous argument can be easily generalized to show that Sk, the set of charge vectors for k-local G-invariant

Hamiltonians, is a finite-dimensional subspace, whose dimension is bounded by a number which is independent of n, the total

number of sites. In fact, the dimension of Sk is upper bounded by the total number of inequivalent irreps of G, which appear in

all tensor product representations

k
⊗

i=1

v(ti) : t1, · · · , tk ∈ {1, · · · , T} . (A43)

This follows from the fact that any k-local operator can act non-trivially on at most k sites, and the representation of group G on

those k sites is equivalent to one of the representations listed above. Clearly, the total number of inequivalent irreps appearing

in the above representations, is independent of n, the total number of sites.

On the other hand, let
⊗n

i=1 v
(ti) be the representation of group G on the total system, where v(ti) is the representation of

group G on site i and ti ∈ {1, · · · , T}. For a compact connected Lie group G, such as U(1) and SU(2), as the number of sites

carrying a non-trivial representation of G grows, the number of distinct irreps which appear in this representation also increases

unboundedly, and for sufficiently large n, this will be larger than the dimension of Sk. Therefore, by lemma 1 we conclude that

for sufficiently large n, there are G-invariant unitaries which cannot be implemented using k-local G-invariant unitaries.
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Appendix B: U(1) symmetry with qubits

In this section we study a system of qubits with U(1) symmetry corresponding to rotations around the z axis. Specifically, we

consider n qubits, labeled as j = 1, · · · , n, and the group of unitaries

U(eiθ) = (eiθZ)⊗n = e
iθ

∑

n

j=1
Zj =

n
∑

q=−n

eiθq Πq : θ ∈ [0, 2π) . (B1)

where Πq is the projector to the subspace corresponding to eigenvalue q of operator
∑

j Zj . We study the group V
U(1)
k generated

by k-local unitaries that are invariant under this symmetry. It turns out that the constraints in lemma 1 on charge vectors are the

only constraints on diagonal Hamiltonians that can be simulated using these unitaries. In particular, we show that

Theorem 7. Consider an arbitrary diagonal Hamiltonian

H =
∑

z∈{0,1}n

h(z) |z〉〈z| =
∑

b∈{0,1}n

h̃(b) Z
b , (B2)

where h̃(b) = 2−n
∑

z∈{0,1}n(−1)b·z h(z) is the Fourier transform of h(z). The family of diagonal unitaries {e−itH : t ∈ R}

can be generated using k-local U(1)-invariant Hamiltonians if, and only if

∑

b∈{0,1}n:w(b)=v

h̃(b) = 0 , for ∀v : k < v ≤ n , (B3)

where the summation is over all bit strings with Hamming weight v.

The necessity of constraints in Eq.(B3) follows immediately from constraints on charge vectors in lemma 1.

Furthermore, in Sec.B 2 we show that using diagonal Hamiltonians together with HamiltoniansXX+Y Y , we can implement

all unitaries which are invariant under this U(1) symmetry (See theorem 8). In Appendix C, we present a more general (and

more formal) version of this result in the case of energy-conserving unitaries.

Charge vectors of diagonal operators in the Lie algebra generated by local U(1)-invariant Hamiltonians

(Necessity of conditions in Eq.(B3) of theorem 7)

For any operator A acting on (C2)⊗n, the charge vector is

|χA〉 ≡

n
∑

q=−n

Tr(ΠqA) |q〉 , (B4)

and its Fourier transform is the function

χA(eiθ) = Tr(AU(eiθ)) = Tr(A(eiθZ)⊗n) =
n

∑

q=−n

eiqθ Tr(ΠqA) . (B5)

Let hk be the Lie algebra generated by k−local U(1)-invariant Hamiltonians, and S̃k be the subspace

S̃k ≡ {χA : iA ∈ hk } . (B6)

First, using lemma 2, we find

S̃k ≡ {χA : iA ∈ hk } = Span
R

{

χA : A = A†, [A,
∑

r

Zr] = 0, A is k-local
}

, (B7)

i.e., S̃k is the span of functions χA for all k−local Hermitian, U(1)-invariant operators. We claim that this subspace is equal to

S̃k = Span
R
{ξv : 0 ≤ v ≤ k} , where ξv(eiθ) = (cos θ)n−v (i sin θ)v . (B8)

To prove Eq.(B8) first note that

χA(eiθ) = Tr(D(A)U(eiθ)) , (B9)
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where

D(A) ≡
∑

b∈{0,1}n

|b〉〈b|A|b〉〈b| =
∑

b1,··· ,bn∈{0,1}

(|b1〉〈b1| ⊗ · · · ⊗ |bn〉〈bn|) A (|b1〉〈b1| ⊗ · · · ⊗ |bn〉〈bn|) , (B10)

is the diagonal part ofA. This definition immediately implies that ifA is k-local, then D(A) is also k-local, i.e., acts non-trivially

on, at most, k sites. Furthermore, any diagonal operator can be written as a linear combination of operators {Zb : b ∈ {0, 1}n}.

We conclude that

S̃k = Span
R

{

χA : A =
∑

b

abZb , ab ∈ R, A is k-local
}

. (B11)

Next, using the fact that operators {Zb : b ∈ {0, 1}n} are linearly independent and pairwise orthogonal relative to the Hilbert-

Schmidt inner product, we find that any k-local operator A =
∑

b abZb can be written as

A =
∑

b:w(b)≤k

ab Zb , (B12)

where w(b) =
∑N

l=1 bl is the Hamming weight of the bit string b = b1 · · · bn, and the summation is over all bit strings with

Hamming weight w(b) ≤ k. In other words, A can be written as a linear combination of those operators in {Zb}, which are

themselves k-local.

This immediately implies

S̃k = Span
R

{

χZb : w(b) ≤ k
}

, (B13)

where

χZb(eiθ) ≡ Tr
(

Zb(eiθZ)⊗n
)

= 2n(cos θ)n−w(b)(i sin θ)w(b) , (B14)

where the equality follows from the fact that Tr(eiθZ) = 2 cos θ and Tr(ZeiθZ) = 2i sin θ. This proves our claim in Eq.(B8).

Similarly, using Eq.(B14), for any operator A =
∑

b abZ
b, we have

χA(eiθ) = Tr(A(eiθZ)⊗n) =
∑

b

abTr(Zb(eiθZ)⊗n) = 2n

n
∑

v=0

ξv(eiθ) ×
∑

b∈{0,1}n:w(b)=v

ab . (B15a)

By lemma 2, an operator iA = i
∑

b abZb with real coefficients {ab} is in hk only if χA is in the subspace S̃k. Since functions

{ξv : v = 0, · · · , n} are linearly independent, and subspace S̃k is the linear span of {ξv : 0 ≤ v ≤ k}, χA is in the subspace S̃k,

only if the coefficients of ξv for v > k is zero, i.e.

∑

b:w(b)=v

ab = 0 : ∀v > k , (B16)

where the summation is over all bit strings with Hamming weight v, and the condition should hold for all v > k. This proves

the necessity of condition in Eq.(B3) in theorem 7. Next, we prove the sufficiency of this condition.
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Diagonal operators in the Lie algebra generated by local U(1)-invariant Hamiltonians

(Sufficiency of condition in Eq.(B3) of theorem 7)

Recall the definitions

Rrs =
XrXs + YrYs

2
, Trs =

i

2
[Zr, Rrs] . (B17)

We prove the following lemma

Lemma 4. For n ≤ 2 qubits labeled as 1, · · · , n, it holds that

{

i
∑

b

ab Z
b : ab ∈ R,

∑

b:w(b)=v

ab = 0 , ∀v : 1 ≤ v ≤ n
}

⊂ algR

{

iRrs, iTrs : r 6= s ∈ {1, · · · , n}
}

, (B18)

where
∑

b:w(b)=v is the summation over all bit strings with Hamming weight v, and the right-hand side is the real Lie algebra

generated by 2-local U(1)-invariant operators {iRrs, iTrs : r 6= s ∈ {1, · · · , n}}.

The lemma implies that the subspace in Eq.(B18) is a subspace of hk for k ≥ 2, where hk is the Lie algebra generated by

k-local U(1)-invariant skew-Hermitian operators. By definition, in addition to this subspace, hk also includes arbitrary linear

combinations of operators {iZb : w(b) ≤ k}. Linear combinations of these operators with the set of operators in Eq.(B18),

yield all diagonal Hamiltonians satisfying condition in Eq.(B16). This proves the sufficiency of this condition and completes the

proof of theorem 7.

In the rest of this section, we prove lemma 4. To prove this lemma we use the fact that, for any subset t ≤ n distinct qubits

l1, l2, · · · , lt ∈ {1, · · · , n}, we have

ict × (Zl1
...Zlt−1

− Zl2
...Zlt

) =
[

[..[[iRl1l2
, iRl2l3

], iRl3l4
].., iRlt−1,lt

], iRlt,l1

]

: t odd, (B19)
[

[..[[iRl1l2
, iRl2l3

], iRl3l4
].., iRlt−1,lt

], iTlt,l1

]

: t even ,

where ct = ±1, depending on t. Because of the usefulness of this commutation relation, for completeness we repeat it again,

using a slightly different notation:

Rrs ≡
XrXs + YrYs

2
: r 6= s

∀m ≥ 2 : (Z1 − Zm) Z1 · · ·Zm =















cm

[

R1,m ,
[

Rm,m−1 , · · · [R4,3 , [R3,2, R2,1]] · · ·
]

]

: m odd

cm

[

R1,m ,
[

Rm,m−1 , · · · [R3,2 , [R2,1,
Z1

2
]] · · ·

]

]

: m even

cm = ±1

Proof. (lemma 4) For any pair of bit strings b1,b2 ∈ {0, 1}n, let d(b1,b2) be their Hamming distance, i.e., the number of bits

that should be flipped to transform one bit string to another. Using Eq.(B19), for any pair of bit strings b1,b2 ∈ {0, 1}n, the

operator i(Zb1 − Zb2) can be obtained from these commutators, provided that b1 and b2 have equal Hamming weights, i.e.

w(b1) = w(b2) = t, and their Hamming distance d(b1,b2) = 2. This means that the linear span of operators in Eq.(B19) for a

fixed t in the interval 1 ≤ t ≤ n contains all operators

Span
R

{

i(Zb1 − Zb2) : w(b1) = w(b2) = t− 1, d(b1,b2) = 2
}

. (B20)

Next, we prove that

Span
R

{

i(Zb1 − Zb2) : w(b1) = w(b2) = t− 1, d(b1,b2) = 2
}

= Span
R

{

i(Zb1 − Zb2) : w(b1) = w(b2) = t− 1
}

,

(B21)
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i.e. the restriction d(b1,b2) = 2 in the left-hand side can be removed. To prove this we use the fact that any pair of bit strings

strings c1, c2 ∈ {0, 1}n with equal Hamming weights w(c1) = w(c2) = t− 1 are related to each other by a permutation of bits.

Furthermore, any permutation can be realized by a sequence transpositions, i.e., 2-bit permutations, which only exchange the

value of two-bits. It follows that for any pair of bit strings c1, c2 ∈ {0, 1}n with equal Hamming weightsw(c1) = w(c2) = t−1,

there is a path in the space of bit strings with Hamming weight t− 1 from c1 to c2, i.e.

f1, · · · , fL ∈ {0, 1}n : w(fk) = v, f1 = c1, fL = c2 , (B22)

and

c1 = f1 −→ f2 −→ · · · −→ fL = c2 , (B23)

where each consecutive pair of bit strings have Hamming distance 2, i.e.

d(fr, fr+1) = 2 : 1 ≤ r ≤ L− 1 . (B24)

Therefore, i(Zc1 − Zc2) can be obtained using the linear combination

i(Zc1 − Zc2) = i(Zf1 − ZfL) = i(Zf1 − Zf2) + i(Zf2 − Zf3) + · · · + i(ZfL−1 − ZfL) . (B25)

This proves Eq.(B21). Next, it can be easily seen that

Span
R

{

i(Zb1 − Zb2) : w(b1) = w(b2) = t− 1
}

=
{

i
∑

b:w(b)=v

ab Zb : ab ∈ R ,
∑

b:w(b)=t−1

ab = 0
}

, (B26)

where the right-hand side is the subspace of all linear combinations i
∑

b:w(b)=t−1 ab Zb for bit strings with Hamming weight

t − 1, which satisfy the linear constraint
∑

b:w(b)=t−1 ab = 0. Finally, considering the linear combinations of subspaces with

different Hamming weights v < n, we obtain the subspace

{i
∑

b

ab Zb : ab ∈ R,∀t ≤ n :
∑

b:w(b)=t

ab = 0} . (B27)

This completes the proof of lemma 4.

1. All diagonal unitaries with a single ancillary qubit

Here, we show how we can circumvent the no-go theorem, and implement arbitrary diagonal unitary, using a single ancillary

qubit. The argument is a straightforward generalization of the idea discussed in Eq.(10). In Appendix C, where we study the

case of energy-conserving unitaries, a more general and formal version of this result is presented (See lemma 5 and theorem 9).

Consider a pair of bit strings b,b′ ∈ {0, 1}n, such that b′ can be obtained from b by flipping a bit with value 1, i.e., its

Hamming weight is w(b′) = w(b) − 1 and its Hamming distance with b is d(b′,b) = 1. Let Za and Ia be, respectively, the

Pauli z and the identity operator on the ancillary qubit. Then, Eq.(B19) implies that the Hamiltonian

Zb ⊗ Ia − Zb′

⊗ Za

can be generated using Hamiltonians Rrs : r, s ∈ {1, · · · , n} ∪ {a} together with Pauli z on the ancillary qubit. Assuming this

qubit is initially in state |0〉a, under this Hamiltonian any initial state |ψ〉 of n qubits evolves to

eiθ[Zb⊗Ia−Zb′
⊗Za] (|ψ〉 ⊗ |0〉a) = (eiθ[Zb−Zb′

]|ψ〉) ⊗ |0〉a . (B28)

Note that at the end of the process, the ancillary qubit goes back to its initial state. Therefore, repeating this, we can implement

all Hamiltonians

{

Zb − Zb′

: b,b′ ∈ {0, 1}n, w(b′) = w(b) − 1, d(b′,b) = 1
}

= . (B29)

Furthermore, by applying Pauli z Hamiltonian on the ancillary qubit, i.e., Hamiltonian I⊗n ⊗Za on the total system, we can also

implement the constant Hamiltonian I⊗n on n qubits. Linear combinations of this Hamiltonian with Hamiltonians in Eq.(B29),
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give all diagonal Hamiltonians (Note that a similar argument works if rather than state |0〉a, the ancillary qubit is prepared in

state |1〉a). As we show next combining diagonal Hamiltonians with Hamiltonians Rrs : r, s ∈ {1, · · ·n}, one can generate all

U(1)-invariant Hamiltonians.

2. From diagonal Hamiltonians to all symmetric Hamiltonians

In this section we prove that if one can implement all diagonal Hamiltonians as well as 2-local Hamiltonians {Rj,j+1 =
(XjXj+1 + YjYj+1)/2 : j = 1, · · · , n}, then one can implement all symmetric unitaries, i.e., those commuting with

∑

j Zj .

To show this, we prove the following theorem:

Theorem 8. The real Lie algebra generated by the set of diagonal skew-Hermitian operators and operators {iRj,j+1 =
i(XjXj+1 + YjYj+1)/2 : j = 1, · · · , n − 1} is equal to the set of all skew-Hermitian U(1)-invariant operators, i.e., those

commuting with
∑

j Zj . In other words,

hn ≡
{

A ∈ L((C2)
⊗n

) : A+A† = 0 ,
[

A,

n
∑

r=1

Zr

]

= 0
}

= algR

{

iRj,j+1, iZ
b : b ∈ {0, 1}n, j ∈ {1, · · · , n− 1}

}

. (B30)

Proof. It is clear that the Lie algebra algR

{

iRj,j+1, iZ
b : b ∈ {0, 1}n, j ∈ {1, · · · , n− 1}

}

is contained in hn. Here, we prove

the converse, i.e., we show

hn ⊆ algR

{

iRj,j+1, iZ
b : b ∈ {0, 1}n, j ∈ {1, · · · , n− 1}

}

. (B31)

Any arbitrary operator A ∈ L((C2)
⊗n

) can be written as

A =
∑

b,b′∈{0,1}n

ab,b′ |b〉〈b′| . (B32)

Using the fact that

(

n
∑

r=1

Zr

)

|b〉 = [n− 2w(b)] |b〉 , (B33)

we find that

[A,

n
∑

r=1

Zr] = 2
∑

b,b′

ab,b′ [w(b′) − w(b)] |b〉〈b′| . (B34)

This implies that if [A,
∑n

r=1 Zr] = 0, then

ab,b′ = 0 for w(b) 6= w(b′) . (B35)

In other words, the off-diagonal terms for bit strings with different Hamming weights vanish.

Therefore, the space of U(1)-invariant operators is spanned by

{|b〉〈b′| : w(b) = w(b′); b,b′ ∈ {0, 1}n} . (B36)

This implies that hn, the space of anti-Hermitian U(1)-invariant operators is spanned by

hn = Span
R

{

i
(

|b〉〈b′| + |b′〉〈b|
)

, |b〉〈b′| − |b′〉〈b| : w(b) = w(b′) ; b,b′ ∈ {0, 1}n
}

. (B37)

Using the fact that for any pair of bit strings b,b′ ∈ {0, 1}n,

[

i|b〉〈b| , (|b〉〈b′| − |b′〉〈b|)
]

= i
(

|b〉〈b′| + |b′〉〈b|
)

, (B38)
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we find that the Lie algebra hn is generated by

hn = alg
{

i|b〉〈b| , |b〉〈b′| − |b′〉〈b| : w(b) = w(b′) ; b,b′ ∈ {0, 1}n
}

. (B39)

Next, we prove that this algebra is generated by the following set of operators

{

i|b〉〈b|
}

∪
{

iRj,j+1 = i(XjXj+1 + YjYj+1)/2 : j = 1, · · · , n− 1
}

, (B40)

i.e., we prove that

alg
{

i|b〉〈b|, iRj,j+1 = i(XjXj+1 + YjYj+1)/2 : j = 1, · · · , n− 1,b ∈ {0, 1}n
}

(B41a)

= alg
{

i|b〉〈b| , |b〉〈b′| − |b′〉〈b| : w(b) = w(b′) ; b,b′ ∈ {0, 1}n
}

= hn . (B41b)

To prove this claim, first note that for any bit string b ∈ {0, 1}n, and any pair of distinct qubits l, r ∈ {1, · · · , n}, it holds that

[

i|b〉〈b|, iRlr

]

= |b′〉〈b| − |b〉〈b′| ≡ F (b′,b) , (B42)

where b
′ is the bit string obtained by exchanging bits l and r of bit string b, and for any pair of bit strings d and e, we have

defined the notation

F (d, e) ≡ |d〉〈e| − |e〉〈d| . (B43)

Next, note that for any three distinct bit strings b,b′,b′′ ∈ {0, 1}n, it holds that

F (b,b′′) =
[

F (b,b′), F (b′,b′′)
]

. (B44)

By combining these two steps, we can obtain F (c1, c2) = |c1〉〈c2| − |c2〉〈c1|, for any pair of bit strings c1, c2 ∈ {0, 1}n with

equal Hamming weights: Recall that any pair of bit strings with equal Hamming weights are related via a permutation and any

such permutation can be realized by combining transpositions, i.e., 2-bit permutations. Therefore, there exists a sequence

c1 = b1 −→ b2 · · · ,−→ bL = c2 , (B45)

where b1 = c1, bL = c2, d(bp,bp+1) = 2 for 1 ≤ p ≤ L− 1. In fact, because any permutation on n bits can be generated by

transpositions on nearest-neighbor pairs of bits j and j + 1, for j = 1, · · · , n− 1, in the chain in Eq.(B45), we can assume any

two consecutive bit strings bp and bp+1 are identical for all bits, except a pair of nearest-neighbor bits j and j + 1.

Then, using Eq.(B44) we have

F (c1, c2) = F (b1,bL) =
[

· · ·
[[[

[F (b1,b2), F (b2,b3)], F (b3,b4)
]

, F (b4,b5)
]

· · ·
]

, F (bL−1,bL)
]

. (B46)

This proves Eq.(B41), i.e., the Lie algebra hn is generated by operators {i|b〉〈b|, iRj,j+1}, and completes proof of theorem

8.

3. Implementing U(1)-invariant unitaries with geometrically local interactions

So far, in our discussion we have not assumed any particular geometry for the system and the labels 1, · · · , n of n qubits was

arbitrary. Next, we assume the qubits lie on an open chain and their labeling corresponds to their order in the chain. For instance,

the qubits are ordered from left to right, and the leftmost qubit is labeled as qubit 1.

Suppose one can turn on and off XX + Y Y interactions between nearest-neighbor qubits. Furthermore, suppose an ancillary

qubits a can interact with all qubits with XX + Y Y interaction. Furthermore, in addition to XX + Y Y interactions between

the qubits, suppose one can also apply local Pauli Z on the ancillary qubit. Then, the overall, Hamiltonian is in the form

H(t) =

n−1
∑

j=1

cj(t) (XjXj+1 + YjYj+1) + dj(t) (XjXa + YjYa) + z(t)Za , (B47)

where cj(t), dl(t) and z(t) are arbitrary real functions. As before, we assume the ancilllary qubit is initially in state |0〉.
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This Hamiltonian does not allow direct interactions between arbitrary pairs of qubits. Nevertheless, it turns out that using this

family of Hamiltonians we can implement all U(1)-invariant unitary transformations on qubits 1, · · · , n. To see this first not that

for any connected subset of qubits, corresponding to a gapless sequence of integers j, j + 1, · · · , j′ − 1, j′, we can implement

the corresponding Hamiltonian Zj · · ·Zj′ . This follows immediately from Eq.(B19) together with the argument in Eq.(B28).

In particular, we can simulate interaction ZjZj+1 for any neighboring qubits j and j + 1. Now the key observation is that by

combining interactions ZjZj+1 and XjXj+1 + YjYj+1 one can implement the swap unitary on qubits j and j + 1, i.e., the

unitary that exchanges the states of these qubits. In particular,

ei π
4

(XjXj+1+YjYj+1+ZjZj+1) = ei π
4 Sj,j+1 , (B48)

where Sj,j+1 is the swap operator that exchanges the state of qubits j and j+1. By combining swaps on nearest-neighbor qubits,

we obtain all permutations on n qubits. Therefore, we can change the order of qubits, arbitrarily. Combining this with the above

technique we can implement arbitrary diagonal unitary transformations. For instance, to implement the unitary eiθZlZm between

any two arbitrary qubits l and m with l < m, we first apply the permutation operator Sl+1,m that exchanges the states of qubits

m and l + 1 and leave the other qubits unchanged. Then we apply the unitary eiθZlZl+1 and finally exchange the state of qubits

l + 1 and m again. In this way, we obtain

Sl+1,me
iθZlZl+1Sl+1,m = eiθZlZm . (B49)

Finally, recall that according to theorem 8, by combining diagonal unitaries with unitaries generated by Hamiltonians {Rj,j+1 =
1
2 (XjXj+1 + YjYj+1) : j = 1, · · · , n − 1}, we can implement all U(1)-invariant unitaries. This proves the claim that using a

single ancillary qubit in initial state |0〉 and by properly choosing functions cj , dj and z, we can implement a general energy-

conserving unitary using Hamiltonian H(t) in Eq.(B47).

In the above scheme, the ancillary qubit a needs to interact with all qubits in the system. We can relax this requirement if in

addition to interactions XX + Y Y , we have access to interactions ZZ. More precisely, consider the family of Hamiltonians

H ′(t) = r(r)(X1Xa + Y1Ya) + s(t)Z1Za + z(t)Za +

n−1
∑

j=1

cj(t) (XjXj+1 + YjYj+1) + bj(t) ZjZj+1 , (B50)

where cj , bj , r, s and z are arbitrary real functions. Using an argument similar to the above argument, we can easily see that

universality can also be achieved using this family of Hamiltonians. Again, the key point is that by combining XX + Y Y and

ZZ interactions on nearest neighbor qubits, we can swap their orders, and therefore, we can permute the order of all qubits

arbitrarily. Hence, the restriction to nearest-neighbor interactions becomes irrelevant.
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Appendix C: A scheme for implementing energy-conserving unitaries on composite systems (Proof of Theorem 1)

In this section, we prove theorem 1, i.e., we show that: all energy-conserving unitary transformations on a composite system

can be implemented using 2-local energy-conserving unitaries and a single ancillary qubit. We also show that if one can use a

second ancillary qubit, then a general energy-conserving unitary can be implemented without any direct interactions between the

systems, i.e., just using system-ancilla interactions. Theorem 9 and corollary 10 contain the precise statements of these results.

The proposed scheme for implementing general energy-conserving unitaries is a generalization of the protocol used in the

qubit case with U(1) symmetry. In particular, similar to that case, there are two main steps in the argument: First, we show how

a general diagonal energy-conserving unitary can be implemented, and then we show that by combining diagonal unitaries with

2-local energy-conserving unitaries, we obtain all energy-conserving unitaries.

To simplify the notation and analysis, we focus on the case of systems with identical Hilbert spaces and Hamiltonians. We also

assume the Hamiltonians are non-degenerate (These assumptions are non-essential in the argument and can be relaxed). In par-

ticular, we consider n ≥ 1 systems each with a d-dimensional Hilbert space and with the intrinsic Hamiltonian ∆E
∑d−1

r=0 |r〉〈r|.
The systems are labeled by j = 1, · · · , n. We assume before and after applying the energy-conserving unitary, the systems are

non-interacting, i.e., their total intrinsic Hamiltonian is

Hintrinsic =

n
∑

j=1

Hj , (C1)

where

Hj = ∆E

d−1
∑

r=0

|r〉〈r|j , (C2)

is the Hamiltonian of system j tensor product with the identity operators on the rest of systems.

1. A Scheme with a Single Ancillary Qubit

In this scheme we use an ancillary qubit a, with Hamiltonian ∆E Z+I
2 = ∆E|1〉〈1|, initially prepared in the ground state |0〉.

The required interactions for implementing this scheme are

R
(l)
a,j ≡ R

(l)
j,a ≡ |l − 1〉〈l|j ⊗ |1〉〈0|a + |l〉〈l − 1|j ⊗ |0〉〈1|a : l = 1, · · · , d− 1 ; j = 1, · · · , n (C3a)

R
(l,l′)
j,j+1 ≡ R

(l′,l)
j+1,j ≡ |l − 1〉〈l|j ⊗ |l′〉〈l′ − 1|j+1 + |l〉〈l − 1|j ⊗ |l′ − 1〉〈l′|j+1 : l, l′ = 1, · · · , d− 1 ; j = 1, · · · , n− 1 .

(C3b)

Note that the above operators are defined on the Hilbert space (Cd)⊗n ⊗ C
2, corresponding to n system and the ancillary qubit.

OperatorR
(l)
j,a acts non-trivially on system j and ancillary qubit a andR

(l′,l)
j+1,j acts non-trivially on systems j and j+1. Therefore,

these interactions are 2-local. Furthermore, if the systems are placed in the order corresponding to their labels j = 1, · · · , n,

then the terms R
(l,l′)
j,j+1 are interactions between 2 nearest-neighbor systems.

Also, note that the above interactions are all energy-conserving, i.e., commute with the total intrinsic Hamiltonian of n systems

and the ancillary qubits

Htot ≡

n
∑

j=1

Hj + ∆E|1〉〈1|a . (C4)

We show that

Lemma 5. Consider a Hermitian operator Hn acting on the Hilbert space (Cd)⊗n that commutes with Hintrinsic =
∑n

j=1 Hj .

Then, there exists an operator H̃n,a acting on (Cd)⊗n ⊗ C
2, such that iH̃n,a is in the real Lie algebra, generated by

iZa , iR
(l)
j,a, iR

(l,l′)
j,j+1, i.e.

iH̃n,a ∈ algR

{

iZa , iR
(l)
j,a, iR

(l,l′)
j,j+1 : l, l′ = 1, · · · , d− 1 ; j = 1, · · · , n

}

, (C5)
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and

|ψ〉 ∈ (Cd)⊗n : H̃n,a(|ψ〉 ⊗ |0〉a) = Hn|ψ〉 ⊗ |0〉a . (C6)

Any energy-conserving unitary Vn on the n systems can be written as eiH̃n , where H̃n commutes with the intrinsic Hamiltonian

Hintrinsic =
∑n

j=1 Hj . Therefore, the above lemma implies that there exists an operator iH̃n,a in the real Lie algebra, generated

by iZa , iR
(l)
j,a, iR

(l,l′)
j,j+1, such that

|ψ〉 ∈ (Cd)⊗n : eiH̃n,a(|ψ〉 ⊗ |0〉a) = eiHn |ψ〉 ⊗ |0〉a = Vn|ψ〉 ⊗ |0〉a . (C7)

Furthermore, the fact that iH̃n,a ∈ algR
{

iZa , iR
(l)
j,a, iR

(l,l′)
j,j+1 : l, l′ = 1, · · · , d − 1 ; j = 1, · · · , n

}

implies that the unitary

eiH̃n,a is in the Lie group generated by unitaries

exp(iθZa) , exp(iθR
(l)
j,a) , exp(iθR

(l)
j,a) , exp(iθR

(l,l′)
j,j+1) : θ ∈ [0, 2π); l, l′ = 1, · · · , d− 1 ; j = 1, · · · , n , (C8)

which are all 2-local and energy-conserving. Moreover, using Fact 1 in Appendix A, the group generated by these unitaries is

compact and therefore using the result of [15], any unitary in this group is uniformly finitely generated by the generating set in

Eq.(C8). This result, which is summarized in theorem 9, proves the statement of theorem 1 in the main text.

This result means that there is a map from energy-conserving unitaries on (Cd)⊗n to energy-conserving unitaries on (Cd)⊗n⊗
C

2, namely

Vn −→ Ṽn,a = Vn ⊗ |0〉〈0|a +Wn ⊗ |1〉〈1|a , (C9)

where Wn is also an energy-conserving unitary on (Cd)⊗n, and Ṽn,a can be generated by the family of unitaries in Eq.(C8).

Hamiltonian Picture:

Alternatively, we can understand this result in the Hamiltonian picture. Suppose to implement an energy-conserving unitary,

we perturb the intrinsic Hamiltonian of systems and ancillaHtot =
∑n

j=1 Hj +∆E|1〉〈1|a. In particular, suppose we add 2-local

energy-conserving interactions in Eq.(C3) to Htot, and obtain the family of Hamiltonians

Hn,a(t) = Htot + ga(t) Za +

n
∑

j=1

d−1
∑

l=1

g
(l)
j,a(t) R

(l)
j,a +

n−1
∑

j=1

d−1
∑

l,l′=1

g
(l,l′)
j,j+1(t) R

(l,l′)
j,j+1 , (C10)

where ga, g
(l)
j,a and g

(l,l′)
j,j′ are real functions of time t, which vanish for t < 0, and for sufficiently large t. We are interested in the

unitary transformations generated by this family of Hamiltonians for different choices of these functions, i.e., unitaries satisfying

d

dt
Vn,a(t) = −iHn,a(t)Vn,a(t) , t ≥ 0 (C11)

where Vn,a(0) is the identity operator on (Cd)⊗n ⊗ C
2. Clearly,

∀t ≥ 0 :
[

Hn,a(t), Htot

]

= 0 , (C12)

which means the family of unitaries generated by these Hamiltonians are energy-conserving. Note that Hamiltonian Hn,a(t)
in Eq.(C10) contains a time-independent term Htot, which corresponds to the intrinsic Hamiltonians of the n systems and the

ancilla. It turns out that the existence of this constant term does not restrict the family of unitaries generated by this family of

Hamiltonians. In particular, this family contains the family of unitaries generated by Hamiltonians

ga(t) Za +

n
∑

j=1

d−1
∑

l=1

g
(l)
j,a(t) R

(l)
j,a +

n−1
∑

j=1

d−1
∑

l,l′=1

g
(l,l′)
j,j+1(t) R

(l,l′)
j,j+1 , (C13)

where we have dropped the term Htot in Eq.(C10). This follows from the fact that Htot commutes with all other terms in the

Hamiltonian Hn,a(t) and, furthermore, it generates a periodic time evolution, with period 2π/∆E. Therefore, if the total time

of implementing the desired unitary is an integer multiple of 2π/∆E, the presence of Htot does not have any effect on the

implemented unitary. This can always be achieved by adding a time delay less than 2π/∆E, during which the other terms are
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turned off.

As we have seen before, the standard results of quantum control theory [15, 16] imply that, using the family of Hamiltonians

in Eq.(C13) and assuming ga, g
(l)
j,a , and g

(l,l′)
j,j+1 are arbitrary real functions, we can generate any unitary eiG, with iG in the Lie

algebra defined in Eq.(C5). Combining this with the argument in Eq.(C7), we conclude that

Theorem 9. Consider an arbitrary energy-conserving unitary Vn acting on (Cd)⊗n (i.e., a unitary satisfying [Vn , Hintrinsic] =
0). Then, there exists a unitary Ṽn,a acting on (Cd)⊗n ⊗ C

2, such that

∀|ψ〉 ∈ (Cd)⊗n : Ṽn,a(|ψ〉|0〉a) = Vn|ψ〉 ⊗ |0〉a , (C14)

and Ṽn,a can be generated by a finite sequence of 2-local energy-conserving unitaries in Eq.(C8). Equivalently, Ṽn,a can be

implemented with the family of energy-conserving Hamiltonians Hn,a(t) defined in Eq.(C10).

To complete the proof of this result we need to prove lemma 5. But, first we discuss a modified version of this scheme.

2. A Modified Scheme with Two Ancillary Qubits

In the above scheme we need system-system interactionsR
(l,l′)
j,j′ . It turns out that this interaction can be easily engineered using

system-ancilla interactions, provided that we can use a second ancillary qubit, labeled as qubit b, with Hamiltonian ∆E|1〉〈1|b.

This follows from the fact that

R
(l,l′)
j,j′ Zb =

1

2

[

R
(l)
j,b , [R

(l′)

j′,b
, Zb]

]

. (C15)

Therefore, if qubit b is initially in state |0〉b, then

exp
(

iθ
1

2

[

R
(l)
j,b , [R

(l′)

j′,b
, Zb]

])

|φ〉|0〉b = exp
(

iθR
(l,l′)
j,j′

)

|φ〉 ⊗ |0〉b , (C16)

where |φ〉 is an arbitrary state of the rest of systems.

Based on this observation, we consider interactions between systems j = 1, · · ·n and ancillary qibits a and b:

R
(l)
a,j ≡ R

(l)
j,a ≡ |l − 1〉〈l|j ⊗ |1〉〈0|a + |l〉〈l − 1|j ⊗ |0〉〈1|a : l = 1, · · · , d− 1 , j = 1, · · · , n (C17)

R
(l)
b,j ≡ R

(l)
j,b ≡ |l − 1〉〈l|j ⊗ |1〉〈0|b + |l〉〈l − 1|j ⊗ |0〉〈1|b : l = 1, · · · , d− 1 , j = 1, · · · , n . (C18)

Then, in this modified scheme instead of 2-local energy-conserving unitaries in Eq.(C8), we consider unitaries

exp(iθZa) , exp(iθR
(l)
j,a) , exp(iθR

(l)
j,a) , exp(iθR

(l)
j,b) : θ ∈ [0, 2π); l, l′ = 1, · · · , d− 1 ; j = 1, · · · , n . (C19)

Similarly, in the Hamiltonian picture, instead of Hamiltonians in Eq.(C10), we consider the family of Hamiltonians

Hn,a,b(t) =
(

n
∑

j=1

Hj + ∆E|1〉〈1|a + ∆E|1〉〈1|b

)

+ ga(t) Za + gb(t) Zb +

n
∑

j=1

d−1
∑

l=1

g
(l)
j,a(t) R

(l)
j,a +

n
∑

j=1

d−1
∑

l=1

g
(l)
j,b(t) R

(l)
j,b , (C20)

where ga, gb, g
(l)
j,a and g

(l)
j,b are arbitrary real functions. Note that

∀t ≥ 0 :
[

Hn,a,b(t),
(

n
∑

j=1

Hj + ∆E|1〉〈1|a + ∆E|1〉〈1|b

)]

= 0 , (C21)

and therefore the family of unitaries generated by these Hamiltonians are energy-conserving.

Then, combining the observation in Eq.(C16) with theorem 9, we conclude that

Corollary 10. Consider an arbitrary energy-conserving unitary Vn acting on (Cd)⊗n (i.e., a unitary satisfying [Vn , Hintrinsic] =
0). There exists a unitary Ṽn,a,b acting on (Cd)⊗n ⊗ C

2 ⊗ C
2, such that

∀|ψ〉 ∈ (Cd)⊗n : Ṽn,a,b(|ψ〉|0〉a|0〉b) = Vn|ψ〉 ⊗ |0〉a|0〉b , (C22)
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and Ṽn,a,b can be generated by a finite sequence of 2-local energy-conserving unitaries in Eq.(C19). Equivalently, Ṽn,a,b can be

implemented with the family of energy-conserving Hamiltonians Hn,a,b(t) defined in Eq.(C20).

3. Implementing diagonal unitaries with 2-local energy-conserving interactions

(Proof of lemma 5 for the special case of diagonal Hamiltonians)

In this section we focus on diagonal unitaries, i.e., those that commute with the Hamiltonians of all systems j = 1, · · · , n. In

Sec.(II C) we briefly explained how a general diagonal unitary can be implemented with 2-local energy-conserving interactions

and a single ancillary qubit (See Fig.4). Here, we explain the idea in more details.

Any diagonal unitary can be written as eiHdiag , where Hdiag is a diagonal Hermitian operator, i.e., can be written as

Hdiag =

d−1
∑

s1,··· ,sn=0

hs1,··· ,sn

n
⊗

j=1

|sj〉〈sj | , (C23)

where hs1,··· ,sn
∈ R.

We start with the case of n = 1, i.e., a single system with the Hilbert space Cd. Consider the pair of energy eigenstates |l− 1〉
and |l〉 with energies (l − 1) × ∆E and l × ∆E, respectively. Define

Z(l) ≡ |l − 1〉〈l − 1| − |l〉〈l| : l = 1, · · · , d− 1 . (C24)

Consider the set of operators

{

Id, Z
(l) ≡ |l − 1〉〈l − 1| − |l〉〈l| : l = 1, · · · , d− 1

}

, (C25)

where Id is the identity operator on C
d. It can be easily seen that the above d operators form a basis for diagonal operators. In

particular,

Span
R

{

|s〉〈s| : 0 ≤ s ≤ d− 1
}

= Span
R

{

Id, Z
(l) ≡ |l − 1〉〈l − 1| − |l〉〈l| : l = 1, · · · , d− 1

}

. (C26)

Next, consider n systems labeled as j = 1, · · · , n. The set of operators
{

⊗n
j=1 |sj〉〈sj | : 0 ≤ sj ≤ d− 1

}

spans the space of

diagonal operators on (Cd)⊗n. Clearly, this set can be obtained as the n−fold tensor product of the set
{

|s〉〈s| : 0 ≤ s ≤ d−1
}

,

i.e.

{

n
⊗

j=1

|sj〉〈sj | : sj = 0, · · · , d− 1
}

=
{

|s〉〈s| : 0 ≤ s ≤ d− 1
}⊗n

. (C27)

Next, we consider the n-fold tensor product of operators
{

Id, Z
(l) ≡ |l − 1〉〈l − 1| − |l〉〈l| : l = 1, · · · , d − 1

}

, which appear

in the right-hand side of Eq.(C26). For each system j consider the pair of energy eigenstates |l − 1〉j and |l〉j with energies

(l − 1) × ∆E and l × ∆E, respectively. Define

Z
(l)
j ≡ |l − 1〉〈l − 1|j − |l〉〈l|j : l = 1, · · · , d− 1 , j = 1, · · · , n . (C28)

Then, the n-fold tensor product of
{

Id, Z
(l) ≡ |l − 1〉〈l − 1| − |l〉〈l| : l = 1, · · · , d− 1

}

gives the set of operators

{

Id, Z
(l) : l = 1, · · · , d− 1

}⊗n

=
{

I,
t

∏

r=1

Z
(lr)
jr

: 1 ≤ t ≤ n , 0 < j1 < j2 < · · · < jt < n+ 1 , 1 ≤ lr ≤ d− 1
}

, (C29)

where I = I⊗n
d is the identity operator on (Cd)⊗n. Combining this with Eq.(C26) and Eq.(C27), we find

Span
R

{

n
⊗

j=1

|sj〉〈sj | : 0 ≤ sj ≤ d− 1
}

= Span
R

{

I,

t
∏

r=1

Z
(lr)
jr

: 1 ≤ t ≤ n , 0 < j1 < j2 < · · · < jt < n+ 1 , 1 ≤ lr ≤ d− 1
}

.

(C30)

Given that all operators
∏t

r=1 Z
(lr)
jr

are traceless, we conclude that
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Lemma 6. Any Hermitian operator on (Cd)⊗n that is diagonal in the basis {
⊗n

j=1 |rj〉 : rj = 0, · · · , d− 1}, can be written as

Hdiag =

d−1
∑

r1,··· ,rn=0

hr1,··· ,rn

n
⊗

j=1

|rj〉〈rj | (C31)

=
Tr(Hdiag)

Tr(I)
I +

n
∑

t=1

n
∑

j1,···jt

0<j1<j2<···<jt<n+1

d−1
∑

l1,··· ,lt=1

c
(l1,··· ,lt)
j1,··· ,jt

Z
(l1)
j1

Z
(l2)
j2

· · ·Z
(lt)
jt

, (C32)

for a set of real coefficients hr1,··· ,rn
, and c

(l1,··· ,lt)
j1,··· ,jt

, where Z
(l)
j ≡ |l − 1〉〈l − 1|j − |l〉〈l|j : l = 1, · · · , d− 1; j = 1, · · · , n.

Therefore, to generate a general diagonal unitary evolution, up to a global phase, it suffices to implement all Hamiltonians

Z
(l1)
j1

Z
(l2)
j2

· · ·Z
(lt)
jt

: t = 1, · · · , n ; 0 < j1 < j2 < · · · < jt < n+ 1 ; l1, · · · , lj = 0, · · · , d− 1 . (C33)

Next, note that each pair of states {|l − 1〉j , |l〉j} can be interpreted as a separate qubit and Z
(l)
j can be interpreted as the Pauli

Z operator associated to this qubit. Hence, we can mimic the argument in Appendix B in the case of qubits. Following this

analogy, we define

T
(l)
a,j ≡

i

2
[Za, R

(l)
a,j ] = i

(

|l〉〈l − 1|j ⊗ |0〉〈1|a − |l − 1〉〈l|j ⊗ |1〉〈0|a

)

: l = 1, · · · , d− 1 , j = 1, · · · , n . (C34)

With this definition we can easily see that

D
(l)
j ≡ Z

(l)
j − Za = i

[

iR
(l)
j,a, iT

(l)
a, j

]

=
i

2

[

iR
(l)
j,a, [iZa, iR

(l)
a,j ]

]

. (C35)

Furthermore, rewriting Eq.(B19), we find that for any distinct t ≥ 2 systems labeled by j1 < j2 < · · · < jt, it holds that

D
(l1,··· ,lt)
j1,··· ,jt

≡ (Z
(l1)
j1

− Za) Z
(l2)
j2

...Z
(lt)
jt

=











cti
[

[· · · [[iR
(l1,l2)
j1,j2

, iR
(l2,l3)
j2j3

], iR
(l3,l4)
j3j4

] · · · , iR
(lt)
jt,a], iR

(l1)
a,j1

]

: t even

cti
[

[· · · [[iR
(l1,l2)
j1,j2

, iR
(l2,l3)
j2j3

], iR
(l3,l4)
j3j4

] · · · , iR
(lt)
jt,a], iT

(l1)
a,j1

]

: t odd ,
(C36)

where ct = ±1, depending on t.

Next, note that for any |ψ〉 ∈ (Cd)⊗n, it holds that

Za(|ψ〉|0〉a) = |ψ〉|0〉a , (C37)

D
(l)
j (|ψ〉|0〉a) = (Z

(l)
j − I)|ψ〉 ⊗ |0〉a , (C38)

D
(l1,··· ,lt)
j1,··· ,jt

(|ψ〉|0〉a) = ([Z
(l1)
j1

· · ·Z
(lt)
jt

− Z
(l2)
j2

· · ·Z
(lt)
jt

]|ψ〉) ⊗ |0〉a , : t ≥ 2 . (C39)

Considering the linear combinations of the above terms, we find ∀|ψ〉 ∈ (Cd)⊗n,

[

D
(l)
j + Za

]

(|ψ〉|0〉a) = Z
(l)
j |ψ〉 ⊗ |0〉a , (C40)

[

t−1
∑

r=1

D
(lr,··· ,lt)
jr,··· ,jt

+D
(lt)
jt

+ Za

]

(|ψ〉|0〉a) = (Z
(l1)
j1

· · ·Z
(lt)
jt

|ψ〉) ⊗ |0〉a , : t ≥ 2 . (C41)

Combining this with lemma 6, we find that for any Hermitian operator Hdiag on (Cd)⊗n that is diagonal in the basis

{
⊗n

j=1 |rj〉 : rj = 0, · · · , d − 1}, there exists an operator H̃diag on (Cd)⊗n ⊗ C
2, such that iH̃diag is in the real Lie alge-

bra algR

{

iZa , iR
(l)
j,a, iR

(l,l′)
j,j′ : l, l′ = 1, · · · , d− 1 ; j 6= j′ = 1, · · · , n

}

and

∀|ψ〉 ∈ (Cd)⊗n : H̃diag(|ψ〉 ⊗ |0〉a) = Hdiag|ψ〉 ⊗ |0〉a . (C42)

Finally, it can be easily shown that the same result remains valid if instead of all HamiltoniansR
(l,l′)
j,j′ : l, l′ = 1, · · · , d−1 ; j 6=
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j′ = 1, · · · , n, we are restricted to only nearest-neighbor interactions R
(l,l′)
s,s+1, l, l′ = 1, · · · , d − 1 ; s = 1, · · · , n − 1. The

argument is similar to the argument in Sec.B 3) for qubits: Combining interactions R
(l,l′)
s,s+1 and Z

(l)
s Z

(l′)
s+1, we can swap the state

of qubits defined by {|l− 1〉s, |l〉s} in system j and {|l′ − 1〉s+1, |l
′〉s+1} in system j′. Furthermore, by combining permutations

on nearest-neighbor sites, we can change the order of qubits arbitrarily. Therefore, the additional restriction to nearest-neighbor

interactions, does not restrict the of Hamiltonians that can be simulated.

We conclude that

Lemma 7. For any Hermitian operator Hdiag on (Cd)⊗n that is diagonal in the basis {
⊗n

j=1 |rj〉 : rj = 0, · · · , d − 1},

there exists an operator H̃diag on (Cd)⊗n ⊗ C
2, such that iH̃diag is in the real Lie algebra algR

{

iZa , iR
(l)
j,a, iR

(l,l′)
s,s+1 : l, l′ =

1, · · · , d− 1 ; j = 1, · · · , n; s = 1, · · · , n− 1
}

and

∀|ψ〉 ∈ (Cd)⊗n : H̃diag(|ψ〉 ⊗ |0〉a) = Hdiag|ψ〉 ⊗ |0〉a . (C43)

This lemma is a special case of lemma 5, for the case of diagonal Hamiltonians. Next, we prove lemma 5 in the general case.

4. All energy-conserving unitaries from diagonal unitaries and 2-local energy-conserving unitaries

In this section, we show how a general energy-conserving unitary can be implemented by combining diagonal energy-

conserving unitaries and 2-local energy-conserving unitaries. In particular, we study the Lie algebra of energy-conserving

Hamiltonians and show

Lemma 8. Let h be the Lie algebra of energy-conserving skew-Hermitian operators, i.e., those commuting with Hintrinsic =
∑n

j=1 Hj . Then, h is generated by the set of skew-Hermitian diagonal operators together with operators iR
(l,l′)
j,j+1 : l, l′ =

1, · · · , d− 1 ; j = 1, · · · , n− 1, i.e.

h ≡
{

A : A+A† = 0, [A,

n
∑

j=1

Hj ] = 0
}

(C44)

= algR

(

{

i

n
⊗

j=1

|rj〉〈rj | : rj = 0, · · · , d− 1
}

∪
{

iR
(l,l′)
j,j+1 : l, l′ = 1, · · · , d− 1 ; j = 1, · · · , n− 1

}

)

. (C45)

This lemma is a generalization of lemma 8 for the qubit case with U(1) symmetry and can be proven in a similar way.

In the following, we use the notation

|r〉 ≡ |r1〉 · · · |rn〉 =
n

⊗

j=1

|rj〉 , r ∈ {0, · · · , d− 1}n , (C46)

where r ≡ r1 · · · rn and rj ∈ {0, · · · , d− 1}. Then,

Hintrinsic =

n
∑

j=1

Hj =

n
∑

j=1

d−1
∑

rj=0

(rj∆E)|rj〉〈rj |j = ∆E
∑

r∈{0,··· ,d−1}n

N(r) |r〉〈r| , (C47)

where

N(r) ≡
n

∑

j=1

rj . (C48)

Proof. Any operator A acting on (Cd)⊗n that commutes with Hintrinsic can be written as

A =
∑

r,r′:N(r)=N(r′)

ar,r′ |r〉〈r′| , (C49)

where the summation is over all r, r′ ∈ {0, · · · , d−1}n satisfying the conditionN(r) = N(r′). It follows that h, the Lie algebra
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of skew-Hermitian energy-conserving operators, can be written as a linear combinations of 3 sets of operators, namely,

D ≡
{

i|r〉〈r| : r ∈ {0, · · · , d− 1}n
}

(C50)

R ≡
{

|r〉〈r′| − |r′〉〈r| : r, r′ ∈ {0, · · · , d− 1}n , N(r) = N(r′)
}

(C51)

I ≡
{

i(|r〉〈r′| + |r′〉〈r|) : r, r′ ∈ {0, · · · , d− 1}n, N(r) = N(r′)
}

, (C52)

where the constraint N(r) = N(r′) means that states |r〉 and |r′〉 have the same energy. In other words,

h ≡
{

A : A+A† = 0, [A,Hintrinsic] = 0
}

= span
R
(I ∪ D ∪ R) . (C53)

For any distinct pair r1, r2 ∈ {0, · · · , d− 1}n, the following commutation relations hold:

[

(|r2〉〈r1| ∓ |r1〉〈r2|) , |r1〉〈r1|
]

= |r2〉〈r1| ± |r1〉〈r2| . (C54)

This implies that the Lie algebra h is generated by D and R, i.e.

h ≡
{

A : A+A† = 0, [A,Htot] = 0
}

= span
R
(D ∪ I ∪ R) = algR(D ∪ R) . (C55)

Next, we consider the subset of R defined by

R′ =
{

|r〉〈r′| − |r′〉〈r| : r, r′ ∈ {0, · · · , d− 1}n, N(r) = N(r′), dist(r, r′) = 2
}

, (C56)

where for any pair r = r1 · · · rn and r′ = r′
1 · · · r′

n, we have defined the distance

dist(r, r′) ≡

n
∑

j=1

|rj − r′
j | . (C57)

Note that the two conditions

N(r) = N(r′) and dist(r, r′) = 2 , (C58)

together imply that rj = r′
j for all systems j = 1, · · · , n except two distinct systems v and w, i.e.,

rj = r′
j : j 6= v, w ; r′

v = rv + 1 and r′
w = rw − 1 . (C59)

Next, we show that R can be generated by R′, i.e.,

R ⊂ algR(R′), (C60)

and therefore

h = algR(D ∪ R) = algR(D ∪ R′) . (C61)

To see this first note that for any three distinct r1, r2, r3 ∈ {0, · · · , d− 1}n, the following commutation relations hold:

[

|r3〉〈r2| − |r2〉〈r3|, |r2〉〈r1| − |r1〉〈r2|
]

= |r3〉〈r1| − |r1〉〈r3| , (C62)

or, equivalently,

[F (r3, r2), F (r2, r1)] = F (r3, r1) , (C63)

where we have defined

F (r′, r) ≡ |r′〉〈r| − |r〉〈r′| . (C64)
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Then, consider a pair of rin, rfin ∈ {0, 1, · · · , d− 1}n satisfying N(rin) = N(rfin), which means |rin〉 and |rout〉 have the same

energy. It can be easily seen that any such pair can be converted to each other through a sequence of transitions

rin = r1 −→ r2 −→ · · · · · · −→ rm = rfin , (C65)

where any consecutive pairs rt and rt+1, satisfy

N(rt) = N(rt+1) and dist(rt, rt+1) = 2 , 1 ≤ t ≤ m . (C66)

This means that at each step in Eq.(C65), energy ∆E is transferred from one system to another. Combining this with Eq.(C63),

we find

F (rout, rin) = [F (rm, rm−1), [· · · [F (r3, r2), [F (r3, r2), [F (r3, r2), F (r2, r1)]]] · · · ]] . (C67)

Furthermore, because at each step N(rt) = N(rt+1) and dist(rt, rt+1) = 2, then F (rt+1, rt) ∈ R′. This proves that R ⊂
algR(R′), and therefore implies Eq.(C61).

Next, we prove that

R′ ⊂ algR

(

D ∪
{

iR
(l,l′)
j,j′ : l, l′ = 1, · · · , d− 1 ; j 6= j′ = 1, · · · , n

}

)

. (C68)

That is we show that for any r, r′ ∈ {0, · · · , d− 1}n, satisfying N(r) = N(r′) and dist(r, r′) = 2, it holds that

|r〉〈r′| − |r′〉〈r| ∈ algR

(

D ∪
{

iR
(l,l′)
j,j′ : l, l′ = 1, · · · , d− 1 ; j 6= j′ = 1, · · · , n

}

)

. (C69)

To see this note that, as we have seen in Eq.(C59), for any pair r = r1 · · · rn and r′ = r′
1 · · · r′

n, the two conditionsN(r) = N(r′)
and dist(r, r′) = 2 together imply

rj = r′
j : j 6= v, w ; r′

v = rv + 1 and r′
w = rw − 1 . (C70)

It follows that

|r′〉 = R(rv+1,rw)
v,w |r〉 =

1

2

(

|rv + 1〉〈rv|v ⊗ |rw − 1〉〈rw|w + |rv〉〈rv + 1|v ⊗ |rw〉〈rw − 1|w

)

|r〉 . (C71)

This means that

F (r′, r) = |r′〉〈r| − |r〉〈r′| =
[

i|r〉〈r| , iR(rv+1,rw)
v,w

]

. (C72)

Since R′ ≡
{

|r〉〈r′| − |r′〉〈r| : r, r′ ∈ {0, · · · , d − 1}n, N(r) = N(r′), dist(r, r′) = 2
}

, we conclude that R′ ⊂ algR
(

D ∪
{

iR
(l,l′)
j,j′ : l, l′ = 1, · · · , d− 1 ; j 6= j′ = 1, · · · , n

})

. Combining this with Eq.(C61), we find

h ≡
{

A : A+A† = 0, [A,Hintrinsic] = 0
}

(C73a)

= span
R
(D ∪ I ∪ R) (C73b)

= algR(D ∪ R) (C73c)

= algR(D ∪ R′) (C73d)

= algR
(

D ∪
{

iR
(l,l′)
j,j′ : l, l′ = 1, · · · , d− 1 ; j 6= j′ = 1, · · · , n

})

(C73e)

= algR

(

{

i
n

⊗

j=1

|rj〉〈rj | : rj = 0, · · · , d− 1
}

∪
{

iR
(l,l′)
j,j′ : l, l′ = 1, · · · , d− 1 ; j 6= j′ = 1, · · · , n

}

)

. (C73f)

This means that all energy-conserving unitaries can be implemented using diagonal Hamiltonians together with interactions
{

iR
(l,l′)
j,j′ : l, l′ = 1, · · · , d− 1 ; j 6= j′ = 1, · · · , n

}

.

Finally, we can easily see that the above conclusion remains valid if instead of all pairwise interactions
{

R
(l,l′)
j,j′ : l, l′ =

1, · · · , d − 1 ; j 6= j′ = 1, · · · , n
}

, one only considers interactions
{

R
(l,l′)
j,j+1 : l, l′ = 1, · · · , d − 1 ; j = 1, · · · , n − 1

}

on

nearest-neighbor systems. Here, we sketch the argument: Using diagonal Hamiltonians together with interactions
{

iR
(l,l′)
j,j+1 :
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l, l′ = 1, · · · , d− 1 ; j = 1, · · · , n− 1
}

, one can implement swap unitaries on nearest-neighbor systems j and j + 1 , i.e., the

unitaries that exchange the state of the two nearest-neighbor systems. To see this first note that for any pair of neighbor systems

j and j + 1 the swap unitary Sj,j+1 that exchanges the state of systems j and j + 1, can be implemented using Hamiltonians

|r〉〈r|j ⊗ |r′〉〈r′|j+1 : r, r′ = 0, 1, · · · , d− 1 and (C74)

R
(l,l′)
j,j+1 = |l − 1〉〈l|j ⊗ |l′〉〈l′ − 1|j+1 + |l〉〈l − 1|j ⊗ |l′ − 1〉〈l′|j+1 : l, l′ = 1, · · · , d− 1 . (C75)

In other words, Sj,j+1 is in the Lie group associated to the Lie algebra

algR

{

i|r〉〈r|j ⊗ |r′〉〈r′|j+1 : r, r′ = 0, 1, · · · , d− 1, ; iR
(l,l′)
j,j+1 : l, l′ = 1, · · · , d− 1

}

. (C76)

This follows, for instance, using the above result in Eq.(C73) in the special case of n = 2, and the fact that Sj,j+1 is an energy-

conserving unitary. Since this holds for all j = 1, · · · , n− 1, and since swaps of nearest-neighbor systems generate all possible

permutations of the systems, we conclude that all permutations are in the Lie group associated to the Lie algebra

algR
(

D ∪
{

iR
(l,l′)
j,j+1 : l, l′ = 1, · · · , d− 1 ; j = 1, · · · , n− 1

})

. (C77)

But, since the Lie algebra is closed under the adjoint action of the Lie group, it follows that the above Lie algebra is closed under

all permutations of n systems. This, in particular, implies that for any pair of distinct systems j and j′, operator iR
(l,l′)
j,j′ is in the

Lie algebra in Eq.(C77), for all j 6= j′ = 1, · · · , n and l, l′ = 1, · · · , n− 1. We conclude that

algR
(

D ∪
{

iR
(l,l′)
j,j+1 : l, l′ = 1, · · · , d− 1 ; j = 1, · · · , n− 1

})

(C78)

= algR
(

D ∪
{

iR
(l,l′)
j,j′ : l, l′ = 1, · · · , d− 1 ; j 6= j′ = 1, · · · , n

})

= h . (C79)

This implies lemma 8, and therefore completes the proof of lemma 5.



Figures

Figure 1

Local Symmetric Quantum Circuits. A quantum circuit with 2-local unitaries on 6 subsystems (e.g.,
qubits). A Local Symmetric Quantum Circuit (LSQC) only contains local unitaries that respect a certain
symmetry. For instance, they are all invariant under rotations around z axis. Such circuits can model the
time evolution of systems with local symmetric Hamiltonians. Conversely, any LSQC corresponds to the
time evolution generated by a local symmetric (time-dependent) Hamiltonian. Therefore, by studying
LSQC, we can also characterize general features of time evolution under local symmetric Hamiltonians.



Figure 2

The schematic relation between the group of all symmetric unitaries (the torus) and the subgroup
generated by Local Symmetric Quantum Circuits (the blue curve). They are both closed connected Lie
groups and hence closed manifolds. Unitary evolution under any local symmetric Hamiltonian is
restricted to the submanifold corresponding to LSQC. In other words, adding a perturbation to
the Hamiltonian can bring the evolution outside this submanifold, only if it is non-local or symmetry-
breaking.



Figure 3

A protocol for implementing U(1)-invariant unitaries using interaction XX+YY.

Figure 4

A scheme for implementing energy-conserving unitaries on composite systems.
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