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Quantum state on Bloch sphere for superconducting charge qubit, phase qubit and flux qubit for
all time in absence of external drive is stable to initial state. By driving the qubits, approximation
of charge and flux Hamiltonian lead to quantum state rotation in Bloch sphere around an axis
completely differ from rotation vector of exact Hamiltonian. The trajectory of quantum state for
phase qubit for approximated and exact Hamiltonian is the same but the expectation of quantum
observable has considerable errors as two other qubits. microwave drive control is designed for
approximated Hamiltonian and exerted on actual systems and shows completely different trajectory
with respect to desired trajectory. Finally a nonlinear control with external µV voltage control and
nA current control is designed for general qubit which completely stabilizes quantum state toward
a desired state.

INTRODUCTION

Quantum engineering harness the quantum state, es-
timate and eliminate environmental noise on open quan-
tum systems, correction of quantum errors, all for quan-
tum computing. Excellent quantum engineering frame-
work researches are carried for quantum computing ap-
plications with trapped ions[1, 2], spin qubit control[3–
5], quantum optical control of semiconductor quantum
dots[6–8], superconducting qubits[9–12], etc. Among
different approach to quantum computers, since super-
conductor circuits can be fabricated and control based
on current technologies has attracted attention of both
researches[13–17] and IC makers, IT companies such as
IBM, Intel,Google, Microsoft, etc to make quantum pro-
cessor with exceptional computational performance with
respect to conventional processors. Achieving to this
goal, the quantum sate of each qubit as fundamental
building block of quantum computation must be con-
trolled precisely toward desired state and remain stable
at that state.

For simulations, the QuTip, Numpy, Symp-
tom,Matplotlib python packages are applied and
all of data are from a table at [18]. At first, we introduce
the Hamiltonian of basic superconductor qubits and
their approximations, then by simulations show that
two systems, rotate along different trajectories on
Bloch sphere and with different quantum observable
expectations, then we endevour to design microwave
controller for approximated system and show that this
control leads to wrong results with respect to desired
trajectories. Finally we design Lyapunov control for gen-
eral charge-phase-flux nonlinear circuit which converge
to desired state.

By the Schrödinger equation iℏd|ψ〉
dt

= H|ψ〉 and its

unitary evolution Ut = exp(−i
ℏ

∫ t

0
H(t)dt) then the so-

lution is |ψt〉 = e
−i
ℏ
Ht|ψ0〉 = Ut|ψ0〉 ,let X be a hermi-

tian observable, the evolution of observable at time t is

Xt = U†
tXUt and the mean value of a observable based

on density matrix ρt = |ψt〉〈ψt| is 〈X〉 = Tr(ρtX). The
quantum state on Bloch sphere is |ψ〉 = cos( 12θ)|0〉 +
eiφsin( 12θ)|1〉 where |0〉 and |1〉 are qubit eigenbasis or in

density matrix form as ρt =
1
2

(

1 + z x− iy

x+ iy 1− z

)

, where

(x, y, z) = ~r = (sin(θ)cos(φ), sin(θ)sin(φ), cos(θ)) is vec-
tor on spherical coordinate, in this form the quantum
system is govern by master equation ρ̇t =

i
ℏ
[ρt, H]. The

unitary rotation operator for transition of quantum states
is Urot = Rn̂(α) = e−i

α
2
n̂.~σ = sin(α2 ) − icos(α2 )n̂.~σ with

~σ = σxx̂+σy ŷ+σz ẑ and σx, σy, σz are Pauli matrices and
n̂ = nxx̂+ ny ŷ + nz ẑ is the rotation axis and α = ωqt is
rotation angle, ωq is the angular speed of quantum state
vector on Bloch sphere.

SUPERCONDUCTOR QUBITS EVOLUTION

The fundamental superconductor circuits are depicted
in figure1.
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FIG. 1. Basic superconductor qubits: phase qubit(left), flux
qubit(middle) and charge qubit(right)

Precise Hamiltonian for charge qubit or C-JJ circuit
is [19]: Ĥpre = Ec(n̂ − ng)

2 − EJcos(φ̂), in which phase

operator φ̂ and charge operator n̂ = −iℏ ∂

∂φ̂
satisfy the

commutation relation [φ̂, n̂] = iℏ. Ec = (2e)2/2(C + Cg)
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are the charging energy of one 2e Cooper pair which e is
electron charge,EJ = ℏ

2eIc is Josephson energy, Cg, Ic are
Josephson Junction (JJ) capacitor and Josephson criti-
cal current, and ng = 1

2CgVg/e is the voltage-induced
charge on the capacitor C, and it is the control param-
eter. The approximate hamiltonian with forth order ap-
proximation of cosine term and after second quantization
is Ĥapp = ~ωqa

†a+ β
2 a

†a†aa and resembles a Duffing os-
cillator. The number operator and phase operator for
qubits are set as n̂ = inzpf (a− a†) and φ̂ = φzpf (a+ a†)

where nzpf = (ELJ0
/32Ec)

1

4 and φzpf = (2Ec/ELJ0
)

1

4

are number and phase zero-point-fluctuation and ELJ0
=

ℏ
2/(4e2LJ0). For qubits the creation and annihilation

operators are respectively the raising and lowering lad-
der operators, i.e. a† = σ+, a = σ−. By assumption
Ec >> EJ the Hamiltonian simplifies to[20]: Ĥapp =
Ec(

1
2−ng)σz+

1
2EJσx and then the quantum state evolve

by equation |ψ〉 = e−
it
ℏ
(Ec(

1

2
−ng)σz+

1

2
EJσx)|ψ0〉 which

by comparison to unitary rotation operator, this corre-
sponds to the rotation around an axis on x-z plane on
Bloch sphere as is illustrated on figure2-(a). The simula-
tion of state evolution with exact Hamiltonian is shown
on figure2-(b), however for zero deriving voltage of charge
qubit (JJ-C), the state vector will remain constant to ini-
tial state on the surface of Bloch sphere. In figure2-(c),
the expectation value of a Pauli matrix , i.e. 〈σx〉 is plot-
ted.
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FIG. 2. Charge qubit state transition without external drive
voltage Vg = 1mV, Cg = 0.68fF and EJ = 0.018Ec, Ec =
7.55 × 10−23J: quantum state on Bloch sphere with approx-
imate Hamiltonian (a) and precise Hamiltonian (b) and the
mean value of sates(c)

Phase qubit is depicted in right of figure1 and obeys
the relation[19]: Ĥpre = Ecn̂

2 −EJcos(φ̂)−
ℏ

2eIgφ̂ where
Ig is the control current. The approximate Hamiltonian

is Ĥapp = − 1
2Ecσz+( 12EJ −

ℏ

2eφzpfIg)σx. Simulations of
phase qubit evolution both for approximate and precise
Hamiltonian is depicted in figure3-(a) and figure3-(b) re-
spectively that shows the same result trajectory but the
expectation value of quantum observable 〈σx〉 is com-

pletely different for two Hamiltonian(figure3-(c)).
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FIG. 3. Phase qubit state evolutiopn(EJ = 3.266 × 10−23,
Ec = 10−4EJ , φzpf = 0.0398, Ig = 1mA): state evolution on
Bloch Sphere with approximate Hamiltonian (a) and precise
Hamiltonian (b) and the mean value of sates(c)

Flux qubit (L-JJ) is depicted in middle of figure1

and obeys the relation[19]: Ĥpre = Ecn̂
2 − EJcos(φ̂) +

1
2EL(φ̂ − φe)

2 that EL = ℏ
2/(4e2L) and φe is the con-

trol parameter. Approximate Hamiltonian is Ĥapp =
− 1

2Ecσz+( 12EJ−ELφzpfφe)σx. For approximate Hamil-
tonian, the trajectory of quantum state on Bloch sphere
rotate around z-axis (figure4-(a)) but trajectory rotation
change for precise model of Hamiltonian (figure4-(b)) and
also the expectation 〈σx〉 of both Hamiltonian is different
(figure4-(c)). As we found from this simulations is that
approximating the superconducting qubits lead to wrong
state evolution and considerable error in expectation of
quantum observable.
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FIG. 4. Flux qubitsState transition: State Transition on
Bloch Sphere with Approximate Hamiltonian (Top) and Pre-
cise Hamiltonian (Bottom) and the mean value of sates(c):
EJ = 6.017× 10−23J , Ec = 1.711× 10−23J
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EFFECT ON QUBITS CONTROL

By the equation of Hamiltonian in previous section
it is figured out that by constant control signal, it is
not possible to control quantum state vector over whole
space through rotation of quantum state on three direc-
tion, for example by approximate Hamiltonian of charge
qubit we can control the rotation of state around z-
axis. one approach to overcome this shortage is by mi-
crowave driving oscillator (Rabi driving)[21–24] which
practically produces by arbitrary wave generator (AWG).
Here, we drive the charge qubit by the signal which con-
tains both Rabi drive and non-oscillating dc signal to
fully control the quantum state on three rotation di-
rections, assume the signal as Vg(t) = Vac + Vdc =
V0s(t)sin(ωct + λ) + Vg0 which ωc is control signal fre-
quency, the initial non-rotating frame control hamilto-
nian is Ĥc = −Ecngσz then the Hamiltonian of rotat-

ing part is given by Ĥrf = U†
0kV0s(t)sin(ωct + λ)σzU0

where U0 = e−
it
ℏ
( 1

2
Ecσz+

1

2
EJσx) = e−

i
2
ωztσz− i

2
ωxtσx and

k = (− 1
2eCgEc), multiplication in Ĥrf has sine and co-

sine terms with frequencies ωc− (ωz −ωx) , ωc+ωz +ωx
, ωc + ωz − ωx , ωc − ωz − ωx and since for charge qubit
ωz >> ωx by rotating wave approximation, only first
term is hold and other three fast rotating terms and con-
stant offset can be ignored, then the rf-controlled Hamil-
tonian is:

Ĥrf =
1

8
kV0s(t)(sin(δωt+ λ)σx − 2cos(δωt+ λ)σy

+sin(δωt+ λ)σz)
(1)

which in this equation δω = ωc−(ωz−ωx), if we set δω =
0, only the phase difference between radio frequency
with frequency ωx plays control role and the rf-controlled
Hamiltonian simplifies to Ĥrf = 1

8kV0s(t)(Qσx − 2Iσy +
Qσz) which I = cos(λ), Q = sin(λ), this method is fa-
mous method of IQ-mixer and since by this Hamiltonian
only it is possible to control quantum state in two rota-
tion because every rotation around x-axis lead to same
rotation around z-axis, hence we add constant dc voltage
pulse to change the total control propagator operator to:

Uc(t) = e
−ik
ℏ

(
V0

8
γ(t)Qσx−V0

4
γ(t)Iσy+(

V0

8
γ(t)Q+Vg0t)σz) (2)

γ(t) =
∫ t

0
s(t)dt, for simplicity let set s(t) = 1 and then

γ(t) = t, hence by comparison to rotation propagator
it obtains: ωqnx = 1

4ℏkV0Q,ωqny = − 1
2ℏkV0I, ωqnz =

1
4ℏkV0Q + 2

ℏ
kVg0 then the whole signal parameters are:

λ = tan−1(− 2nx

ny
), V0 =

4ℏωqnx

kQ
, Vg0 =

ℏωq

2k (nz−nx). now,

consider the control signals aid to transit initial quantum
state |ψ0〉 to final quantum state |ψf 〉 at finite time tf ,
one approach is to rotate the initial vector to final vector
around the around the bisector of two unit vectors ~r0, ~rf

by angle ±π, then:
(

n̂

α

)

=

(

~r0+ ~rf
|~r0+ ~rf |
±π

)

(3)

For example, let set the initial and final states

as |ψ0〉 = 1√
5

(

2

−i

)

, |ψf 〉 = 1√
6

(

1

2 + i

)

, then

~r0 = (0,− 4
5 ,

3
5 ), ~rf = ( 23 ,

1
3 ,−

2
3 ) then n̂ =

(0.816,−0.571,−0.0816) and by α = π, tf = 10−12sec, we
obtain : λ = 1.234, V0 = −0.00715, Vg0 = 0.00093, ωc =
703035393816. I mention here that for ωc << (ωz − ωx)
or ωc << (ωz + ωx) , all sine and cosine terms cancel
each other and the qubit state is not controllable by mi-
crowave signal. In figure5 the initial state, final state and
two trajectories of states on Bloch sphere are depicted.
The controller is designed for approximated charge qubit,
then the result of control action on approximated system
along blue trajectory reach to final desired state, but re-
ally the main charge qubit system has nonlinearity which
exist in reality. The result of control signal on this actual
system along red trajectory reach to state |ψP 〉 which
completely has large error to desired final state. At time
tf all control signals are zero and in charge qubit, with-
out control, the quantum state remains at the final state.

 

|𝝍𝒇⟩ 

 

|𝝍𝟎⟩ 
 

𝒏' 

|𝝍𝑷⟩ 

 

FIG. 5. Quantum state control of superconductor charge
qubit: |ψ0〉 is initial state |ψf 〉 is final desired state. Con-
trolled desired trajectory is depicted in Blue. Exerting the
designed controller to main system move trough red trajec-
tory and reach to wrong state |ψP 〉.

with same strategy for phase qubit we can design
controller for approximated system, for this consider
Ĥc = − ℏ

2eφzpfIgσx that as Ig(t) = Iac + Idc =
I0s(t)sin(ωct+ λ) + Ig0, the rf-controlled Hamiltonian as

Ĥrf = U†
0kI0s(t)sin(ωct+λ)σxU0 that here k = − ℏ

2eφzpf

and U0 = e−
it
ℏ
(− 1

2
Ecσz+

1

2
EJσx) = e

i
2
ωztσz− i

2
ωxtσx , with

similar approach to charge qubit, multiplication Ĥrf has
sine and cosine terms with frequencies ωc − (ωx − ωz) ,
ωc + ωx + ωz , ωc + ωx − ωz , ωc − ωx − ωz and since
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for phase qubit ωx >> ωz by rotating wave approxima-
tion, only first term is hold and other three fast rotat-
ing terms and constant offset can be ignored and setting
δω = ωc− (ωx−ωz) = 0, then the rf-controlled Hamilto-
nian is:

Ĥrf =
1

16
kI0s(t)(Qσx − 4Iσy − 4Qσz) (4)

By adding constant dc current pulse to change the total
control propagator operator to:

Uc(t) = e
−ik
ℏ

(
I0
16
γ(t)Qσx− I0

4
γ(t)Iσy+(− I0

4
γ(t)I+Ig0t)σz) (5)

comparing to rotation propagator parameters, it ob-
tains: ωqnx = 1

8ℏkI0Q,ωqny = − 1
2ℏkI0I, ωqnz =

− 1
2ℏkI0Q + 2

ℏ
kIg0 then the whole signal parameters

are: λ = tan−1(− 4nx

ny
), I0 =

8ℏωqnx

kQ
, Ig0 =

ℏωq

2k (nz +

4nx). For example, let set the initial and final states

as |ψ0〉 = 1√
22

(

−2

3− 3i

)

, |ψf 〉 = 1
3

(

2

2− i

)

, then

~r0 = (0.545, 0.545,−0.636), ~rf = ( 89 ,−
4
9 ,−

1
9 ) then n̂ =

(0.414, 0.122,−0.902) and by α = π, tf = 10−12sec, we
obtain : λ = −1.189, I0 = −0.00011, Ig0 = −2.926 ×
10−5, ωc = 309697312116. Figure6 shows the result of
simulations for this selection of initial and final states.
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FIG. 6. Quantum state control of superconductor phase
qubit: |ψ0〉 is initial state |ψf 〉 is final desired state. Con-
trolled desired trajectory is depicted in Blue. Exerting the
designed controller to main system move trough red trajec-
tory and reach to wrong state |ψP 〉.

The flux qubit approximate Hamiltonian is completely
similar to phase qubit approximate Hamiltonian with
this difference that only control derive is flux (phase),
hence by considering Ĥc = −ELφzpfφeσx that as φe(t) =
φac + φdc = φ0s(t)sin(ωct + λ) + φdc, the rf-controlled

Hamiltonian as Ĥrf = U †
0kφ0s(t)sin(ωct + λ)σxU0 in

which U0 = e−
it
ℏ
( 1

2
Ecσz+

1

2
EJσx) = e−

i
2
ωztσz− i

2
ωxtσx and

k = −ELφzpf , by simplification of sine, cosine products,
we will have the frequencies ωc− (ωx−ωz) , ωc+ωx+ωz
, ωc + ωx − ωz , ωc − ωx − ωz and since for flux qubit
ωx > ωz by rotating wave approximation, only first term

is hold and other three fast rotating terms and constant
offset can be ignored and setting δω = ωc−(ωx−ωz) = 0,
then the rf-controlled Hamiltonian is:

Ĥrf =
1

16
kφ0s(t)(Qσx − 4Iσy − 4Qσz) (6)

By adding constant dc flux pulse to change the total con-
trol propagator operator to:

Uc(t) = e
−ik
ℏ

(
φ0

16
γ(t)Qσx−φ0

4
γ(t)Iσy+(−φ0

4
γ(t)I+φdct)σz) (7)

the whole signal parameters are: λ =
tan−1(− 4nx

ny
), φ0 =

8ℏωqnx

kQ
, φdc =

ℏωq

2k (nz + 4nx).

For example, let set the initial and final states

as |ψ0〉 = 1√
2

(

−1

i

)

, |ψf 〉 = 1√
69

(

2

1 + 8i

)

, then

~r0 = (0,−1, 0), ~rf = (0.058, 0.463,−0.884) then
n̂ = (0.056,−0.517,−0.853) and by α = π, tf = 10−12sec,
we obtain : λ = 1.0122, φ0 = −19.162, φdc =
−3.554, ωc = 408312678393.
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FIG. 7. Quantum state control of superconductor flux qubit:
|ψ0〉 is initial state |ψf 〉 is final desired state. Controlled de-
sired trajectory is depicted in Blue. Exerting the designed
controller to main system move trough red trajectory and
reach to wrong state |ψP 〉.

As it is illustrated in figure7, the controller rotate ini-
tial state several times and finally stop to wrong position
with respect to desired final state.

L-C-JJ QUBIT CONTROL

Let compute the master equation for a charge-phase-
flux qubit (parallel L-JJ-C circuit) for analysis and con-
trol purpose, the general controlled Hamiltonian is:

H = Ec(n̂−ng)
2−EJcos(φ̂)+

1

2
EL(φ̂−φe)

2−
ℏ

2e
Igφ̂ (8)

let in first formulation get all of control signals in this
charge-phase-flux qubit, by using ng = 1

2Cg/eV (t), φe =

φ(t), Ig = I(t), and with φ̂ = φzpfσx, n̂ = nzpfσy , after
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computing the master equation, the following bi-linear
differential equations arise:

ẋ(t) = −
nzpf

2eℏ EcCgV (t)z(t)

ẏ(t) = φzpf (
2
ℏ
ELφ(t) +

1
e
I(t))z(t)

ż(t) =
nzpf

2eℏ EcCgV (t)x(t)− φzpf (
2
ℏ
ELφ(t) +

1
e
I(t))y(t)

(9)
It found by this equation that in absence of external

voltage, current or flux, the system for all time remain
to initial state. Also, it is clear that for full control of
states, it only needs control voltage V (t) and one of
the flux signal or current signal. let us set the external
control flux signal be zero and controlling the system
based on V (t), I(t). Equilibrium state is a state at
which without control signals, system relax. For this
system, all points are an equilibrium state. A control
method for general quantum nonlinear systems is the
Lyapunov function[4, 25, 26]. In Lyapunov method,
must find a positive definite scalar function and control
signals must be selected such that the time derivative
of Lyapunov function be negative definite, in this
situation, it grantees that the initial state stabilizes
toward a desired state. Let (xf , yf , zf ) be the final
state and ~e = (xt − xf , yt − yf , zt − zf ) be the error
between state and final state, define the Lyapunov
function as Euclidean norm of error γ(~e) = 1

2 |~e|
2, hence:

γ̇(~e) = ~̇e~eT = ẋt(xt−xf )+ẏt(yt−yf )+żt(zt−zf ), then by
this and equation9 and setting φt = 0, it obtains: γ̇(~e) =

− 1
2eℏnzpfEcCgV (t)(xtzf −xfzt)−

φzpf

e
I(t)(yfzt− ytzf ),

then by selecting the linear control voltage as
V (t) = 2αeℏ

EcnzpfCg
(xtzf − xfzt) and linear control

current as I(t) = βe
φzpf

(yfzt − ytzf ) for α, β > 0 then

γ̇(~e) = −α(xtzf−xfzt)
2−β(yfzt−ytzf )

2 < 0 and the L-
C-JJ qubit state will converge to final state and stabilizes.
Simulations for initial state ~r0 = (4/9,−8/9,−1/9)and
final desired state ~rf = (0, 0, 1) is depicted in figure8-(a).
This simulation has 20000 samples and dt = 1µsec,
α = 1

5β = 1× 1010. As it figure out from figure8-(b), the
voltage control is of order µv and the current control
has order of nA. I mention that Lyapunov control
guarantee to reach to desired state, however it does not
consider the control performance criteria, hence for this
aid other control methods such as quantum optimal
control or quantum reinforcement learning control can
be developed.
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Figures

Figure 1

Basic superconductor qubits: phase qubit(left), flux qubit(middle) and charge qubit(right)

Figure 2

Charge qubit state transition without external drive voltage Vg = 1mV, Cg = 0.68fF and EJ = 0.018Ec, Ec =
7.55×10−23J: quantum state on Bloch sphere with approximate Hamiltonian (a) and precise Hamiltonian



(b) and the mean value of sates(c)

Figure 3

Phase qubit state evolutiopn(EJ = 3.266 × 10−23, Ec = 10−4EJ, φzpf = 0.0398, Ig = 1mA): state evolution
on Bloch Sphere with approximate Hamiltonian (a) and precise Hamiltonian (b) and the mean value of
sates(c)



Figure 4

Flux qubitsState transition: State Transition on Bloch Sphere with Approximate Hamiltonian (Top) and
Precise Hamiltonian (Bottom) and the mean value of sates(c): EJ = 6.017×10−23J , Ec = 1.711×10−23J



Figure 5

Quantum state control of superconductor charge qubit: |ψ0i is initial state |ψ� is final desired state.
Controlled desired trajectory is depicted in Blue. Exerting the designed controller to main system move
trough red trajectory and reach to wrong state |ψP>.



Figure 6

Quantum state control of superconductor phase qubit: |ψ0> is initial state |ψf > is final desired state.
Controlled desired trajectory is depicted in Blue. Exerting the designed controller to main system move
trough red trajectory and reach to wrong state |ψP>.



Figure 7

Quantum state control of superconductor flux qubit: |ψ0> is initial state |ψf> is final desired state.
Controlled desired trajectory is depicted in Blue. Exerting the designed controller to main system move
trough red trajectory and reach to wrong state |ψP>.
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