
Failure of Inhibition Provides Transition From
Population-Scale Computation to Focal Seizure
Graham Smith 

The University of Chicago
Jack Cowan 

The University of Chicago
Stephanie Palmer 

The University of Chicago
Wim Drongelen  (  wvandrongelen@peds.bsd.uchicago.edu )

The University of Chicago

Research Article

Keywords: seizure, focal epilepsy, failure of inhibition, depolarization block, population model

Posted Date: April 1st, 2022

DOI: https://doi.org/10.21203/rs.3.rs-1502929/v1

License:   This work is licensed under a Creative Commons Attribution 4.0 International License.  
Read Full License

https://doi.org/10.21203/rs.3.rs-1502929/v1
mailto:wvandrongelen@peds.bsd.uchicago.edu
https://doi.org/10.21203/rs.3.rs-1502929/v1
https://creativecommons.org/licenses/by/4.0/


Springer Nature 2021 LATEX template

Failure of Inhibition Provides Transition

From Population-Scale Computation to Focal

Seizure

Graham Smith1,2, Jack Cowan1,3, Stephanie Palmer1,4,5

and Wim van Drongelen1,2*

1*Committee on Computational Neuroscience, The University of
Chicago, 5812 S. Ellis Ave., Chicago, 60637, Illinois, United States.
2Section on Pediatric Neurology, The University of Chicago, 5721

S. Maryland Ave., Chicago, 60637, Illinois, United States.
3Department of Mathematics, The University of Chicago, 5734 S.

University Ave., Chicago, 60637, Illinois, United States.
4Department of Organismal Biology, The University of Chicago,

1027 E. 57th St., Chicago, 60637, Illinois, United States.
5Department of Physics, The University of Chicago, 5720 S. Ellis

Ave., Chicago, 60637, Illinois, United States.

*Corresponding author(s). E-mail(s):
wvandrongelen@peds.bsd.uchicago.edu;

Contributing authors: grahams@uchicago.edu;
cowan@math.uchicago.edu; sepalmer@uchicago.edu;

Abstract

Focal seizures begin in the epileptogenic zone (EZ), a theoretical concept
that evades practical identification and definition. Recently researchers
have considered the more experimentally tractable “core” to elucidate
the origins and behaviors of focal seizures. This millimeter-scale core is
recruited by a wavefront of hyper-excitatory activity, in which inhibitory
neurons fail to fire despite supra-threshold excitation. Herein we argue
that the same failure of inhibition (FoI) as in the focal core may be
critical to a theoretical understanding of the EZ. In contrast, most mod-
els of neural population activity have assumed that with increasing
pre-synaptic input, population activity only increases. Two population
models have recently made the critical step to account for FoI, with
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2 Failure of Inhibition

substantial success in modeling data from focal seizures. We provide a
first-principles derivation from a single neuron model to a novel popula-
tion model analogous to prior models. We show that our model fits as
well or better than prior ad hoc FoI models on synthetic neural input-
response data. We motivate the tristability of our model: having states
of rest, functional activity, and pathological seizure. By analysing the
transitions between these states, we can characterize seizure suscepti-
bility and rescuability relative to functional excitability and stability.
Thus, by relating a drug’s mechanism of action to our model parame-
ters, our model can predict not only its nuanced effect on focal seizure,
but also its effect on functional activity. The balance of these two effects
is a key consideration in the clinical feasibility of an anti-epileptic drug.

Keywords: seizure, focal epilepsy, failure of inhibition, depolarization block,
population model

1 Introduction

Epilepsy—a disease affecting more than 0.6% of the global population (Beghi
et al, 2019)—is defined by repeated seizures, which consist in runaway neural
population activation. Despite that simple generalization, seizures are hetero-
geneous, broadly categorized into focal or generalized, and even more finely
subcategorized due to a range of clinical and electrophysiological expressions.
The concern of this paper is the focal seizure, which is defined by a spatially
localized onset, theoretically the epileptogenic zone (EZ). The EZ has a sur-
gical definition as the minimal area needed to be resected to rescue seizures
(Jehi, 2018; Lüders et al, 2006; Andrews et al, 2020). However, one can never
truly know if the resection was “minimal” and so in practice the EZ remains
elusive, so researchers and clinicians pursue other, more practical, concepts
more suited for their own goals. With the goal of treatment and preference for
minimally invasive tools, clinicians investigate the seizure onset zone (SOZ),
which is defined as the area recorded by the first electrode to detect seizure
activity. With the goal of understanding and with much more invasive tools at
their disposal, researchers have recently identified a “focal core,” characterized
by intense spiking activity and by decreased inhibitory spiking (Schevon et al,
2012). In this paper, we will focus on this latter concept of a focal core. We
will use the addition of this decreased inhibitory spiking—modeled by failure
of inhibition (FoI)—to show how the cortex underlying a focal core can sup-
port both functional computation and seizure, to explain why focal seizures
are not easily rescued by long-range homeostatic mechanisms, and finally we
will use that insight to argue that FoI may be a necessary feature of an EZ in
some focal seizures.

A near universal criterion for the focal core is persistent hyper-excitation.
Additionally, mounting evidence points to a key factor in the seizure core’s
hyper-excitation: a local decrease in inhibitory activity (Meijer et al, 2015).
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Most likely, this decrease in inhibition is actually a failure of inhibition (FoI),
meaning that the inhibitory cells are receiving supra-threshold input currents,
yet failing to fire. Researchers debate the underlying cause, but a leading
hypothesis is depolarization block (DB), which occurs when sustained input to
a neuron creates an ion gradient that does not allow sodium channels to reset
after action potentials, thus blocking future action potentials even in the pres-
ence of supra-threshold input (Bianchi et al, 2012; Kim and Nykamp, 2017,
2014; Meijer et al, 2015). DB preferentially affects inhibitory neurons, as mod-
eling shows that smaller neurons such as many inhibitory neurons have lower
DB thresholds (cf. Fig. 1a, reproduced from Tryba et al, 2019). From this pref-
erential effect, a seizure follows logically: if inhibitory neurons are the brakes
on neural activity and excitatory neurons are the accelerators, FoI cuts those
brakes while leaving the accelerators running, and so excitatory activity grows
beyond control. Note that this failure need not (and does not) occur in the
larger area of seizing cortex (the penumbra): most seizing cortex oscillates due
to local interactions between excitation and inhibition, driven by long-range
input from the focal seizing core (Schevon et al, 2012). Herein we will focus
on this seizing core exclusively, modeling its behavior in the face of failing
inhibition.

To model the focal core, then, we need a population model that mod-
els FoI. However, nearly all existing population models make the simplifying
assumption that neural populations respond monotonically to input current
(e.g. Wilson and Cowan, 1972). For normal physiological activity, this is usually
a valid assumption (though see Bianchi et al, 2012, for a physiological counter-
example), but not in pathological high-input cases where phenomena like DB
are possible. Two recent papers have proposed substitutions for the monotonic
input-response function: one a Gaussian (Meijer et al, 2015), one a product of
two sigmoids (Kim and Nykamp, 2017). Here for the first time we provide a
derivation from first principles for a similar FoI population model, hence with
population parameters directly rooted in neuron-level electrophysiology.

Given this model of the focal core, seizures are clear: they are activity
states with high excitation and near-zero inhibition. A potentially epileptic
system, then, must have a stable seizure state. Past works typically stopped
here, establishing an epileptic binary: a model was epileptic if it has a sta-
ble seizure state and non-epileptic if it did not (e.g. Meijer et al, 2015; Kim
and Nykamp, 2017). We argue to nuance this epileptic binary: First, we pro-
pose investigation of both seizure susceptibility and rescuability, to establish
a gradient of “epilepticness.” While such a gradient is obvious at the level
of clinical observation, it is not a priori obvious that the gradient exists at
the level of the focal core, as our model predicts. Second, we explicitly name
qualitative difference in rescuability to explain FoI in focal seizures, thus giv-
ing explicit logical justification for distinguishing between hyper-exited states
with and without FoI. We argue that this reasoning strongly suggests that FoI
would be present in at least one kind of EZ. Finally, we argue for the study
of a subset of our models that are tristable, capable of both population-level
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Fig. 1 In silico and in vivo failures to fire. Left, a simulation of Hodkgin-Huxley model
neurons with a putative excitatory neuron (i.e. large), top black, and a putative inhibitory
neuron (i.e. small), middle red, both firing in response to the same input current, bottom blue.
In response to increasing input, the excitatory neuron shows a monotonically increasing firing
rate, with only minor to spike amplitude adaptation. In contrast, in response to the same
input, the inhibitory neuron first increases firing rate, but finally fails to fire. Neuron sizes
are diameters in meters. Left panel reprinted with permission from Tryba et al (2019) Right,
experimentally recorded firing rate (FRI) plotted against low-frequency local field potential
(L-LFP, an analogue of input current) shows that for sufficiently high input current, firing
rate decreases. The data cannot distinguish between excitatory and inhibitory spikes, so the
FRI includes both kinds of spikes. Right panel reprinted with permission from Meijer et al
(2015).

functional computation (characterized by the existence of distinct physiologi-
cal rest and activity states) and seizure. These tristable models allow for the
possibility that epileptic cortical populations can function normally when not
seizing without the need for any wholesale shift in neural parameters (compare
to Saggio et al, 2020). Further, a tristable model can quantify seizure interven-
tions (such as anti-epileptic drugs, AEDs) in terms of not only their potential
to prevent and rescue seizure, but also in terms of their relative impact on
cortical function, a critical clinical consideration.

2 Results

Our results come from a population model nearly identical to the WCM except
in its inhibitory nonlinearity, just like two past models (Kim and Nykamp,
2017; Meijer et al, 2015) However, unlike past models, we show how to derive
our model in the same vein as the original WCM. To begin, we want to show
that our model is consistent with experimental recordings of focal seizure core
electrophysiology, and also that our model fits simple test data at least as well
as prior FoI models.
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2.1 Derived model consistent with prior work

Figure 1 (right panel) displays a key hallmark of an FoI input-response curve:
plateaus in response where small changes in input do not change the response,
suggestive of saturation. The first, higher plateau indicates normal saturation:
no more cells can be recruited. The second, lower plateau indicates satu-
ration of the excitatory population combined with failure of the inhibitory
population. Logically, these plateaus should exist: the first is a safety margin
for physiological activity, and also has been noted by researchers for decades
(e.g. Wilson and Cowan, 1972). The second follows if FoI truly preferentially
affects inhibitory neurons: once the inhibition cuts out, all that remains are
the already-maximally-firing excitatory neurons. The evidence for the prefer-
ential effect of FoI can be seen in the left panel of Fig. 1: Hodgkin-Huxley
simulated neurons show a point in ramping input where inhibitory neurons
fail to fire but excitatory cells continue (Meijer et al, 2015). Note also that the
difference in plateau heights in the right figure is a 20% reduction, suggestive
of the usually assumed inhibitory cell prevalence of 20%.

In Fig. 2 we see that our model exhibits such plateaus. This sharply con-
trasts another mechanism for “paradoxical” input-response, supersaturation,
which does not plateau, but rather coincides with a decrease in excitatory
activity (until excitatory activity can decrease no further, at which point
inhibitory activity increases) (Sanzeni et al, 2020).

Another feature of Fig. 1b is the asymmetry of the left and right slopes.
Unlike the plateaus, this is not a necessary feature (given our lack of under-
standing of the underlying distribution of failure thresholds). However, it is
what we empirically observed and we had no a priori reason not to expect
asymmetry. So, in comparison to a model with a necessarily-symmetric Gaus-
sian nonlinearity, we consider it a mark in favor of our model that our model
does fit asymmetric input-response curves.

Generally Fig. 2 illustrates that our model fits potentially-asymmetric and
potentially-plateauing input-response functions better than a model with a
Gaussian nonlinearity and just as well as one with a product-of-sigmoids
nonlinearity.

2.2 Seizures in phase space

At its most basic, a seizure is heightened neural activity that is not immediately
controlled with pathological consequences. Within a neural population model,
unitless and lacking clinical consequence, it can be hard to distinguish between
heightened activity states that are computational versus epileptic. In general,
this would need careful fitting of model parameters to biological analogues and
resulting electrophysiology. However, in our particular case of focal seizures
with failure of inhibition, we can be more categorical: we can find states that
a) have minimal inhibition compared to excitation and b) are qualitatively
more difficult to rescue.
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Fig. 2 Comparing model fits of synthetic data. Sigmoids fit data qualitatively better
than a Gaussian when either 1) ∆µ = µfail − µfire is large relative to either σfire or σfail

(i.e. the curve plateaus), or 2) when σfail ̸= σfire (i.e. the curve is asymmetric). A,B,C,
Input response curves (solid black) generated by sampling neurons’ firing and failing thresh-
olds from “fire-then-fail”-constrained Gaussian distributions. Each input-response curve was
generated analogous to Figure 5: 1000 binary neurons were created by drawing firing and
failing thresholds from normal distributions, θfire ∼ N (µfire, σfire) and θfail ∼ N (µfail, σfail).
Then any neurons with θfail ≤ θfire were discarded and resampled to enforce the biophysical
constraint θfire < θfail. The dashed lines indicate the best fit by either difference-of-sigmoids
(DoS, dashed blue) or Gaussian (Gauss, dashed orange) models. Note that DoS model over-
laps both the ground truth and product-of-sigmoids model (latter not shown). Titles indicate
sample statistics of the “fire-then-fail”-constrained Gaussian distributions. D Mean squared
error (MSE) of fits to input-response curves as a function of difference ∆µ between sample
means of the underlying on and off threshold distributions, and superimposed linear fits of
MSE vs ∆µ. Shading indicates 95% confidence interval (barely wider than line). Statistics not
indicated by subplot titles, A,B,C: σfail = 0.04. A: RMSEGauss = 0.10, RMSEDoS = 0.005.
B: RMSEGauss = 0.13, RMSEDoS = 0.003. C: RMSEGauss = 0.06, RMSEDoS = 0.007. D:
µfire = 0, µfail ∈ [0.5, 1.0], and both σ∗ ∈ [0.04, 0.24].

A nuance of focal seizures is that they involve a propagation of height-
ened neural activity—a traveling wave. Traveling waves are not possible in
point-models like the one described herein, as traveling requires spatial extent.
However, following Harris and Ermentrout (Harris and Ermentrout, 2018) we
can imagine our point-model as space-clamped; meaning, our single point rep-
resents activity that is constant across some spatial extent. Since a traveling
wave is a transition from one space-clamped state to another, we can imagine
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a transition between fixed points in our model as a traveling wave. An addi-
tional nuance is that traveling waves in focal seizures tend to be solitary waves
(leaving refractory cortex in their wake) rather than wavefronts (leaving still-
pathologically-heightened activity in their wake) (Schevon et al, 2012). We
note that regardless of the mechanisms for this refraction, the seizure will not
cease until the wave itself is controlled, be it solitary or wavefront. So we are
concerned with the state that constitutes the peak of the wave, which we call
the seizure state.

We quantify states in two ways: first, simply by excitatory activity (E).
Second, by a metric we call the “seizure index” (SI). Since we are concerned
only with focal seizures, we want our seizure index to capture the contrast
between excitatory activity and inhibitory activity. Since in addition to high
contrast, seizures have high excitatory activity, we further weight this contrast
by the maximal population activity.

SI =
E − I

E + I
max(E, I) (1)

This index varies between −1 and 1, where SI = −1 corresponds to complete
failure of excitation with strong inhibition (impossible in our model without
external stimulation); SI = 0 corresponds to balanced excitation and inhibi-
tion; and SI = 1 corresponds to complete failure of inhibition with strong
excitation.

For focal seizures in particular, literature shows that the core activity con-
sists in heightened excitatory activity and depressed inhibitory activity (plus
penumbral oscillations which here we disregard) (Meijer et al, 2015). So a
seizure state is a high-SI state, which occur most ideally along the E-axis of
the phase space. For our search, consider Figure 3. We can discount the sta-
ble point near (on) the origin: this is a rest state with both low-E and low-SI,
so is certainly not a seizure state. The FoI model (right panel) has a high-E,
high-SI fixed point on the E-axis, at the intersection of the final arms of both
the E- and I-nullclines. We will refer to this as a final-arm seizure state. For
this same parameterization, the purely-firing model (left panel) has no other
stable fixed point on or near the E-axis. In general, purely-firing systems only
have another stable fixed point on the E-axis if the I-nullcline (dashed red)
shifts so that the third arm of the E-nullcline (solid blue) intersects on the first
arm of the I-nullcline (before rising). This is a high-SI state, so purely on the
basis of electrophysiology, we might consider such a state to be seizure. We
will refer to it as a first-arm seizure state. We will argue in the next section
that first-arm and final-arm seizure states are fundamentally different, and
that first-arm seizure states may not even be seizures, even though the states
in isolation may appear identical.

In sum, we will refer to stable states near the origin as rest states; stable
(or limit cycle) states on the second arm of the I-nullcline as active states
(upward dashed red); stable non-zero-E states on the first arm of the FoI
or purely-firing I-nullcline as first-arm seizure states (horizontal dashed red);
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stable states on the final arm of the FoI I-nullcline as final-arm seizure states
(horizontal dashed red); and stable states between active and final-arm seizure
states as either high-active states or quasi-seizure states.

2.3 Epileptic systems

An epileptic system is one that can transition to a seizure state. Traditionally
this includes slow parameter transformations of the entire phase space (Saggio
et al, 2020), but we will only concern ourselves with transitions within a phase
space, and so only call a system epileptic if it has a seizure state in its phase
space (e.g. Fig 3 right panel). We do not claim this applies to all or even
most epilepsies. This is possible because we restrict ourselves to focal epilepsy
and our FoI model of focal epilepsy permits both computation and seizure
within the same system. Thus, within a single fixed system, we can model
epileptic systems (foci) that function normally until seizing in response to
electrophysiological stimulus. As with seizure states, we refer to two broad
categories of epileptic systems: first-arm and final-arm.

The first-arm epileptic system can arise from either FoI or purely-firing
models. It can only be bistable, and specifically has a rest state in addition to
the eponymous first-arm seizure state. In these systems, the E-support of the
E-nullcline is a subset of the E-support of the first arm of the I-nullcline. Con-
sequently the E-nullcline cannot intersect with the I-nullcline on any arm but
the first. Thus the fixed points of a first-arm epileptic system are independent
of whether the underlying model includes FoI.

In contrast, a final-arm epileptic system must include FoI, because the
final arm of the I-nullcline only returns to the E-axis given FoI (as in Fig. 4,
right panel). Final-arm epileptic systems have a rest state, a final-arm seizure
state, and up to two active stable states, and so they are bistable, tristable, or
tetrastable. Since a bistable final-arm epileptic system has a rest state, it may
be functional at a sub-population scale. A tristable system could add to the
bistable system either an active state or a high-active state. The active state
has somewhat balanced E and I activity and so transitions between it and the
rest state could be involved in population-scale computation (e.g. Sanzeni et al,
2020, inhibition stabilized networks). The high-active state has as much E-
activity as the seizure state, but with inhibition still mostly or entirely intact,
and so could correspond to a herald spike, which have comparable amplitude
to the seizure itself, but have brief duration (de Curtis and Avanzini, 2001).
A tetrastable system has both active and high-active states.

These final-arm epileptic systems depend strongly on FoI. In all cases, a
final-arm seizure state cannot exist without FoI, and moreover, the number of
stable states may change based on the inclusion of FoI, as any high-active and
final-arm seizure states will collapse into a single fixed point in the absence of
FoI (cf. Fig. 4). A bistable FoI-system will still be a bistable system without
FoI, but the seizure state will become a high-active state. A tristable FoI-
system with a high-active state will become a bistable system, seeing its high-
active and seizure states collapse into a single high-active state. An tristable
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FoI-system with an active state without FoI will become a tristable purely-
firing-system with both an active and a high-active state. A tetrastable FoI-
system will also become a tristable system without FoI, where its high-active
and seizure states collapse into a single high-active state. In all cases the rest
state remains unchanged with or without FoI.

2.4 Focal seizures are rooted in failure of inhibition

The qualitative difference in rescuability between first-arm and final-arm
seizure states makes a strong argument that intractable focal epilepsies may
be rooted in FoI. While high-SI states congruent with the high-E, low-I elec-
trophysiology do exist in first-arm epileptic systems even in the absence of FoI,
systems in these seemingly-epileptic states can be returned to rest by straight-
forward external drive to the inhibitory population (say by a homeostatic
mechanism). The same is not true of final-arm seizure states.

Not all perturbations are created biophysically equal. We assume our model
encompasses the local network, with the standard assumption that non-local
connections are exclusively excitatory1—therefore, only excitatory perturba-
tions are biophysically reasonable 2 Without FoI, excitatory perturbations
corresponds to perturbations up and to the right, and this works perfectly to
rescue either the high-active or the first-arm seizure state: excite the inhibitory
population (upward perturbation), and the increased I will cause local inhi-
bition leading to E decreasing (up-and-to-the-left result), and so the seizure
is rescued. However, with FoI, we cannot always perturb upward. Wherever
inhibition is failing, we can only perturb rightward and downward, because
exciting the inhibitory population will cause inhibitory activity to decrease.
In particular, the final-arm seizure state has undergone a complete failure of
inhibition, so I cannot be perturbed. Thus, the final-arm seizure state cannot
be rescued.3

2.5 Tristable systems model functional, yet epileptic,

cortex

Models often omit that epileptic cortex should probably function when not
seizing. They may incidentally account for sub-population-scale computation
by virtue of having a non-seizing stable state, but population-scale compu-
tations are known (Harris and Ermentrout, 2018; Muller et al, 2016; Rapela,
2018; Sato et al, 2012), and these computations are thus far unaccounted
for in seizure modeling. To account for these, we are interested in tristable

1Experiments suggest up to 0.5% of long-range projections are inhibitory (Tamamaki and
Tomioka, 2010)

2A caveat: other perturbations are allowed if and only if we assume there was already a non-
zero external input. In that case, we can effect a negative perturbation by decreasing that external
input. However, we are attempting to model the seizure core; if it is only seizing due to an external
stimulus, and stops when that external stimulus stops, then this it is not self-sustaining, and so is
not the core of interest. This does not exclude the possibility of other, more distributed seizures,
merely sets them aside for the purposes of this paper.

3Another interesting caveat occurs in the ultra-high excitation case when excitatory cells might
fail.
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Fig. 3 FoI adds seizure state to otherwise identical models These example phase
spaces characterize models differing only in the inhibitory population’s nonlinearity, either
purely firing, left, or firing and then failing, right. While the standard WCM model has a
highly excited stable state (left panel, right-most circle), only with the addition of FoI do
we find a stable state with high excitation and low inhibition. Moreover, in the standard
WCM, due to the monotonicity of the inhibitory nullcline (red dashes), no high-E/low-I
stable state can coexist with any stable state with even moderate inhibitory activity (such
as exists in an inhibition stabilized network in Sanzeni et al, 2020). Excitatory nullcline,
solid blue, inhibitory nullcline, dashed red. Stable fixed points, circles; unstable fixed points,
crosses. Both panels: AEE = 17, AEI = 9, AIE = 19, AII = 4, θEfire = 1.5, θIfire = 4.
Right panel: θI fail = 8

(or tetrastable) models, so that state change can serve a function other than
seizure. In exploring the parameter space of our FoI model, we find many
tristable systems with rest, active, and seizure states, as well as tetrastable
systems with a high-active state.

These systems can model the joint effect of epilepsy treatment on both
the seizure state and the active state. Consider Figure 4, which depicts an
epileptic system before and after a treatment by a hypothetical anti-epileptic
drug (AED). The hypothetical AED acts to reduce the efficacy with which
the excitatory population drives the inhibitory population, a counterintuitive
treatment that only makes sense in light of FoI (Liou et al, 2020). The pri-
mary effect of this treatment is to shift the inhibitory nullcline rightward (the
nullcline’s shape also changes slightly). This increases the seizure threshold
substantially, but also increases the average amplitude of the limit cycle (as well
as changing the frequency slightly). Additionally, perhaps the seizure state’s
being closer to the separatrix would make it easier to rescue, by whatever
means the brain may use. In concrete effect, though, the system is substan-
tially less susceptible to seizure due to perturbations from rest, slightly less
susceptible to seizures due to perturbations from its active state, its active
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Fig. 4 Excitation of inhibitory cells (AIE) nonlinearly modulates seizure sus-
ceptibility and rescuability. By decreasing AIE from the left to right panel, we remake
the seizure profile of the model. The models share three fixed-points of interest: rest (low-
E/low-I), active (moderate-E/moderate-I), and seizure (high-E/zero-I), and the FoI model
has additionally a stable high-E/high-I fixed-point (one might consider this high-E state a
candidate for herald spikes, cf. de Curtis and Avanzini, 2001). The higher AIE seizure state is
further from the physiological active regime, meaning rescuing the seizure will require more
external activity modulation. Excitatory nullcline, solid blue, inhibitory nullcline, dashed

red. Fixed points indicated stable, circles, or unstable, crosses. Both panels: AEE = 19,
AEI = 13, AII = 6, θE,fire = 1.5, θI,fire = 4, θI,fail = 8.

state operates at a higher activity level and reduced frequency, and the system
may be disposed to inter-ictal spikes.

How could we then improve on this treatment? By decreasing AIE a bit
further, we could eliminate the seizure state entirely, but we also risk elimi-
nating the active state, and thus compromising cortical function. We would
rather either a) move the right-hand slope of the I-nullcline further right, inde-
pendent of the left-hand slope, or b) move the final arm of the E-nullcline
further right, independently of the middle arm. Both of these changes are pos-
sible. The right-hand slope of the I-nullcline depends on the failure threshold
of FoI, so any AED that could increase this independently of the firing thresh-
old would theoretically treat epilepsy with far less effect on cortical function.
The E-nullcline final arm can be targeted through the excitability of the E
population, though not truly independently of the middle arm.

3 Methods

3.1 Deriving populations from single cells

Like the preceding works (Meijer et al, 2015; Kim and Nykamp, 2017), our
model will be a modified WCM. In keeping with WCM (Wilson and Cowan,
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1972), our derivation will begins with a single neuron modelled as a binary
switch, but with a modification for for the inhibitory neurons.

3.1.1 Single cell model

Wilson and Cowan (Wilson and Cowan, 1972) used a binary switch as their
single cell model. To incorporate failure of inhibition, we similarly use a binary-
state neuron, but with two switches: the original onset (firing), and a new
offset (failing). Since we are only concerned with failure of inhibition here, we
keep the original single-switch for the excitatory model neuron, so that the
excitatory population dynamics are precisely as in the WCM. What follows is
our derivation for the inhibitory population only.

Wilson and Cowan let Dfire be the distribution of firing thresholds. To
obtain a sigmoid, they assumed Dfire is unimodal. Analogously, we let Dfail

be the distribution of thresholds at which firing fails, also unimodal, with
the additional biophysical fire-then-fail assumption that for a given neuron, i,

θ
(i)
fire < θ

(i)
fail. If a cell would fail before firing, then we contend more has gone

wrong than we are interested in modeling. The first row of figure 5 illustrates
this construction.

3.1.2 Population averaging

Next, we average over these distributions, but first take step back to under-
stand the meaning of their average. Originally, Wilson and Cowan wrote:
S(x) =

∫ x

0
Dfire(θ) d θ. This finds the proportion of neurons firing when the

population recieves input x by finding the proportion of neurons with thresh-
old less than x. In our case, then, we need to find the proportion of neurons
with θfire < x < θfail. To start, we can count the number of neurons with

θ
(i)
fire < x, most simply

∑Nneuron

i=1 1[θ
(i)
fire < x]/Nneuron, where 1 is the indicator

function. However, rather than counting by neuron, we can count by thresh-
old, namely

∫ x

0
Dfire(θ) d θ, which we know has sigmoid shape. Similarly the

number of neurons with θfail < x is
∫ x

0
Dfail(θ) d θ. Our biophysical “fire-then-

fail” assumption that ∀i : θ
(i)
fire < θ

(i)
fail, gives us that the neurons in the second

quantity were included in the first quantity, so we can simply subtract them.
Thus

S(x) =

∫ x

0

Dfire(θ) d θ−

∫ x

0

Dfail(θ) d θ (2)

= Son −Soff .

Again given our fire-then-fail assumption ∀i : θ
(i)
fire < θ

(i)
fail, we know S is a func-

tion taking values between 0 and 1 that starts asymptotically at zero, before
approaching some maximum as a sigmoid-like function, and then returning to
zero asymptotically. Note that in the (likely) case that the distributions do not
overlap (i.e. Dfire Dfail ≈ 0 everywhere) the maximum the function approaches
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Fig. 5 Sketch of nonlinearity derivation for a purely firing population, left, and
for a population that also fails, right. Top, example binary switch neuron, either only
firing as in the WCM left or with failure at high input right. Middle, superimposition of many
neurons with their thresholds drawn from Gaussian distributions. Bottom, firing response
curves curves. The proportion of neurons firing as function of input current, i.e. the average
of the middle row. When the neurons only fire, the firing response is a sigmoid as in WCM
(left). With failure, the firing response is the difference between two sigmoids (right). This
is as seen in the second figure of Meijer et al (2015), differing in that we take the average
and then approximate the sigmoidal sides by logistic functions, rather than approximating
the whole shape by a Gaussian.

is 1. For simplicity, we assume this to be the case, which equates to assuming
that few cells have a firing threshold greater than the least failure threshold.

To follow the original choice by Wilson and Cowan (1972), and for com-
putational efficiency, we approximate Son and Soff as logistic functions, so
that S is a difference-of-sigmoids (DoS) with four parameters. Throughout, we
will use the logistic function as our sigmoid, but as in Wilson & Cowan, the
results will hold similarly for any choice of sigmoid. We show in Fig. 2 that
this choice of sigmoid fits theoretical firing responses well, when the firing and
failing thresholds are considered to be sampled from two normal distributions
constrained by the fire-then-fail assumption.

Thus we define the input-response functions of the excitatory and
inhibitory populations as

SE(u) = (1 + exp(−aE(u− θE)))
−1

SI(u) = (1 + exp(−aI(u− θI)))
−1
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symbol description value (E, I)
τ time constant (7.8, 34.32)

Ai,j connectivity strength, j → i varied
P stimulus 0
a firing onset sigmoid slope 5
θ firing onset mean threshold (1.5, 4)

afail failure sigmoid slope 5
θfail failure threshold 8

Table 1 Description of model parameters and example values The time constants
were taken from (Sanzeni et al, 2020). The sigmoid slopes were chosen both to have high
gain (Harris and Ermentrout, 2018) within the range of connectivity strengths tested, and
to avoid potential problems of interpretation due to overlapping distributions of on and off
thresholds. The onset thresholds were chosen in line with (Harris and Ermentrout, 2018;
Cowan et al, 2016), though in contrast with (Meijer et al, 2015). The offset threshold was
chosen to be sufficiently larger than the onset thresholds such that the underlying
threshold distributions would not overlap.

− (1 + exp(−afail(u− θfail)))
−1

Our definition of SI constitutes the only difference between our model and
the original WCM. SE and the rest of the model are as in the original WCM;
see Wilson and Cowan (1972) for derivation details.

τE
dE

dt
= −E + (1− E)SE(AEEE −AEII + PE)

τI
dI

dt
= −I + (1− I)SI(AIEE −AIII + PI) (3)

As in WCM, the dependent variables E and I describe the proportion of
neurons firing in the excitatory and inhibitory populations respectively, and
the dependent variable t is time. The parameters and their values are described
in Table 1.

3.2 Synthetic data and model fitting

All simulations and analyses were carried out in Julia v1.6.2 (Bezanson et al,
2012). Our code can be found at the linked Github repository and its associated
registry (github.com/grahamas/FailureOfInhibition2022).

We created Nneuron = 1000 firing-and-failing neurons by sampling two

thresholds, one firing, θ
(i)
fire, and one failing, θ

(i)
fail, for each neuron i. We

drew each threshold from a normal distribution θ
(i)
fire ∼ N (µfire, σfire) and

θ
(i)
fail ∼ N (µfail, σfail), under the biophysical fire-then-fail constraint that for a

given neuron i we must have θ
(i)
fire < θ

(i)
fail. For each of these neurons, call its

firing function f (i) : R → {0, 1}, so f (i)(x) = 1 when θ
(i)
fire ≤ x < θ

(i)
fail, and 0

otherwise. Then we can define the input-response function of a population of
such neurons as R : R → [0, 1] as R(x) =

∑Nneuron

i=1 f (i)(x)/Nneuron.

https://github.com/grahamas/FailureOfInhibition2022
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For model fitting, we define three models: Gauss, the Gaussian model used
in Meijer et al (2015), Kim, the product-of-sigmoids model used in Kim and
Nykamp (2017), and DoS, our difference-of-sigmoids model.

Gauss(x; µ, σ,A) = Ae−
1

2 (
x−µ

σ
)
2

S(x; θ, a) =
1

1 + e−a(x−θ)

Kim(x; θfire, afire, θfail, afail) = S(x; θfire, afire)(1− S(x; θfail, afail))

DoS(x; θfire, afire, θfail, afail) = S(x; θfire, afire)− S(x; θfail, afail)

Using a root-mean-squared error (RMSE), these functions were fit to the
population input-response function R(x) with discrete values x taken from
range(-2, 2, length=2000),

For both DoS and Kim, the initial guesses for θfire and θfail were the first
and last values above half-maximum, respectively. For afire and afail, the initial
values were the reciprocals of the distances between the θ initial conditions
and the first (afire) and last (afail) values close to the maximum (greater than
0.99max).

For the Gaussian, the initial A was simply the maximum, the initial µ was
halfway between the initial θfire and θfail, and the inital σ was the difference
between the initial guesses for θfire and θfail divided by 2

√

2 log(2).
The synthetic data were fitted by each of these three models using

the L-BFGS algorithm with forward autodifferentiation implemented in the
Optim.jl package (Mogensen and Riseth, 2018).

3.3 Phase space analysis

Plotted nullclines were calculated as zero-level contours of the deriva-
tive fields using the marching squares algorithm implemented in the
JuliaGeometry/Contour package, with the E×I = [0, 1]×[0, 1] space sampled
at a resolution of 0.01.

Fixed points were identified as intersections of said nullclines, calculated
precisely through iterative application of the above nullcline calculation on
progressively smaller windows around putative intersections. The nullclines
intersections were found as zeros of the Manhattan norm of the gradient, with
error tolerance sqrt(eps()) = 1.5e-8. Putative intersections were assumed
to be separated by a Euclidean distance of at least 1e-4 in E × I space.

4 Discussion

Our model can make nuanced predictions about the relative effects of putative
epilepsy treatments on both seizures and normal function. We accomplished
this first by considering seizure susceptibility and rescuability, rather than the
mere existence of a seizure state, since a system may have the potential to seize
without actually seizing. Such a system would be tristable given physiological
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states that are visible at the population level (e.g. rest and active states as
in inhibition stabilized networks). Then, analogous to the susceptibility and
rescuability of the seizure state, these physiological states can be characterized
by their excitability and stability, i.e how easily the system can transition
between rest and active states. Any epilepsy treatment must improve either
seizure susceptibility or rescuability (preferably both), while also keeping the
system’s excitability and stability within functional limits. Our model can
predict these effects.

We also argue that FoI is key to focal seizures, to the point that it may be a
key feature of EZs: the fact that a small region’s runaway activity unilaterally
drives the seizure necessitates that inhibition is failing in some sense. Math-
ematically, this follows from accepting the possibility of a functional system
that has the potential to seize focally. If we discard the possibility of a seizure
state sustained by external inputs (i.e. not focal, not epileptogenic), then the
seizure must correspond to a fixed point in the system’s phase space, one which
certainly has high levels of excitatory activity, and which experiments indicate
has suppressed levels of inhibitory activity (Tryba et al, 2019). Given that the
system is functional, we assume the existence of an active state, which has both
less excitatory activity and more inhibitory activity than a putative seizure
state. Under these assumptions, the seizure state can only exist if the inhibitory
nullcline decreases after the active state (which must be on or after the increas-
ing arm of the I-nullcline). Such a decrease is equivalent to FoI. Thus, given
that focal seizures are experimentally characterized by hyper-excitation and
depressed inhibition, focal seizures in otherwise functional cortex must involve
FoI.

The presence of depressed inhibitory activity in focal seizures has been the
subject of some debate. However, evidence suggests, and we were unable to
find evidence to the contrary, that inhibition fails specifically in the focal core.
Of those papers we found that seemed to contradict failure of inhibition, all
were of recordings potentially within the penumbra (e.g. Truccolo et al, 2011).
We emphasize that our model only applies to the focal core. An important
future direction for this research is in the penumbral population activity: how
do penumbral populations behave when driven by an ictogenic core whose
inhibition is failing? Does that activity correspond to experimental recordings?
How is the functional excitability of penumbral populations affected by AEDs?

Our results are agnostic to the underlying cause of FoI. Our derivation
assumes a cause analogous to depolarization block (DB), that FoI occurs
because inhibitory cells fail to fire above a certain input threshold, but this
assumption is without reference to the underlying mechanics of FoI. This is
reflected in the simplicity of our first principles: binary switch neurons with
only the most minimal fire-then-fail assumption on the relationship between
firing and failing thresholds. A potentially important future direction will be
to substitute empirically-derived relationships between these thresholds, which
must surely exist and must reflect the exact mechanism underlying FoI.
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