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Abstract

In this study a model of Siamese topological neural networks, which
consisted of a pair of hierarchical neural networks each with a low-
dimensional internal layer, is proposed. Through similarity learning, the
objective of the proposed siamese network is to learn low-dimensional
topological representations of a given similarity between pairwise high-
dimensional inputs. The low-dimensionality of the internal layer allows
human to visualize the structure of the high-dimensional data in
the context of their similarities, for example, label-similarity or rank-
similarity. Different from many similarity learning techniques, dimension-
ality reduction is integrated in the proposed siamese networks allowing
flexible context-oriented visualization analysis for high-dimensional data.

Keywords: Similarity Learning, Self-Organizing Maps, Visualization,
Topological Representation

1 Introduction

In past few years, Similarity Learning Mathisen et al (2020); Kornblith et al
(2019) have been extensively studied. The primary objective of for the Simi-
larity Learning given a pair of inputs pXp1q,Xp2qq and their similarity measure
T pXp1q,Xp2qq P R is to find an approximation function fpXp1q,Xp1qq „

T pXp1q,Xp2qq. The approximation function measures the similarity of the pair
of inputs and can be expressed using bilinear matrix or non-linear functions
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that are hand-designed or learned with various models of single neural net-
works Liu et al (2019), or more recently, Siamese NetworksChicco (2021); Koch
and Zemel (2015); Jeon et al (2019); Berlemont et al (2015).

In this study, a new model of Siamese Network with the objective to learn a
given similarity measure between a pair of inputs and at the same time to gen-
erate their low-dimensional representations for the visualization is proposed.
The base network for the proposed Siamese Topological Networks (STN) is
a hierarchical neural network containing a low-dimensional topological layer
that maps high-dimensional input into a two-dimensional topological map that
can be visualized. Most of the dimensional-reduction methods for visualiza-
tion, for example, t-SNE van der Maaten and Hinton (2008), isomap Zhang
et al (2018), Umap McInnes et al (2018) reduce the dimensionality while pre-
serving a criterion of similarity between the high-dimensional data in their low
dimensional representations. Different from these unsupervised dimensionality
reduction algorithms that do not take the context of the data, for example,
their labels, into account, STN forms a low-dimensional embedding that also
reflects the context-similarity, and thus expands the visualization flexibility of
high-dimnensional data. However, STN is not strictly a supervised algorithm,
as it does not require the availability of data labels.

In the past there are many supervised dimensionality reduction methods
Ghosh and Kirby (2022); Vogelstein et al (2021) that also take the data labels
into account, Linear Discriminant Analysis (LDA) Fisher (1936); Tharwat
et al (2017) being the most traditional example. While the idea for super-
vised dimensionality reduction methods has been known for a very long time,
it is still actively studied, resulting in many interesting algorithms Goldberger
et al (2004); Hartono (2018); Mika et al (1999); Hastie and Tibshirani (1996);
Raducanu and Dornaika (2012). These methods formed low-dimensional repre-
sentations in the context of the data label, and hence, consequently, the labels
have to be provided. However, for real-world problems, data labels are not
necessarily available and can be expensive to obtain. In the proposed study,
pairwise similarity measure is required, but data labels are not. Here, the STN
is trained to learn the similarity measure while at the same time executing
dimensionality reduction.

The proposed study shares some resemblances with the past study of
dimensionality reduction through kernel-based similarity learning for high-
dimensional data Wang et al (2017), in that the networks execute similarity
learning that that can be related to some given contexts, for example rank.
However, this method needs to depend on separate dimensionality reduc-
tion method for visualization, while in the proposed STN, the dimensionality
reduction is embedded.

The novelty of this study is two-fold: First showing that a topological rep-
resentations of high-dimensional data can be learned from a set of paired data
with arbitrarily designed similarity measure, resulting in a context-oriented
representation that depends not only on the feature-similarity of the inputs
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but also the similarity-context given to them. The second that the low-
dimensionality of the internal representation allows the visual analysis on the
high-dimensional data. This is a strength of the proposed model, because while
many similarity learning methods require separate visualization algorithms,
for example, t-SNE van der Maaten and Hinton (2008) being one of the most
popular methods for visualizing their representations. In this study, the dimen-
sionality reduction mechanism that allows visualization is an inherent part
of the network. Further, as the topological representations here are context-
oriented, in that different similarity criteria result in different topological
structures, a flexible visual analysis is made possible.

The rest of the paper is structured as follows. Section 2 explains the struc-
ture of the STN, its learning dynamics, and the framework of the proposed STN
as similarity learning. The subsequent section is for describing the experiments,
while the conclusions will be elaborated in the final section.

2 Siamese Topological Networks

The structure of the proposed Siamese Topological Networks (STN) is outlined
in Fig. 1. The base network for the STN is a hierarchical topological network,
proposed in Hartono et al (2015); Hartono (2020). The structure of the base
network is similar to the standard Multilayered Perceptron (MLP), except
that the hidden layer is a two-dimensional topological map as in many cases of
Self-Organizing Maps (SOM) Kohonen (1982, 2013). The low dimensionality
allows the network to form topological representations of a given data set that
can be visualized by human. The visualization of the internal representations,
to some extent, enables human to intuitively understand how the network
converts input into its output. In the past, it is utilized for visualizing high-
dimensional data Hartono (2018). It can also be trained as an autoencoder,
a classifier, or a mix of both Hartono (2020), and hence is able to visualize
high-dimensional data constrained by various contexts.

For this study, two topological networks are paired to form the STN for
similarity learning. The objective is to train the network with high-dimensional
data in which a criterion of similarity between a pairwise data instances is
given. The similarity measure may be defined qualitatively, quantitatively, or
subjectively, and does not need to meet mathematically defined distance. The
low dimensional topological map can be utilized for visualizing the structure
of the data in the context of the defined similarity. Here, different similarity
measure for the same data will generate a different map.

2.1 Learning Process

The learning process of STN is explained as follows.
For each of the pair of high-dimensional input to the network, Xpkqpk P

t1, 2uq, the best matching unit, winpkq is selected as in Eq. 1.

winpkq “ argminj}Wj ´ Xpkq} (1)
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Fig. 1: Siamese Topological Networks

The activation of the j-th hidden neuron, h
pkq

j ptq, incurred by one of the

input, Xpkq, of the pair at epoch t is calculated as in Eq. 2. Here, hpkq denotes
the activation vector incurred by input Xpkq.

h
pkq

j ptq “ σpwinpkq, j, tqe´}Xpkq
ptq´Wjptq}

2

hpkqptq “ ph
pkq

1 ptq, h
pkq

2 ptq, ¨ ¨ ¨h
pkq

Nhid
ptqqT (2)

pk P t1, 2uq

Here, Nhid is the number of the neurons in the topological layer, while the
neighborhood function σpwinpkq, j, tq is defined as follows.

σpwinpkq, j, tq “ expp´
distpwin, jq

Sptq
q (3)

Sptq “ σ8 `
1

2
pσ0 ´ σ8qp1 ` cos

πt

t8

q

In Eq. 3, σ0 and σ8 are the initial and terminal annealing constants, t8 is
the termination epoch, while distpwinpkq, jq is the distance from the BMU to
the j-th neuron on the topological layer.

The output of the ReLU layer, Opkq “ pO
pkq

1 , O
pkq

2 ¨ ¨¨, O
pkq

Nout
q, where Nout

denotes the number of the neurons in ReLU layer, is as follows.
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Opkq
m “ ReLUpVm ¨ hpkqq (4)

ReLUpxq “

#

x x ě 0

0 otherwise

In Eq. 4, Vm is the weight vector connecting the hidden layer with the
m-th output neuron.

T pXp1q,Xp2qq “

#

1 Xp1q,Xp2q : similar

0 potherwiseq
(5)

The cosine similarity between the activation vectors incurred by the input
pair is defined in Eq. 6.

SpXp1q,Xp2qq “
Op1q ¨ 0p2q

}Op1q}}Op2q}
(6)

Because @j, k P t1, 2u, 0 ă h
pkq

j ď 1

in Eq. 6, 0 ă SpXp1q,Xp2qq ď 1
The loss function is cross entropy defined as follows.

LpXp1q,Xp2qq “ ´pT logS ` p1 ´ T qlogp1 ´ Sqq (7)

The gradients of the loss function are calculated as follows.

BL
BVm

“ ´
pT ´ Sq

Sp1 ´ Sq

BS

BVm

“ ´
pT ´ Sq

p1 ´ Sq

2
ÿ

k“1

sgnpkq
m δpkq

m hpkq (8)

pm P t1, 2, ¨ ¨ ¨, Nhiduq

In Eq.8,

δpkq
m “

O
pk̄q
m

Op1q ¨ Op2q
´

O
pkq
m

}Opkq}2
,

k̄ “

#

2 pk “ 1q

1 pk “ 2q,

and,

sgnpkq
m “

#

1 ph
pkq
m ą 0q

0 potherwiseq,

Hence, the weight vector from the topological layer to the ReLU layer is
modified as follows.
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Vmpt ` 1q “ Vmptq ` η
pT ´ Sq

p1 ´ Sq

2
ÿ

k“1

sgnpkq
m δpkq

m hpkq (9)

While the modification rule is executed as in standard Backpropagation,
the interpretation for modification rule in Eq. 9 is interesting. When the teacher
signal T “ 1, indicating that the two inputs are similar, the direction of the

modification only depends on δ
pkq
m that measures the difference between the

influence of the m-th element from the k̄-th input to the cosine similarity and

that of the k-th input to the norm of Opkq . Here, for δ
pkq
m ą 0 the weight vector

is corrected toward hpkq that in turn will bring 0pkq closer to 0pk̄q and thus

increasing their cosine similarity. For δ
pkq
m ă 0, the weight is modified in the

opposite direction of hpkq, and hence will decrease O
pkq
m and hence will bring

0pkq closer to 0pk̄q as well. Using the same rationale, it is obvious that when
the teacher signal T “ 0, the weight is modified so that the cosine similarity
between 0pkq and 0pk̄q decreases.

The gradient of the loss function with regard to the reference to the refer-
ence vector that is associated with the m-th neuron in the topological layer is
calculated as follows.

BL
BWn

“ ´
pT ´ Sq

Sp1 ´ Sq

BS

BWn

“ ´2
pT ´ Sq

p1 ´ Sq

2
ÿ

k“1

ϵpkq
n hpkq

m pXpkq ´ Wnq

(10)

In Eq. 10, the term ϵ
pkq
n is the weighted correction signal from the ReLU

layer that is calculated as follows.

ϵpkq
n “

Nout
ÿ

m“1

sgnpkq
m vmnδ

pkq
m pk P t1, 2uq (11)

In Eq. 11, vmn is the weight from them-th neuron in the topological layer to
the n-th neuron in the ReLU layer, while Nout denotes the number of neurons
in the ReLU layer.

Hence, the reference vector modification is as follows.

Wnpt ` 1q “ Wnptq ` η
pT ´ Sq

p1 ´ Sq

2
ÿ

k“1

ϵpkq
n hpkq

m pXpkq ´ Wnq (12)

Equation 12 significantly differs from that of conventional SOM, in that
in SOM the reference vectors are always modified toward the input vector,
while in STN the direction of modification is influenced by the sign of pT ´Sq,

and the sign of ϵ
pkq
m . The former indicates that during the learning process,

the formation of the topological map is not only influenced by the topological
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structure of the inputs, but also their context, in that the same set of inputs
produce different topological maps if different similarity rules are assigned to

them. The latter is the weighted sum of δ
pkq
m that can be considered as a result

of votes between all the outputs neurons to decide the direction of the reference
vector modification that is influenced by the similarity-contexts of the inputs
as well.

2.2 A framework for similarity learning

In this study, the learning process can be formulated as similarity mea-
sure learning Cunningham (2009); Mathisen et al (2020). The framework
for the similarity learning can be formulated as follows. Given a pair of
high-dimensional inputs, Xp1q, Xp2q and their arbitrarily defined similarity
T pXp1q,Xp2qq, the objective of the learning process is to generate the following
approximations.

SpReLUpVThWpXp1qq, ReLUpVThWpXp2qqq „ T pXp1q,Xp2qq (13)

In Eq. 13, V P RNhidˆNout is the weight matrix leading from the internal
topological map to the ReLU layer that should be learned and hWpXq P RNhid

is a parameterized mapping function that projects the d-dimensional input
X P Rd into the output of the topological layer. Here, while Spq is a fixed cosine
similarity function, and ReLUpq is a rectified linear function that is fixed as
well, V is a bilinear matrix and W is the reference matrix for the topological
layer that should be learned, and hence they formed a non-linear similarity
measure that should be learned from the pairwise training data.

Further, the winner-takes-all process in the topological layer enables map-
ping of the d-dimensional input X into a coordinate corpXq P R2, as
follows.

corpXq “ pospBMUpXqq (14)

Here, pospBMUpXqq is the two-dimensional coordinate of the BMU for X
on the internal topological layer.

Hence, in this study the objective of STN is twofold, one is for learn-
ing the similarity measure that approximate the given similarity criterion,
and the other for reducing the dimensionality of the input for the purpose of
visualization.

3 Experiment

3.1 Preliminary Experiments

The proposed STN is first tested against some simple labeled data from UCI
machine learning repository UCI (2022). Here, although the data are labeled,
the labels were not explicitly utilized during the learning process. Here, when
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(a) SOM (b) TSN

Fig. 2: Topological Representation for Iris Problem

an arbitrarily chosen pair shares a same label they are defined as similar, and
they are defined to be dissimilar otherwise. The resulting topological map is
then visually compared with that of standard SOM.

The first example is the well-known Iris problem, a four-dimensional three-
classed data set. Here, during the learning process, the class labels of the
data are not explicitly utilized, but used to define the similarity between two
samples. In Fig. 2a, the topological structure of the data is visualized using
the standard SOM. Here, for visualization clarity, the samples are colored
according to their class labels, although the class labels did not have any role
in the self-organizing process. From this figure, a well known profile of this
problem, that one of the classes (illustrated by ‚s) is linearly separable with
the other two classes (illustrated by ■s and ♦s that are not linearly separable,
can be observed.

Figure 2b shows the topological representations of STN. It can be observed
from this figure that STN generates sparser representations of the high dimen-
sional input, in which the three classes are equally separable except for some
anomalies. The better separability is due to the pairwise-similarity informa-
tion that is not available to SOM. It is also interesting to notice that although
the class labels are not explicitly provided, STN is able to form distinctive
clusters according to the data labels.

The second example is Breast Cancer problem, a 9-dimensional 3-classes
problem. The SOM representation in Fig. 3a indicates that while there are
some overlapping samples, most of the instances can be easily classified. As
shown in Fig. 3b, the STN generates sparser representations but also nicely
visualizes the instances that are potentially hard to classify due to their
similarity with other samples belonging to contrasting classes.
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(a) SOM (b) TSN

Fig. 3: Topological Representation for Breast Cancer Problem

(a) SOM (b) TSN

Fig. 4: Topological Representation for Wine Problem

The third problem is Wine problem, a 13-dimensional 3-classes problem.
Figure 4a shows the SOM representations. It can be observed that ‚s form
two distinct clusters that are also well represented by the STN as in Fig. 4b.

The three examples illustrated the ability of STN to form not only topolog-
ically correct representations but also reflect given context of similarity, which
in these three examples are their class-similarities.
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3.2 Ranked-data

In the previous preliminary experiments, STN is trained with data that are
originally labeled and hence whose similarities can be naturally defined from
their original labels. Here, the STN is trained using data that have no natural
labels but their similarities can be arbitrarily designated. For example, coun-
tries are often ranked based on various criteria, for example, their economic
power, the educational level of their populations, their richness in natural
resources, and so on. These kinds of ranks usually only take the criteria that are
used to define the ranks while ignoring other features. However, in visualizing
the structure of the countries’ relative similarities, rank can be considered as
a context for the countries’ profiles, and hence, for a clearer understanding of
the similarity structure, both the rank and the features that characterized the
countries should be taken into account. For example, it is intuitive to think that
countries that have some similarities in their features and also similar ranks
should be visualized close to each other, while at the other extreme, countries
that have dissimilar profiles and have a wide rank gaps are visualized far from
each other. Here, it is interesting to observe, for example, how countries that
share similar profiles but have wide rank gap, or countries that have dissimi-
lar profiles but have similar ranks, are aligned. This kind of context-oriented
visualization may be interesting in understanding deeper inherent structures
of their relative similarities.

For the subsequent experiments, 32 Asia and Pacific countries are cho-
sen. Each country is characterized by 11 economic and demographic profiles,
which are: 1. Life expectancy at birth, 2. Fertility rate (general population), 3.
Under-5 mortality rate, 4. Immunization (measles) rate, 5. CO2 emissions per
capita, 6. Start-up procedure to register a business, 7. Foreign direct invest-
ment, 8. Age dependency ratio, 9. Access to electricity, 10. Access to clean
fuels and technology for cooking, 11. GDP per capita. These data are obtained
from World Bank’s DataBank DataBank (2016) and are standardized. While
a country can be characterized using many more profiles, the chosen variables
are sufficient to show at least the economic prowess of those countries that may
correlate with many factors as their level of education, the state of population
welfare, military strength, and so on.

Figure 5 is the SOM’srepresentations of the 32 countries, in which the
positions on the map reflect the profiles’ similarities. It can be observed that
economic powers in these region, as Japan, NZ, Singapore, Australia and Rep.
of Korea are aligned close each other, while PNG, Pakistan and Afghanistan
are aligned far from those countries.

These data are then ranked according to a criterion that is not included
in their original profiles. The objective here is to observe how STN generates
different topological maps for different rank-criteria, and how it generalizes to
out-of-sample data.

The first rank-criterion is the Health Expenditure per capita, in which the
top 6 countries are Australia, Japan, NZ, Singapore, Rep. Korea, Maldives,
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Fig. 5: Country Map: SOM

while the bottom 6 countries are, Bangladesh, Pakistan, Nepal, PNG, Lao,
and Afghanistan.

For in addition to SOM that executes unsupervised self-organization, Sam-
mon Maps Sammon (1969); Ghojogh et al (2020) , in which the pairwise
distance between two countries, i and j defined in Eq. 15 is utilized. For visu-
alization clarity, six top countries are illustrated in ‹s, six bottom countries in
‚s, while other countries in ■s. It can be observed that Sammon Map nicely
assigned rank wise-similar countries close to each other while distancing them
with dissimilar countries.

distpXpiq,Xpjqq “
α

11
}Xpiq ´ Xpjq} ` p1 ´ αq|rpiq ´ rpjq| (15)

In Eq.15, the distance between two countries is defined as weighted dif-
ference of their features as well as their ranks. Here, Xpiq and rpiq are the
profile vector and the standardized rank for country i, while 0 ď α ď 1 is the
weighting coefficient that is set to 0.5.

The topological representations of STN to the same data set are shown in
Fig. 7. For this experiment, in training the STN, two countries whose rank-
different is less than 3 are designated as similar and they are designated as
dissimilar, otherwise. In this figure, it is visually clear that the STN generated
a more clustered-topological map. For example, the top four countries are
concentrated in one cluster, while the number 5 and six countries (Korea and
Maldives) form a different cluster, due to their profile differences from the top
four countries. It is also interesting to observe that the bottom countries are
more spread out than the top countries, which indicates that their profiles are
more diverse. Furthermore, while it is not possible for Sammon Map to map
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Fig. 6: Health Expenditure-ranked Sammon Map

Fig. 7: Health Expenditure-ranked Map

out-of-sample data into the generated map, in STN it can be easily done by
calculating the BMU for an out-of-sample country without retraining the STN.

For testing the out-of-sample data projection of STN, some European and
Central Asia countries are projected as shown in Fig.8. From this figure, it
can be learned that if Austria were in Asia, it can be predicted that Austria
has a similar rank to Japan in health expenditure due to its profile similarity.
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Fig. 8: Health Expenditure-ranked Out of samples

Similarly, Luxembourg with Korea, Azerbaijan with Malaysia, while no Euro-
pean and Central Asia country share similarities with Afghanistan and Nepal.
Here for visualization clarity, only a few in-sample Asian countries are plotted.
To differentiate from the out-of-sample countries, the in-sample countries are
plotted in red.

Fig. 9: Adolescence Fertility-ranked Sammon Map
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Fig. 10: Adolescence Fertility-ranked Map

In the next experiment, the Asian countries in the previous experiment are
ranked using a different criterion that is Adolescence Fertility (births per 1,000
women ages 15-19). Here, the top six countries are Bangladesh, Afghanistan,
Solomon Island, Nepal, Lao and the Philippines, while the bottom six countries
are Korea, Singapore, Japan, China, Maldives, and Brunei.

The Sammon Map is given in Fig. 9, while the rank-oriented topological
map generated by the STN is shown in Fig. 10. From this figure, among the top
six countries, Solomon Island, Nepal and Bangladesh form a cluster that also
includes Cambodia (ranked 9), due to their profiles similarities, while there is
no country that shares large similarity with Afghanistan. For the bottom six
countries, Singapore, Korea, Japan, and China form a cluster, while Brunei is
solitary, and Maldives is close to Malaysia (ranked 25).

The out-of-sample projection is shown in Fig.11. Here in can be predicted
that Austria will have similar rank with Japan, Luxembourg with Australia,
Greece with Malaysia, Sweden and Finland with NZ and Kyrgyzstan with
Tonga. Within the context of this ranking, no countries share similarity with
Nepal.

4 Conclusions

In this study, a model of Siamese Neural Networks, is proposed for a flexi-
ble similarity visualization of high dimensional data. Here, it is shown that
topological internal layer is able to capture the representation of flexible
similarity-context given to high-dimensional data. Aside for learning good sim-
ilarity measure and topological representations, STN also inherently embeds
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Fig. 11: Adolescence Fertility-ranked Out-sample

dimensionality reduction algorithm by producing context-oriented topological
map that can be used for visual analysis.

In this short paper, the mathematical characteristics of STN was elaborated
and its fundamental behaviour was clarified through simple experiments.

The experiments show that STN can flexibly learn the topological internal
representations that are constrained by various similarity definitions.

As the strength of the proposed STN is in its ability to flexibly visualize
context-oriented data, the immediate future works is to utilize STN as a tool for
context discoveries, for example for drug response through similarity learning.
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