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Abstract

This article generalizes the implementation of higher order corrections to state transition matri-

ces during instantaneous reversals in hybrid dynamical systems impacting a discontinuity boundary

transversally. A closed form expression for saltation terms in systems possessing a degree of smooth-

ness zero is derived. The difference in flight times of two closely initiated trajectories in state

space to the impacting surface has been estimated up to O(2). A comparison of the times of

impact estimated with the first order approximation reveals that higher order corrections lead to

a significant improvement of estimates. Next, two new algorithms to estimate the Lyapunov spec-

trum and Floquet multipliers for piecewise-smooth systems have been presented using the derived

second order corrections. Stability analyses are subsequently carried out using the proposed frame-

work for two representative cases i.e., of a hard impact oscillator and a pair impact oscillator.

It is established that the obtained Floquet multipliers and Lyapunov spectrum accurately predict

the stability of the dynamical states, as validated by their corresponding bifurcation diagrams.

Keywords: Floquet theory, Saltation matrix, Hybrid systems, nonsmooth dynamics, Piecewise-smooth
dynamical system, Vibro-impact, Bifurcation analysis, Lyapunov exponent, Floquet multiplier

1 Introduction

Piecewise-smooth (PWS) systems refer to contin-

uous or discrete time dynamical systems where

the state space is compartmentalised into sub-

spaces by instantaneous changes in dynamics.

These abrupt transitions occur in time scales much

lesser than the time scales of the dynamics of the

system and are thus represented by discontinuous

boundaries. A sub-class of such systems is hybrid

dynamical systems, where the transitions at the
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barriers are governed by re-initialization rules of

state [1]. The dynamics of the vector field within

each subspace obeys different functional forms[2].

Such systems often show rich phenomenological

behaviour which is not typical of smooth dynam-

ical systems [3–7]. These behaviours include the

occurrence of discontinuity induced bifurcations

(DIBs), that occur due to the interaction of the

trajectories with the boundary. This phenomenon

is known as a border collision and leads to occur-

rences like grazing, sticking, sliding and period

adding cascades [8–14]. Parametric investigations

of DIBs have revealed an unconventional route to

chaos i.e., via grazing.

Stability analyses of such PWS systems yield

insights into the implications of occurrence of bor-

der collisions on the system dynamics. Measures

like Lyapunov exponents (LE) [15–18], measures

of entropy [19, 20] and Floquet multipliers [21, 22]

have been devised to qualitatively predict the

asymptotic stability of smooth dynamical systems.

However, when the dynamics is piecewise-smooth,

these stability analyses need to account for the

switch in dynamics at instants of border collisions.

Then the fundamental solution matrix describing

the attractor comprises of multiplication of expo-

nential matrices corresponding to the evolution

through the smooth part of the subsystems and

saltation matrices corresponding to the transitions

through switching conditions, multiplied in the

sequence of their occurrence. This was addressed

by Coleman et al. [23] and later taken up by

Leine et al. in his work on obtaining the invari-

ants of the fundamental solution matrix (FSM)

for the Hill’s equation [24]. Serveta et al. studied

the stability of impact oscillators by implementing

contact models between the oscillator and a mov-

able barrier interacting with it. Similar methods,

especially applicable for stability analysis of PWS

hybrid systems, exist in the literature [25, 26].

Numerical methods to acquire the LE spec-

trum by evaluating Jacobians from the functional

form of the governing equations or by recon-

struction of state space from time histories do

exist for smooth systems [27, 28]. However, this

is not straightforward for a nonsmooth system

as the Jacobian matrix of such systems is ill

conditioned, resulting in large and unacceptable

errors in the computational estimation of LEs.

De Souza et al. [29] proposed an algorithm to

compute the LE spectrum for impacting systems

by analytically reducing the state equations to

a transcendental map. In this formulation, the

eigenvalues of this map represent the LE spec-

trum. Jin et al. [30] obtained the LE spectrum for

an impacting system by studying the dynamics

on a suitable Poincaré section, where the Jaco-

bian matrix near border collision was evaluated.

The work by Stefanski [31] proposed computing

the state difference vector between the dynamics

of a pair of coupled PWS systems and deduced its
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synchronization state to compute the largest Lya-

punov exponent. Following this work, Stefanski

[32] proposed a perturbative approach to esti-

mate the dominant LE of two closely spaced PWS

system when one of the systems is perturbed.

This method is suitable for systems that possess

discontinuities as well as time delays. Recently,

Stefanski [33] presented a method wherein the

LE spectrum is computed for nonsmooth sys-

tems by circumventing discontinuities. This has

been done by considering the value of the func-

tion at the previous time-step and continuing

integration of the perturbed trajectory until it

encounters a discontinuity. Balcerzak et al. [34]

presented a method to compute LEs applicable to

continuous-time dynamical systems as well as dis-

crete maps by estimating the Jacobi matrix at the

instant of border collision. A method based on the

scalar product of a system’s perturbation and its

derivative also exists [35].

Looking at the existing literature, it appears

that the investigations of PWS systems fundamen-

tally rely on the linearization of the system at the

instants of border collision. This necessitates the

investigation of dynamics at border collision with

higher order corrections. Yin et al. [36] studied

bifurcations of an impact oscillator at near-grazing

dynamics using higher order zero-time discontinu-

ity mapping (ZDM). The trajectories that undergo

transverse interactions, modeled via transverse

discontinuity mapping (TDM), however, is a more

generalized case, which has not been studied.

Here, the trajectories undergo border collision

with non-zero velocities. In such a case, two closely

spaced trajectories might exponentially diverge on

interaction with a barrier [37]. At some parameter

value, the time difference between two consecutive

border collision might be large, as a consequence of

which the separation between two closely spaced

trajectories will grow in time. This effect becomes

more pronounced when the underlying dynamics

for the chosen parameter is chaotic. The assump-

tion of linearization in the neighbourhood of an

impact might fail, especially when the separation

becomes larger than the radius of convergence of

the respective linearization[38]. Moreover, there

exists a time difference between the instant of bor-

der collision for two perturbed trajectories in the

state space. However, TDM defined by the salta-

tion matrix at the instant of border collision relies

on a linearized derivation of this time difference

[2].

This paper derives this time difference between

perturbed trajectories at the instant of border col-

lision with higher order corrections. The proposed

corrections to the time difference accounts for the

functional form of the driving force for a PWS

system executing border collision transversally.

This implementation offers significant improve-

ment over the results obtained using the corre-

sponding linearization theory. TDM governed by
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a linearized saltation matrix defines a map or a

reset condition for trajectories executing trans-

verse border collisions. Typically PWS systems

undergo several border collisions before attaining

a steady state. Therefore, errors in the linearized

TDM will accumulate every time a mapping

occurs, ultimately leading to an incorrect predic-

tion of the steady state. A TDM of the perturbed

trajectory with higher order terms when a hybrid

system undergoes a border collision is thus pro-

posed. This method is implemented to accurately

map the trajectories of a hybrid system to the

same subspace at the instant of border collision.

The growth or decay in evolution of disturbances

in initially perturbed trajectories is quantified

using the LE spectra. The proposed methodology

to evaluate the LE spectra does not require any

prior knowledge of the analytical solution at the

instant of border collision as seen in the case for

transcendental maps. Subsequent to the proposed

TDM for a generalized PWS system, algorithms

to compute saltation matrix with higher order cor-

rections are proposed. To demonstrate the efficacy

of the method, Floquet analysis has been carried

out. The obtained results are compared with the

corresponding bifurcation diagram for verification.

The algorithms presented in this paper can be

used as a benchmark tool to study the long time

dynamics of the steady state for an arbitrary PWS

systems where the exact analytical solution near

the discontinuity boundary is not known.

This article is structured as follows. In Sec.

2 a discrete mapping of state transitions at the

instant of border collision for a hybrid system

is derived. This mapping takes into account the

second order terms in expansions. Section 3 intro-

duces two hybrid oscillators with 1 and 2 discon-

tinuity boundaries respectively and presents their

stability analysis. A comparison of the results

obtained from O(1) and O(2) approximations

is discussed. Section 4 extends the implemen-

tation of the derived TDM shown in Sec. 2

to numerically obtain the Lyapunov spectrum.

Section 5 describes the algorithm to evaluate

saltation matrices using the proposed TDM, fol-

lowed by an eigenvalue analysis of the obtained

monodromy matrix. The stability of the aforemen-

tioned dynamical systems is analysed by obtaining

the corresponding Floquet multipliers. The results

are corroborated with the respective bifurcation

diagrams. Section 6 summarises the principal out-

comes of this study.

2 Mathematical formulation

The generalized form of a dynamical system rep-

resented by states x⃗(t), where x⃗ ∈ R
n, and its

corresponding variational form can be written in

the state space formulation as Eq. (1)

dx⃗

dt
= F⃗ (x⃗), (1)

dy⃗

dt
= (∇⃗F⃗ (x⃗))T · y⃗
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where y⃗ is a perturbation to the system x⃗.

The variational form that governs the dynam-

ics of nearby perturbed trajectories is generally

derived with a linearized approximation. However,

for PWS systems, different perturbed trajecto-

ries reach the discontinuity boundary at different

instants of time; see Fig. 1. The difference in

the flight times can lead to estimation of erro-

neous trajectories after an implementation of a

linearized TDM at the instant of border colli-

sion. This carries significance when the separation

between trajectories is greater than the radius of

convergence of F⃗ (x⃗). To obtain the evolution of

perturbed trajectories near border collision, tak-

ing higher order terms into consideration is thus

necessary.

The evolution of two closely spaced trajectories

is depicted in the simplistic case of a 2-dimensional

state space; see Fig. 1. Two closely spaced points

x⃗p and ⃗̂x are initiated at the Poincaré section Σ1

where they start evolving from the same instant.

⃗̂x represents a perturbed trajectory from x⃗p, i.e.

⃗̂x = x⃗p+ y⃗, where y⃗ is a infinitesimal perturbation

provided to the original system at the beginning

of its evolution, denoted by Eq. (1). After evolv-

ing in time, at t = t0, the orbit x⃗p impacts the

hard surface, Σ2 at x⃗i. At this instant, when the

path described by x⃗ impacts the surface Σ2 =

{x⃗ ∈ R
n : H(x⃗) = 0} , the trajectory gets mapped

to R⃗(x⃗i). Here, R⃗(x⃗) represents a restitutive law

governing the state of the trajectory at impact

whereas H(x⃗) = 0 models the impacting condi-

tion. The reset map R⃗ is a typical example of a

nonsmooth event that arises in systems exhibit-

ing switchings. Applying the map R⃗(x⃗0) to the

perturbed trajectory ⃗̂x(t0) = x⃗0 at the instant

of impact t0 will result in an incorrect prediction

of state, as it does not lie on the impacting sur-

face Σ2 at that instant. Thus the difference in

the flight times of the two paths x⃗i and x⃗0 is to

be taken into account. The corresponding expres-

sion for the flight time is described below. In case

of absence of the barrier, if the perturbed trajec-

tory was initiated at x⃗4, it would take the same

flight time to arrive at Σ2 as the perturbed tra-

jectory at x⃗0 would take to reach Σ2 at x⃗2. The

mapping of the perturbed path x⃗0 to x⃗4 at the

instant of border collision of the actual trajectory

is shown in Fig. 1. This discrete mapping accounts

for the state transition at impact and is expressed

in terms of a saltation matrix in the linearized

form. The corresponding equation governing the

saltation matrix incorporating higher order terms

is presented next. If t0 represents the instant of

impact of the actual trajectory, a Taylor expan-

sion of x⃗(t) about t = t0 and F⃗ (x⃗) about x⃗ = x⃗0

up to O(2) gives

x⃗(t) = x⃗(t0) + ∆t F⃗ (x⃗0) (2)

+
1

2
∆t2 ∇⃗F⃗ (x⃗(t0))

T · F⃗ (x⃗(t0))

+O(3)
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Path 1

Path 2

Path 3

Path 4

Fig. 1 Phase portrait of two nearby trajectories exhibiting
border collision at Σ2

F⃗ (x⃗) = F⃗ (x⃗0) + ∇⃗F⃗ (x⃗0)
T · ∆⃗x (3)

+
1

2







∆⃗x
T
·H1 · ∆⃗x

∆⃗x
T
·H2 · ∆⃗x







+O(3)

Here, His denote the Hessian matrices of each

component fi(x⃗) of F⃗ (x⃗) i.e., Hi defined as the

Jacobian of ∇⃗fi(x⃗) or ∇⃗(∇⃗fi(x⃗))
T . Let δ be the

time taken for the perturbed trajectory ⃗̂x to reach

impact surface Σ2 from x⃗(t0) = x⃗0 to x⃗(t0 + δ) =

x⃗2. Therefore, x⃗2 is approximated by taking a Tay-

lor expansion of ⃗̂x along path 2 about t = t0 (i.e.,

x⃗(t0) = x⃗0) evaluated at t = t0 + δ up to O(2)

giving

x⃗2 = x⃗0 + δ F⃗ (x⃗0) +
1

2
δ2 ∇⃗F⃗ (x⃗0)

T · F⃗ (x⃗0) (4)

+O(3)

F⃗ (x⃗0) in Eq. (4) is approximated by a Taylor

expansion of F⃗ (x⃗) along path 1 about x⃗i and eval-

uated at x⃗ = x⃗0. Retaining terms up to O(2), x⃗2

becomes,

x⃗2 = x⃗0 + δ [F⃗ (x⃗i) + ∇⃗F⃗ (x⃗i)
T · y⃗−]

+
1

2
δ2 ∇⃗F⃗ (x⃗i)

T · F⃗ (x⃗i) +O(3) (5)

where y⃗− is the perturbed vector at the instant of

impact (i.e. x⃗0 = x⃗i+ y⃗−). Then, the equation for

the impacting surface H(x⃗) expanded about the

state at impact x⃗i up to O(2) and evaluated at

x⃗ = x⃗2 is given by

H(x⃗2) = H(x⃗i) + ∇⃗H(x⃗i)
T · (x⃗2 − x⃗i) (6)

+
1

2
(x⃗2 − x⃗i)

T · ∇⃗(∇⃗H)T · (x⃗2 − x⃗i)

+O(3)

Using Eq. (5) in Eq. (6) and H(x⃗i) = H(x⃗2) =

0 (since x⃗i and x⃗2 lie on the impacting surface Σ2),

the time difference in border collision between two

closely spaced trajectories, i.e. δ can be solved up

to O(2). The result is a quadratic equation in δ

given by Eq. (7).

The mapping of x⃗0 to x⃗4 at the instant of bor-

der collision must satisfy x⃗4(t0 + δ) = x⃗3 where

x⃗3 = R⃗(x⃗2); see Fig. 1. This ensures that any

perturbed trajectory initiated at ⃗̂x(t) is correctly

mapped on the impact surface Σ2 to x⃗3 at time

t0+δ. This is a parallel occurrence to the instance
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δ2
(

∇⃗H(x⃗i)
T · ∇⃗F⃗ (x⃗i)

T · F⃗ (x⃗) + F⃗ (x⃗i)
T · ∇⃗(∇⃗H(x⃗i))

T · F⃗ (x⃗i)
)

+ δ
(

2∇⃗H(x⃗i)
T · F⃗ (x⃗i) (7)

+ 2∇⃗H(x⃗i)
T · ∇⃗F⃗ (x⃗i)

T · y⃗ + y⃗T · ∇⃗(∇⃗H(x⃗i))
T · F⃗ (x⃗i) + F⃗ (x⃗i)

T · ∇⃗(∇⃗H(x⃗i))
T · y⃗

)

+ y⃗T · ∇⃗(∇⃗H(x⃗i))
T · y⃗ + 2∇⃗H(x⃗i)

T · y⃗ +O(3) = 0

when the system at x⃗i impacts Σ2 at t = t0. The

functional form of x⃗4 is approximated by expand-

ing x⃗3 along path 3 about t = 0. Thus in the

absence of Σ2, x⃗4 would naturally evolve to x⃗3

after time δ. Thus x⃗4 is obtained by expanding

and evaluating x⃗3 backwards in time t = −δ, i.e.,

x⃗4 = x⃗3 − δ F⃗ (x⃗3) +
1

2
δ2 ∇⃗F⃗ (x⃗3)

T · F⃗ (x⃗3) (8)

+O(3)

where x⃗3 = R⃗(x⃗2). Expanding R⃗(x⃗) about x⃗i gives

R⃗(x⃗) = R⃗(x⃗i) + ∇⃗R⃗(x⃗i)
T · ∆⃗x (9)

+
1

2







∆⃗x
T
· H̃1 · ∆⃗x

∆⃗x
T
· H̃2 · ∆⃗x







+O(3)

where ∆⃗x = x⃗−x⃗i and H̃i are the Hessian matrices

of each component ri(x⃗) of R⃗(x⃗). These Hessian

matrices are defined as the Jacobian of ∇⃗ri(x⃗) or

∇⃗(∇⃗ri(x⃗))
T . An approximation of R⃗(x⃗2) using Eq.

(5) up to O(2) results in the following expression;

see Eq. (10).

R⃗(x⃗2) = R⃗(x⃗i) + ∇⃗R⃗(x⃗i)
T ·

(

y⃗− + δF⃗ (x⃗i) (10)

+ δ∇⃗F⃗ (x⃗i)
T · y⃗− +

1

2
δ2∇⃗F⃗ (x⃗i)

T · F⃗ (x⃗i)
)

+
1

2







[y⃗− + δF⃗ (x⃗i)]
T · ∇⃗(∇⃗r1)

T · [y⃗− + δF⃗ (x⃗i)]

[y⃗− + δF⃗ (x⃗i)]
T · ∇⃗(∇⃗r2)

T · [y⃗− + δF⃗ (x⃗i)]







+O(3)

where r1 and r2 are the components of the map

R⃗(x⃗). Terms up to O(2) is taken in ∆⃗x = x⃗2− x⃗i.

One can then evaluate F⃗ (x⃗3) as mentioned in Eq.

(8) as an expansion of F⃗ (x⃗) along path 4 about

R⃗(x⃗i). Taking terms upto O(1) in F⃗ (x⃗) yields

F⃗ (x⃗3) = F⃗ (R⃗(x⃗i)) (11)

+ ∇⃗F⃗ (R⃗(x⃗i))
T ·

(

∇⃗R⃗(x⃗i)
T · y⃗−

+ δ ∇⃗R⃗(x⃗i)
T · F⃗ (x⃗i)

)

+O(2)

Now, substituting the expressions for R⃗(x⃗2),

F⃗ (x⃗3) in Eq. (8), the mapping of the perturbed

trajectory initiated at x⃗0 to x⃗4 at the instant

of border collision up to O(2) can be analyti-

cally found. The resultant mapping is given by the

following expression in Eq. (12).

Defining y⃗− and y⃗+ as the variational vec-

tor between path 1 and path 2 before and after

impact, we have x⃗4−R⃗(x⃗i) = y⃗+ and x⃗0−x⃗i = y⃗−.

The proposed higher order correction maps x⃗i



Springer Nature 2021 LATEX template

x⃗4 = R⃗(x⃗i) + ∇⃗R⃗(x⃗i)
T · y⃗− + δ∇⃗R⃗(x⃗i)

T · F⃗ (x⃗i)− δF⃗ (R⃗(x⃗i)) + δ∇⃗R⃗(x⃗i)
T · ∇⃗F⃗ (x⃗i)

T · y⃗− (12)

+
1

2
δ2∇⃗R⃗(x⃗i)

T · ∇⃗F⃗ (x⃗i)
T · F⃗ (x⃗i)− δ∇⃗F⃗ (R⃗(x⃗i))

T · ∇⃗R⃗(x⃗i)
T · y⃗−

− δ2∇⃗F⃗ (R⃗(x⃗i))
T · ∇⃗R⃗(x⃗i)

T · F⃗ (x⃗i) +
1

2
δ2∇⃗F⃗ (R⃗(x⃗i))

T · F⃗ (R⃗(x⃗i))

+
1

2

[

[y⃗− + δF⃗ (x⃗i)]
T · ∇⃗(∇⃗r1)

T · [y⃗− + δF⃗ (x⃗i)]

[y⃗− + δF⃗ (x⃗i)]
T · ∇⃗(∇⃗r2)

T · [y⃗− + δF⃗ (x⃗i)]

]

+O(3)

to R⃗(x⃗i), x⃗0 to x⃗4 and y⃗− to y⃗+ with greater

accuracy.

To obtain the aforementioned O(1) mapping,

i.e. the well-known saltation matrix at the instant

of impact, only the 1st order terms in the Eq. (7)

can be retained. This simplification leads to the

following expression in δ

δ = −
∇⃗H(x⃗i)

T · y⃗−

∇⃗H(x⃗i)T · F⃗ (x⃗i)
(13)

This system was analytically formulated in [13]. A

substitution of Eq. (13) in Eq. (12) and retention

of terms up to O(1) yields

x⃗4 = R⃗(x⃗i) + ∇⃗R⃗(x⃗i)
T · y⃗− (14)

+

(

F⃗ (R⃗(x⃗i))− ∇⃗R⃗(x⃗i)
T · F⃗ (x⃗i)

)

∇⃗H(x⃗i)T · F⃗ (x⃗i)
∇⃗H(x⃗i)

T · y⃗−

One can define a state transition matrix (STM) S

that governs the mapping of y⃗− to y⃗+. This STM

can be expressed succinctly as Eq. (15)

y⃗+ = S · y⃗− (15)

On substituting the above expression in Eq. (14)

and the relation between x⃗4 and R⃗(x⃗i), one can

obtain the expression for this state transition

matrix, also known as the saltation matrix, as

S =∇⃗R⃗(x⃗i)
T (16)

+

(

F⃗ (R⃗(x⃗i))− ∇⃗R⃗(x⃗i)
T · F⃗ (x⃗i)

)

∇⃗H(x⃗i)T · F⃗ (x⃗i)
∇⃗H(x⃗i)

T

A numerical implementation to evaluate the salta-

tion matrix using the obtained higher order

approximation is discussed next.

3 Piecewise-smooth hybrid

systems

In the present section, the derived Eq. (7) and

Eq. (12) have been implemented to perform sta-

bility analysis of vibro-impacting oscillators with

hard stops. Two representative cases possessing

single and multiple barriers respectively have been

considered. The corresponding Floquet multipli-

ers and Lyapunov characteristic exponents are

obtained taking into consideration theO(2) terms.
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The obtained values are validated with respective

bifurcation diagrams.

3.1 Impact oscillator

Figure 2 represents an undamped classical har-

monic oscillator with unit mass m and unit

stiffness k subjected to an external harmonic forc-

ing of frequency ω. The corresponding governing

equation is described in Eq. (17).

Fig. 2 Periodically forced oscillator exhibiting impact at
x = σ

ẍ+ x = cosωt, (17)

if, x(t−) = σ; ẋ(t+) = −rẋ(t−)

The undeformable impacting barrier [29] is placed

at x(t0) = σ. At the instant of impact t = t0, the

oscillator undergoes an instantaneous reversal of

velocity which is modelled as ẋ(t+) = −r ẋ(t−)

where t+ and t− are the instants before and after

collision and r depicts the coefficient of restitu-

tion. The dynamics of a perturbed trajectory can

be expressed in the state-space form and eval-

uated using Eqs. (7),(12). The accuracy of the

nonsmooth mapping of first order is compared

with that of the second order. The baseline of the

exact values are taken to be the data obtained by

numerically integrating two closely spaced trajec-

tories. The integration is performed in Mathemat-

ica using its inbuilt ODE solver i.e., NDSolve. For

event detection i.e., when x(t−) = σ, Mathemat-

ica’s event detection routine is implemented. The

results are numerically accurate up to the 15th

decimal place. The expressions in Eqs. (18) corre-

spond to the approximation in the flight times of

the perturbed trajectory to Σ2 after the primary

trajectory has impacted this surface. The entity

δ1 in Eq. (18) depicts the linearized expression of

Eq. (7), i.e., Eq. (13). The variables δ2 and δ3 in

Eq. (18) are obtained from Eq. (7) by expanding

the discriminant upto O(1) and O(2) respectively.

Meanwhile, δ4 is numerically obtained from Eq.

(7) considering only the positive root in δ.

δ1 = −
y1
v−

, (18a)

δ2 = −
y1

v− + y2
, (18b)

δ3 = −
y1

v− + y2
−

(−σ + cosωt0)y
2
1

2(v− + y2)3
, (18c)

δ4 = −
v− + y2

−σ + cosωt0
(18d)

−
v− + y2

−σ + cosωt0

√

1− 2
(−σ + cosωt0)y1

(v− + y2)2
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yi are the components of the perturbed trajectory

when Eq. (17) is expressed in the state-space form,

i.e. Eq. (1). Figure 3 shows the percentage error in

the time estimate δis with relation to the numer-

ically computed time. The percent error has been

calculated by numerically integrating two closely

separated trajectories executing border collision

in the state space defined by Eq. (17). Results

indicate that the prediction of the flight time δ

using higher order terms is significant in com-

parison to O(1). This is because the flight time

prediction using O(2) i.e., δ4 in Eqs. (18), takes

into account the functional form of the driving

force of the respective PWS system. Fig. 4 shows

◆

◆
◆ ◆

δ1 δ2 δ3 δ4

0

2

4

6

8

10

12

%
E
rr
o
r

Fig. 3 Percent errors in δis, depicted as different entries
of the horizontal axis, in comparison to the numerically
obtained flight times.

the error percent in the state variable ẋ of a per-

turbed trajectory getting mapped in state space

when the primary trajectory undergoes border col-

lision. O(1) and O(2) refers to the mapping of the

perturbed trajectory obtained using the linearized

saltation matrix presented in Eq. (16) versus the

proposed mapping with higher order corrections

as defined in Eq. (12). The percent errors are

evaluated using combinations of the flight time

expressions for δ as described in Eq. (18) with

the orders of mapping of x⃗4. The numerical val-

ues obtained indicate that the error is the least

and almost negligible when a combination of δ4

and x⃗4 from Eq. (12) is used. Thus the proposed

higher order corrections significantly improve the

analytical estimates when the trajectories at the

instant of border collision undergo instantaneous

reversals.

◆

◆

◆ ◆ ◆
δ1, O(1) in y+ δ4, O(1) in y+ δ2, O(2) in y+ δ3, O(2) in y+ δ4, O(2) in y+

0.00
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E
rr
o
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Fig. 4 Comparison of errors obtained in y⃗+ for differ-
ent combinations of δ and O(1), O(2) mapping of y⃗+ with
respect to the values obtained from numerical integration,
given in percentages.

In general, PWS systems attains steady state

after multiple border collisions. Therefore, errors

encountered at every instant of border collision

will accumulate after multiple interactions of the

trajectory with a discontinuity boundary. This

ultimately leads to an incorrect prediction of the

steady state. In Fig. 5, a comparison of errors in ẋ

of a perturbed trajectory, introduced at an instant

of border collision when y⃗+ is mapped in accor-

dance to a linearized TDM and with the proposed
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higher order corrections. The linearized mapping

is given by δ1 in Eq. (18) and S in Eq. (16)

whereas the O(2) correction is given by δ4 in Eq.

(18) and Eq. (12). The percent error is plotted for

varying initial separation between the perturbed

trajectory and the primary trajectory of the PWS

system at the instant of border collision. Results

indicate that the errors introduced in the predic-

tion of the state using the derived TDM is almost

nonexistent and therefore can accurately predict

the long time dynamics of a PWS systems attain-

ing steady state after multiple border collisions.

First Order: δ1, O(1) in y+

Second Order: δ4, O(2) in y+

0.0 0.2 0.4 0.6 0.8 1.0

0

2

4

6

8

||y||

%
E
rr
o
r

Fig. 5 Comparison of percent error in ẋ from y⃗+ when
mapped for O(1) vs O(2) TDM by varying separation
between trajectories ∥y⃗∥

3.2 Pair impact oscillator

For the second representative PWS system, a

mechanical oscillator executing border collision

with two rigid undeformable barrier is modelled by

a pair impact oscillator [39]; see Fig. 6. This setup

consists of a point mass object placed on a cart

executing periodic motion. x(t) and y(t) describes

the displacement of the object with respect to

the stationary and cart’s frame of reference while

e(t) = α sinωt describes the periodic motion of the

cart excited externally with frequency ω. Hence,

we have a relation x(t) = y(t) + e(t) and Eq. (19)

describes the dynamics of the point mass object.

ÿ = αω2 sinωt, (19)

if, y(t−) = ±
ν

2
; ẏ(t+) = −rẏ(t−)

The width of the cart is expressed by ν. Natu-

rally, the motion of this point mass object will

be obstructed at either walls of the cart when

y(t−) = ±
ν
2 . Similarly, an instantaneous velocity

reversal occurs and is defined in Eq. (19) where t−

and t+ denote the instant before and after impact.

As defined for the impact oscillator, r represents

a coefficient of restitution.

Fig. 6 Point mass object placed on a cart executing har-
monic oscillation. Impact occurs when y = ±ν/2
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An implementation of the derived TDM algo-

rithmically to demonstrate the efficiency of higher

order corrections is necessary. Therefore, in the

succeeding section, the stability analyses for the

impact and pair-impact oscillator by investigat-

ing the Lyapunov spectrum is presented. Since

these representative systems are piece-wise contin-

uous, the derived second order mapping using Eq.

(7) and Eq. (12) is implemented. An algorithm

to calculate the LE spectrum using the proposed

framework is introduced. This methodology is

applicable to any generalized PWS hybrid sys-

tem interacting with a discontinuity transversally.

The proposed algorithm integrates any arbitrary

PWS system expressed in the state space form

and does not require any prior knowledge of the

systems analytical solution near the discontinuity

boundary.

4 Lyapunov exponents

This section presents the stability analysis of

the impact and pair-impact oscillator defined

in section 3. The variational equation for each

of the representative PWS system is integrated

with fixed initial conditions and varying external

forcing conditions. When each of these systems

encounter a border collision, the perturbed vec-

tors are mapped in the state space using the

higher order corrections; see Eqs. (7),(12). To

study the accuracy of this method, a stability

analysis is carried out by investigating the Lya-

punov spectrum. The results are validated by the

corresponding stroboscopic bifurcation diagrams.

Here, the amplitude of the oscillators at steady

state are observed when the forcing frequency is

the bifurcation parameter. The Lyapunov char-

acteristic exponent (LE) of a dynamical system

measures the exponential divergence of two closely

spaced trajectories. For a dynamical system of

order Rn, the exponential divergence along the ith

orthogonal eigenvector is defined as [40]

λi =
1

τN
ΣN

n=1 log
(rn
r0

)

. (20)

The ith LE in Eq. (20) is evaluated by measur-

ing the growth of the variation after every time

period τ = 2π/ω i.e., in a stroboscopic fash-

ion. Since the parent system is of order Rn, there

are n independent solutions of the corresponding

variational form. Therefore, any arbitrary solution

can be decomposed along these n eigenvectors.

To measure the ith LE along an eigenvector, a

QR decomposition (QRD) is carried out using

the Gram-Schmidt process. The process yields

n orthogonal perturbed vectors. These orthogo-

nal vectors can be encapsulated in a hypersphere

of dimension n. The growth or decay of this

hypersphere along the trajectory over time is an

indicator of the stability of the dynamical system.

LE along eigendirection is calculated by numeri-

cally integrating each of these orthogonal vectors
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and measuring the change in magnitude of these

vectors after a time interval of τ . r0 and rn in

Eq. (20) are the initial and final magnitudes of

the perturbed vector after elapsed time τ . How-

ever, for chaotic systems, the perturbed vectors

might quickly diverge from the actual trajectory

and the linearized variational form might not be

able to capture the actual dynamics of the per-

turbed trajectory. Therefore, the initial perturbed

hypersphere is kept small in its radius centered

on the trajectory by using a scaling factor r0 in

Eq. (20). Furthermore, to obtain accurate val-

ues of LE, λi in Eq. (20) has been averaged out

over several computations and it is ensured that

the actual trajectory is on the invariant set by

disregarding the transient cycles of oscillations.

The algorithm presented describes the necessary

steps in the implementation of this method; see

Algorithm 1.

4.1 Impact oscillator

The hybrid impact oscillator described in Eq. (17)

is investigated for its stability. The external fre-

quency, ω is taken to be the bifurcation parameter.

Figures 7(a) and 7(b) show the phase portraits

and the LE spectrum respectively for ω = 1.0.

Similar plots for ω = 1.1 with r = 0.8 have been

presented in Fig. 8. For ω = 1.0, the oscillator

has a period-2 limit cycle while for ω = 1.1, the

dynamics in the state space is chaotic. The peri-

odicity of an impact oscillator is computed here

Algorithm 1 Lyapunov exponent for PWS sys-
tems using TDM

1. Initialize: x⃗(0) ensuring H(x⃗ ≥ 0)
2. Initialize: ω or α ▷ Bifurcation parameter
3. Initialize: y⃗i(0) for i ≤ n using QRD
4. Rescale: y⃗i(0)← r0 ∗ y⃗i(0)
5. Initialize: nmax ▷ Maximum allowable
impacts
while count ≤ nmax do

Integrate: ˙⃗x = F⃗ (x⃗)
if H(x⃗) = 0 then ▷ Occurrence of border

collision
Evaluate: δ, R⃗(x⃗) and y⃗+
Reset Map: x⃗← R⃗(x⃗)
Reinitialize: y⃗i ← y⃗i,+ ▷ Implement

TDM
end if

if
(

t% 2π
ω

)

= 0 then

if count ≥ nmax/2 then

Store: ri ←
1
r0
∥y⃗i∥

end if

Reinitialize: y⃗i ← r0 ∗QRD of y⃗i
end if

end while

6: Evaluate: loge ri ▷ Store all logeri
7: LEi ←

ω
2π ∗ Partial sum of loge ri

8: λi ← ⟨LEi⟩ ▷ Mean of all LEs

as the number of times the trajectory crosses the

Poincaré section ẋ = 0, provided ẍ > 0. The

LE spectrum is plotted against the strobe count

n̄. The largest LE is observed to be positive for

ω = 1.1. The LEs have been calculated by inte-

grating Eqs. (17) using NDSolve along with the

inbuilt event detection functionality in Mathemat-

ica. At the instant of impact when H(x⃗) = 0,

the perturbed trajectory is mapped according to

Eqs. (7) and (12) using y⃗+ = x⃗4 − R⃗(x⃗i). For

the hard barriered vibro-impact oscillator, these

expressions are shown in Eq. (21).
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δ = −
v− + y2

−σ + cosωt0
−

v− + y2
−σ + cosωt0

√

1− 2
(−σ + cosωt0)y1

(v− + y2)2
, (21a)

y⃗+ =

[

y1 + δv−(1 + r) + δy2(1− r2) + δ2

2 (−σ + cosωt)(1− r)− δ2r2(−σ + cosωt)
−ry2 − δ(−σ + cosωt)(1 + r) + δy1(1 + r) + δ2(1 + r)(v− + 1

2ω sinωt)

]

(21b)

where yi are the components of the perturbed vec-

tor and v− is the velocity, ẋ at the instant of

impact, t0.
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Fig. 7 (a) Parametric plot of x(t) vs ẋ(t) in phase
space for impact oscillator. Red dashed line denotes unde-
formable surface Σ2 (b) LE spectrum showing a stable orbit
when ω = 1.0 and r = 0.8

Fig. 9(a) shows a bifurcation plot of oscillator

amplitude plotted against the non-autonomous

harmonic frequency ω. The amplitude of the

impact oscillator is observed when the condition

ẋ = 0 is satisfied at every ω. The integration is per-

formed for a total of 6000 impacts and amplitudes
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Fig. 8 (a) Parametric plot of x(t) vs ẋ(t) in phase
space for impact oscillator. Red dashed line denotes unde-
formable surface Σ2 (b) LE spectrum showing an unstable
orbit when ω = 1.1 and r = 0.8

for the first 3000 impacts have been discarded to

eliminate any transient effects. Fig. 9(b) shows

the LE spectrum plotted against ω. It is observed

that the LE spectrum is in agreement with the

bifurcation plot. Here, the positive values of LE

corresponds to chaotic trajectories and the LLE

becomes zero at the parameter of occurrence of a

period doubling. Similarly, Figs. 10, 11 depict the

bifurcation diagrams and the corresponding LE

spectrum for ω ranging between 0.35 ≤ ω ≤ 1.3
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and 2.5 ≤ ω ≤ 3.5 respectively. It is thus veri-

fied that the calculated LE spectrums depict the

actual underlying behaviour of the steady states.

4.2 Pair impact oscillator

Along similar lines, the stability analysis of the

pair-impact oscillator described in Sec. 3 is car-

ried out. The cart is assumed to have a width of

ν = 2.0 and oscillates with a frequency of ω = 1.0.

The point mass object moves freely on this cart

unless it impacts the cart wall at ν = ±ν/2. At

this instant of impact there is a instantaneous

reversal of velocity with a coefficient of restitu-

tion r = 0.7 as defined in Eq. (19). Figures 12

and 13 show the state space trajectories and both

the LEs for two values of amplitude α = 1.0 and

α = 1.5. For α = 1.0, the orbit is stable with nega-

tive LEs while α = 1.5 results in a chaotic orbit for

which the largest LE is positive. For this system,

the mapped entities can be analytically expressed

as Eq. (22). Here, yi are the components of the

perturbed vector and as before v− is the velocity

ẋ = 0 at instant of impact, t0.

Now, Fig. 14(a) shows a bifurcation plot where

the impact velocity at steady state is plotted

against the corresponding oscillation amplitude α.

For the bifurcation diagram, the velocity of the

point mass object ẏ is stored at the instant of

impact when y = ±ν/2 for varying α. The bifur-

cation parameter α ranges from 0.5 to 2.0. In Fig.

14(b), the LE spectrum against α is shown by

integrating for 6000 impacts. The LEs for the first

3000 impacts has been discarded in the compu-

tations. Positive values of LLEs indicate that the

underlying orbit is chaotic for the corresponding

oscillation amplitude, α.

5 Floquet multipliers

This section presents an investigation of the sta-

bility of attractors in hybrid systems using an

eigenvalue analysis on the STM over the stable

orbit, also described as the monodromy matrix.

According to Floquet theory [21], eigenvalues of

the monodromy matrix determine the stability of

a limit cycle. This analysis is applicable to peri-

odically repetitive dynamics where the Jacobian

is periodic. The eigenvalues or characteristic mul-

tipliers [22] determine the behaviour in the local

linear neighbourhood of steady states in the state

space. However for PWS dynamical systems, the

monodromy matrix cannot be directly evaluated

by integrating the variational form with initial

conditions corresponding to an orthogonal basis.

This is due to the presence of discrete jumps

occurring in the state space near the discontinu-

ity boundaries. A direct implementation of the

same leads to incorrect prediction of the state. In

order to obtain the correct monodromy matrix, a

saltation matrix that defines the state transition

between the jumps is to be evaluated. In most

studies, the saltation matrix is calculated using



Springer Nature 2021 LATEX template

Fig. 9 (a) Amplitude x0 of the impact oscillator at steady state when ẋ = 0 after 6000 impacts (b) LE spectrum for
0.5 ≤ ω ≤ 5.0 and r = 0.8

the form described in Eq. (16). Retaining O(2)

terms leads to difficulty in writing the saltation

terms in the form of a matrix. This is because

the perturbed vector y⃗+ gets mapped according

to Eq. (12). A linear transformation between y⃗+

and y⃗− cannot be written in a closed analytical

form. To circumvent this representational issue,

one can evaluate the saltation in matrix form via

a numerical approach, as described below.

For a nth order dynamical system x⃗ ∈ R
n, the

variational equation, whose evolution is governed

by terms in the Jacobian (see Eq. (1)), is numeri-

cally integrated. The initial conditions are chosen

along n orthogonal vectors and the perturbations

are represented by y⃗i. These vectors are expressed

in the form of a matrix as

Yn×n(t) = [y⃗1 y⃗2 y⃗3 . . . y⃗n], (23)

Yn×n(0) = In×n

The variational equation coupled to the system is

integrated up to the instant of impact of the actual
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Fig. 10 (a) Amplitude x0 of the impact oscillator at steady state when ẋ = 0 after 6000 impacts (b) LE spectrum for
0.35 ≤ ω ≤ 1.3 and r = 0.8

trajectory x⃗. Here, the vectors before and after

impact, given by Y−,impact and Y+,impact can be

expressed as

Y+,impact =













y
(1)
+,1 . . . y

(1)
+,n

...
. . .

...

y
(n)
+,1 . . . y

(n)
+,n













n×n

, (24a)

Y−,impact =













y
(1)
−,1 . . . y

(1)
−,n

...
. . .

...

y
(n)
−,1 . . . y

(n)
−,n













n×n

(24b)

where y⃗
(i)
j is the ith component of jth vector. A

state transition matrix between perturbed vec-

tors y⃗+ and y⃗− at the instant of impact can be

expressed as

Y+,impact = S2 ·Y−,impact (25)

Here, S2 is defined as the saltation matrix for a

dynamical system. The subscript 2 denotes the

evaluation of the variational form upto O(2),

which is the entity of interest. Alternatively, this
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Fig. 11 (a) Amplitude x0 of the impact oscillator at steady state when ẋ = 0 after 6000 impacts (b) LE spectrum for
2.5 ≤ ω ≤ 3.5 and r = 0.8

δ = −
v− + y2

αω2 sinωt
−

v− + y2
αω2 sinωt

√

1− 2
(αω2 sinωt)y1
(v− + y2)2

, (22a)

y⃗+ =

[

y1 + δv−(1 + r) + δy2(1− r2) + δ2

2 αω
2 sinωt(1− r)− δ2r2αω2 sinωt

−ry2 − δαω2 sinωt(1 + r)− δ2

2 αω
3 cosωt(1 + r).

]

(22b)

saltation matrix can be expressed as

S2 = Y+,impact ·Y
−1
−,impact (26)

The RHS of Eq. 26 can now be numerically eval-

uated. Floquet theory states that eigenvalues of

the monodromy matrix provide a representation of

the local stability of periodic solutions. The theory

however is applicable to dynamical systems where

the Jacobian matrix has constants as entries or
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Fig. 12 (a) Parametric plot of y(t) vs ẏ(t) in phase space
for pair impact oscillator. Red dashed lines denotes unde-
formable surfaces Σ2a : (y = ν/2) and Σ2b : (y = −ν/2)
(b) LE spectrum showing a stable orbit when α = 1.0 with
ω = 1.0 and r = 0.8

is periodic in time, ensuring that its entries are

constant on any lower dimensional section taken

along the limit cycle. The two impact oscillators

under investigation are non-autonomous, with an

external forcing period of 2π/ω. The periodicity

of the underlying attractor is numerically deter-

mined by integrating the system until it undergoes

2000 impacts per impacting surface. The duration

between the recurrence of state x⃗ across a well

defined Poincaré section post transience yields the

time period of oscillations. Once the time period

is calculated, the next step is to evaluate the

monodromy matrix, which in this case is decom-

posed into product of STMs sandwiched between
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Fig. 13 (a) Parametric plot of y(t) vs ẏ(t) in phase space
for pair impact oscillator. Red dashed lines denotes unde-
formable surfaces Σ2a : (y = ν/2) and Σ2b : (y = −ν/2)
(b) LE spectrum showing an unstable orbit when α = 1.5
with ω = 1.0 and r = 0.8

the numerically obtained saltation matrices. The

product is taken in the order of occurrence of

events, making it essential to evaluate the flight

times between impacts as well as the instances of

impact. To effectively demonstrate this, a period

2 limit cycle is considered; see Fig. 15. Here,

Φ1, Φ2 and Φ3 are the state transition matrices

obtained from the variational equations depict-

ing the transitions from - (1) the Poincaré section

Σ1 to the first encounter wih impact surface Σ2,

(2) mapped y⃗+ to second encounter with Σ2, (3)

mapped y⃗+ after second encounter with Σ2 to Σ1

respectively, eventually completing a limit cycle

with time period T . S
(1)
2 and S

(2)
2 are the saltation
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Fig. 14 (a) Velocity ẏ of steady state pair impact oscillator at instant of impact, i.e., y = ±ν/2 after 6000 impacts (b)
LE spectrum for 0.5 ≤ α ≤ 2.0, ω = 1.0 and r = 0.7

Fig. 15 The schematic of a period 2 limit cycle undergoing
two instances of instantaneous reversals at the instant of
border collision with Σ2.

matrices, the closed form expressions for which

can be obtained from Eq. (26). These saltation

terms map the perturbed vectors using Eq. (12) at

the instant of impact. Therefore, the monodromy

matrix Φ for this limit cycle with period T , is a

resultant of the matrix multiplication given by Eq.

(27)

Φ(T ) = Φ3 · S
(2)
2 ·Φ2 · S

(1)
2 ·Φ1, (27)
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where the order of matrix dot product is impor-

tant and the state transition matrices satisfy

Φ1(0) = Φ2(0) = Φ3(0) = In×n. For a hybrid

dynamical system starting from an arbitrary

Poincaré section Σ1 and executing n impacts with

the boundary Σ2 and converging to an underlying

attractor with period T , the monodromy matrix

thus takes the form

Φ(T ) = Φn ·

n−1
∏

i=1

Si
2 ·Φi (28)

where, Φi is the STM from the Poincaré section

Σ1 to the discontinuous boundary Σ2. S
i
2 is the

saltation matrix evaluated up to O(2) using Eq.

(26) and Φn is the final STM that takes the per-

turbed trajectory back to the Σ1 within one time

period T . In order to evaluate the saltation matrix

S2 numerically, the initial conditions for the set of

orthogonal perturbed vectors in Eq. (23) are cho-

sen as a hypersphere of radius r0. A small number

is assigned to r0 to ensure the perturbations obey

the dynamics in the local linear neighbourhood,

governed by the Jacobian; see Eqs. (23). Hence,

two STMs Y1 and Y2 is defined in Eq. (29) where

Y1 evaluates the saltation matrix and Y2 is the

STM which maps the perturbed vectors at the

instant of border collision.

Y1(0) = r0In×n, for evaluation of Si
2, (29)

Y2(0) = In×n, for evaluation of Φi

The eigenvalues of the monodromy matrix, also

known as the Floquet multipliers, are numerically

obtained by solving Eq. (28). For a dynamical sys-

tem of Rn, complex conjugate pairs of eigenvalues

exist for oscillatory solutions. The magnitude of

the eigenvalues is an indicator of the stability of

the orbit under consideration. Periodic trajecto-

ries yield eigenvalues that lie within the unit circle

in the Argand plane. Eigenvalues with magnitude

greater than unity denote that perturbed trajec-

tories from the periodic orbit diverges. An algo-

rithmic description for obtaining these Floquet

multipliers is provided; see Algorithm 2.

5.1 Impact oscillator

In this section, the stability analysis of the impact

oscillator (see Eq. (17)) is presented. The period

of the underlying attractor is evaluated by inte-

grating the system for 2000 impacts and observing

the recurring times of return state x lying on the

orbit at section ˙⃗x = 0. For the chosen bifurcation

parameter ω, the impact oscillator is expressed in

the state space form (see Eq. (1)) and is integrated

for one period. At the instant of border collision,

the saltation matrix S2 (see Eq. (26)) is numeri-

cally calculated using TDM defined by Eq. (21) for

the impact oscillator. The monodromy matrix is

evaluated using Eq. (28) followed by an eigenvalue

analysis to determine the stability of the respec-

tive limit cycle for a given parameter ω. In Fig.
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Algorithm 2 Floquet multipliers from mon-
odromy matrix ϕ

1. Initialize: x⃗(0) ensuring H(x⃗) ≥ 0
2. Initialize ω or α ▷ Bifurcation parameter
3. Initialize: Φ = In×n, T= 100, count = 0
4. Initialize: nmax ▷ Maximum allowable
impacts
while count ≤ nmax do

Integrate: ˙⃗x = F⃗ (x⃗)
if H(x⃗) = 0 then ▷ Occurrence of border

collision
Reset Map: x⃗← R⃗(x⃗)

end if

if ẋ = 0 && count ≥ nmax/2 then

Store x, t for evaluation of time period T
T = {t ∈ R

1 : x(t+ ñT ) = x(t), ñ ∈ I}
end if

if count = nmax - 100 then ▷ Remove
transients

Store: x⃗init ← x⃗(t) and tinit ← t
end if

end while

Initialize: x⃗← x⃗init at tinit ▷ Begin at steady
state
Initialize: r0 ≪ 1
Initialize: Y1(0) = r0In×n ▷ Evaluation of S2

Initialize: Y2(0) = In×n ▷ Evaluation of Φi

while tinit ≤ t ≤ (tinit + T ) do ▷ Integrate
over period T

Integrate: ˙⃗x = F⃗ (x⃗)

Integrate: Ẏ1 = (∇F⃗ )T ·Y1

Integrate: Ẏ2 = (∇F⃗ )T ·Y2

if H(x⃗) = 0 then ▷ Occurrence of border
collision

Φi ← Y2

Φ← Φi ·Φ
Evaluate δ and y⃗+ from x⃗4 for all y⃗i ▷

TDM
Evaluate Y+,impact from y⃗+
Define Y−, impact ← Y1

Evaluate S2 ← Y+,impact ·Y
−1
−,impact ▷

saltation matrix
Φ← S2 ·Φ
Reset Map: x⃗← R⃗(x⃗)
Reinitialize: Y1 ← r0In×n

Reinitialize: Y2 ← In×n

end if

end while

5. Φ← Y2 ·Φ ▷ Evaluate monodromy matrix
6. Evaluate eigenvalues of Φ to get Floquet
multipliers

16, the eigenvalues of Φ(T ) is shown in the com-

plex plane for external frequency ω of 1.0 and 1.1

respectively.

Stable for ω ❂ 1.0

Unstable for ω ❂ 1.1

-1.0 -0.5 0.0 0.5 1.0

-1.0

-0.5

0.0

0.5

1.0

Re(ρ)

Im
(ρ
)

Fig. 16 Floquet multipliers for the impact oscillator show-
ing eigenvalues of a stable and an unstable periodic limit
cycle corresponding to ω = 1.0 and ω = 1.1

It is observed that the eigenvalues correspond-

ing to ω = 1.0 in Fig. 16 are within the unit circle

z = eiθ. Therefore it is inferred that the respective

limit cycle is stable. This inference is also backed

by the phase portrait and the Lyapunov spectrum

presented in Fig. 7. However, one of the eigenval-

ues for ω = 1.1 is outside the unit circle and thus

the perturbations grow along an eigendirection

leading to divergence in trajectories. The under-

lying chaotic behaviour can be observed in Fig. 8.

It is evident that the respective trajectory in the

state space is aperiodic while the largest Lyapunov

exponent is positive. In Fig. 17(b), the magni-

tude of both the Floquet multipliers against ω

driving the impact oscillator is shown. A bifurca-

tion diagram of the impact oscillator’s amplitude
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at steady state against ω is shown in Fig. 17(a)

for reference. The bifurcation parameter ω ranges

from 0.5 ≤ ω ≤ 5.0 and the dashed line in Fig.

17(b) separates the stable region from trajectories

which diverge from the periodic limit cycle under

investigation. Eigenvalues with norm greater than

one correspond to divergent trajectories while

those below the dashed line of ∥ρ∥ = 1 correspond

to stable trajectories for the respective ω. Fig. 18

depicts the real and imaginary part of the Flo-

quet multipliers in the complex plane against ω.

The blue cylinder of radius 1 in figure depicts the

stable region. All points within the cylinder rep-

resent the occurrence of stable limit cycles while

the scattered points lying outside this cylinder

with ∥ρ∥ ≥ 1 corresponds to diverging trajectories

in the state space. Eigenvalues corresponding to

unstable trajectories have large values than unity,

since in such cases, the trajectories near the peri-

odic limit cycle exponentially diverge. Thus, for

visual representation, the eigenvalues correspond-

ing to unstable limit cycles have been scaled down

to populate the plot within the defined range; see

Figs. 17(b), 18.

5.2 Pair impact oscillator

Similarly, the stability analysis of the pair impact

oscillator described by Eqs. (19) is discussed in

this section. The system is numerically integrated

for 4000 impacts since there are two impacting

surfaces Σ2 at ±ν/2. The bifurcation parameter

is the amplitude α of the external periodic force

which drives the cart with frequency ω = 1.0.

The time period of a periodic limit cycle for a

given value of α is evaluated numerically from the

recurring time when y⃗ (see Eq. (19)) intersects the

Poincaré section y⃗ = 0. The saltation matrix is

calculated using the TDM defined in Eq. (22) at

the instant of border collisions with either impact-

ing surfaces. The monodromy matrix is evaluated

numerically from the deduced STMs and saltation

matrices as defined in Eq. (28). The eigenvalues of

the obtained monodromy matrix Φ are obtained

for a given value of α, which is then used to deduce

the stability of the attractors of the pair impact

oscillator.

In Fig. 19, the Floquet multipliers of the pair

impact oscillator for forcing amplitude of values

1.0 and 1.5 respectively is shown. The eigenvalues

for α = 1.0 is within the unit circle, implying the

oscillator is stable, also backed by the observations

from the phase-portrait and the respective Lya-

punov spectrum; see Fig. 12. However, one of the

eigenvalues for α = 1.5 is outside the unit circle

and the corresponding limit cycle shows a diverg-

ing trajectory. This is also seen in Fig. 13 where

the state space is chaotic and the largest Lyapunov

exponent is positive.

In Fig. 20(b), the magnitude of Floquet mul-

tipliers for the pair impact oscillator against the

bifurcation parameter α is shown. A bifurcation

diagram of the velocity ˙⃗y at the instant of impact
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Fig. 17 (a) Amplitude x0 of the impact oscillator at steady state when ẋ = 0 for 6000 impacts (b) Floquet multipliers for
0.5 ≤ ω ≤ 5.0. Here, r = 0.8.

is shown against α for reference in Fig. 20(a). The

dashed line where ∥ρ∥ = 1 separates the stable

periodic limit cycles from the unstable diverging

trajectories. ∥ρ∥ ≥ 1, in accordance with the Flo-

quet theory, corresponds to values of α for which

trajectories near the periodic limit cycle diverges.

Figure 21 shows the real and imaginary parts of

the Floquet multiplier ρi for different values of α.

Eigenvalues that lie outside the cylinder with unit

radius correspond to diverging trajectories for the

respective α. Such eigenvalues with ∥ρ∥ >> 1 have

been scaled down for representation as described

previously.

6 Conclusion

The stability of PWS systems encountering border

collision with immovable discontinuity barrier is

investigated. The following conclusions summarise

the key insights presented in this article.

1. For an arbitrary hybrid dynamical system of

order Rn, a TDM with higher order corrections
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Fig. 18 Floquet multipliers of the impact oscillator for 0.5 ≤ ω ≤ 5.0 and r = 0.8.

Stable for α ❂ 1.0

Unstable for α ❂ 1.5

-1.0 -0.5 0.0 0.5 1.0

-1.0

-0.5

0.0

0.5

1.0

Re(ρ)

Im
(ρ
)

Fig. 19 Floquet multipliers for the pair impact oscillator
showing eigenvalues of a stable and an unstable periodic
limit cycle corresponding to α = 1.0 and α = 1.5

has been presented. For perturbed trajectories

from a periodic orbit in the vicinity of a dis-

continuity boundary, an analytical expression

of the dynamics has been derived in a closed

form. The proposed expression is a higher order

extension of the expression present in litera-

ture. The proposed closed form expression with

higher order corrections to flight times of the

perturbed trajectories at the instant of bor-

der collision yields better analytical estimates

as it incorporates the functional form of the

driving force of the respective PWS system.

This explicit dependence on the driving force

is absent in a linearized approximation. The

reduction of percent error of the flight time pre-

dicted by a linearized theory in comparison to

the derived higher order corrections reveal a

significant improvement. Results implementing

the proposed TDM also show improvement over

the linearized theory when separation between

trajectories increase.

2. Stability of two representative PWS systems

with single and multiple undeformable barri-

ers is investigated. A numerical implementation

using higher order TDM to evaluate the LE

spectra is performed. The method does not
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Fig. 20 (a) Velocity ẏ of the steady state pair impact oscillator at instant of impact, i.e., y = ±ν/2 after 6000 impacts
(b) Floquet multipliers of pair impact oscillator for 0.5 ≤ α ≤ 2.0, ω = 1.0 and r = 0.7.

require any prior knowledge of the analyt-

ical solution at the instant of border colli-

sion, unlike derivation for transcendental maps.

With the driving force frequency as the bifur-

cation parameter, bifurcation diagrams are

obtained. To corroborate the findings of the

underlying attractor from the bifurcation dia-

gram, Lyapunov spectrum has been calculated

using the higher order closed form mapping.

The Lyapunov spectrum, evaluated at every

parameter, is observed to be consistent with

the results obtained from the bifurcation anal-

ysis. It was observed that the impact oscillators

that exhibit the phenomenon of chaos in their

state space possess positive largest Lyapunov

exponents.

3. A numerical approach to obtain the state

transition matrix or saltation matrix at the

discontinuity boundary with higher order cor-

rections is proposed. The monodromy matrix

for the aforementioned representative systems

were obtained by evaluating the STMs and
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Fig. 21 Floquet multipliers of the pair impact oscillator for 0.5 ≤ α ≤ 2.0, ω = 1.0 and r = 0.7

saltation matrices at the instant of border

collision. An eigenvalue analysis on the mon-

odromy matrix has been carried out to obtain

the respective Floquet multipliers. The obser-

vations from the Floquet multipliers and the

bifurcation diagram show remarkable corre-

spondence.
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