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1 Introduction

The almost paracontact manifolds and almost para-Hermitian manifolds play

a crucial role

in differential geometry.In the first case it is easily seen that the vector field

ξ

is a Killing vector field and the integral curve is a geodesic.

In this study i have proved that the vector field (ξ, 0) is a Killing vector

field

in the product manifold M ∗R and the integral curve is a geodesic.

2 Almost paracontact metric manifolds and

almost parahermitian manifolds

A (2n + 1)-dimensional smooth manifold M is called an almost paracontact

metric manifod if the structure group of its tangent bundle reduces to U
π(n)×

{1}, where Uπ(n) is paraunitary group [3]. Equivalently, if a smooth manifold

M has a tensor field ϕ of type (1, 1), a vector field ξ, a 1-form η and a pseudo-

riemannian metric g satisfying the following conditions

1. ϕ2(X) = X − η(X)ξ, η(ξ) = 1,

2. There exists a distribution D : M → TpM , Dp ⊂ TpM such that Dp =

Kerη = {X ∈ TpM : η(X) = 0}. This distribution is called paracontact

distribution generated by η,

3. g(ϕ(X), ϕ(Y )) = −g(X, Y )− η(X)η(Y ),

then the manifold M is called an almost paracontact metric manifold. Note

that signature of g is (n + 1, n). The fundamental 2-form on an almost para-
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contact metric manifold M is defined as

Φ(X, Y ) := g(ϕ(X), Y ).

This 2-form is non-degenerate on the horizontal distribution D and η∧Φn ̸= 0.

The covariant derivative of Φ with respect to the Levi-Civita connection ∇ of

g is

β(X, Y, Z) = (∇X) (Y, Z) = g ((∇Xϕ) (Y ), Z) .

The tensor β has the following properties:

β(X, Y, Z) = −β(X,Z, Y ),

β (X,ϕ(Y ), ϕ(Z)) = β(X, Y, Z) + η(Y )β(X,Z, ξ)− η(Z)β(X, Y, ξ).

The following 1-forms associated with β are defined as [3]:

θ(X) := gijβ(ei, ej, X) + β(ξ, ξ,X), θ∗(X) := gijβ(ei, ϕ(ej), X),

where {e1, e2, · · · , e2n, ξ} is an orthonormal basis of TM and (gij) is the inverse

matrix of (gij).

If a smooth manifold N has a tensor field J (almost product structure) and

a pseudo-Riemannian metric h satisfying the following conditions

❼ J2(X) = X,

❼ h(J(X), J(Y )) = −h(X, Y )

for all vector fields X, Y on N , then the manifold N is called an almost para-

hermitian manifold [4]. An almost parahermitian manifold has even dimension

(dimN = 2n)

The fundamental 2-form F on N is defined by

F (X, Y ) = h(J(X), Y )
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for all X, Y vector fields on N . The covariant derivative of F with respect to

the Levi-civita connection of h is

α(X, Y, Z) = (∇XF ) (Y, Z) = g ((∇XJ) (Y ), Z) .

The tensor α has the following properties:

α(X, Y, Z) = −α(X,Z, Y ),

α (X, J(Y ), J(Z)) = α(X, Y, Z).

3 Almost paraHermitian manifolds from al-

most paracontact manifold

In this section, first we define the almost parahermitian structure on the prod-

uct of an almost paracontact manifold with R. Then we give the relations

between covariant derivatives.

Let (M,ϕ, ξ, η, g) a (2n+ 1)-dimensional almost paracontact metric mani-

fold and consider the product manifold M ×R. A vector field on the manifold

M × R is the form
(

X, a d
dt

)

where t is the coordinate of R and a is a smooth

function on M × R. The almost para-complex structure (or almost product

structure) J on M × R is defined by

J

(

X, a
d

dt

)

=

(

ϕ(X) + aξ, η(X)
d

dt

)

(1)

and we define a pseudo-Riemannian metric on M×R with signature (n+1, n+

1) by

h

((

X, a
d

dt

)

,

(

Y, b
d

dt

))

:= g(X, Y )− ab. (2)

One can easily see that

h

(

J

(

X, a
d

dt

)

, J

(

Y, b
d

dt

))

= −h

((

X, a
d

dt

)

,

(

Y, b
d

dt

))

. (3)
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The para-Kaehler form F of the almost parahermitian manifold (M × R, J, h)

is given by

F

((

X, a
d

dt

)

,

(

Y, b
d

dt

))

:= h

(

J

(

X, a
d

dt

)

,

(

Y, b
d

dt

))

. (4)

Hence, one can express the form F in terms of Φ, η as

F

((

X, a
d

dt

)

,

(

Y, b
d

dt

))

= Φ(X, Y ) + aη(Y )− bη(X). (5)

Let ∇ be the pseudo-Riemannian connection of (M,ϕ, ξ, η, g). Levi-Civita

covariant derivative of the metric h on M × R is obtained using the Kozsul

formula as

∇(X,a d

dt
)

(

Y, b
d

dt

)

=

(

∇XY,

(

X[b] + a
db

dt

)

d

dt

)

. (6)

Note that the covariant derivative on the product manifold M ×R will also be

denoted with the same symbol ∇. Also, covariant derivative of the 2-form F

is calculated as

(

∇(X,a d

dt
)F

)

((

X, a
d

dt

)

,

(

Y, b
d

dt

))

= β(X, Y, Z)−a (∇Xη) (Y )+b (∇Xη) (Z),

for any vector fields
(

X, a d
dt

)

,
(

Y, b d
dt

)

and
(

Z, c d
dt

)

on M × R. Differential of

the fundamental 2-form F can be evaluated as

dF

((

X, a
d

dt

)

,

(

Y, b
d

dt

)

,

(

Z, c
d

dt

))

= dΦ(X, Y, Z)−
2a

3
dη(Y, Z)

+
2b

3
dη(X,Z)−

2c

3
dη(X, Y ).

Let {e1, · · · , en, ϕ(e1), · · · , ϕ(en), ξ} be a local pseudo-orthonormal ϕ−frame

field on M . Then one can obtain an orthonormal frame field on M × R as

follows:

{

(e1, 0) , · · · , (en, 0) , (ϕ(e1), 0) , · · · , (ϕ(en), 0) , (ξ, 0) ,

(

0,
d

dt

)}
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Using this frame, the coderivative of F is calculated as

δF (X,
d

dt
) = −θ(X)− aθ∗(ξ). (7)

Let (X,adt) and (Y,bdt) be two elements in the product manifold.

Then the Lie bracket is defined as:

[(X, adt), (Y, bdt)] = ([X, Y ], (X(b)− Y (a))dt)

and the covariant derivative is:

(∇(X,adt)F )((Y, bdt), (Z, cdt)) = g((∇Xϕ)Y, Z) + bg(∇Xξ, Z)− c(∇Xη)Y

using covariant derivative we can find out the curvature in the product

manifold M ∗R

R((X, adt), (Y, bdt))(ξ, 0dt) = ∇(X,adt)∇(Y,bdt)(ξ, 0dt)−∇(Y,bdt)∇(X,adt)(ξ, 0dt)−

∇[(X,adt),(Y,bdt)](ξ, 0dt)

R((X, adt), (Y, bdt))(ξ, 0dt) = ∇(X,adt)(∇Y ξ, 0dt)−∇(Y,bdt)(∇Xξ, 0dt)−∇[(X,adt),(Y,bdt)]ξ, 0dt)

R((X, adt), (Y, bdt))(ξ, 0dt) = (∇X∇Y−∇Y∇X−∇[X,Y ]ξ, 0dt) = (R(X, Y )ξ, 0dt)

Theorem 3.1 (ξ, 0) is a Killing vector field in the product manifold M ∗R

Proof. Let (X,adt),(Y,bdt) be two different vector fields.

if (ξ, 0) is a Killing vector field then (L(ξ,0)h)((X, adt), (Y, bdt) = 0

using the definition of the Lie derivative

(L(ξ,0)h)((X, adt), (Y, bdt) = (ξ, 0)((X, adt), (Y, bdt))−h([(ξ, 0), (X, adt)], (Y, bdt))−

h((X, adt), [(ξ, 0), (Y, bdt)])
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the metric in the product manifold is defined by the metric in the

almost para-contact manifold since

h((X, adt), (Y, bdt)) = g(X, Y )− ab

after algebraic calculations ; for all (X, adt), (Y, bdt)

(L(ξ,0)h)((X, adt), (Y, bdt) = 0

which means that the Reeb vector field is a Killing vector field in the

product manifold.

Theorem 3.2 let (X, adt), (Y, bdt)be two vector fields and (ξ, 0) be the Reeb

vector field.

then R((X, adt), (Y, bdt))J(ξ, 0dt) = J(R((X, adt), (Y, bdt)(ξ, 0dt)))

iff

ϕ(R(X, Y )ξ) = 0, η(R(X, Y )ξ) = 0

Proof.

let (X, adt), (Y, bdt)be two vector fields and (ξ, 0) be the Reeb vector field.

R((X, adt), (Y, bdt))J(ξ, 0) = R((X, adt), (Y, bdt))(0, dt)

from the definition of the curvature operator

R((X, adt), (Y, bdt))(0, dt) = ∇(X,adt)∇(Y,bdt)(0, dt)−∇(Y,bdt)∇(X,adt)(0, dt)−

∇[(X,adt),(Y,bdt)](0, dt)

R((X, adt), (Y, bdt))(ξ, 0dt) = ∇(X,adt)(0, 0dt)−∇(Y,bdt)(0, 0dt)−∇[(X,adt),(Y,bdt)](0, 0dt) =

(0, 0dt)

and
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J(R((X, adt), (Y, bdt))(ξ, 0)) = J(R(X, Y )ξ, 0dt) = (ϕ(R(X, Y )ξ), η(R(X, Y )ξ)dt)

so the equality holds iff ϕ(R(X, Y )ξ) = 0, η(R(X, Y )ξ) = 0

Definition 3.3 Let (M∗R), J, h) be an almost Hermitian structure and (X, adt), (Y, bdt) ∈

χ(M ∗R)

if

(L(X,adt)J)(Y, bdt) = 0then (X, adt) is analytic vector field(infinitesimal au-

tomorphism)

Theorem 3.4 The Reeb vector field is an infinitesimal vector field

i.e ((L(ξ,0dt)J)(Y, bdt) = 0)iff Y = ξ

Proof.

Suppose that the reeb vector field is an infinitesimal vector field then

(L(ξ,0dt)J)(Y, bdt) = 0

L(ξ,0dt)J(Y, bdt) = J(L(ξ,0dt)(Y, bdt))

[(ξ, 0dt), J(Y, bdt)] = J([(ξ, 0dt), (Y, bdt)])

[(ξ, 0dt), (ϕY + bξ, η(Y )dt)] = J([ξ, Y ], (ξ(b))dt)

([ξ, ϕY + bξ], (ξ(η(Y )))dt = (ϕ[ξ, Y ] + (ξ(b))ξ, η([ξ, Y ]dt)

so

[ξ, ϕY + bξ] = ϕ[ξ, Y ] + (ξ(b))ξ

and

ξ(η(Y )) = η([ξ, Y ]
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from the first and second equality it can easily be seen that Y = ξ

On the contrary let us suppose that Y = ξ

using algebraic operations and the properties of the covariant derivative

we can say that the Reeb vector field is an infinitesimal vector field.

Theorem 3.5 The vector field (ξ, 0) is a geodesic in the product manifold.

Proof. from the definition of the covariant derivative in the product man-

ifold

it can easily seen that

(∇ξξ, 0dt) = (0, 0)

the equality holds since the vector field ξ is a geodesic

in the almost contact manifold.

Theorem 3.6 Let (M ∗R, J, h) be the almost complex structure.

(X, adt), (ξ, 0dt) ∈ χ(M ∗R)

Let a be the constant function.Then (X, adt) satisfies (the Jacobi

equation )

∇(ξ,0)∇(ξ,0)(X, adt) +R((X, a), (ξ, 0))(ξ, 0) = 0

if ∇ξ[X, ξ] +∇[X,ξ]ξ = 0

Proof.

Let us suppose that (X, adt) be a vector field where a is a

constant function.

In the product manifold the covariant derivative is defined as
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∇(X,adt)(Y, bdt) = (∇XY, (X[b] + a.db
dt
)dt)

then

∇(ξ,0)(X, adt) = (∇ξX, ξ[a]dt)

since a is a constant function then ξ[a] = 0 so

∇(ξ,0)(X, adt) = (∇ξX, 0dt)

then

∇(ξ,0)(∇ξX, 0dt) +R((X, a), (ξ, 0))(ξ, 0) = 0

or

∇ξ[X, ξ] +∇[X,ξ]ξ = 0

Theorem 3.7 Let (M, ξ, η, ϕ, g) be the almost contact manifold

and let (M ∗R, J, h) be the corresponding product manifold.

X, Y be two vector fields in χ(M) and

(X, adt), (Y, bdt) be two vector fields in χ(M ∗R)

such that a and b are

constant functions.

then

S((X, adt), (Y, bdt)) = (S(X, Y ), 0dt)

Proof.

Let {e1, ..., en, ϕe1, ..., ϕen, ξ}

be a basis in the almost contact structure

and {(e1, 0), ..., (en, 0), (ϕe1, 0), ..., (ϕen, 0), (ξ, 0), (0, dt)}

be a basis in the almost complex structure.

we know that
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∇(X,adt)(Y, bdt) = (∇XY, (Xb− Y a)dt)

since a and b are constant functions then Xb = Y a = 0

so;

∇(X,adt)(Y, bdt) = (∇XY, 0dt)

Using the above equation and taking the summation over the basis

elements then it can easily seen that

S((X, adt), (Y, bdt)) = (S(X, Y ), 0dt)

Theorem 3.8 Let (M ∗R, J, h) be the almost complex manifold with the Her-

mitian metric.

(X, adt), (Y, bdt) be two vector fields in χ(M ∗R)

if the complex manifold is an Einstein manifold then M ∗R

is a Ricci soliton and (ξ, 0)is a potential vector field.

Proof. Let us suppose that the product manifold is Einstein. Then

S((X, adt), (Y, bdt)) = λ.h((X, adt), (Y, bdt)) holds

and λ is a constant function.

then the Ricci Soliton equation holds

(L(ξ,0)h)(X, adt), (Y, bdt)+2S((X, adt), (Y, bdt))+(2k)h((X, adt), (Y, bdt)) =

0

for k = −λ since (ξ, 0) is a Killing vector field.

Theorem 3.9 (A new bracket operation on M ∗R)

Let (M, ξ, η, ϕ, g)be an almost contact structure
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and (M ∗R, J, h) be the corresponding almost complex manifold.

the operation defined on χ(M ∗R)

[(X, adt), (Y, bdt)]′ = (η(Y )ϕ(X) + η(Y )aξ − η(X)ϕ(Y )

−η(X)bξ + [X, Y ], 0dt)

is linear and anti-symmetric in the almost complex structure.

Proof.

the linearity is trivial since ξ, ηandϕ are linear.

[(X, adt), (Y, bdt)]′ = (η(Y )ϕ(X) + η(Y )aξ − η(X)ϕ(Y )

−η(X)bξ + [X, Y ], 0dt)

and

[(Y, bdt), (X, adt)]′ = (η(X)ϕ(Y ) + η(X)bξ − η(Y )ϕ(X)

−η(Y )aξ + [Y,X], 0dt)

from differential geometry we know that [X, Y ] = −[Y,X]

so the anti-symmetry of the bracket is obvious.
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