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Abstract Aiming at the problem that the trajectory tracking error of flexi-
ble lower limb exoskeleton robot is too large under the condition of external
disturbance and parameters uncertainty, a composite position control method
based on second-order sliding mode control was proposed. Firstly, the flexible
lower limb exoskeleton robot is modeled by Lagrange function. Secondly, con-
sidering that the system is affected not only by matched disturbance but also
by unmatched disturbance, two finite time state observers are used to observe
and compensate the two disturbances in real time. In the position control
part, the super twisting algorithm is used to ensure the trajectory tracking
error of knee joint converging to zero in finite time. Eventually, the stability
of the proposed control strategy is proved by the Lyapunov function. The ex-
perimental results show that the proposed control strategy has more accurate
trajectory tracking effect and robustness than the traditional PD control and
sliding mode control, which indicates the superiority of the proposed control
strategy.
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1 Introduction

With the aging of World’s population becoming more and more serious, lower
limb movement disorders caused by stroke and other diseases have become
an increasingly common problem in the elderly. However, these patients have
a high chance to stand up again through rehabilitation training [1]. Tradi-
tional rehabilitation training needs to be accompanied by medical staff, which
consumes a lot of manpower and material resources. With the development
of exoskeleton robots in recent decades, great achievements have been made
in military, medical, rehabilitation and other fields. Exoskeleton robots with
rehabilitation functions can reduce the traditional consumption of human and
material resources.

Rehabilitation training is mainly divided into two stages. The first stage
is passive training, which means that human legs are driven by the exoskele-
ton to move in a certain trajectory. The second stage is active training, when
the passive training reaches a certain level and the lower limbs can move au-
tonomously, the exoskeleton will assist the lower limbs in training. Compared
with rigid exoskeleton robot, flexible lower limb exoskeleton robot has the
advantages of easy human-machine interaction and easy to deal with exter-
nal disturbance and impact. Since the flexible lower exoskeleton is affected
by external disturbances and uncertainties of structural parameters, it is a
key problem to design an appropriate controller to achieve accurate trajectory
tracking of the flexible lower exoskeleton system. In view of the trajectory
tracking of exoskeleton robot, domestic and foreign scholars have made a lot
of achievements. Sliding mode control (SMC) has been widely used in robot
motion control because of its strong robustness. For example, the integrated
terminal sliding mode controller is designed for the exoskeleton robot with
external disturbance and model uncertainty. The simulation results show that
the controller has good tracking performance [2]. In [3], a robust adaptive
integral terminal sliding mode controller is proposed for the upper limb ex-
oskeleton robot. Experiments show that the controller has good robustness.
In [4], in view of the ankle joint robot, combining sliding mode control with
the extended state observer. The uncertainties and external disturbances of
the system are observed by the observer, experiments show that with good
anti-disturbance capability. But it is undeniable that the traditional sliding
mode control has the phenomenon of shaking and cannot effectively deal with
the mismatched disturbance [5,6].

In addition to sliding mode control, many other nonlinear control methods
are also used in this field. In [7], a method combining adaptive impedance
control and time-delay disturbance observer is proposed for the upper limb
rehabilitation robot. Experiments show that the proposed method has good
an-ti-interference ability. An adaptive controller is designed to solve the dis-
turbance and uncertainty in the system [8]. In [9], the backstopping method is
used to design the controller. The flexible lower limb exoskeleton has the ad-
vantages of easily handling external shocks and suitable for human-computer
interaction. However, the model of the system is becoming more and more
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complex due to the addition of flexible elements. Traditional control meth-
ods, such as PD control, has been unable to obtain a good trajectory tracking
control effect [10–16].

In this paper, we propose a second order sliding mode composite position
control method(SOSMCC). The main contributions are listed as follows: 1. A
sliding mode surface with an estimate of a mismatched disturbance. 2. Two
finite-time state observers are used to observe disturbances in the system.
3. Using the super-twisting algorithm to eliminate the chattering problem in
traditional sliding mode control. The remaining part of the paper is organized
as follows: the dynamic model and the objective are stated in section II. Section
III gives the design of the composite position control. Section IV gives the
experimental based on the single-joint flexible lower limb exoskeleton system.
Section V summarizes the paper briefly.

2 Model description

The flexible lower limb exoskeleton system adopted in this paper includes flex-
ible transmission mechanism, leg connecting rod, motor and reducer, etc. The
output torque of the servo motor passes through the double lasso transmission
system to transfer the force to the torsion spring at the joint, and then the
torsion spring drives the joint to move. Combined with motor motion equa-
tion and lasso force analysis, the dynamics model of the whole flexible lower
extremity exoskeleton was obtained through La-grange function:

Jθ̈+Bθ̇ +K(θ − q) + sgn(w)2Frµκ = τ

M(q)q̈ + V (q, q̇)q̇ +G(q) = K(θ − q)
(1)

where q = [q1, q2, ..., qn]
T
, θ = [θ1, θ2, ..., θn]

T
is the rotation angle at the joint

and the rotation angle at the side of the motor. J,B,K ∈ R5x5 respectively
represents the moment of inertia on the side of the motor, the damping and
the elastic coefficient matrix of the torsion spring. w,F, r, µ, κ respectively rep-
resents angular velocity of the noose transmission system, the preload of the
noose, the radius of the executing wheel, the friction coefficient and the cur-
vature of the noose. M(q) is the moment of inertia matrix of the exoskeleton,
V (q, q̇) is the Matrix of Coriolis force and centripetal force, G(q) is the gravity
matrix of the exoskeleton robot, τ is the control torque vector. To quickly
verify the advantages of the algorithm, only the knee joint was tested in this
paper. To facilitate the design of the controller, let

x1 = q, x2 = q̇, x3 = θ − q, x4 = θ̇ − q̇

Transforming equation (1) into the following state space equation:

{

ẋ1 = x2,

ẋ2 = x3 + d1
(2)
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{

ẋ3 = x4,

ẋ4 = J−1τ + d2,
(3)

where d1 = (M−1(q)K − I)(θ − q) − M−1(q)(V (q, q̇)q̇ + G(q) + w1), d2 =
−J−1(Bθ̇ + sgn(w)2Frµk) − (J−1K + M−1K)(θ − q) + M−1(q)(V (q, q̇) +
G(q)+w1)−w2, and w1, w2 is the external disturbance on the motor side and
joint side, d1, d2 is the unmatched disturbance and the matched disturbance
in the system, including the unmolded dynamics of the system and external
disturbances.

3 Design process of controller

Before designing the controller, the following definitions and lemmas are given:
Definition 1 sig(·)α = sign(·)|.|αα > 0.
Lemma 1 [17] If there exists a continuously positive definite function V (t)

for any t > t0 satisfy:

V̇ (x) ≤ −ηV (x)− λV α(x) (4)

Then the system converges to the equilibrium point in finite time, and the
convergence time satisfies:

t1 ≤ 1

η(1− α)
ln

ηV 1−α(x0) + λ

λ
(5)

where t0 is initial time, η > 0, λ > 0, 0 < α < 1.
Lemma 2 [18] Considering system:














ẋi = xi+1, i = 1, · · · , n− 1,
ẋn = u+ϕ0,

ϕ̇j = ϕj+1, j = 0, 1 · · · ,m− 2,
ϕ̇m−1 = 0.

(6)

Giving the following finite time state observer (FTSO):































˙̂xi = x̂i+1 = km+n+1−isig(x1 − x̂1)
(m+n+1−i)γ+1,

i = 1, · · · , n− 1,
˙̂xn = u+ ϕ̂0 + km+1sig(x1 − x̂1)

(m+1)γ+1

˙̂ϕj = ϕ̂j+1 + km−jsig(x1 − x̂1)
(m−j)γ+1,

j = 0, 1, · · · ,m− 2,
˙̂ϕm−1 = k1sig(x1 − x̂1)

(m−j−1)γ+1

(7)

where γ=−p/q ∈ (−1/(n+m), 0) , p, q represents respectively positive even
and positive odd. When choosing the appropriate to make the roots of following
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characteristic polynomials all lie on the left half plane of the complex plane S
which makes the state of the detector converges in finite time to the true state
of the system (6).

p(s) = sn+m + km+ns
n+m−1 + km+n−1s

n+m−2 + · · ·+ k2s+ k1

where x̂1, x̂2, · · · x̂n, ϕ̂j , ϕ̂m−1 is estimate of the system (6).
A. FTSO DESIGN
Considering the existence of matched and unmatched disturbances in the

system, the sliding mode control is not robust to the unmatched disturbances.
According to Lemma 2, two finite time state observers (FTSO) are given for
systems (2) and (3) respectively to observe the disturbances and their deriva-
tives, and a feedforward compensation is made for the controller. The two
observers are shown as follows:

Equation (8) is the form of unmatched disturbance observer























˙̂x1 = x̂2 + λ1,5sig(x1 − x̂1)
ν1,5 ,

˙̂x2 = ẑ0 + x3 + λ1,4sig(x1 − x̂1)
ν1,4 ,

˙̂z0 = ẑ1 + λ1,3sig(x1 − x̂1)
ν1,3 ,

˙̂z1 = ẑ2 + λ1,2sig(x1 − x̂1)
ν1,2 ,

˙̂z2 = λ1,1sig(x1 − x̂1)
ν1,1 ,

(8)

Equation (9) is the form of matched disturbance observer























˙̂x3 = x̂4 + λ2,5sig(x3 − x̂3)
ν2,5 ,

˙̂x4 = η̂0 + J−1τ + λ2,4sig(x3 − x̂3)
ν2,4 ,

˙̂η0 = η̂1 + λ2,3sig(x3 − x̂3)
ν2,3 ,

˙̂η1 = η̂2 + λ2,2sig(x3 − x̂3)
ν2,2 ,

˙̂η2 = λ2,1sig(x3 − x̂3)
ν2,1 ,

(9)

where x̂1, x̂2, ẑ0, ẑ1, ẑ2 represent the estimate of x1, x2, d1, ḋ1, d̈1 respectively;
x̂3, x̂4, η̂0, η̂1, η̂2 represent the estimate of x3, x4, d2, ḋ2, d̈2 respectively. Accord-
ing to Lemma 2, choosing appropriate values of λ1,iλ2,i(i=1, 2, · · · , 5), the
state estimation errors of (8) and (9) will approach zero in finite time.

B. CONTROLLER DESIGN
In order to enable the exoskeleton to quickly track the desired reference

curve and reduce the impact of chattering, the improved super-twisting algo-
rithm proposed in literature [19] is adopted.

{

um = −k1|s|
1/2sign(s) + zm

żm = −k2sign(s)− k3zm
(10)

Considering the influence of disturbance in the system, the following sliding
mode surface with mismatched disturbance estimation is given in combination
with the ob-server of Equations (8):
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Fig. 1 Block diagram of controller

s = c1e1 + c2e2 + c3e3 + e4 (11)

where

e1 = qr − x1, e2 = q̇r − x2, e3 = q̈r − x3 − ẑ0, e4 = q(3)r − x4 − ẑ1

Then we can get derivative of Equation (11) with respect to time:

ṡ = c1ė1 + c2ė2 + c3ė3 + ė4 (12)

By combining equations (2), (3) and (10), the composite controller based
on the super-twisting algorithm is obtained as follows:











τ=J(c1ė1 + c2ė2 + c3ė3 + q
(4)
r − um − η̂0)

um = −k1|s|
1/2sign(s) + zm

żm = −k2sign(s)− k3zm

(13)

The controller block diagram is shown in Fig. 1.

4 Stability analysis

Substituting equation (13) into equation (12):

ṡ = −k1|s|
1

2 sign(s) + zm + η̂0 − d2 + c2(ẑ0 − d1) + c3(ẑ1 − ˙̂z0)− ˙̂z1 (14)

Let w = zm + η̂0 − d2 + c2(ẑ0 − d1) + c3(ẑ1 − ˙̂z0)− ˙̂z1 we can get:
{

ṡ = −k1|s|
1/2sign(s) + w,

ẇ = −k2sign(s)− k3w + φ
(15)
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where

φ = k3(η̂0 − d2 + c2(ẑ0 − d1) + c3(ẑ1 − ˙̂z0)− ˙̂z1)+
˙̂η0 − ḋ2 + c2 (̇̂z0 − ḋ1) + c3 (̇̂z1 −¨̂z0)−¨̂z1

According to the hypothesis in literature [12], we can get φ = r(t)sign(s),
|r| ≤ φmax. We assume XT =

[

x1 x2

]

=
[

|s|0.5sign(s) w
]

and define a sub-

space vi =
{

(si, wi) ∈ R2|si = 0
}

the time derivative of X except in the space
of vi can be given as follows:

Ẋ=
1

|x1|
AX +B (16)

where A=

[

k1

−2
1
2

−k2 −k3|x1|

]

, B=

[

0
φ

]

The Lyapunov function can be given as follows:

V (X) = XTPX (17)

where P =

[

k21 + 1 −k1
−k1 k2 + 1

]

is a symmetric positive definite matrix. The time

derivative of (17) can be yield as follows:

V̇ (X) =
1

|x1|
[XT (ATP + PA)X +BTPX +XTPB]

=
1

|x1|
XTQX − 2k1x1rsign(s) + 2(k2 + 1)x2rsign(s)

=
1

|x1|
XTQX +

1

|x1|
XT

[

−2k1r (k2 + 1)r
(k2 + 1)r 0

]

X

=
1

|x1|
XT Q̃X

(18)

where Q̃=

[

Q̃a Q̃b

Q̃b Q̃d

]

, Q̃a = 2k1k2 − k1 − k31 − 2k1r, Q̃b = k21 − k2(k2 + 1) +

0.5 + k1k3|x1|+ (k2 + 1)r − k1 − 2(k2 + 1)k3|x1|, Q̃c = −k1 − 2(k2 + 1)k3|x1|.
Making (18) split as follows

V̇ (X) =
1

|x1|
XT Q̃1X +

1

|x1|
XT Q̃2X (19)

where

Q̃1=

[

2k1k2 − k31 k21 − k2(k2 + 1) + 0.5
k21 − k2(k2 + 1) + 0.5 −k1

]

,

Q̃2=

[

−k1 − 2k1r k1k3|x1|+ (k2 + 1)r
k1k3|x1|+ (k2 + 1)r −2(k2 + 1)k3|x1|

]
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By satisfying the following conditions, it can make V̇ (X) < 0.

2k1k2 − k31 < 0 (20)

−k1(2k1k2 − k31)− (k21 − k2(k2 + 1) + 0.5)2 > 0 (21)

−k1 − 2k1r < 0 (22)

(k1 + 2k1r)(2(k2 + 1)k3|x1|)− k1k3|x1|+ (k2 + 1)r2 > 0 (23)

For (20) and (21), we can get

k2 > max

{

1√
2
, φmax

}

(24)

k1 >
2k22 + 2k2 − 1

2
√

2k22 − 1
(25)

Equation (22) holds obviously. For Equation (23) can be write as follows

f(r) = a1r
2 + a2r + a3 (26)

where a1 = −(k2 + 1)2, a2 = 2k1(k2 + 1)k3|x1|, a3 = 2k1(k2 + 1)k3|x1| −
k1k3|x1|2.

Because a1 < 0, if r < −a2/2a1, f(r) is a monotonic increasing function.
When f(0) ≥ 0,−a2/2a1 ≥ 0 ,there exists a condition make ¿0 hold always.
So, the following conditions which we should to satisfy

2k1(k2 + 1)k3|x1| − k21k
2
3|x1|2 ≥ 0 (27)

k1(k2 + 1)k3|x1|
(k2 + 1)

2 > 0 (28)

Equation (28) holds always. By (25) and (27), we can get

0 < k3 <
4(k2 + 1)

√

2k22 − 1

(2k22 + 2k2 − 1)|x1|
(29)

If the equations (24), (25), (29) are satisfied, which tells us that V̇ (X) is
negative definite almost everywhere expect on the space .we can divide V̇ (X)
into the following form
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Table 1 Flexible exoskeleton robot parameters

parameter name parameter value

Elastic coefficient of torsion spring/(N. m) 2
Inertia of motor J/(kg.m2) 2.2× 10−3

Motor damping coefficient B/(N. m. s) 0.2

V̇ (X) = − 1

|x1|
XTH1X −XTH2X (30)

whereH1=

[

−2k1k2 + k1 + k31 + 2k1r −k21 + k2(k2 + 1)− 0.5− (k2 + 1)r
−k21 + k2(k2 + 1)− 0.5− (k2 + 1)r k1

]

,

H2 =

[

0 −k1k3
−k1k3 2(k2 + 1)k3

]

According to Formula (30), it can be obtained:

V̇ (X) ≤ −(
1

|x1|
λmin(H1) + λmin(H2)) ∥ X∥2 (31)

where λmin is the minimum eigenvalue of the matrix. ||.|| is the Euclidean
norm. Because of λmin(H)||X||2 ≤ XTHX ≤ λmax(H)||X||2 , we can get
x1| ≤ ||x|| ≤ V 0.5(X)

/

λ0.5
min(P ) .(31) can be transform as follows:

V̇ (X) ≤ −(
1

|x1|
λmin(H1) + λmin(H2))||X||2 (32)

V̇ (X) ≤ −(γ1V
0.5(X) + γ2V (X)) (33)

where

{

γ1=λ0.5
min(P )λmin(H1)

/

λmax(P )
γ2 = λmin(H2)/λmax(P )

According to Lemma 1, the system state variable converges to the sliding mode
surface in finite time, and the convergence time is ts:

ts ≤
2

γ2
ln(

γ2

γ1
V 0.5(X0) + 1) (34)

When the tracking error of the system reaches the sliding mode surface, it
gradually converges to the equilibrium point, and the proof is completed.
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Fig. 2 The experiment platform

(a) (b)

(c)

Fig. 3 PD control with no load ((a) Trajectory tracking diagram (b) Trajectory tracking
error diagram(c) control input diagram)

5 Experimental results

In this paper, an experimental platform of flexible lower limb exoskeleton
robot as shown in Fig. 2 was built. Two orthogonal encoders were used to
measure the knee joint rotation Angle and motor Angle and motor rotation
Angle respectively, and the encoder data was collected in real time by NI board
card. Experimental verification was carried out on Matlab2019b by Simulink
algorithm. Table 1 shows the parameters of flexible lower exoskeleton system.

A. PD Control and SMC
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(a) (b)

(c)

Fig. 4 PD control with load ((a) Trajectory tracking diagram (b) Trajectory tracking error
diagram(c) control input diagram)

(a) (b)

(c)

Fig. 5 SMC with no load((a) Trajectory tracking diagram (b) Trajectory tracking error
diagram(c) control input diagram)

To verify the effectiveness of the proposed algorithm, PD control and tra-
ditional SMC are selected as the comparison algorithm. PD control is divided
into two cascade PD controllers, the inner ring PD controller to get the desired
motor rotation Angle, and then through the outer ring PD controller to get
the motor output torque. SMC adopts the sliding mode surface of Equation
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(a) (b)

(c)

Fig. 6 SMC with load((a) Trajectory tracking diagram (b) Trajectory tracking error dia-
gram(c) control input diagram

(a) (b)

(c)

Fig. 7 SOSMCC with no disturbance ((a) Trajectory tracking diagram (b) Trajectory
tracking error diagram(c) control input diagram)

(11) and the approaching law of ksign(s). The knee joint reference curve is
taken as qr = 20 sin(0.5 ∗ t − 0.5 ∗ pi) + 20. Experimental parameters of PD
control without disturbance are shown as follows: inner and outer loop con-
troller parameters respectively are kp1 = 0.48, kd1 = 0.005, kp2 = 0.36, kd2 =
0.01. PD control parameters under external disturbance are shown as fol-
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(a) (b)

(c)

Fig. 8 SOSMCC in unmatched disturbance((a) Trajectory tracking diagram (b) Trajectory
tracking error diagram(c) control input diagram)

(a) (b)

(c)

Fig. 9 SOSMCC in matched disturbance ((a) Trajectory tracking diagram(b) trajectory
tracking error diagram (c) control input diagram)

lows: kp1 = 0.54, kd1 = 0.008, kp2 = 0.42, kd2 = 0.025.It is stipulated that
the sliding mode surfaces shown in the selection formula (11) in this paper
should meet the following polynomials: p1(s) = (s+ wp)

2(s + z), so we can
get: c1 = zw2

p, c2 = (2wpz + w2
p), c3 = (z + 2wp) . In this condition, tradition
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SMC with no load, we choose z = 2, wp = 12, ks = 30 .Under load, we choose
the same parameters about sliding mode surface, but choose ks = 50 .

Fig. 3is the trajectory tracking diagram, error curve diagram and control
input diagram of PD control without load on the end of knee joint. We can
see from Fig. 3(a) and Fig. 3(b) that PD control cannot accurately track the
trajectory reference curve due to the existence of disturbances, and the error
range is within (±1.50). Fig. 4 shows the curve at load, it can be seen from
Fig. 4(b) that the error curve reaches in the rising stage. Fig. 3(a) and Fig.
4(a) show that when the exoskeleton robot runs to the top and bottom, there
is a flat-top phenomenon, which is caused by the time delay of the double lasso
transmission system.

Fig. 5 shows the trajectory tracking diagram, error curve diagram and
control input diagram of traditional SMC without load. It can be seen from
Fig. 5(a) and Fig. 5(b) that due to the influence of disturbance, the traditional
SMC cannot accurately track the reference trajectory, and the error range is
within (−10 ∼ 20), and the shaking phenomenon of sliding mode control is
quite serious. Fig. 6 is an experimental image of a load at the end of the knee
joint. From Fig. 6(a) and Fig. 6(b), we can get that there is a large trajectory
tracking error in the case of load. This is because sliding mode control is not
robust to mismatched disturbances, and considering the impact of chattering
on the system, the value of k cannot be selected too large.

B. Second order sliding mode composite control (SOSMCC)

Under the proposed method, the parameter selection of the two observers
should satisfy the polynomial in lemma 2. Select the following controller pa-
rameters, z = 2, wp = 12, k1 = 15k2 = 24, k3 = 1 . The parameters of the
unmatched disturbance observer are shown below,

λ1,1 = 162, λ1,2 = 297, λ1,3 = 216, λ1,4 = 78, λ1,5 = 17, γ1 = −2/15

The parameters of the matched disturbance observer are shown below:

λ2,1 = 81, λ2,2 = 108, λ2,3 = 164, λ2,4 = 66, λ2,5 = 16, γ2 = −2/15

In Fig. 7 shows the trajectory tracking curve and control input diagram
of the proposed method when no external disturbance is applied. Fig. 7(a)
shows the tracking curve of the knee joint without disturbance by using the
second-order sliding mode composite control. It can be seen that the proposed
method is effective and can track the reference trajectory at about 0.6 seconds.
Fig. 8 is the trajectory tracking curve under mismatched disturbances. It can
be seen from Fig. 8(b) that the error is basically within (−10 ∼ 10), indicat-
ing that the proposed method has good anti-interference performance. Fig. 9
is the trajectory tracking diagram and error curve diagram under matching
disturbance. Fig. 9(a) and Fig. 9(b) show that the proposed method has a
good tracking performance under matching disturbance. Since matching dis-
turbance cannot be effectively given in the actual experiment, the following
time-varying matching disturbance form is given at the control input:
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d2(N.m) =







0, t < 5,
0.066, 5 ≤ t < 15,

0.066 sin(t− 15), t ≥ 15,

6 Conclusion

In this paper, a compound position control method based on second order
sliding mode control is pro-posed to solve the trajectory tracking problem of
flexible lower limb exoskeleton robot under disturbance and parameter uncer-
tainty. In this method, two finite time state observers are used to observe the
matched and unmatched disturbances of the system respectively and do a real-
time feedforward compensation for the system. By designing a sliding mode
surface with mismatched disturbance estimation information and adopting the
super twisting algorithm in second-order sliding mode control, the influence of
disturbance on the system is effectively reduced. Experi-mental results show
that compared with the traditional PD control and sliding mode control, the
proposed method has better tracking performance and anti-jamming ability,
and weakens the shaking phenomenon in the traditional sliding mode control.
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