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Abstract Short text clustering is a significant yet challenging task, where short texts

generated from the Internet are extremely sparse, noisy, and ambiguous. The sparse

nature makes traditional clustering methods, e.g., k-means family and topic model-

ing, much less effective. Fortunately, recent arts of document distance, e.g., word

mover’s distance, and document representation, e.g., BERT, can accurately measure

the similarities of short texts, especially their nearest neighbors. Inspired by those

arts and observations, we induce short text clusters by directly factorizing the infor-

mative affinity matrix of nearest neighbors into the product of the cluster assignment

matrix, following the intuition that neighboring short texts tend to be assigned to the

same cluster. However, due to the noisy nature of short texts, many of them can be

regarded as outliers or near-outliers, resulting in many noisy neighboring similarities

within the affinity matrix. To further alleviate this problem, we enhance the affinity

matrix factorization by (1) incorporating a sparse noisy matrix to directly capture

noisy neighboring similarities, and (2) regularizing the cluster assignment matrix

by ℓ2,1 norm to eliminate hard-to-clustering short texts (called pseudo-outliers), so

as to indirectly neglect noisy neighboring similarities corresponding to them. After

this factorization for pre-clustering, we train a classifier over the resulting clusters,

and adopt it to assign each pseudo-outlier to one cluster finally. We call this novel

clustering method as Anomaly Aware Symmetric Non-negative Matrix Factorization
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(A2
SNMF). Experimental results on benchmark short text datasets demonstrate that

A2
SNMF performs very competitive with the existing baseline methods.

Keywords Short text clustering, Anomaly detection, Affinity matrix, Matrix

factorization

1 Introduction

Nowadays, short text has become a more fashionable form of text information, such

as social media posts, question titles, and news headlines, to name just a few. Due to

the big volume of short texts generated from the Internet everyday, they potentially

involve a tremendous amount of valuable information and knowledge, which are sig-

nificant for basic text mining tasks of data mining and information retrieval [9,25].

In this paper, we concentrate on the active research topic of short text clustering,

whose goal is to partition unlabeled short texts into a number of clusters. Typically,

it plays a vital role in pre-processing and benefits multiple real-world applications of

short texts [48,53].

Unfortunately, short texts from the Internet are often extremely short, noisy, and

ambiguous, imposing great challenges to clustering. Generally speaking, one primary

difficulty is that each short text only contains very few word tokens (see examples

in Fig.1(a)), and this extremely sparse nature leads to frequent near-orthogonality

Bag-of-Words (BoW) representations, formally referred to as the so-called sparsity

problem. Due to this problem, many traditional clustering methods, e.g., prototype-

based clustering methods such as k-means family, and model-based methods such

as Latent Dirichlet Allocation (LDA) topic modeling [4], almost fail to handle short

texts. In terms of k-means, it is intractable to learn discriminative cluster prototypes

with extremely sparse BoW features [14]; and in terms of LDA, short texts lack the

word co-occurrence information at the document level, so as to hurt the topic in-

ference as well as clustering [43,9]. To resolve the sparsity problem, some recent

attempts are motivated by leveraging the spirit of short text enrichment with various

techniques, e.g., external knowledge bases [14], global word co-occurrences [9,42],

and pre-trained word embeddings [26,27]. However, those methods may often gen-

erate incoherent enrichment of short texts and even mix with noise, still limiting the

performance of short text clustering.

Fortunately, several previous studies [48,29] report that the methodology of cap-

turing the local structure, i.e., k Nearest Neighbors (NNs), of short texts, can ef-

fectively boost the clustering performance, and meanwhile, the recent new arts of

document distance, e.g., Word Mover’s Distance (WMD) [22], and document rep-

resentation, e.g., BERT [10], can accurately measure the similarities of short texts,

especially their nearest neighbors. Motivated by those arts and observations, we in-

vestigate a proposal for short text clustering: It first computes an accurate affinity

matrix of k short text NNs by using recent arts such as WMD or BERT embeddings,

and then factorizes this informative affinity matrix into the product of cluster assign-

ment matrix as Symmetric Non-negative Matrix Factorization (SymNMF) [20]. The

basic idea of factorizing the affinity matrix (i.e., SymNMF) is that neighboring short

texts tend to be assigned to the same cluster. Formally, let S ∈ R
n×n and C ∈ R

n×l
+
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Table 1 Early empirical results of k-means, LDA, SymNMF, and our A2SNMF. All experimental settings

are described in Section 4.

Methods
StackOverFlow Biomedical

ACC ↑ NMI ↑ ACC ↑ NMI ↑

k-means 0.36±0.04 0.45±0.04 0.21±0.02 0.22±0.02

LDA [4] 0.41±0.03 0.37±0.06 0.27±0.02 0.26±0.03

SymNMF [20] 0.65±0.02 0.56±0.01 0.39±0.01 0.34±0.00

A2SNMF (Ours) 0.70±0.01 0.58±0.02 0.45±0.02 0.37±0.01

denote the affinity matrix of n short texts (with k NNs only) and cluster assignment

matrix with l clusters, respectively. The formulation of SymNMF can be described

below:

min
C⪰0

∥S−CC
⊤∥2F , (1)

where ∥·∥F is the Frobenius norm. To show the effectiveness of SymNMF (i.e., Eq.1)

for short text clustering, we present early experimental results of benchmark datasets

in Table 1. We can observe that SymNMF outperforms k-means and LDA by a large

margin, indicating that for short texts, inducing clusters from the affinity matrix may

be much more effective than from BoW features.

Our contributions. Based on aforementioned analyses and early empirical results,

we regard SymNMF as a candidate backbone for short text clustering. However, it

also suffers from the noisy neighbor problem: Due to the noisy nature of short

texts, many of them can be regarded as outliers or near-outliers, potentially result-

ing in many noisy neighboring similarities within the affinity matrix (see examples in

Fig.1), so as to hurt SymNMF clustering.

To remedy this problem, in this paper we propose a novel clustering method,

namely Amorally Aware Symmetric Non-negative Matrix Factorization (A2
SNMF).

Specifically, A2
SNMF consists of two stages: pre-clustering and cluster reassign-

ment. In the pre-clustering stage, we formulate a novel objective of affinity matrix

factorization, whose main idea is two-fold: First, we incorporate a noisy matrix with

sparse ℓ1 norm regularization to directly capture noisy neighboring similarities. Sec-

ond, we regularize the cluster assignment matrix by ℓ2,1 norm to eliminate hard-

to-clustering short texts (called pseudo-outliers), so as to indirectly neglect noisy

neighboring similarities corresponding to them. Therefore, optimizing this novel ob-

jective of A2
SNMF can output more accurate clusters without pseudo-outliers. In the

cluster reassignment stage, we regard the clusters computed from the pre-clustering

stage as a pseudo-training dataset, and then train a prototype-based classifier with it.

Each pseudo-outlier is predicted to one cluster by adopting this classifier. To eval-

uate the performance of A2
SNMF, we empirically compare it against existing clus-

tering methods of various types. The experimental results demonstrate that A2
SNMF

performs very competitive with the baseline methods measured by the widely used

external metrics of clustering.

In a nutshell, the contributions of the paper are summarized as follows.
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Fig. 1 Examples of short texts and inaccurate affinity matrix with near-outlier. (a) Examples of 7 short

texts D1,··· ,7 with very few words. We emphasize that D4 is a near-outlier with many typos. (b) The

corresponding affinity matrix [Sij ]7×7 with 2 NNs. Specifically, the component Sij = 0 denotes that

Di and Dj are non-neighbors, and vice-versa Sij describes the similarity between the corresponding

neighbors. In this example, we can observe that the near-outlier D4 results in some noisy neighboring

similarities with lower values, which are indicated by red shadow cells. Best viewed in color.

– We analyze previous studies and also empirically indicate that inducing clusters

from the affinity matrix is an effective solution for short text clustering, and Sym-

NMF can be regarded as a candidate backbone.

– We propose a novel short text clustering method named A2
SNMF, which alleviates

the noisy neighbor problem of SymNMF.

– We conduct a number of experiments on benchmark short text datasets. Empirical

results demonstrate the superior performance of A2
SNMF.

The rest of this paper is organized as follows: In Section 2, we introduce some

related works. In Section 3, we introduce the proposed A2
SNMF method in detail.

Experimental results and discussions are presented in Section 4. In Section 5, the

conclusion is made.

2 Related Work

In this section, we briefly review the related works on short text clustering, non-

negative matrix factorization, and anomaly detection, respectively.

2.1 Short Text Clustering

Short text clustering has attracted much attention from the community, and sev-

eral methods have been recently developed [14,51,9,39,47,52,26,48,50,28,15,42,

27,29,53]. To our knowledge, the current mainstream methods can be roughly di-

vided into two categories in the literature: topic modeling method and deep learning

method.

The topic modeling methods uncover the latent topic structures of documents

by leveraging various generative processes [4,3]. They estimate the topic represen-

tations of documents and then assign clusters with them, based on the concept cor-

respondence between topic and cluster. To effectively handle the sparse short texts,

existing topic models mainly focus on word co-occurrence enrichment, so as to es-

timate more discriminative topic representation for each short text. For example, the
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Biterm Topic Model (BTM) [9] directly leverages global word co-occurrences at the

corpus level; and the Dirichlet Multinomial Mixture (DMM) [51] supposes that each

short text covers only a single topic, indirectly enriching word co-occurrences at the

document level. Recently, they are upgraded by incorporating pre-trained word em-

beddings [26,27] and variational manifold regularization [29]. Comparing with those

aforementioned methods, our A2
SNMF trains short text clusters from the affinity ma-

trix, and further addresses the noisy nature of short texts.

The main spirit of deep learning methods is to induce more discriminative deep

features beyond sparse BoW features, making short text clustering much easier. The

STC2 method [47,48], learns deep features by optimizing with traditional dimension-

ality reduction methods, followed by k-means clustering. The ST-STC method [13]

first pre-trains a deep auto-encoder to initialize the deep features, and then performs

an end-to-end self-training process for the final clustering [46]. Additionally, another

method [53] computes more robust deep features under the adversarial training man-

ner. Orthogonal to those methods, A2
SNMF is flexible, also enabling to employ deep

features, i.e., BERT embeddings, to construct the affinity matrix. We will investigate

the end-to-end version of A2
SNMF in the future.

2.2 Non-negative Matrix Factorization and Anomaly Detection

Typically, the Non-negative Matrix Factorization (NMF) [24] can be interpreted as

a dimensionality reduction method, which factorizes the instance matrix into non-

negative low-rank approximations. The literature [11] analyzes the equivalence of

NMF and spectral clustering, indicating that NMF can be also applied to clustering.

Many variants of NMF have been proposed by leveraging various techniques. For

example, the Graph regularized NMF (GNMF) [7,6] preserves the local structures

of instances by using the manifold regularization, and the Semantics-assisted NMF

(SeaNMF) [42] handles the sparsity problem of short texts with corpus-level word

co-occurrences. Many studies aim to efficiently solve these NMF-like methods, such

as Alternating Non-negative Least Squares (ANLS) [19,21]. The SymNMF method

[20] can be viewed as a special case of NMF, which factorizes the affinity matrix

of instances, instead of the original instance matrix. It has been long investigated

[45,40,17,33], and widely applied to various real applications, such as community

detection [32,34] and recommender systems [35]. In many scenarios, SymNMF can

achieve competitive clustering performance [20,16]. Beyond it, our A2
SNMF further

considers the noisy nature of short texts, so as to achieve a more robust clustering

performance.

Anomaly detection [18] is a well-established yet fundamental task in data analy-

sis. Broadly speaking, the typical kinds of anomaly detection methods include proximity-

based methods [1,49], rule-based methods [36], and information-theoretic methods

[44], etc. Specifically, several studies investigate joint clustering and anomaly detec-

tion [8,37,30]. However, they are not applicable to extremely sparse data such as

short texts.
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Fig. 2 The overall framework of A2SNMF. We construct the affinity matrix S by any WMD, AWE, or

AF-BERT. We then perform pre-clustering and cluster reassignment.

3 Proposed A2
SNMF Method

In this section, we clarify the proposed Amorally Aware Symmetric Non-negative

Matrix Factorization (A2
SNMF) method in detail.

3.1 Overall Description of A2
SNMF

Consider a collection Ω of n short texts with a fixed vocabulary of v words, which

can be generally described by the normalized BoW matrix X ∈ R
n×v . Commonly,

each short text contains only very few word tokens, i.e., each row of X involves very

few non-zero values. The task of short text clustering refers to partitioning those short

texts into l clusters. We define the cluster assignment matrix C ∈ R
n×l
+ to represent

the resulting cluster, where each short text is assigned to the cluster with maximum

value in its corresponding row of C.

To handle this task, the basic idea of A2
SNMF is to estimate C by factorizing the

affinity matrix of k short text NNs, denoted by S ∈ R
n×n. The overall framework

of A2
SNMF is shown in Fig.2. To be specific, we first construct S by three various

document distance techniques as three options. Given S, A2
SNMF induces short text

clusters by the following two stages.

– Pre-clustering: To alleviate the noisy neighbor problem, we formulate a novel

SymNMF-like objective by (1) incorporating a noisy matrix with sparse ℓ1 norm

regularization to directly capture noisy neighboring similarities, and (2) regular-

izing C by ℓ2,1 norm to eliminate hard-to-clustering short texts (called pseudo-

outliers), so as to indirectly neglect noisy neighboring similarities corresponding

to pseudo-outliers

– Cluster reassignment: In this stage, we regard the resulting clusters computed

from the pre-clustering stage as a pseudo-training dataset, and then train a prototype-

based classifier with it. Each pseudo-outlier is predicted to one cluster by adopting

this classifier.

We describe the details of affinity matrix construction, pre-clustering, and cluster

reassignment stages in the following parts of this section. For clarity, we outline the

important notations in Table 2.
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3.2 Affinity Matrix Construction

In this work, we attempt to construct S by using one of the three document dis-

tance techniques, including WMD, Average pre-trained Word Embeddings (AWE),

and Average Fine-tuned BERT embeddings (AF-BERT). We show implementation

details below.

– WMD: The WMD is a novel document distance that measures the optimal trans-

port plan between documents [22]. To apply it, we compute the cost of each

word pair by employing the pre-trained GloVe word embeddings [38], denoted

by E ∈ R
v×d, where d is the embedding dimension. The relaxed version of

WMD is finally used for speedup [22].

– AWE: Given the GloVe word embeddings E, we can represent each short text by

a weighted average of embeddings corresponding to occurring words. Formally,

we transform X,E into the AWE matrix A ≜ XE ∈ R
n×d. For each short text

pair {Ai,Aj}, we compute their distance by the cosine measure, formulated as
1−cos(Ai,Aj)

2 .

– AF-BERT: We fine-tune the pre-trained BERT model [10] over the raw data Ω.

Each short text is represented by a weighted average of contextualized embed-

dings corresponding to occurring words, This gives the AF-BERT matrix B̂ ∈
R

n×d̂, where d̂ is the embedding dimension. For each short text pair {Bi,Bj},
we compute their distance as

1−cos(Bi,Bj)
2 .

With any document distance technique, the affinity matrix is finally computed by the

following formula:

Sij =

{
exp (−dis(i, j)), i ∈ Πj or j ∈ Πi

0, otherwise
∀i, j ∈ [n]

where Πi denotes the k NNs set of the i-th short text; and dis(i, j) is the distance

between two short texts by any document distance technique.

3.3 Pre-clustering

Due to the noisy nature of short texts, the affinity matrix S potentially contains many

noisy neighboring similarities among short texts. The main goal of pre-clustering is to

alleviate this noisy neighbor problem. To this end, we propose a novel SymNMF-like

objective with two tricks. First, we incorporate a learnable noisy matrix Z ∈ R
n×n to

directly capture noisy neighboring similarities, and a learnable clean approximating

affinity matrix G ∈ R
n×n, satisfying S = G + Z. We then compute the cluster

assignment matrix C by factorizing G, instead of S. Further, we suppose that the

noisy matrix Z tends to be sparse, so as to place the sparse ℓ1 norm regularization on

it. Accordingly, we formulate the following objective:

min
C,G,Z

∥G−CC
⊤∥2F + λ1∥Z∥1

s.t. G+ Z = S, C,G,Z ⪰ 0 , (2)
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Table 2 Summary of the important notations.

Notation Description

n number of short texts

v size of vocabulary

l number of clusters

k number of nearest neighbors

X ∈ Rn×v normalized BoW matrix

C ∈ R
n×l
+

cluster assignment matrix

S ∈ Rn×n affinity matrix of k short text NNs

E ∈ Rv×d GloVe word embeddings

A ∈ Rn×d AWE matrix

Ê ∈ Rv×d̂ fine-tuned BERT embeddings

B ∈ Rn×d̂ AF-BERT matrix

G ∈ Rn×n clean approximation of S

Z ∈ Rn×n noisy matrix

where ∥·∥1 is the ℓ1 norm; and λ1 is a regularization parameter. Second, we regularize

C by ℓ2,1 norm to eliminate pseudo-outliers, i.e., the short texts correspond to the

zero rows of C. The intuition is that the resulting pseudo-outliers are more likely

to generate noisy neighboring similarities. By further incorporating this ℓ2,1 norm

regularizer, the final objective of A2
SNMF with respect to {C,G,Z} is formulated

below:

min
C,G,Z

∥G−CC
⊤∥2F + λ1∥Z∥1 + λ2∥C∥2,1

s.t. G+ Z = S, C,G,Z ⪰ 0 , (3)

where λ2 denotes the regularization parameter.

Alternative optimization. Naturally, the objective of Eq.3 is intractable to optimize.

To efficiently solve it, we employ the following formulation by incorporating an aux-

iliary cluster assignment matrix V ∈ R
n×l as in [21]:

min
V,C,G,Z

∥G−CV
⊤∥2F + λ1∥Z∥1 + λ2∥C∥2,1 + α∥C−V∥2F

s.t. G+ Z = S, V,C,G,Z ⪰ 0 , (4)

where α is a scalar parameter to measure the importance of the difference between C

and V. Accordingly, the objective of Eq.4 can be treated as a special version of NMF,

which can be efficiently solved by existing methods of NMF such as ANLS [19].

A potential issue of this non-symmetric formulation is that the difference between

C and V may be relatively larger with smaller α values. Fortunately, in the early

experiments we have empirically found the clustering results are insensitive to the

value of α and we always fixed α to 1.

However, the objective of Eq.4 is also intractable to compute due to the ℓ2,1 regu-

larization of C. To make the optimization simple with the ℓ2,1 norm [31], we leverage
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the idea of Alternating Direction Method of Multipliers (ADMM) [5] to further con-

vert Eq.4 into the following objective with another auxiliary matrix D ∈ R
n×l:

min
V,D,C,G,Z,Θ1,Θ2

∥S− Z−DV
⊤∥2F + λ1∥Z∥1 + λ2∥C∥2,1

+α∥D−V∥2F +
µ1

2
∥S− Z−G+

Θ1

µ1
∥2F

+
µ2

2
∥C−D+

Θ2

µ2
∥2F

s.t. V,D,C,G,Z ⪰ 0 , (5)

where Θ1 ∈ R
n×n and Θ2 ∈ R

n×l are the Lagrange multipliers; and {µ1, µ2}
are the penalty parameters. We can alternately update each variable of interest, i.e.,

{V,D,C,G,Z,Θ1,Θ2}, as the other ones fixed. Details are briefly clarified in the

following parts.

[Update V] By referring to [21], the sub-problem of V is formulated below:

min
V⪰0

∥Ŝ− D̂V
⊤∥2F , (6)

where Ŝ =
[
S
⊤ − Z

⊤,
√
αD
]⊤

and D̂ =
[
D

⊤,
√
αI
]⊤

. We can alternatively update

each column of V by leveraging the ANLS method [19,21]:

V·j ←


V·j +

(
Ŝ
⊤
D̂

)
·j
−
(
VD̂

⊤
D̂

)
·j(

D̂⊤D̂

)
jj



+

, (7)

where [ · ]+ = max( · ,0).
[Update D] By referring to [21], the sub-problem of D is formulated below:

min
D⪰0

∥S̃− ṼD
⊤∥2F , (8)

where S̃ =

[
S
⊤ − Z

⊤,
√
α+ µ2

2

(
αV+

µ2
2
(C−

Θ2

µ2
)

α+
µ2
2

)]⊤
, and Ṽ =

[
V

⊤,
√
α+ µ2

2 I
]⊤

.

Similar to V, we can alternatively update each column of D as follows:

D·j ←


D·j +

(
S̃
⊤
Ṽ

)
·j
−
(
DṼ

⊤
Ṽ

)
·j(

Ṽ⊤Ṽ

)
jj



+

(9)

[Update C] By removing the terms without C, the corresponding sub-problem is

given by:

min
C⪰0

µ2

2
∥C−D+

Θ2

µ2
∥2F + λ2∥C∥2,1 (10)
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After some derivations, we can solve the above objective with ℓ2,1 norm by up-

dating each row of C (derivations given in the Appendix):

Ci =

{(
1− λ2

µ2∥Ĉ
+

i ∥

)
Ĉ

+
i , if ∥Ĉ+

i ∥ > λ2

µ2

0, otherwise
, (11)

where Ĉ
+ = [D−Θ2/µ2]+.

Given this update rule, we can observe that the regularization parameter λ2 plays

a key role in controlling the zero rows of C, i.e., estimating near-outliers. However,

A2
SNMF may be sensitive to λ2, and it is intractable to be tuned. To handle this

problem, before performing the update of Eq.11, each row of Ĉ+ is normalized to be

the vector whose sum is one,

C
+
i =

Ĉ
+
i

∥Ĉ+
i ∥1

,

so that every ∥C̃i∥ is bounded. The update rule is then given as follows:

Ci =




∥Ĉ+

i ∥1
(
1− λ2

µ2∥C
+

i ∥

)
C

+
i , if ∥C+

i ∥ > λ2

µ2

0, otherwise
, (12)

[Update G] By removing the terms without G, we obtain the following sub-problem:

min
G⪰0

µ1

2
∥S− Z−G+

Θ1

µ1
∥2F (13)

It can be computed as follows:

G =

[
S− Z+

Θ1

µ1

]

+

(14)

[Update Z] By removing the terms without Z, the corresponding sub-problem is

given by:

min
Z⪰0

∥S− Z−DV
⊤∥2F + λ1∥Z∥1 +

µ1

2
∥S− Z−G+

Θ1

µ1
∥2F (15)

We can easily compute a closed-form solution by using the soft thresholding operator

δ [5]. The solution is as follows:

Z = δλ1/2

(
(2 + µ1)S− 2DV

⊤ − µ1G+Θ1

2 + µ1

)
, (16)

where δK(x) = max(abs(x)−K,0).
[Update Θ1 and Θ2] The Lagrange parameters can be directly updated as follows:

Θ1 ←− Θ1 + µ1(S− Z−G),

Θ2 ←− Θ2 + µ2(C−D) (17)
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Convergence analysis. We now briefly analyze the convergence characteristics of

pre-clustering, i.e., Eq.5. Because it is derived from the well-established ADMM

method [5], we omit its Lagrange parameters {Θ1,Θ2} updated by gradient decent,

but only focus on other important parameters of interest, i.e., P ≜ {V,D,C,G,Z}.
At each iteration t, we denote ℓ(P(t)) as the current loss of Eq.5. Because we update

each parameter by holding other ones fixed, we specifically define ℓ̂(·) as the loss

with respect to one parameter, e.g., ℓ̂(V(t)), for convenience. Basically, we attempt

to show ℓ(P(t−1)) ≥ ℓ(P(t)) with alternative optimization.

For V, we alternatively update each column by ANLS, i.e., Eq.7, where it is the

unique solution of its sub-problem by referring to Theorem 2 in [19]. Accordingly,

we have the following inequalities:

ℓ̂(V
(t−1)
·1 ) ≥ ℓ̂(V

(t)
·1 ) ≥, · · · ,≥ ℓ̂(V

(t−1)
·l ) ≥ ℓ̂(V

(t)
·l ) (18)

For D also updated by ANLS, i.e., Eq.9, we have similar inequalities:

ℓ̂(D
(t−1)
·1 ) ≥ ℓ̂(D

(t)
·1 ) ≥, · · · ,≥ ℓ̂(D

(t−1)
·l ) ≥ ℓ̂(D

(t)
·l ) (19)

For C, the update equation of Eq.12 is the optimal solution of its sub-problem (see

details in the Appendix). Due to the dependency among each row of C, we show the

inequality of full C:

ℓ̂(C(t−1)) ≥ ℓ̂(C(t)) (20)

For G, the update equation of Eq.14 is obviously the optimal solution of its sub-

problem, leading to the following:

ℓ̂(G(t−1)) ≥ ℓ̂(G(t)) (21)

Finally, for Z, it is also updated by a closed-form solution of its sub-problem by

referring to [5], giving the following:

ℓ̂(Z(t−1)) ≥ ℓ̂(Z(t)) (22)

Upon those inequalities 18, 19, 20, 21, and 22, the overall loss of Eq.5 will iteratively

decrease with alternative optimization:

ℓ(P(t−1)) ≥ ℓ(P(t)) (23)

Further, we know that ℓ(P) must be greater than 0. Therefore, the alternaative op-

timization of Eq.5 will converge to a stationary point with a sufficient number of

iterations.
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Algorithm 1 Full process of A2
SNMF

1: Input: short text dataset X, number of clusters l

2: Construct the affinity matrix S by any WMD, AWE, or AF-BERT

3: Initialize parameters and variables of pre-clustering

4: While not convergence Do

5: Update V using Eq.7

6: Update D using Eq.9

7: Update C using Eq.12

8: Update G using Eq.14

9: Update Z using Eq.16

10: Update {Θ1,Θ2} using Eq.17

11: End While

12: Compute the cluster prototypes over pseudo-training datset using Eq.24

13: Reassign pseudo-outliers to their nearest clusters

14: Output: cluster assignment matrix C

3.4 Cluster Reassignment

Given the optimal C learned from pre-clustering, each short text is assigned to the

cluster with maximum value in its corresponding row of C. Specially, by referring to

Eq.12, the pre-clustering may lead to a number of all-zero rows in C, corresponding

to pseudo-outliers that have not been assigned to any cluster. To resolve this, we re-

gard the resulting clusters as a pseudo-training dataset, and compute a v-dimensional

prototype for each cluster. Inspired by [12], for cluster i, the weight of word j in its

prototype is computed as follows:

pij = b
SFij
Si × ln

(
l

CFj

)
, (24)

where SFij denotes the document frequency of word j in cluster i; Si is the total

number of short texts that are associated with cluster i; CFj is the number of clusters

that contain word j; and b denotes a constant value fixed as e − 1 as suggestions in

[12]. Accordingly, each pseudo-outlier is assigned to its nearest cluster measured by

the cosine similarities between its BoW feature and cluster prototypes.

For clarity, we present the full process of A2
SNMF in Algorithm 1.

3.5 Analysis of Time Complexity

We now analyze the time complexities of affinity matrix construction, pre-clustering,

and cluster reassignment, respectively. First, we propose three options to construct the

affinity matrix. For WMD, we employ its relaxed version, leading to O(n2p2 + v2d)
time in total, where p denotes the average length of short texts. For AWE and AF-

BERT, their complexities are O(nvd + n2d) and O(β + nvd̂ + n2d̂), respectively,

where we use O(β) to denote the fine-tuning cost of BERT. Second, we turn to the

pre-clustering stage that optimizes the factorization objective of Eq.3. Overall, the up-

date equations of all variables mainly involve matrix multiplication and addition oper-

ators. We directly summarize the per-iteration complexities of {V,D,C,G,Z,Θ1,Θ2}
are O(n2l + nl3), O(n2l + nl2), O(nl), O(n2), O(n2l), O(n2) and O(nl), respec-

tively. The full per-iteration complexity is thus aboutO(n2l+nl3), It is worth noting
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Table 3 Characteristics of the short text datasets. AvgDoc denotes the average document length.

Dataset #Doc #Word AvgDoc #Label

Trec 4,434 1,051 3.3 6

Snipptes 12,140 5,462 14.3 8

StackOverFlow 18,358 2,220 3.8 20

Biomedical 19,918 4,472 7.3 20

UCInews 10,379 7,889 6.7 30

that S,Z and G are very sparse, so the complexity can be actually O(|S|l + nl3).1

Besides, empirical results show that the optimization can converge within very few

iterations (less than 10 in our early experiments), this stage is thus efficiently compet-

itive. Finally, in the cluster reassignment stage, we compute the cluster prototypes,

spending O((n − n̂)v̂vl) time, where n̂ and v̂ denote the number of pseudo-outliers

and average document length, respectively. We then compute the distances between

pseudo-outliers and cluster prototypes, requiring O(n̂v̂l) time. Therefore, the full

complexity of this stage isO((n− n̂)v̂vl+ n̂v̂l), which is linear to the volume of the

dataset.

4 Experiment

In this section, we show and discuss the experimental results on short text clustering.

We first clarify details of datasets, baselines, and metrics.

Datasets. In the experiments, we totally employ 5 short text datasets from various

domains. They include Trec, Snippets, StackOverFlow, Biomedical, and UCInews.

The UCInews dataset we used is a subset of the UCI News Aggregator dataset. The

“STORY” identifier is treated as a label, and we use only the 30 stories with the most

documents. During the pre-processing, we eliminate the words appearing in less than

5 documents and further remove the empty short texts. The characteristics of those

datasets are clarified in Table 3.

Baselines. In the experiments, we employ 12 existing baseline clustering methods,

including prototype-based method, spectral clustering method, NMF-based methods,

topic modeling methods, and deep learning methods. For clarity, we outline the de-

tails of all comparing methods below.

– k-means: We apply the standard k-means algorithm over the TF-IDF representa-

tions.

– Normalized cut (Ncut) [41]: This is a standard spectral clustering method.

– NMF [11]: We adopt the standard NMF model solved by the ANLS method [19].

The code is available on the net.2

– GNMF [6]: The model is an enhanced version of NMF with manifold regulariza-

tion. The code is available on the net.3

1 The notation |S| denotes the number of non-zero elements in S,Z,G.
2 https://github.com/hiroyuki-kasai/NMFLibrary
3 http://www.cad.zju.edu.cn/home/dengcai/Data/GNMF.html
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– SymNMF [20]: This is the standard symmetric NMF model solved by the sym-

metric ANLS method [21]. The code is available on the net.2

– SeaNMF [42]: This model is an enhanced version of NMF with word co-occurrences

for short texts. The code is available on the net.4

– LDA [4]: The traditional LDA topic model inferred by variational inference. The

code is available on the net.5

– BTM [9]: This is a topic model that captures the corpus-level word co-occurence

patterns. The code is available on the net.6

– GSDMM [51]: This is the DMM topic model inferred by Gibbs sampling. In

GSDMM, each document is supposed to cover only a single topic, so as to be

applicable to short texts. The code is available on the net.7

– FGSDMM+ [52]: The improved version of GSDMM with online initialization.

– Para2vec [23]: This is a paragraph vector model that learns distributed repre-

sentations of short texts, and then applies k-means. The code is available on the

net.8

– STC2 [48]: This is a deep learning method inducing short text representations

with locality preserving indexing, and then feeding the resulting representations

to k-means. The code is available on the net.9

– ST-STC [13]: This is another self-training deep learning method, which regards

the SIF representation [2] as the input. The code is available on the net.10

– A2
SNMF: This is our proposed method. For convenience, the versions that con-

struct the affinity matrix by WMD, AWE, and AF-BERT are referred to as A2
SNMF+W,

A2
SNMF+A, and A2

SNMF+B, respectively. The other parameter settings are spec-

ified as follows: (1) The nearest neighbor number k within the affinity matrix are

chosen from {10, 20} for Trec and Snippets, and from {100, 200} for StackOver-

Flow, Biomedical, and UCInews; (2) The parameter λ1 is tuned over the range

{10−2, 10−1, 100}. (3) The parameter λ2 are chosen from {0.8, 0.9} for Trec

and Snippets, and from {0.6, 0.7} for StackOverFlow, Biomedical, and UCInews.

More empirical analyses are shown in Section 4.2. (4) By referring to [21], the

parameter α is fixed to 1.

We further declare that for all comparing methods, the cluster number is set as

the true number of labels for each dataset. Besides, for all comparing methods re-

quiring word embeddings, we employ the pre-trained GloVe11 embeddings [38]. We

randomly generate embeddings for the words that don’t appear in the GloVe vocabu-

lary.

Metrics. In the experiments, we evaluate the performance by three metrics named

ACCuracy (ACC), Normalized Mutual Information (NMI) and Adjusted Rand Index

4 https://github.com/tshi04/SeaNMF
5 http://www.cs.columbia.edu/ blei/lda-c/index.html
6 https://github.com/xiaohuiyan/BTM
7 https://github.com/jackyin12/GSDMM
8 https://github.com/mesnilgr/iclr15
9 https://github.com/jacoxu/STC2

10 https://github.com/hadifar/stc clustering
11 https://nlp.stanford.edu/projects/glove/



Anomaly Aware Symmetric Non-negative Matrix Factorization for Short Text Clustering 15

(ARI). Considering a dataset of n documents, let Y = {yd}nd=1 and C = {cd}nd=1

denote its corresponding label set and resulting cluster set, respectively.

The ACC score measures the correspondence between Y and C, specifically de-

fined below:

ACC =

∑n
d=1 I (yd,m (cd))

n
, (25)

where I (·) denotes the indicator function; and m (cd) is the mapping function com-

puted by the Hungarian algorithm.

The NMI score measures the mutual information between Y and C, defined be-

low:

NMI =
MI (Y,C)√
H (Y)H (C)

, (26)

where MI (Y,C) is the mutual information between Y and C; H(Y) and H(C)
denote the entropy values of Y and C, respectively; and the denominator plays the

role of 0-1 normalization.

Finally, the ARI score is the corrected-for-chance version of the rand index, de-

fined as follows

ARI =

∑l
ij

(
nij

2

)
− [
∑l

i

(
ni·

2

)∑l
j

(
n
·j

2

)
]/
(
n
2

)

1
2 [
∑l

i

(
ni·

2

)
+
∑l

j

(
n
·j

2

)
]− [

∑l
i

(
ni·

2

)∑l
j

(
n
·j

2

)
]/
(
n
2

) , (27)

where nij denote the number of documents associated with both label i and cluster j;

and ni· and n·j denote the numbers of documents associated with label i and cluster

j, respectively.

4.1 Results and Discussions

We independently run each comparing method 5 times and evaluate the average

scores of ACC, NMI, and ARI. The experimental results are reported in Table 4.

Overall speaking, we can see that A2
SNMF performs very competitive with baseline

methods in most cases. More details of observations and discussions are given below.

The first observation is that our A2
SNMF significantly outperforms the traditional

k-means and Ncut methods across all datasets. Unsurprisingly, the k-means method

empirically fails to the clustering of short texts just as the previous reports [51,48],

e.g., it only gets about 0.25 and 0.36 ACC scores on Snippets and StackOverFlow, re-

spectively. The results give further empirical evidence that the prototype-based clus-

tering methods may lose effectiveness on the BoW features of short texts, due to the

sparsity problem. Besides, an interesting finding is that A2
SNMF+W performs better

than A2
SNMF+A and A2

SNMF+B, implying that the distances between short texts

can be better measured by WMD.

Second, we can see that A2
SNMF consistently outperforms NMF-based methods

in all cases. For example, the ACC scores of A2
SNMF are even about 0.06 ∼ 0.18 and

0.04 ∼ 0.09 higher than those of NMF-based methods across Trec and Biomedical,

respectively. Among those NMF-based ones, we roughly find that the performance or-

der is NMF < SeaNMF < SymNMF. The results seem reasonable: (1) The SeaNMF
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Table 4 The clustering results (mean±standard deviation) of ACC, NMI and ARI. The best performance

is given in boldface type.

Metric Methods Trec Snipptes StackOverFlow Biomedical UCInews

ACC

k-means 0.42±0.04 0.25±0.01 0.36±0.04 0.21±0.02 0.49±0.03

Ncut [41] 0.49±0.03 0.64±0.02 0.53±0.01 0.32±0.02 0.61±0.02

NMF [11] 0.46±0.00 0.61±0.03 0.66±0.02 0.36±0.00 0.65±0.01

SymNMF [20] 0.54±0.02 0.76±0.07 0.65±0.02 0.39±0.01 0.67±0.02

SeaNMF [42] 0.55±0.02 0.56±0.02 0.66±0.04 0.39±0.01 0.66±0.03

LDA [4] 0.33±0.01 0.49±0.05 0.41±0.03 0.27±0.02 0.58±0.03

BTM [9] 0.36±0.01 0.61±0.02 0.49±0.05 0.36±0.03 0.63±0.02

GSDMM [51] 0.36±0.01 0.62±0.03 0.48±0.04 0.36±0.02 0.64±0.02

FGSDMM+ [52] 0.37±0.01 0.63±0.03 0.49±0.04 0.37±0.02 0.63±0.01

Para2vec [23] 0.51±0.02 0.68±0.04 0.33±0.02 0.42±0.01 0.62±0.02

STC2 [48] 0.54±0.03 0.78±0.05 0.53±0.04 0.42±0.02 0.61±0.03

ST-STC [13] 0.58±0.02 0.77±0.04 0.59±0.03 0.49±0.02 0.65±0.02

A2SNMF+W 0.64±0.02 0.81±0.07 0.67±0.01 0.45±0.02 0.69±0.01

A2SNMF+A 0.63±0.01 0.80±0.04 0.68±0.03 0.43±0.02 0.69±0.02

A2SNMF+B 0.63±0.02 0.78±0.02 0.67±0.03 0.45±0.02 0.69±0.02

Metric Methods Trec Snipptes StackOverFlow Biomedical UCInews

NMI

k-means 0.34±0.03 0.10±0.04 0.45±0.04 0.22±0.02 0.66±0.02

Ncut [41] 0.37±0.02 0.48±0.03 0.54±0.01 0.28±0.00 0.72±0.01

NMF [11] 0.27±0.01 0.41±0.02 0.54±0.01 0.30±0.01 0.76±0.02

SymNMF [20] 0.38±0.02 0.58±0.03 0.56±0.01 0.34±0.00 0.76±0.01

SeaNMF [42] 0.40±0.01 0.38±0.02 0.56±0.05 0.32±0.01 0.75±0.03

LDA [4] 0.11±0.01 0.33±0.05 0.37±0.06 0.26±0.03 0.66±0.02

BTM [9] 0.16±0.02 0.52±0.03 0.46±0.05 0.34±0.02 0.73±0.02

GSDMM [51] 0.14±0.01 0.51±0.04 0.44±0.05 0.33±0.02 0.74±0.02

FGSDMM+ [52] 0.15±0.01 0.53±0.05 0.44±0.04 0.34±0.02 0.72±0.01

Para2vec [23] 0.39±0.01 0.52±0.01 0.29±0.02 0.35±0.01 0.73±0.02

STC2 [48] 0.44±0.04 0.61±0.01 0.51±0.02 0.37±0.01 0.73±0.02

ST-STC [13] 0.45±0.02 0.60±0.02 0.54±0.03 0.42±0.02 0.75±0.03

A2SNMF+W 0.47±0.03 0.67±0.01 0.58±0.02 0.37±0.01 0.79±0.02

A2SNMF+A 0.46±0.02 0.67±0.03 0.56±0.01 0.36±0.01 0.78±0.01

A2SNMF+B 0.44±0.01 0.62±0.01 0.57±0.01 0.37±0.01 0.79±0.03

Metric Methods Trec Snipptes StackOverFlow Biomedical UCInews

ARI

k-means 0.13±0.02 0.01±0.01 0.06±0.02 0.03±0.01 0.22±0.03

Ncut [41] 0.20±0.02 0.38±0.02 0.13±0.01 0.12±0.01 0.43±0.03

NMF [11] 0.23±0.00 0.39±0.02 0.48±0.02 0.21±0.01 0.58±0.02

SymNMF [20] 0.32±0.02 0.59±0.02 0.32±0.02 0.22±0.02 0.57±0.03

SeaNMF [42] 0.31±0.01 0.31±0.02 0.46±0.04 0.20±0.02 0.57±0.02

LDA [4] 0.06±0.00 0.26±0.04 0.24±0.03 0.15±0.01 0.47±0.02

BTM [9] 0.09±0.00 0.38±0.03 0.29±0.04 0.22±0.03 0.54±0.01

GSDMM [51] 0.07±0.01 0.39±0.03 0.28±0.04 0.21±0.03 0.54±0.02

FGSDMM+ [52] 0.08±0.01 0.40±0.02 0.29±0.05 0.21±0.04 0.53±0.02

Para2vec [23] 0.29±0.01 0.43±0.02 0.06±0.01 0.23±0.03 0.47±0.03

STC2 [48] 0.34±0.05 0.57±0.03 0.42±0.02 0.25±0.01 0.55±0.02

ST-STC [13] 0.37±0.03 0.55±0.02 0.44±0.04 0.29±0.01 0.56±0.01

A2SNMF+W 0.42±0.02 0.67±0.05 0.51±0.03 0.27±0.03 0.60±0.03

A2SNMF+A 0.41±0.02 0.65±0.03 0.51±0.01 0.26±0.02 0.61±0.02

A2SNMF+B 0.39±0.02 0.60±0.03 0.50±0.01 0.28±0.02 0.61±0.02

method employs the global word co-occurrences of the whole dataset, enabling to

effectively alleviate the sparsity problem of short texts [9,27]. (2) The SymNMF

method is on par with other baseline methods, implying that directly inducing clus-

ters from the affinity information of short texts may be more beneficial for clustering

than using the manifold regularization. Additionally, we would like to emphasize the

performance improvements of A2
SNMF over SymNMF. This phenomenon indicates

the effectiveness of the near-outlier aware mechanism of A2
SNMF.

Third, compared with topic modeling methods, we also observe significant im-

provements achieved by A2
SNMF on all datasets. For example, the ACC and NMI

scores of A2
SNMF are about 0.16 and 0.09 higher than those of GSDMM on Snip-

pets. Broadly speaking, this GSDMM method focuses on solving the sparsity prob-
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Fig. 3 The ACC and NMI scores with different values of (a) k, (b) λ1, and (c) λ2.

lem by constraining that each short text only covers a single topic, however, it ne-

glects the noisy nature of short texts. That is the possible reason for the improvement

of A2
SNMF.

Finally, we can see that A2
SNMF is also on a par with the most recent deep learn-

ing methods, i.e., STC2 and ST-STC. That is, our A2
SNMF outperforms STC2 and

ST-STC in 14/15 and 12/15 cases, respectively. The improvements of the ACC scores

are about 0.11 ∼ 0.17 and 0.02 ∼ 0.07 across StackOverFlow and UCInews, respec-

tively. These results indicate that directly factorizing the affinity matrix by shallow

techniques can be also competitive with deeper methods for short text clustering.

Therefore, designing affinity matrix factorization with deeper ones may be a very

potential research subject in the future.

4.2 Sensitivity Analysis of Parameters

In this subsection, we evaluate the sensitivity of three significant parameters of A2
SNMF,

including the nearest neighbor number k and two regularization parameters λ1, λ2.

We plot the ACC and NMI results with different values of those three parameters in

Fig.3

The parameter k controls the number of neighboring similarity values, i.e., non-

zero elements, in the affinity matrix. We examine its clustering performance with

different values from the following range {10, 20, 50, 100, 200}. We observe that

the datasets with fewer labels, i.e., Trec and Snippets, perform better when k ∈



18 Ximing Li et al.

Fig. 4 The Pseudo-Outlier percentages (POper), ACC scores of per-clustering, and final ACC scores with

different values of λ2 by applying (a) A2SNMF+W, (b) A2SNMF+A, and (c) A2SNMF+B.

{10, 20}, and the ones with relatively more labels, i.e., StackOverFlow, Biomedi-

cal, and UCInews, perform better when k ∈ {100, 200}. We kindly argue the results

are reasonable. For example, Trec only contains 6 labels and thus larger k values may

result in many neighbors belonging to different labels in the affinity matrix for each

short text. By contrast, UCInews has more labels, so it requires more neighbors to

ensure the affinity matrix contains sufficient neighbors with the same labels for each

short text.

The regularization parameter λ1 corresponds to the ℓ1 norm regularizer of noisy

matrix (i.e., ∥Z∥1). The larger value of λ1, the sparser the noisy matrix is computed.

We evaluate it with different values in the range of {10−3, 10−2, 10−1, 100, 101}.
Overall, we can observe that the clustering scores of A2

SNMF are sightly higher when

λ1 ∈ {10−2, 10−1, 100}. Those results directly indicate incorporating the regularizer

with respect to the noisy matrix is beneficial for the final clustering. Even A2
SNMF

performs relatively stable as λ1 varies in some cases. That is because they contain

fewer noisy similarity scores in the affinity matrix within optimal settings of k. We

can safely suggest the tuning range {10−2, 10−1, 100} in applications.

The regularization parameter λ2 corresponds to the ℓ2,1 norm regularizer of clus-

ter assignment matrix (i.e., ∥C∥2,1). Reviewing the update rule of Eq.12, it is used

to judge the pseudo-outliers in some sense, where larger λ2, more pseudo-outliers

will be eliminated during pre-clustering. We evaluate it with different values over

the range {0.1, 0.2, · · · , 0.9}. We observe that the datasets with fewer labels, i.e.,

Trec and Snippets, perform better when λ2 ∈ {0.8, 0.9}, and the ones with rela-
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Fig. 5 The convergence curves in the pre-clustering stage.

Table 5 The per-iteration running time of the pre-clustering stage.

Dataset Running time (seconds)

Trec 0.94

Snippts 6.52

StackOverFlow 18.83

Biomedical 23.57

UCInews 8.29

tively more labels, i.e., StackOverFlow, Biomedical, and UCInews, perform better

when λ2 ∈ {0.6, 0.7}. We consider the reason is that A2
SNMF requires to remove

an “appropriate” percentage of near-outliers for accurate clustering results in the pre-

clustering stage, and by referring to Eq.12, higher λ2 value is required for removal

of near-outliers with less labels. To further analyze the sensitivity of λ2, we further

plot the percentage of pseudo-outliers, ACC scores of pre-clustering and final ACC

scores, as shown in Fig.4. It can bee seen that the better performance happen when

the percentage of pseudo-outliers is always about 0.4 ∼ 0.6 across all datasets.

4.3 Convergence Analysis of Pre-clustering

We evaluate the convergence property of the pre-clustering stage. Fig.5 plots the con-

vergence curves12 of A2
SNMF+W on all datasets. It can be clearly seen that A2

SNMF

fast converges to a stationary point in very few iterations. The quick convergence

property indicates the effectiveness and efficiency of A2
SNMF in solving the pre-

clustering stage, and it guarantees the efficiency of A2
SNMF in real clustering appli-

cations.

4.4 Runtime of Pre-clustering

We examine the running time of the pre-clustering stage. To this end, we run the stage

100 iterations regardless of the results, and report the per-iteration running time on

12 The convergence curves of A2SNMF+A and A2SNMF+B are almost the same, so we omit them here.
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all datasets.13 As shown in Table 5, we can observe that each iteration of A2
SNMF

takes a little time, indicating its efficiency.

5 Conclusion

In this paper, we target improving the clustering performance on short text, which

has already become a fashionable form of text information. By revising the previous

studies, we observed that the methods can benefit from the similarity values of neigh-

boring short texts. Therefore, we propose affinity matrix factorization as the proposal

for short text clustering. However, we also found that the similarity values are to some

extent inaccurate, due to the noisy nature of short texts. To remedy this problem, we

propose a novel A2
SNMF method, enhancing the affinity matrix factorization by in-

corporating a sparse noisy matrix regularizing the cluster assignment matrix by ℓ2,1
norm. We empirically compare A2

SNMF with several representative methods on five

commonly used short text datasets. The reported results show the superior perfor-

mance of A2
SNMF. In the future, extending A2

SNMF with deeper model structures is

a potential investigation.

Appendix

We now show the optimization details of the sub-problem of C (i.e., Eq.10). We

consider its generic form as follows:

min
C⪰0

1

2
∥C−A∥2F + λ∥C∥2,1, (28)

where A denotes any constant matrix and λ is a fixed regularization parameter. Obvi-

ously, this objective can be divided into a number of independent sub-objectives with

respect to the rows of C, where each one is formulated as follows

min
Ci⪰0

1

2
∥Ci −Ai∥2 + λ∥Ci∥ (29)

Theorem 1 Let A+
i = [Ai]+, where [ · ]+ = max( · ,0). The optimal solution of

Eq.29 is given below:

Ci =

{(
1− λ

∥A+

i ∥

)
A

+
i , if ∥A+

i ∥ > λ

0, otherwise
, (30)

Proof Considering the minimization problem of Eq.29 with inequality constraints,

we define its Lagrangian as follows:

L(Ci, ϕ) =
1

2
∥Ci −Ai∥2 + λ∥Ci∥ − ϕ⊤

Ci, (31)

13 The pre-clustering running times of all three versions of A2SNMF are the same.
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where ϕ ⪰ 0 denotes the vector of Lagrange multipliers. Let C∗
i denote the optimal

solution to Eq.31. By referring to [31], it can be directly given by:

C
∗
i =

{(
1− λ

∥Âi∥

)
Âi, if ∥Âi∥ > λ

0, otherwise
, (32)

where Âi = Ai + ϕ. Following the KKT conditions, we have the following:

C
∗
i ⪰ 0, (33)

ϕ⊗C
∗
i = 0, (34)

where⊗ denotes the element-wise product operation. To satisfy the above conditions,

we can only consider the case of Âi = A
+
i = [Ai]+, so that each element of ϕ is

given as follows:

ϕj =

{
−Aij , if Aij < 0
0, otherwise

, (35)

When ∥A+
i ∥ > λ, the optimal solution must be given by C

∗
i =

(
1− λ

∥A+

i ∥

)
A

+
i

according to Eq.32. And the condition of Eq.34 is obviously satisfied according to

Eq.35. When ∥A+
i ∥ ≤ λ, the optimal solution must be as C

∗
i = 0, so that the

condition of Eq.34 can be satisfied. Combining Eq.32 with Eq.35, the proof can be

finished.
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