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Abstract
This paper presents an innovative study on the sample spaces of the Cn,p experiments of Pascal’s
Triangle. Currently, the only existing knowledge about these sample spaces is the formula Cn,p = n!/(n-
p)!p!, which provides only the number of possible combinations obtained in these experiments. Here we
present evidence of the possibility of the organization of sample spaces in these experiments. These
sample spaces are organized based on their behavioral patterns, and this organization represents a
mathematical model that allows us to analyze how numbers move. First, based on the theoretical
development of combinatorics and probability theory, we cover simple combinations, combinations with
repetition, and the Pascal’s Triangle to demonstrate how to organize the sample spaces of lotteries
geometrically and according to their behavioral patterns. Then, we conduct a case study involving 6–48,
which is a lottery game with 48 possible numbers among which the player chooses six; in the context of
this study this lottery is a Pascal’s Triangle experiment. Based on a simple, intuitive system of color
distribution, we show that expected theoretical results are in fact materialized through a historical
analysis of Super Sena, a Brazilian 6–48 lottery-type discontinued in October 2001 after having produced
963 draws. Thus, the model formulates the movements of numbers randomly generated, which
constitutes the platform to assess quantum information.

1. Introduction
In the preface to the �rst edition of Principia, Newton writes [1]: “I offer this work as the mathematical
principles of philosophy, for the whole burden of philosophy seems to consist in this .... from the
phenomena of motions to investigate the forces of nature, and then from these forces to demonstrate the
other phenomena...” Based on the studies of his predecessors—Galileo, Tycho Brahe, Kepler, and others [2,
3]—he established the de�nitions, axioms, and laws that describe the movement of bodies.

However, at the atomic and subatomic levels, particles behave unpredictably. Even now, we do not know
much about the movement of particles in the sub-atomic world, which are responsible for the phenomena
that occur in the quantum universe. Quantum mechanics—the still unknown halve of classical physics,
whose goal is to understand the movements of particles—helps to address this unpredictability. This work
is aimed at presenting a mathematical model of the movement of numbers that will give us more insights
on the movement of particles.

In 1654, Pascal and Fermat [4, 5] laid the foundations for the probability theory. Pascal discovered the
formulas

Cn, p =
n!

(n − p)!p!andC'n, p = Cn + (p − 1), p

which form the mathematical core of the theory. In 1703, G. von Leibniz wrote to Jacob Bernoulli: [6]
"nature has established patterns originating in the return of events, but only for the most part." This
observation led Bernoulli to discover, after 20 years of study, the "Law of Large Numbers" [7]. Bernoulli's
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theory for the a posteriori calculation of probabilities is empirical, since it does not provide a method to
organize the discrete sample space mathematically, nor does it evaluate accurately, and a priori, the
theoretical probabilities of its events. In 1773, Abraham de Moivre [8] presented the structure of the
normal distribution ("the bell-shaped curve") and discovered the concept of standard deviation (The
Doctrine of Chances). A simple analysis of these steps shows that the existing gap stems from
insu�cient knowledge of the organization of discrete sample spaces from the experiments with Pascal's
triangle.

This study shows how to organize these sample spaces and how to perform this analysis. By revealing
the organization of these spaces through their behavior patterns with their corresponding theoretical
probabilities determined accurately and a priori, and by showing that the expected theoretical results are
effectively materialized, the model formulates the movements of the randomly generated numbers, which
constitute the platform for quantum information.

2. Theoretical Development
In this section, we establish the theoretical context of this study with the help of a numerical system
standardized by color distribution. We also present the various probabilities associated with each
behavioral pattern, based on combinatorics l and probability theories.

2.1. Color Convention
Table 1 depicts a pattern for a color system of positive natural numbers lower than 100 (N* = {1, 2, 3, ...,
98, 99}), grouped by their �rst home to ten.

Table 1. Color Convention (01-99)
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2.2. Random Sample Spaces
In a conventional lottery game, where a total of n number of players must pick p randomly, the number of
possible games is calculated by the combination of n available numbers taken p to p as

Cn, p =
n
p =

n!
p!(n − p)!

1

Thus, in a lottery game with 48 numbers, out of which a player must choose six numbers, as in the case
of the Brazilian Super Sena, we obtain

C48,6 =
48!

6!42! = 12,271,512possibledrawings

2

Other pertinent examples of sample spaces are listed in Table 2.

Table 2
Sample spaces

Sample Spaces

Lottery Country n p Drawings

Mega Sena Brazil 60 6 50,063,860

Quina Brazil 80 5 24,040,016

Dupla Sena Brazil 50 6 15,890,700

Lotto Samstag Germany 49 6 13,983,816

Lotto Saturday Australian 45 6 8,145,060

Power Ball USA 59 5 5,006,386

n = available numbers, p = number count

2.3 Behavior Patterns or Templates – Concept
The lottery 6/48 is used as a case study. Since one of the goals of this study is to provide a
straightforward way to visualize the games, we developed a binary system in which each group of ten (T)
is associated with a color. Thus, each ten is associated with a color and its initial number, as listed in
Table 3.

Table 3. Numbers vs. Color convention (01-48)

( )
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The type of arrangement, being that single numbers, pairs, trios, quartets, quintets, or sextets of the same
ten, represent independent events (Table 4).

1. 1 number − 1 Unit
2. 2 numbers − 1 Pair
3. 3 numbers − 1 Trio
4. 4 numbers − 1 Quartet
5. 5 numbers − 1 Quintet
�. 6 numbers − 1 Sextet

Each set of ten may be formed by different combinations. However, it should be noted that the zero and
four tens have nine numbers (see Table 3) while the 1, 2 and 3 tens have each ten numbers and thus the
number of combinations differ. See below:

Number of combinations in the 0 and 4 tens.

1. Numbers C9,1 = 9
2. Pairs C9,2 = 36
3. Trios C9,3 = 84
4. Quartets C9,4 = 126
5. Quintets C9,5 = 126
�. Sextets C9,6 = 84

Number of combinations in either the 1, 2 and 3 tens.

1. Numbers C10,1 = 10
2. Pairs C10,2 = 45
3. Trios C10,3 = 120
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4. Quartets C10,4 = 210
5. Quintets C10,5 = 252
�. Sextets C10,6 = 210

We consider the fundamental principle of counting, i.e., the possibility that simultaneous occurrence of
two or more independent events is equal to the product of the possibilities of the events that compose it.

Thus, if we mark 03 15 18 34 36 38, the number of drawings can be represented as follows:

Table 4. Number of drawings

Table 4

Independent events totaling 6 - P numbers arranged as one unit, one pair and one trio. The number of
possible drawings following this same arrangement is 48,600.

Table 5

shows another template formed by one pair and four units

1. 1 pair of T0
2. 1 unit of T1
3. 1 unit of T2
4. 1 unit of T3
5. 1 unit of T4
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All templates for all Cn,p experiments are obtained by combining the independent events P to P (6 to 6) in
order to use computational resources. The sum of the number of games of all templates is equal to the
number of games in the experiment. Therefore, we are no longer considering each number individually,
but the tens set to which each number belongs. The number of elements of this new template can be
calculated based on the following theorem:

Theorem 2.1 THE NUMBER OF TEMPLATES

The number of templates for each experiment is provided by the “Combinations with Repetition”

C'n,p = Cn + (p-1), p

As an example, we will use the experiment C48,6.

Considering 48 numbers, they were classi�ed as tens:

a = 01,02,03,04,05,06,07,08,09

b = 10,11,12,13,14,15,16,17,18,19

c = 20,21,22,23,24,25,26,27,28,29

d = 30,31,32,33,34,35,36,37,38,39

e = 40,41,42,43,44,45,46,47,48

Each template is represented by a color.

How many non-negative solutions as does the equation have?
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a + b + c + d + e = 6

We want to orderly determine 5 integers – BEHAVIOR PATTERNS, whose sum is 6.

Since the sum is 6, let's draw 6 squares with the dashes.

How many non-negative solutions does the equation have?

a + b + c + d + e = 6

As there are 5 (a; b; c; d; e) tens we use four divisors to represent a solution of the equation. P = 4

Possible positions of dashes in 6 spaces n = 7

C'7.4 = C 7 + 4-1.4 = C10.4 = 210

All values are found in the Geometric Triangle that is constructed by placing the C´n,p next to the
corresponding Cn,p

Pascal's Arithmetic Triangle gives the number of Combinations for each experiment.

Our geometric triangle gives the number of Templates for each experiment.
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See Table “Number of Templates” attached.

2.4 Calculation of Probabilities
In the analysis of the sample space of a lottery in which all possible combinations of m numbers are
taken p by p, each combination has the same probability to occur, as demonstrated by independent
events. However, when the analysis is done from the perspective of the grouped templates, we �nd that
this same probability no longer exists because each color template assumes a de�ned set of games, as
shown below.
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Hence, we conclude through the analysis of lottery games in a grouped sample space that the Ω
elements (referred to as templates) do not have the same probability of occurrence. We will use the Super
Sena as our study model.

3. Case Study
Here we discuss and develop a case for all possible templates of Ω for the Brazilian Super Sena, which is
an example of the 6–48 lottery type. The Brazilian Super Sena was chosen because it is a medium-sized
lottery with only 210 templates, which facilitates demonstration. All lotteries operate like the Super Sena.

3.1. Template Type
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Up to 10 possible template types can be obtained in this game.

S (Sextet)

Six numbers of the same ten (Table 11).
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3.2 Number of Templates by Type
Each type of template can have different numbers of possible combinations, as shown below

S (Sextet)

C5,1 = 5 combinations

Qn (Quintet)

C5,1.C4,1 = 5.4 = 20 combinations

Q (Quartet)

C5,1.C4,2 = 5.6 = 30 combinations

QP (Quartet-Pair)

C5,1.C4,1 = 5.4 = 20 combinations

T (Trio)

C5,1.C4,3 = 5.4 = 20 combinations

TT (Trio-Trio)

C5,2 = 10 combinations
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TP (Trio-Pair)

C5,1.C4,1.C3,1 = 60 combinations

P (Pair)

C5,1.C4,4 = 5.1 = 5 combinations

PP (Pair-Pair)

C5,2.C3,2 = 10.3 = 30 combinations

PPP (Pair-Pair-Pair)

C5,3 = 10 combinations

3.3 Total Games by Type
Each template is formed by a given procedure and each type of template represents a single set of
individual games. Based on the total number of games, it is revealed that not all games have the same
probability to occur because two tens have nine numbers while three have ten numbers.

S (Sextet)

Each S template is formed by choosing six numbers from any ten.

2.C9,6 + 3.C10,6 = 168 + 630 = 798 games

Thus, in a draw of this lottery, the probability of a S-type game is

798
12,271,512 ≈ 6,5. 10 −5

3

The denominator 12,271,512 represents the total number of games of the lottery.

Qn (Quintet)

Each Qn template is formed by choosing �ve numbers from any ten and one number belonging to a
different ten.

2.C9,5.C9,1 + 6.C9,5.C10,1 + 6.C10,5.C9,1 + 6.C10,5.C10,1 = 2268 + 7560 + 13608 + 15120 = 38556 games

Thus, in a draw of this lottery, the probability of a Qn-type game is
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38556
12,271,512 ≈ 3,1. 10 −3

4

Q (Quartet)

Each Q template is formed by the choice of four numbers from any ten and two other numbers belonging
to two distinct tens.

6.C9,4.C10,1.C10,1 + 6.C9,4.C9,1.C10,1 + 3.C10,4.C10,1.C10,1 + 3.C10,4.C9,1.C9,1 + 12.C10,4.C9,1.C10,1 = 
75600 + 68040 + 63000 + 51030 + 226800 = 484470 games

Thus, in a random draw of this lottery, the probability of a Q-type game is

484470
12,271,512 ≈ 3,9. 10 −2

5

QP (Quartet-Pair)

Each QP template is formed by the choice of four numbers from any one ten and two other numbers
belonging to another ten.

2.C9,4.C9,2 + 6.C9,4.C10,2 + 6.C10,4.C9,2 + 6.C10,4.C10,2 = 9072 + 34020 + 45360 + 56700 = 145152
games

Thus, in a random draw of this lottery, the probability of a QP-type game is

145152
12,271,512 ≈ 1,2. 10 −2

6

T(Trio)

Each T template is formed by the choice of three numbers from any one ten and three other numbers
belonging to three other different tens.

2.C9,3.C10,1.C10,1.C10,1 + 6.C9,3.C9,1.C10,1.C10,1 + 6.C10,3.C9,1.C9,1.C10,1 + 6.C10,3.C10,1.C10,1.C9,1 
= 168000 + 453600 + 583200 + 648000 = 1852800 games

Thus, in a random draw of this lottery, the probability of a T-type game is

1852800
12,271,512 ≈ 1,5. 10 −1
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7

TT (Trio-Trio)

Each TT template is formed by the choice of three numbers from any one ten and three other numbers
belonging to another ten.

1.C9,3.C9,3 + 6.C9,3.C10,3 + 3.C10,3.C10,3 = 7056 + 60480 + 43200 = 110736 games

Thus, in a random draw of this lottery, the probability of a TT-type game is

110736
12,271,512 ≈ 9,0. 10 −3

8

TP (Trio-Pair)

Each TP template is formed by the choice of three numbers from any ten, two numbers belonging to
another ten, and one number belonging to another ten distinct from the previous.

6.C9,3.C9,2.C10,1 + 6.C9,3.C10,2.C9,1 + 6.C10,3.C9,2.C9,1 + 12.C9,3.C10,2.C10,1 + 12.C10,3.C9,2.C10,1 + 
12.C10,3.C10,2.C9,1 + 6.C10,3.C10,2.C10,1 = 181440 + 204120 + 233280 + 453600 + 518400 + 583200 + 
324000 = 2498040 games

Thus, in a random draw of this lottery, the probability of a TP-type game is

2498040
12,271,512 ≈ 2,0. 10 −1

9

P (Pair)

Each P template is formed by the choice of two numbers from any one ten and four other numbers
belonging to other four different tens. Thus, we can form a total of

2.C9,2.C9,1.C10,1.C10,1.C10,1 + 3.C10,2.C9,1.C9,1.C10,1.C10,1 = 648000 + 1093500 = 1741500 games

Thus, in a random draw of this lottery, the probability of a P-type game is

1741500
12,271,512 ≈ 1,4. 10 −1

10

PP (Pair-Pair)
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Each PP template is formed by the choice of two numbers from any one ten, two numbers belonging to
another ten, and two other numbers belonging to two tens that are distinct from each other and the
previous.

3.C9,2.C9,2.C10,1.C10,1 + 3.C10,2.C10,2.C9,1.C9,1 + 12.C9,2.C10,2.C9,1.C10,1 + 6.C9,2.C10,2.C10,1.C10,1 
+ 6.C10,2.C10,2.C9,1.C10,1 = 388800 + 492075 + 1749600 + 972000 + 1093500 = 4695975 games

Thus, in a random draw of this lottery, the probability of a PP-type game is

4695975
12,271,512 ≈ 3,8. 10 −1

11

PPP (Pair-Pair-Pair)

Each PPP template is formed by the choice of two numbers from any ten, two numbers belonging to
another ten, and two numbers belonging to yet another ten that is distinct from the previous.

3.C9,2.C9,2.C10,2 + 6.C9,2.C10,2.C10,2 + 1.C10,2.C10,2.C10,2 = 174960 + 437400 + 91125 = 703485
games

Thus, in a random draw of this lottery, the probability of a PPP-type game is

703485
12,271,512 ≈ 5,7. 10 −2

12

Thus, we can organize 10 possible templates of the 6–48 lottery, as shown below in Table 21.



Page 17/21

Table 21
Sampling distribution of the templates

Sampling distribution of the templates

Template # of template types # of possible games Probability

S 05 798 6.5.10− 5 = 0.0065%

Qn 20 38,556 3.1.10− 3 = 0.31%

Q 30 484,470 3.9.10− 2 = 3.9%

QP 20 145,152 1.2.10− 2 = 1.2%

T 20 1,852,800 1.5.10− 1 = 15%

TT 10 110,736 9.0.10− 3 = 0.9%

TP 60 2,498,040 2.0.10− 1 = 20%

P 5 1,741,500 1.4.10− 1 = 14%

PP 30 4,695,975 3.8.10− 1 = 38%

PPP 10 703,485 5.7.10− 2 = 5.7%

TOTAL 210 12,271,512 1 = 100%

4. Data Comparison
The Brazilian Super Sena, which has been discontinued since 2001 after 963 extractions, is a lottery type
6–48. Here we compare between the expected probability (according to our calculations) and that
observed, according to the historical data of all draws of this lottery. Table 22 shows the number of
occurrences of each template type in the 963 draws.
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Table 22
Comparison: Observed vs. Expected

Comparative: Observed vs. Expected

  Observed Expected

Template # Probability # Probability

S 0 0% 0.06 0.0065%

Qn 0 0% 2.98 0.31%

Q 28 2.91% 37.56 3.9%

QP 9 0.93% 11.56 1.2%

T 131 13.60% 144.45 15%

TT 5 0.52% 8.67 0.9%

TP 205 21.29% 192.60 20%

P 154 15.99% 134.82 14%

PP 381 39.56% 365.94 38%

PPP 47 4.88% 54.89 5.7%

TOTAL 963 100% 963 100%

# Number of occurrences of each template

The average deviation (AD) is

AD =
∑ 10

n−1|Pn(0) − Pn(e)|
10 ≈ 0.92165%

13

where Pn(o) and Pn(e) respectively represent observed and expected probabilities for each n = 1,2,3, ..., 10,
representing a type of template (S, Qn, Q, ..., PPP), whose standard deviation is approximately σ ≈ 
0.62081%.

Therefore, the expected probability that a speci�c template will occur is similar to what was observed
(including a sample in a relatively small space of 963 elements) with an average error of approximately
(0.92 ± 0.62%), which agrees with the law of big numbers.

5. Results
The following key outcomes were obtained from this study:
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The sample spaces are organized by their behavior patterns. To date, there is no methodology that
organizes the sample spaces in a way that reveals their behavior patterns. The set of behavior patterns
precisely organizes the sample spaces.

The lottery games served as the ideal platform for the study, as they �t Pascal's formula, generating
numbers randomly in the same way that particles from the atomic and sub-atomic world are generated.

We showed that the behavior patterns, and the tables organized by types, start, and groups are repeated
(�tting the standard deviation) every 100 extractions, showing the tendency of nature to repeat itself.
Behavior patterns - types - start - groups - represent speci�c number of combinations - QUANTA (See table
x).

The mathematical model of the Pascal Triangle experiments reveals the movements of numbers and the
consequences of these movements, thus allowing us to control risk in random processes. They reveal the
quantum universe in detail: its organization - the movements of numbers – the patterns. By anticipating
how the sample spaces are expected to be organized, it allows an analysis of the deviations that
occurred. It explains why nature tends to repeat itself and may offer clues on the language of nature.

The identical results obtained in more than 19 lotteries allow us to state that the mathematical model is
the key to the study of the movement of things—atomic particles, sub-atomic particles—and will be a
central tool in any application involving movement.

6. Applications
The results of the study reveal the possibility of several applications in multiple �elds, such as:

Quantum Computing

The promise of quantum computing is that certain computational tasks can be performed exponentially
faster than a classic processor does. Physicists are working on building a programmable super conductor
processor. Mathematicians are conducting studies on topology and algorithms to understand the
behavior of randomly generated numbers. Our study explains how random numbers are generated. We
next will build a database with all Cn,p experiments organized by their behavior patterns with all
information stored in the form of bits or qubits (quantum bits) that may be understood by a traditional or
quantum computer.

Quantum mechanics

Language – To apply this knowledge now revealed to interact and TALK to nature.

Genetics - Talk to nature and participate in its acts.

Finance - Risk management.

Engineering - Construction of more resistant materials.



Page 20/21

7. Conclusions
This study reveals the organization of the sample spaces of the Pascal Triangle experiments that
represents the mathematical model for lotteries. All that is known to date is the formula Cn,p = n!/(n-p)! p!,
which only provides us with the amount of combinations of the experiments.

The mathematical formulations of quantum mechanics are the mathematical formalisms that will allow
their rigorous description and the organization of the sample spaces—formulated structures based on
behavioral patterns.
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