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Abstract

In this paper, we focus on the problem of estimating the reproduc-

tion number Rt along an epidemic, as it represents the most used

tool to study and control this phenomenon. In particular, we focus on

two issues. First, when dealing with the standard estimator for Rt, we

consider the use of positive test data as an alternative to the first symp-

toms ones, that are typically used. We study both theoretically and

empirically the relationship between the two Rt sequences obtained.

Second, we describe a new estimator for Rt that is not affected by

the drawbacks due to the hypothesis of its local constancy assumed

in the standard approach. We illustrate the results obtained by apply-

ing the proposed methodologies to both real SARS-CoV-2 Italian data,

and two types of simulated ones. In both the two cases, we apply spe-

cific methods we have developed to reduce both sistematic and random

errors affecting the data. Our results show that the Rt along an epi-

demic can be estimated with some advantages by using the positive test

sequence, and that the estimator we propose outperforms the standard
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one. We hope that these new methodologies could help to study and

control epidemics, and in particular the current SARS-CoV-2 pandemic.

Keywords: Reproduction number along an epidemic evolution,
SARS-CoV-2, estimation techniques, mathematical analysis

1 Introduction

To study and control an epidemic, like the current SARS-CoV-2 pandemic,
positive test Ypt and first symptoms Yfs sequences are commonly used. These
data are independently gathered, and respectively describe the number of pos-
itive tests officially registered each day, and the number of patients exhibiting
first symptoms that day. The data of the first kind are commonly communi-
cated by the media, while those of the second kind are elaborated to compute
the instantaneous reproduction number Rt along the evolution of an epidemic,
that is diffused by the media.

Both kinds of data are usually affected by drawbacks or errors. Positive
test data have an intrinsic problem: the result of a test is typically referred to
the day of its official registration by the authority. Instead, it would be more
appropriate to consider the sampling day. Besides that, tests have false negative
and false positive outcomes. However, molecular tests are more commonly
used, with a sensitivity typically of 90%, differently from the rapid antigenic
ones, whose sensitivity largely varies and can be much lower. First symptoms
data have two main problems. First, not all the positive patients are able to
contextualize their symptoms into a time frame, which reduces the sample size.
Second, these data are continuously reported to the medical authorities, and
the number of first symptoms outcomes at each day is updated until a certain
time, after which it stabilizes.

First symptoms sequence satisfies an equation involving a convolution
integral [1]:

Y (t) = Rt(t)(Y ∗ f)(t) = Rt(t)

∫ t

0

Y (s)f(t− s) ds, (1)

where Y (·) = Yfs(·), the symbol ∗ indicates the convolution and f(·) is a
proper kernel function representing the so-called “serial interval” probability
density function (PDF). Equation (1) is the basis for the estimation of the
istantaneous reproduction number, but we point out that it can be rigorously
derived only when Rt is constant along time and there are no asintomatic
individuals. Nevertheless, it is commonly used in real applications either as a
definition of Rt, or as a basic equation to derive an estimator for it.

We stress that, in practice, the convolution integral in equation (1) is
approximated numerically by a linear combination of data, and this is also
done here in the applications. However, in some theoretical calculations, we
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will consider the convolution as an integral. For the sake of simplicity, in both
cases we will use the same symbol.

In an ideal condition, first symptoms data are replaced by the infection
ones. However, it is obvious that the data about the last type of events are
hard to be collected. In fact, the time of first symptoms can be quantified,
although with errors, while it is very often not possible to identify the infection
time. We notice that equation (1) becomes an eigenfunction problem when Rt

is assumed constant over time, in which case the Rt is indeed the eigenvalue. In
principle, these eigenfunctions could be used as a base of functions to describe
the Rt sequence.

Usually, in the literature, the kernel function f is modeled by a Gamma

PDF f(y) := fC(y) =
1

Γ(k)θκ
yk − 1e−y/θ, where k and θ are the shape and

the scale (positive) parameters, respectively, and Γ indicates the “Gamma”
function. Based on a limited set of epidemic data, these parameters have been
estimated for SARS-Cov-2 pandemic by [2] to be 1.87 and 3.57, respectively.

The most frequently used method to estimate Rt along an epidemic is the
one proposed by [1], which is developed within a bayesian statistical framework
[3]. It consists of two elements: the likelihood of the data and some a-priori

probabilistic model of the unknown Rt sequence. More precisely, the data
Y (t) = Yfs(t) for t = 1, . . . , T are assumed to be independently and identically
distributed as a Poisson, and therefore the expression for their likelihood in
terms of the parameter vector Rt is

LY(Rt) =

T
∏

s=1

[Rt(s) · (Y ∗ fC)(s)]Y (s)
e−Rt(s)·(Y ∗fC)(s)

Y (s)!
, (2)

where we have used equation (1) to approximate the expected value of Y (s).
The a-priori model on the instantaneous reproduction number in the days
of the time interval considered is assumed to be the product of PDFs, all
equal to a Gamma distribution with shape a = 1 and scale b = 5. Those two
probabilistic models are then combined by means of the Bayes theorem to
obtain the a-posteriori PDF, that is

P(Rt | Y) ∝
T
∏

s=1

[Rt(s) · (Y ∗ fC)(s)]Y (s)
e−Rt(s)·(Y ∗fC)(s) Rt(s)

a−1e−Rt(s)/b.

(3)
Equation (2) factorizes because of the independence of the different compo-

nents of Rt, therefore the inference can be performed independently component
by component. To do that, we consider the a-posteriori marginal distribution
density function of the variable Q = Rt(t) given by:

PQ(q) ∝ qY (t)+a−1 exp

{

−q

[

1

b
+ (Y ∗ fC)(t)

]}

, (4)
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which is a Gamma distribution with shape = Y (t) + a and scale =
1

1

b
+ (Y ∗ fC)(t)

parameters. The mean estimator is then adopted. Recalling

that for a Gamma distribution it is given by the product between the shape
and the scale parameters, we obtain:

R̂t(t) =
a+ Y (t)

1

b
+ (Y ∗ fC)(t)

t=1,. . . ,T. (5)

When the order of magnitude of the measured data is at least hundreds, the
prior parameters (a, b) in equation (5) can be neglected. In fact, this situation
typically happens in the case of a very large population studied in an active
phase of the pandemic far from the beginning of the epidemic.

The above estimator R̂t(t) is however affected by random errors induced
by those of the first symptoms sequence. The contribution of the denominator
in (5) to the errors is lower than the one of the numerator because of the
presence of the convolution, discretized by a linear combination of data. To
further reduce the influence of the errors on Rt(t), it is assumed that the
instantaneous reproduction number is constant within an interval of 14 days
centered in t. Then, the marginal distribution density of Rt becomes a Gamma

PDF with shape = a +

t+6
∑

s=t−7

Y (s) and scale =
1

1

b
+

t+6
∑

s=t−7

(Y ∗ fC)(s)
. With

abuse of notation, the corresponding estimator R̂t(t) is

R̂t(t) =

a+

t+6
∑

s=t−7

Y (s)

1

b
+

t+6
∑

s=t−7

(Y ∗ fC)(s)
. (6)

Since summation appears now also in the numerator and twice in the denom-
inator, the influence of random errors is further reduced, which is reflected
in a smoother Rt curve. However, we stress that this procedure may induce
systematic errors. In fact, the slope of the estimated Rt is often reduced (in
absolute value) with respect to the one of the underlying “true” curve. Finally,
the constancy over 14 days is independently assumed time by time without
any guarantee of consistency. The strategy adopted here aims to overcome the
problem induced by the “averaging” procedure of the standard approach to
estimate Rt. Hence, we do not assume the Rt to be constant over the 14 days.

This paper is organized as follows. In Section 2, we describe the methodolo-
gies developed in our work. In Section 3, we illustrate the results obtained by
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applying the proposed methodologies to both synthetic and real SARS-CoV-
2 Italian data. For comparison, the estimates from the standard method are
included as well. Finally, the results are discussed in Section 4, where a few
conclusions are also drawn.

2 Mathematical models and methods

In this section, we first illustrate how it is possible to reduce the errors of the
data, both for first symptoms and positive test sequences. Then, we focus on
the estimation of the Rt based on positive test data, as a valid alternative to
the currently used first symptoms ones. At the end of this section, we describe
a new method to estimate the instantaneous reproduction number Rt along
an epidemic.

2.1 Data perturbation reduction

Often in an epidemic, like for example the current SARS-CoV-2 pandemic,
both positive test and first symptoms sequences, in addition to random errors,
show a periodic pattern, with period equals to 7 days. This is more evident for
positive test data, as some steps involved to produce them are dependent on
the day of the week. Therefore, we process the measured sequences to produce
a version of them with reduced periodic and random distorsions. To do that,
we model the data as the sum of two components. The first one consists of a
non-parametric Nadaraya-Watson linear combination of data [4, 5]:

Ỹ (t) =
1

F

T
∑

s=1

Y (s)K

(

t− s

γ

)

, (7)

where Y (1), . . . , Y (T ) are the measurements and

F =

T
∑

s=1

K

(

t− s

γ

)

. (8)

In the above formulas, K(·) is the kernel function and the positive parameter
γ is the bandwidth [6]. Typically, the kernel is modeled by a standard Gaussian
PDF

K(x) =
1√
2π

e−
x
2

2 ,

and this choice is also done here. The second component of the model we
propose for the data is parametric: it consists of a sinusoidal function with
period of 7 days, which is multiplied time-by-time by an “envelope” func-
tion. The specific choice for this latter depends on the data considered (see
Subsection 3.1).

The whole set of the model parameters consists of the bandwidth of the
non-parametric component and the coefficients of the second one. To select the
optimal values of all the parameters, we proceed as follows. For each element
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of the bandwidth in a finite set of selected values, at the beginning we com-
pute the first component directly from the data by equations (7)-(8). Then,
correspondingly, we estimate the parameters of the periodic component by
optimizing the fit of the complete model to the data. Among the estimated
models, we finally select the one which gives the best fit to the data. At the
end of this procedure, when dealing with the standard estimator for Rt we use
the data obtained by subtracting the optimal periodic component from the
measured data. For the sake of simplicity, hereafter we use the same notation
Y (1), . . . , Y (T ) for this “filtered” sequence. Instead, to estimate Rt through
the proposed method, we use the non-parametric component Ỹ (1), . . . , Ỹ (T )
of the best model.

2.2 Estimation of Rt from positive test data

As the intuition suggests, there exists a relationship between the positive test
and the first symptoms sequences. In fact, a contribution to the incidence Ypt(t)

of positive test registered at time t, is given by the integral

∫ t

0

Yfs(τ) P[Ypt(t) |
Yfs(τ)] dτ of the incidence Yfs(τ) of first symptoms outcomes occurring at
any time τ < t, weighted by the conditional probability density P[Ypt(t) |
Yfs(τ)]. Of course, we also have to take into account the contribution to the
incidence Ypt(t) of the subjects that are not able to localize their first symptoms
outcomes. Assuming that this last contribution is approximately proportional
to the total incidence Ypt(t), it follows that

Ypt(t) ∝
∫ t

0

Yfs(τ) P[Ypt(t) | Yfs(τ)] dτ.

By assuming that the mechanisms for sampling, executing tests and registering
the results remain the same along time, the above conditional probability only
depends on the temporal difference t − τ . Therefore, the sequence of positive
test is obtained by convolving the first symptoms sequence with a proper kernel
function f(·):

Ypt(t) =

∫ t

0

Yfs(τ)f(t− τ) dτ. (9)

We notice that the function f(·) does not integrate to 1 anymore, as it incorpo-
rates a constant larger than 1, due to the presence of the subjects that cannot
identify the day of their first symptoms outcomes.

Let us now replace in the previous equation (9) the expression for the first
symptoms sequence as a convolution integral given in (1), where we explicitly
set f := fC , that is the kernel introduced by [2]:

Ypt(t) =

∫ t

0

[

Rt(τ)

∫ τ

0

Yfs(x)fC(τ − x) dx

]

f(t− τ) dτ.

Since, in practice, the support of the kernel f(·) is 14 days, we can write
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Ypt(t) =

∫ t

t−14

[

Rt(τ)

∫ τ

0

Yfs(x)fC(τ − x) dx

]

f(t− τ) dτ

= Rt( t̄ )

∫ t

t−14

∫ τ

0

Yfs(x)fC(τ − x) dx f(t− τ) dτ

= Rt( t̄ )

∫ t

0

(Yfs ∗ fC)(τ) · f(t− τ) dτ

= Rt( t̄ ) · [(Yfs ∗ fC) ∗ f ](t)
= Rt( t̄ ) · [(Yfs ∗ f) ∗ fC ](t)
= Rt( t̄ ) · (Ypt ∗ fC)(t),

where we have applied the general version of the mean value theorem, and t̄ is
a certain time in the interval (t− 14, t). In general, t̄ is an unknown function
of time t. However, we can assume that, in a limited temporal window, the
positive test process can be schematically and approximately described by an
homogeneous Markov chain. In particular, the state of the chain at a certain
time will depend only on the states during a limited interval before that time.
In fact, the probability that a positive subject infects another person, who
becomes positive after a certain time since the positivity of the first subject,
is in practice negligible if that time is larger than 21 days. This is indeed a
good finite approximation for the support of the kernel by [2]. Of course, this
is not true in the very first stages of the pandemic. Since in a limited temporal
window we are approximately dealing with an homogeneous process, we cannot
fix an origin of time. Therefore, the position of t̄ in the interval (t−14, t) should
be independent of t, that is t̄ = t− δ, where δ is a constant, and we have

Ypt(t) = Rt(t− δ) (Ypt ∗ fC)(t) = Rt(t− δ)

∫ t

0

Ypt(s)fC(t− s) ds. (10)

We notice that equation (10) is identical to equation (1), but the Rt is shifted
by the constant quantity δ. This is intuitive, as the process of positive test
sequence ideally resembles the one of the first symptoms with a delay. The
same is true between the latter and the infection sequence. However, we recall
that the infection sequence is unknown and in fact the kernel by [2] has been
estimated by using a very limited sample of primary infection data (tens or
hundreds).

We also want to verify equations (9) and (10) empirically. We then come
back to the kernel function f in equation (9). It is usually modeled by a Gamma
distribution density function with shape k and scale θ parameters. However,
to verify equation (9) we re-parametrize this model by replacing the scale
parameter θ by the mean value µ = k ·θ, which has a direct interpretation. We
also consider an additional multiplicative parameter in the kernel, allowing to
account for the fact that only for a fraction of all the positive tested patients
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is known the day of first symptoms outcome. The explicit formulation we
consider for the kernel function is then given by

f(t) = A(t− t0)
k−1 exp

{

− (t− t0)k

µ

}

. (11)

The components of the parameter vector (A, k, µ, t0) of this model are
estimated by minimizing the discrepancy between the measured sequence of
positive test incidence and its theoretical expression, which we recall is given by
the discrete version of the convolution integral in (9). For the minimization we
use the Simulated Annealing algorithm with a geometric temperature schedule
[7]. The initial value for the temperature is chosen as the empirical mean of
an initial random exploration of the parameters state space. The value for the
exponent of the geometric law is 0.999.

2.3 A new estimator for the reproduction number

sequence

Like for the standard method, also the one proposed here to estimate the Rt

along an epidemic is based on equation (1). As we explained before, in the
standard approach, when estimating Rt at day t one assumes that its value
is constant within an interval Tt of 14 days centered in t. In this way, the
estimator R̂t at day t will depend on the data in the whole Tt (see equation (6)).
This is done to increase the regularity of the R̂t curve. Instead, to get the same
goal in our approach, we first compute from the data the sequence of the non-
parametric component Ỹ (1), . . . , Ỹ (T ), as described in Subsection 2.1. After
that, we estimate the Rt at day t by using equation (5), obtaining

R̂t(t) =
a+ Ỹ (t)

1

b
+ (Ỹ ∗ fC)(t)

. (12)

We recall that the convolution in the above denominator is a discrete approx-
imation of the convolution integral given by a linear combination of the
sequence Ỹ (1), . . . , Ỹ (T ). Of course, we are aware that equation (5) is the-
oretically derived under the assumption of the independence of the data at
different times. However, this assumption is not valid here, as we perform the
first step of reducing the errors in the data.

3 Results

In this section, we illustrate some results obtained by applying the proposed
methodologies. As a comparison, estimates from the standard method are also
shown. In Subsection 3.1 we deal with real SARS-CoV-2 Italian data. The
results on the correction of the data from one week periodicity are illustrated
at the beginning of the section. Then, we proceed by describing the results
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relative to the estimation of the Rt sequence from both first symptoms and
positive test data. In the last part of the section, we show some results from
the application of the standard approach and of the new method, described in
Section 2.3, to estimate the reproduction number Rt along the epidemic.

Subsection 3.2 contains results about synthetic epidemic data. We estimate
the Rt sequence by the proposed method and, for comparison, by the standard
one.

3.1 Real SARS-CoV-2 Italian data

We consider here the first symptoms and the positive test SARS-CoV-2 Italian
data measured since 21 September until 20 November, 2020. We notice that the
date September 14, 2020, corresponds to the beginning of the school activity
in Italy, which induced a fast growth of the incidence starting since about two
weeks later [8]. In Fig. 1 we show both the first symptoms and the positive
test measured data, and the results of the methods to reduce their errors. As
shown in this figure, the processed data are less affected by the presence of the
one week periodicity. The reduction of the errors is stronger for the positive
test sequence. This is an expected result, firstly because the corresponding
values are typically larger than those of first symptoms. More important, the
latter data have less factors inducing periodicity in the measurements. For
the positive test sequence, the envelope chosen for the periodic component
modeling the data (see Subsection 2.1) is proportional to the first component.
This assumption is reasonable as the within-week variation is expected to
be proportional to the mean value. This hypothesis is also supported by the
empirical evidence given in Fig. 2, where the standard deviation of the local
fluctuations of the positive test sequence is shown as a function of the estimated
first component of the model for Ypt(·). To compute the standard deviation
we use the discrepancies between the measured positive test data and the
estimated non-parametric component of their model, in slicing windows of 14
days centered in each point of the time interval. A good linear relationship
can be seen between the two variables. In the case of first symptoms data,
we tried several choices for the envelope, finally ending up with a polynomial
function with degree two. Since here the periodic distorsions only appear in
a sub-window of the time interval considered, we applied the correction only
there. In the same figure, the estimated first component of the data model is
shown for both types of data. In addition to systematic errors, those random
are also strongly reduced.

As explained before, the sequences of first symptoms and positive test data
can be linked to each other by a convolution relationship based on a suitable
kernel (see equation (9)). This is verified empirically by the results in Fig. 3.
We stress that this convolution link is a crucial element at the basis of the
theoretical relationship between the estimate of the Rt from the first symptoms
sequence and the one corresponding to the positive test curve. In particular,
the calculations in Subsection 2.2 show that the Rt sequence, based on positive
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test data, can be obtained from the analogous based on first symptoms by a
translation of a suitable time δ.

This theoretical result is verified here empirically on the real SARS-CoV-2
considered data. By means of the standard approach we estimate Rt,fs from
the first symptoms sequence and Rt,pt from the positive test one. In both cases
we use the data obtained by subtracting the optimal periodic component to
the raw measurements (see Subsection 2.1). To find the optimal value of δ we
focus on the mean absolute difference between Rt,pt and Rt,fs sequences in
the time interval considered, after shifting backward the first one of a variable
number of days from 1 to 10. We then select the value of δ as the one which
minimizes this difference, and we found an optimal value of 6 days. This choice
corresponds to a good agreement between the two sequences after shifting, as
shown in Fig. 4. The value of the mean absolute difference in the time interval
considered is 0.02.

We now turn to the results obtained by the proposed method for evaluating
the reproduction number Rt along an epidemic. They are illustrated in Fig. 5,
which contains also the results from the standard approach for comparison.
As we can see, the Rt curve from the proposed method seems more regular
than the one from the standard approach. Since about day 30, the differences
between the two curves are small. This is not true until about day 15, because
a sistematic deviation appears. We notice that, at first the curve from the
standard method is above the other, while the opposite is true afterwards. The
estimate of the Rt from the proposed approach shows a higher slope than the
standard one in the sub-interval where the slope is high.

3.2 Synthetic epidemic data

As anticipated before, to further validate the effectiveness of the proposed
method from a quantitative/objective point of view, we generate synthetic
epidemic data. We first obtain synthetic data modeling the incidence of first
symptoms events by means of a pseudo-Gamma PDF (see (11)), with param-
eter vector (13289, 22, 83, 0) plus an extra additive parameter C = 551. This
choice is made to obtain a “realistic” synthetic dataset, resembling the real
one illustrated in panel a) of Fig. 1. Given the regularity of the generated first
symptoms events, we compute the “true” Rt sequence by using equation (5).
We stress that, in general, since the kernel by [2] has in practice support of
21 days, to get the value of Rt at any time we need the data relative to 21
days before it. Measured data have then been simulated by adding zero mean
Gaussian noise with the variance growing as a power law model in terms of the
expected value. This assumption follows from the evidence found for the real
data of Fig. 1, as illustrated in Fig. 6. To get the latter, the variance is com-
puted from the discrepancies between the measured first symptoms sequence
and the non-parametric component of the model describing it (see Subsec-
tion 2.1). This is done by using a slicing window of two weeks centered in each
point of the time interval considered. The optimal values of the parameters in
the power law model are obtained through an iterative least square procedure,
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and the value found for the exponent is 1.66. From this value, we notice that
the standard deviation is a sub-linear function of the expected value.

In Fig. 7 we illustrate the mean of the Rt estimates for the proposed method
corresponding to 10 independent random realizations of the first symptoms
synthetic sequence. For comparison, the analogous result obtained through
the standard method is superimposed. The figure shows that the proposed
method outperforms the standard one. In fact, the Rt sequence estimated by
our method (continuous line) better agrees with the “true” one (dotted line),
than the standard method (dashed line). This is particularly evident in the
sub-interval in which the variation (slope) of Rt is high, where the standard
estimate has indeed a lower slope. Quantitatively, the mean absolute distance
between the Rt from the proposed method and the “true” one is 0.011, while
for the standard approach it is 0.026.

In addition to the simulated results already described, we compare the
performances of the standard and the proposed methods by using another
synthetic dataset. In this case, we start directly from the Rt sequence. More
precisely, we consider an Rt that is constantly equal to 1 until a certain time
t = 0, after which it increases linearly with a slope α (ramp). Correspondingly,
the sequence of first symptoms data is explicitly derived by imposing that
equation (1) is fulfilled for the times in the interval considered (−∞, T ], with
T > 0. Since Rt(t) = 1 for t ≤ 0, it is easy to verify that this implies that
{Y (t)}t=−∞,...,−1 ≡ Y (0). We then set Y (0) = 1. For any time t = 1, . . . , T ,
we get

Y (t) = Rt(t)(Y ∗ fC)(t)

= Rt(t)

t
∑

k=1

fC(t− k)Y (k) +Rt(t)

0
∑

k=−∞

fC(t− k)Y (k)

= Rt(t)

t
∑

k=1

fC(t− k)Y (k) +Rt(t)

0
∑

k=−∞

fC(t− k)

= Rt(t)

t
∑

k=1

fC(t− k)Y (k) +Rt(t)

[

1−
t−1
∑

x=0

fC(x)

]

.

By solving with respect to Y (t), we obtain

Y (t) =

Rt(t)

t−1
∑

k=1

fC(t− k)Y (k)

1−Rt(t)fC(0)
+

Rt(t)

[

1−
t−1
∑

x=0

fC(x)

]

1−Rt(t)fC(0)
. (13)

Equation (13) can then be used recursively to compute the values
{Y (t)}t=1,...,T . In panel a) of Fig. 8 the “true”Rt sequence is shown. In panel b)
of the same figure, we plot instead the corresponding first symptoms sequence
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obtained by applying recursively equation (13). Considering the noiseless case,

from equation (6) with a =
1

b
= 0 we can explicitly compute the estimate

of Rt in the standard case. By looking at the results of both the real SARS-
CoV-2 and the synthetic epidemic data of the first type, we notice that the
bias is larger at the beginning of the interval where the Rt has a high slope.
Therefore, we focus here on the bias R̂t(0)−Rt(0) at time t = 0. The standard
estimator R̂t(0) is given by

R̂t(0) =

6
∑

i=−7

Rt(i)(Y ∗ fC)(i)

6
∑

i=−7

(Y ∗ fC)(i)

=

Rt(0)

0
∑

i=−7

(Y ∗ fC)(i) +
6

∑

i=1

Rt(i)(Y ∗ fC)(i)±Rt(0)

6
∑

i=1

(Y ∗ fC)(i)

6
∑

i=−7

(Y ∗ fC)(i)

=

Rt(0)

6
∑

i=−7

(Y ∗ fC)(i) +
6

∑

i=1

Rt(i)(Y ∗ fC)(i)−Rt(0)

6
∑

i=1

(Y ∗ fC)(i)

6
∑

i=−7

(Y ∗ fC)(i)

= Rt(0) +

6
∑

i=1

[Rt(i)−Rt(0)] (Y ∗ fC)(i)

6
∑

i=−7

(Y ∗ fC)(i)
= Rt(0) +

6
∑

i=1

[Rt(i)−Rt(0)]
Y (i)

Rt(i)

6
∑

i=−7

Y (i)

Rt(i)

,

(14)

where we have used the basic equation (1) and that Rt(t) ≡ Rt(0) for t ≤ 0.
By inserting in equation (14) the known values of the Rt sequence and those of
Y (·) calculated from the system equation (13), the considered bias is obtained.

The corresponding bias for the proposed method is instead derived as

Biasproposed =
Ỹ (0)

(Ỹ ∗ fC)(0)
−Rt(0), (15)

where the sequence Ỹ (·) is obtained by applying the Nadaraya-Watson esti-
mator (7)-(8) to the sequence Y (·) calculated from the system equation (13).
In Fig. 9 we plot the bias as a function of the slope α for both the standard
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and the proposed methods at day 21 (t = 0). For the proposed method, we
use three different (fixed) values of the bandwidth γ appearing in (7)-(8). The
highest value of γ is close to the one (2.7) estimated from the real SARS-CoV-
2 first symptoms Italian data. By looking at the figure, we notice that all the
bias curves increase with the value of the slope α. The curve of the bias from
the standard method is over all those from the proposed one. Furthermore,
by increasing the value of the fixed bandwidth γ, the curve of the proposed
method gets closer to the one from the standard approach.

4 Discussion and conclusions

In this paper, we cope with the problem of estimating the reproduction num-
ber Rt along an epidemic. To date, the most used method to perform this
estimation is given by equation (6), based on the first symptoms sequence [1].

Our work is focused on two issues. First, we study the relationship between
the standard approach and the case where the considered estimator is applied
to the positive test sequence. Second, we describe a new estimator for the
reproduction number along an epidemic. Differently from the standard one,
the new estimator does not rely on local constancy of Rt. To perform both
tasks, we also develop a specific method to reduce the errors affecting both
first symptoms and positive test sequences.

We have proved, both theoretically and empirically, that the Rt curve esti-
mated from the positive test sequence is equal to the one estimated from
the first symptoms after shifting forward the last one by a suitable tempo-
ral quantity δ. It is possible that, after a certain long time, the value of δ
may change depending on some specific factors. In fact, for example the aver-
age time between first symptoms and test positivity may change under some
conditions, e.g. the season. In addition, δ may change with the spatial loca-
tion. However, we stress that the value of the shift is a-priori unknown and it
must be estimated. To do that, one way is to compute the Rt sequence from
a combined set of first symptoms and positive test data, and then estimating
δ by minimizing their discrepancy after shifting. As an alternative, one could
rely on the meaning of this shift, that can be interpreted as a time delay ∆t
between the first symptoms occurrence and the positivity of the test. More
precisely, from a dataset of patients where this delay is known for each individ-
ual, δ can be estimated as the median value of ∆t. For example, in the case of
the COVID-19 data relative to the Veneto region (Italy) during the first epi-
demic wave, the median value of the temporal delay is 6 days [9]. This value
equals the one obtained here by applying the first approach in estimating δ for
the COVID-19 Italian data at national level, in the period since 21 September
until 20 November, 2020.

We have shown that the estimation of the Rt along an epidemic based on
the positive test data could also be considered as an alternative or in addition
to the one from first symptoms data. This is possible either regularly or from
time to time. In the first case, we have the advantage of getting two estimates,
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one of which is based on a significantly larger sample. Instead, in the second
case one does not need to acquire the first symptoms data, which are more
difficult to collect.

We notice that by the standard method we cannot estimate Rt closer than
6 days from the last measurement. This is true also considering positive test
data but, as we have seen, the estimated Rt at any day is equal to the Rt

relative to the more interesting first symptoms process relative to δ days before
it. For the value of δ estimated here (6 days), it follows that the last day in
which we can estimate Rt is 12 days before the last measurement. On the other
side, we notice that the estimation of the Rt by the standard method, based
on first symptoms data, is reliable until 16 days before the last measurement
because after then the data values are not yet stable. Although small, we also
have the gain of four days in the estimation of Rt by using positive test data.

Regarding the new proposed estimator for Rt, the results included here
show that our method outperforms the standard one. In fact, in the sub-
interval where the slope of the Rt is high, the latter method shows a lower
slope than the proposed one, while in the remaining part there is a good
agreement. This is a real effect, as the pattern appears for both real and
“realistic” synthetic first symptoms data. The dependency of the bias from
the standard and the proposed estimators, as a function of the slope of Rt, is
analyzed in more detail through the ramp synthetic data, as we described in
Subsection 3.2. We have seen that, in general, the bias increases with the slope
α of the ramp. However, the bias of the standard estimator is always larger
than the one for our method. Moreover, the rate of increase of the bias with
α is greater for the standard method.

We stress that, in the standard approach, the estimator is obtained by max-
imizing the posterior distribution (in most cases, in practice the likelihood of
the data) and imposing at the same time that Rt is constant in a window of
two weeks. The last condition is assumed to reduce the effects on the estimate
of the noise in the data. As often happens in this situation, the induced regu-
larity of the Rt curve is associated with a reduction of its slope. Instead, in our
method, we reduce the influence of the errors on the data by first smoothing
them. Then, the estimate of Rt is obtained by maximizing the posterior prob-
ability independently at each time. From the results obtained, our procedure
turns out to be more convenient. It would be interesting to investigate if this
happens in general or under certain conditions.

As a conclusion, the results illustrated in this paper suggest that the repro-
duction number Rt along an epidemic can also be estimated by applying the
standard estimator to positive test data, with some advantages. In addition,
the new estimator we propose for Rt outperforms the standard one. We hope
that the extensive application of the presented procedures to real situations,
including the current SARS-CoV-2 pandemic, will become a common practice
helping in studying and controlling epidemics.
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Fig. 1: Real SARS-CoV-2 Italian data since 21 September until 20 November, 2020. In panels
a) and b), first symptoms and positive test data are respectively plotted. Measured data
(thin continuous lines) are shown together with their version corrected from one week
periodic component (thick dashed lines), and the non-parametric component of the model
(thick continuous lines). See Subsection 2.1 for the details.
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Fig. 2: Standard deviation of the local fluctuations of real SARS-CoV-2 Italian positive test
sequence since 21 September until 20 November, 2020, illustrated in Fig. 1, as a function
of their expected value. The continuous line represents the best linear fit.
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Fig. 3: Relationship between the sequences of positive test (continuous line) and first symptoms
(dotted line) relative to the real SARS-CoV-2 Italian data since 21 September until 20
November, 2020, illustrated in Fig. 1. The curves are obtained by correcting the data
from one week periodic component (see Subsection 2.1). The dashed line shows the results
of the convolution between the first symptoms sequence and the optimal kernel (see
Subsection 2.2).
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Fig. 4: Sequence of the reproduction number Rt estimated by the standard method for real SARS-
CoV-2 Italian data since 21 September until 20 November, 2020, illustrated in Fig. 1. The
continuous and dashed lines refer to first symptoms and shifted positive test sequences,
respectively. The estimated optimal shift is 6 days.
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Fig. 5: Sequence of the reproduction number Rt for real SARS-CoV-2 Italian data since 21
September until 20 November, 2020, illustrated in Fig. 1. The continuous line corresponds
to the proposed method, while the dashed line to the standard one.
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Fig. 6: Variance of the real SARS-CoV-2 Italian first symptoms sequence since 21 September
until 20 November, 2020, illustrated in Fig. 1, as a function of their expected value. The
continuous line represents the best fit by a power law model.
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Fig. 7: Sequence of the reproduction number Rt estimated from realistic SARS-CoV-2 first symp-
toms synthetic data. Results from proposed and standard methods are indicated with
continuous and dashed lines, respectively. The “true” Rt sequence is also shown as a
dotted line. The curves correspond to the mean of the estimations from 10 independent
realizations of the synthetic data.
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Fig. 8: Synthetic epidemic data of the second type (see Subsection 3.2). In panel a) we show
the Rt sequence along time. The value of the slope α of the linear growing phase is 0.2
(days−1). In panel b) we show the corresponding incidence data obtained recursively from
equation (13).
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Fig. 9: Bias of the Rt estimate from the synthetic epidemic data illustrated in Fig. 8. The bias is
plotted against the slope α. The dashed line corresponds to the estimate from the standard
method. The other lines correspond to the proposed method with three fixed values of the
bandwidth γ in equations (7)-(8), indicated in the legend. The last value chosen is close to
the one (2.7) found by the proposed method for the real SARS-CoV-2 Italian data since
21 September until 20 November, 2020, illustrated in Fig. 1.
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