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ABSTRACT 

The model of a locally resonant (LR) epoxy/PZT-4 phononic crystal (PC) nanobeam with 
“spring-mass” resonators periodically attached on epoxy is proposed. The corresponding band 
structures are calculated by coupling Euler beam theory, nonlocal piezoelectricity theory and plane 
wave expansion (PWE) method. Three complete band gaps with widest total width less than 
10GHz can be formed in the proposed nanobeam by comprehensively comparing the band 
structures of three kinds of LR PC nanobeams with resonators attached or not. Furthermore, 
influencing rules of the coupling fields between electricity and mechanics, “spring-mass” 
resonator, nonlocal effect and different geometric parameters on first three band gaps are 
discussed and summarized. All the investigations are expected to be applied to realize the active 
control of vibration in the region of ultrahigh frequency. 
Key words: phononic crystal nanobeam; electro-mechanical coupling effect; nonlocal effect; 
locally resonant mechanism 

I. INTRODUCTION 

In recent years, kinds of NEMS with excellent properties of small scale, ultrahigh frequency, 
low energy consumption, high sensitivity and so on, have shown potential applications in wide 
fields such as national defense, civil use and biomedicine. Presently, the existed piezoelectric 
nano-devices contain biological motor, resonator sensor, filter, single electron device and so on[1]. 
As is well-known, the most core elements of piezoelectric nano-devices are formed by the basic 
structures such as piezoelectric nanofilm, piezoelectric nanobeam, piezoelectric nanoplate and so 
on. Hence, investigations on the mechanical properties such as bending, buckling, vibration and 
stability of NEMS can be attributed to the corresponding researches on the basic piezoelectric 
nanostructures. PCs are a sort of man-made composite periodic structures. Recently, different 
kinds of PCs have gained extensive attention of many researchers because of the characteristics of 
band gaps, which will be applied to the fields of vibration and noise control, acoustic lens, 
acoustical device and so on[2]. In consequence, based on the common application background in 
the field of acoustical device, the design ideas between NEMS and PC can be combined to form 
piezoelectric PC nanostructure, which will show new mechanical properties based on gathering 
the superior performances of PC structures, nano materials and piezoelectric materials. 

Presently, the direct studies on piezoelectric PC nanostructures were a small amount. Based 
on transfer matrix (TM) method and nonlocal theory, Chen, Yan and Wang et al. studied the 
anti-plane transverse wave mode[3], symmetric wave mode[4] and plane wave mode[5] of 
one-dimensional (1D) layered piezoelectric PC nanostructures in detail. Miranda Jr and Dos 
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Santos[6] calculate the band structures of two-dimensional (2D) piezoelectric PC nanostructures 
consisting of difform inclusions in kinds of lattices, and research the corresponding properties of 
band gaps. Based on PWE method, the electro-mechanical coupling bandgap properties of 
piezoelectric PC nanobeams from the perspectives of surface effects[7], nonlocal effects[8] and 
nonlinearity[9] were investigated by Qian et al.. Thus, there is still a large space on many research 
directions related to piezoelectric PC nanostructures 

Recently, the mechanical properties of different piezoelectric nanostructures and bandgap 
properties of various PC structures related to piezoelectric PC nanostructures have been studied 
widely. Because of size dependence, theory and experiment have proved that classical continuum 
elasticity theory maturely and widely applied to macrostructures cannot be used to structures at 
nanoscale. However, some higher-order theories based on the revision of classical continuum 
elasticity theory have been developed, such as: nonlocal elasticity[3-5,8,9], surface elasticity[7], 
couple stress elasticity[10] and strain gradient elasticity theories[11]. Particularly, nonlocal elasticity 
theory was further developed into nonlocal piezoelectricity theory, which have been widely used 
for researching the different mechanical characteristics of kinds of piezoelectric 
nanostructures[12,13]. PC structures macroscopically have been proposed and researched widely for 
more than thirty years. Particularly, in order to meet engineering requirements, the mentalities of 
designing of various PCs have been introduced to several basic elastic elements, for instance: rod, 
beam, plate and so on[14,15]. However, the main disadvantage of such PC structures is the uncontrol 
of band gaps if they are manufactured, which can be overcome by the appearance of some new 
type PC structures based on the coupling of multi-physics, for example: magneto-electro-elastic 
PCs, piezoelectric PCs, piezomagnetic PCs and so on[16-18]. Among them, band gaps of 
piezoelectric PCs can be effectively adjusted and controlled by means of converting electric and 
mechanical fields. The orders of magnitude of frequency range of band gaps in the 
above-mentioned macroscopic PCs are generally from hertz (Hz) to megahertz (MHz). But 
recently, with the quick growth of nanotechnology in different research areas, studies on PC 
nanostructures have also been appeared in large numbers[19,20], and the orders of magnitude of 
frequency range of band gaps are hoiked into gigahertz (GHz) even terahertz (THz), which makes 
the control of vibration in ultrahigh frequency region possible. 

According to the existing researches about piezoelectric PCs, PC nanostructures and 
piezoelectric nanostructures, the band structures of proposed LR epoxy/PZT-4 PC nanobeams are 
calculated and obtained by combining and implementing Euler beam and nonlocal piezoelectricity 
theories to PWE method in this paper. Moreover, for the sake of revealing the bandgap 
characteristics, influencing rules of the coupling fields between electricity and mechanics, 
“spring-mass” resonator, nonlocal effects and geometric sizes on band gaps of first three orders 
are investigated. 
II. MODEL AND METHOD 

A. LR elastic/piezoelectric PC Euler nonlocal nanobeam 

 

FIG. 1. Model of LR elastic/piezoelectric PC nanobeam. 
As shown in Fig. 1, dark gray and light gray are used to express piezoelectric material PZT-4 
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and elastic material epoxy, respectively. By means of repeating such two different materials 
periodically along x-direction, and attaching the midpoint of each PZT-4 with a “spring-mass” 
resonator along z-direction, the model of a LR elastic/piezoelectric PC nanobeam is formed. As 
displayed, the entire nanobeam is applied by an axial force 𝑃0 and each PZT-4 is applied by an 
electrical voltage 𝑉, which the electrical voltage of only one PZT-4 is presented in the figure. The 
length of each PZT-4 and that of each epoxy in an unit cell are denoted by 𝑎1  and 𝑎2 
respectively, which can be applied to express the lattice constant of PC nanobeam as 𝑎 = 𝑎1 + 𝑎2 
and the position of each resonator as 𝑋 = 𝑎1/2 + �̅�𝑎 (�̅� = 0,±1,±2,⋯ ) . The width and 
thickness of nanobeam with uniform rectangular cross section are 𝑏 and ℎ respectively. During 
the calculations, all of the material parameters can be sought in Table 1. 

Table 1. Material parameters of PZT-4[8] and epoxy. 
Material 𝜌/kgm−3 𝐸/GPa 𝑐11/GPa 𝑒31/Cm−2 𝜅33/CV−1m−1 
PZT-4 7500  132 -4.1 7.124 × 10−9 
epoxy 1180 4.35    

The bending vibration equations of the proposed LR elastic/piezoelectric PC Euler nonlocal 
nanobeam[8,21] are as follows: 

{  
  𝜕2𝜕𝑥2 (𝑚(𝑥)𝜕2𝑊(𝑥)𝜕𝑥2 ) − 𝑛(𝑥)𝜕2𝑊(𝑥)𝜕𝑥2 + 𝜇2 𝜕2𝜕𝑥2 [𝑛(𝑥) 𝜕2𝑊(𝑥)𝜕𝑥2 ]

−𝜔2𝑜(𝑥)𝑊(𝑥) + 𝜔2𝜇2 𝜕2𝜕𝑥2 [𝑜(𝑥)𝑊(𝑥)] =∑𝑄(𝑋)𝑋−𝜔2𝑚R𝑊R(𝑋) = 𝑄R(𝑋)
 (1) 

where { 𝑄(𝑋) = −𝑘R[𝑊(𝑋) −𝑊R(𝑋)]𝛿(𝑥 − 𝑋)𝑄R(𝑋) = 𝑘R[𝑊(𝑋) −𝑊R(𝑋)]                     (2) 

Here, 𝑊(𝑥) is the bending displacement of entire nanobeam along z-direction, 𝑊(𝑋) and 𝑊R(𝑋) are the displacements of nanobeam and mass along z-direction at position X, respectively. 𝑄(𝑋) and 𝑄R(𝑋) represent the forces applied to nanobeam and mass by spring, separately. 
Besides, 𝑚R  and 𝑘R  denote the mass and stiffness of a resonator respectively, 𝛿(𝑥 − 𝑋) 
represents a one-dimensional (1D) delta function, and 𝜔 is the flexural vibration frequency. On 
the basis of nonlocal piezoelectricity theory, a nonlocal coefficient 𝜇 is introduced to represent 
the nonlocal effect, and the derived parameter 𝜂 = 𝜇/𝑎 can be further applied to represent the 
ratio between nonlocal size and lattice constant[8]. 

Moreover, the derived parameters (𝑚1, 𝑚2), (𝑛1, 𝑛2) and (𝑜1, 𝑜2) (subscripts 1 and 2 
denotes materials PZT-4 and epoxy respectively) can be represented uniformly by functions 𝑚(𝑥), 𝑛(𝑥) and 𝑜(𝑥) as shown in in Eq. (1), which are[8]: 𝑚1 = 𝑏ℎ312 𝑐 (3) 𝑛1 = 𝑃0 + 𝑏𝑒31𝑉 (4) 𝑜1 = 𝜌1𝑏ℎ (5) 𝑚2 = 𝑏ℎ312 𝐸 (6) 𝑛2 = 𝑃0 (7) 𝑜2 = 𝜌2𝑏ℎ (8) 

where 𝑐 = 𝑐11 + 𝑒312 /𝜅33 , which 𝑐11 , 𝑒31  and 𝜅33  are the constants of elasticity, 
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piezoelectricity and dielectricity of PZT-4, separately. 𝐸 represents the modulus of elasticity of 
epoxy. In addition, 𝜌1 and 𝜌2 refer to the densities of materials PZT-4 and epoxy, separately. 

Based on 1D PWE method and the periodicity of PC nanobeam in x-direction[22], functions 𝑚(𝑥), 𝑛(𝑥) and 𝑜(𝑥) are expanded into spatial Fourier series: 

{   
   𝑚(𝑥) =∑𝑚(𝐺)𝑒𝑖𝐺𝑥𝐺 𝑛(𝑥) =∑𝑛(𝐺)𝑒𝑖𝐺𝑥𝐺𝑜(𝑥) =∑𝑜(𝐺)𝑒𝑖𝐺𝑥𝐺

 (9) 

where 𝐺 refers to the 1D reciprocal-lattice vector. 
In Eq. (9), if the surface of PZT-4 is attached by resonators, function 𝜉(𝐺) (𝜉 = 𝑚, 𝑛, 𝑜) is 

expressed as: 𝜉(𝐺) = { 𝜉1𝑓 + 𝜉2(1 − 𝑓),                 𝐺 = 0(𝜉1 − 𝜉2)𝜓(𝐺),                    𝐺 ≠ 0 (10) 

where 𝜉1 and 𝜉2 respectively represent the relevant parameters of materials PZT-4 and epoxy. 𝑓 = 𝑎1/𝑎 denotes the filling ratio of material PZT-4 in a unit cell, 𝜓(𝐺) = 𝑓 sin(𝐺𝑎1/2)/(𝐺𝑎1/2). 
However, if the surface of epoxy is attached by resonators, function 𝜉(𝐺) is expressed as: 𝜉(𝐺) = { 𝜉2𝑓 + 𝜉1(1 − 𝑓),                 𝐺 = 0(𝜉2 − 𝜉1)𝜓(𝐺),                    𝐺 ≠ 0 (11) 

where 𝜉1 and 𝜉2 also respectively represent the relevant parameters of materials PZT-4 and 
epoxy. But 𝑓 and 𝜓(𝐺) are changed, which 𝑓 = 𝑎2/𝑎 denotes the filling ratio of material 
epoxy in a unit cell, 𝜓(𝐺) = 𝑓 sin(𝐺𝑎2/2)/(𝐺𝑎2/2). 

On the basis of 1D periodicity of PC nanobeam and Bloch theory [21], 𝑊(𝑥) is written as: 𝑊(𝑥) =∑𝑊(𝐺′)𝑒𝑖(𝑘+𝐺′)𝑥𝐺′  (12) 

where 𝑘 refers to the 1D Bloch wave vector located at the irreducible first Brillouin zone (1BZ). 
Besides, the periodicity and Bloch theory also suggest the following relations: { 𝑊(𝑋) = 𝑊(0)𝑒𝑖𝑘𝑋𝑊R(𝑋) = 𝑊R(0)𝑒𝑖𝑘𝑋 (13) 

and the 1D delta function suggests that: ∑𝑒𝑖𝑘𝑋𝛿(𝑥 − 𝑋)𝑋 = 𝑒𝑖𝑘𝑥∑𝛿(𝑥 − 𝑋)𝑋  (14) 

Define 𝑔(𝑥) = ∑ 𝛿(𝑥 − 𝑋)𝑋 , which can be expanded to spatial Fourier series: 𝑔(𝑥) =∑𝑔(𝐺′)𝑒𝑖𝐺′𝑥𝐺′  (15) 

where 𝑔(𝐺′) = 1𝑎∫𝑔(𝑥)𝑒−𝑖𝐺′𝑥d𝑥𝑎 = 1𝑎∫∑𝛿(𝑥 − 𝑋)𝑋 𝑒−𝑖𝐺′𝑥d𝑥𝑎 = 1𝑎 (16) 

Substituting Eq. (16) to (15), it can be obtained that: ∑𝛿(𝑥 − 𝑋)𝑋 = 1𝑎∑𝑒𝑖𝐺′𝑥𝐺′  (17) 

Eq. (12) also suggests that: 
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𝑊(0) =∑𝑊(𝐺′′)𝐺′′  (18) 

By substituting Eqs. (2), (9), (12), (13), (14), (17) and (18) to (1), it gives that: 

{  
  
  ∑{(𝑘 + 𝐺′′)2𝑚(𝐺′′ − 𝐺′)(𝑘 + 𝐺′)2 + [1 + 𝜇2(𝑘 + 𝐺′′)2]𝑛(𝐺′′ − 𝐺′)(𝑘 + 𝐺′)2}𝐺′ 𝑊(𝐺′)

−𝜔2∑{[1 + 𝜇2(𝑘 + 𝐺′′)2]𝑜(𝐺′′ − 𝐺′)}𝑊(𝐺′)𝐺′ = −𝑘R𝑎 [∑𝑊(𝐺′)𝐺′ −𝑊R(0)]
−𝜔2𝑚R𝑊R(0) = 𝑘R [∑𝑊(𝐺′)𝐺′ −𝑊R(0)]

 (19) 

If 𝑁 reciprocal-lattice vectors is picked, Eq. (19) can also be matriculated as: 

( 
[𝑎[𝑀𝐺] + 𝑎[𝑁𝐺] + 𝑘R[𝑄𝐺] −𝑘R[𝑃𝐺]T−𝑘R[𝑃𝐺] 𝑘R ]−𝜔2 [𝑎[𝑂𝐺] [0][0] 𝑚R] ) × [[𝑊(𝐺)]𝑊R(0) ] = [0] (20) 

where [𝑀𝐺]𝑖𝑗 = (𝑘 + 𝐺𝑖)2𝑚(𝐺𝑖 − 𝐺𝑗)(𝑘 + 𝐺𝑗)2 (21) 

[𝑁𝐺]𝑖𝑗 = [1 + 𝜇2(𝑘 + 𝐺𝑖)2]𝑛(𝐺𝑖 − 𝐺𝑗)(𝑘 + 𝐺𝑗)2 (22) [𝑂𝐺]𝑖𝑗 = [1 + 𝜇2(𝑘 + 𝐺𝑖)2]𝑜(𝐺𝑖 − 𝐺𝑗) (23) [𝑃𝐺] = [1 1 ⋯ 1]1×𝑁 (24) [𝑄𝐺] = [𝑃𝐺]T[𝑃𝐺] (25) 

Eq. (20) can be regarded as a representative generalized eigenvalue equation of 𝜔2. By 
means of iteratively solving such an equation corresponding to each 𝑘, the band structure of 
proposed LR elastic/piezoelectric PC Euler nonlocal nanobeam is calculated and obtained. 
B. LR piezoelectric PC Euler nonlocal nanobeam 

 

FIG. 2. Model of LR piezoelectric PC nanobeam. 
If the elastic material epoxy is ignored and only piezoelectric material PZT-4 is considered in 

the base beam, a LR piezoelectric PC nanobeam is formed and shown in Fig. 2. 
The corresponding bending vibration equations of such a nanobeam can be reduced from Eq. 

(1) and written as: 

{𝑚1 𝜕4𝑊(𝑥)𝜕𝑥4 − 𝑛1 𝜕2𝑊(𝑥)𝜕𝑥2 + 𝜇2𝑛1 𝜕4𝑊(𝑥)𝜕𝑥4 −𝜔2𝑜1𝑊(𝑥) + 𝜔2𝜇2𝑜1 𝜕2𝑊(𝑥)𝜕𝑥2 =∑𝑄(𝑋)𝑋−𝜔2𝑚R𝑊R(𝑋) = 𝑄R(𝑋)  (26) 

By substituting Eqs. (2), (12), (13), (14), (17) and (18) to (26), it obtains that: 
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{   
   {𝑚1(𝑘 + 𝐺′)4 + [1 + 𝜇2(𝑘 + 𝐺′)2]𝑛1(𝑘 + 𝐺′)2}𝑊(𝐺′) − 𝜔2[1 + 𝜇2(𝑘 + 𝐺′)2]𝑜1𝑊(𝐺′)= −𝑘R𝑎 [∑𝑊(𝐺′)𝐺′ −𝑊R(0)]

−𝜔2𝑚R𝑊R(0) = 𝑘R [∑𝑊(𝐺′)𝐺′ −𝑊R(0)]  (27) 

Eq. (27) can also be matriculated to the same form of Eq. (20), the relevant submatrices [𝑃𝐺] 
and [𝑄𝐺] are same to Eqs. (24) and (25), but [𝑀𝐺], [𝑁𝐺] and [𝑂𝐺] are different from Eqs. 
(21)-(23), which are as follows: [𝑀𝐺]𝑖𝑗= 𝑚1 { (𝑘 + 𝐺𝑖)4,                                       𝑖 = 𝑗0,                                                      𝑖 ≠ 𝑗 (28) 

[𝑁𝐺]𝑖𝑗= 𝑛1 { [1 + 𝜇2(𝑘 + 𝐺𝑖)2](𝑘 + 𝐺𝑖)2,       𝑖 = 𝑗0,                                                        𝑖 ≠ 𝑗 (29) 

[𝑂𝐺]𝑖𝑗= 𝑜1 { 1 + 𝜇2(𝑘 + 𝐺𝑖)2,                            𝑖 = 𝑗0,                                                        𝑖 ≠ 𝑗 (30) 

By substituting Eqs. (24), (25), (28)-(30) to (20), the band structure of such a nanobeam is 
finally calculated and obtained. 
C. LR elastic PC Euler nonlocal nanobeam 

 

FIG. 3. Model of LR elastic PC nanobeam. 
If the piezoelectric material PZT-4 is ignored and only elastic material epoxy is considered in 

the base beam, a LR elastic PC nanobeam is formed and shown in Fig. 3. 
The corresponding bending vibration equations of such a nanobeam can be reduced from Eq. 

(1) and written as: 

{𝑚2 𝜕4𝑊(𝑥)𝜕𝑥4 − 𝑛2 𝜕2𝑊(𝑥)𝜕𝑥2 + 𝜇2𝑛2 𝜕4𝑊(𝑥)𝜕𝑥4 −𝜔2𝑜2𝑊(𝑥) + 𝜔2𝜇2𝑜2 𝜕2𝑊(𝑥)𝜕𝑥2 =∑𝑄(𝑋)𝑋−𝜔2𝑚R𝑊R(𝑋) = 𝑄R(𝑋)  (31) 

By substituting Eqs. (2), (12), (13), (14), (17) and (18) to (31), it gives: 

{   
   {𝑚2(𝑘 + 𝐺′)4 + [1 + 𝜇2(𝑘 + 𝐺′)2]𝑛2(𝑘 + 𝐺′)2}𝑊(𝐺′) − 𝜔2[1 + 𝜇2(𝑘 + 𝐺′)2]𝑜2𝑊(𝐺′)= −𝑘R𝑎 [∑𝑊(𝐺′)𝐺′ −𝑊R(0)]

−𝜔2𝑚R𝑊R(0) = 𝑘R [∑𝑊(𝐺′)𝐺′ −𝑊R(0)]  (32) 

Eq. (32) can also be matriculated to the same form of Eq. (20), the relevant submatrices [𝑃𝐺] 
and [𝑄𝐺] are same to Eqs. (24) and (25), but [𝑀𝐺], [𝑁𝐺] and [𝑂𝐺] are different from Eqs. 
(21)-(23), which are as follows: 
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[𝑀𝐺]𝑖𝑗= 𝑚2 { (𝑘 + 𝐺𝑖)4,                                       𝑖 = 𝑗0,                                                      𝑖 ≠ 𝑗 (33) 

[𝑁𝐺]𝑖𝑗= 𝑛2 { [1 + 𝜇2(𝑘 + 𝐺𝑖)2](𝑘 + 𝐺𝑖)2,       𝑖 = 𝑗0,                                                        𝑖 ≠ 𝑗 (34) 

[𝑂𝐺]𝑖𝑗= 𝑜2 { 1 + 𝜇2(𝑘 + 𝐺𝑖)2,                            𝑖 = 𝑗0,                                                        𝑖 ≠ 𝑗 (35) 

By substituting Eqs. (24), (25), (33)-(35) to (20), the band structure of such a nanobeam is 
finally calculated and obtained. 
III. NUMERICAL RESULTS AND ANALYSES 

A. Band structure corresponding to LR elastic PC Euler nonlocal nanobeam 

The band structure corresponding to a LR elastic PC Euler nonlocal nanobeam is shown in 
Fig. 4(a). During the calculation, nonlocal parameter 𝜂 = 0.1, number of reciprocal-lattice vectors 𝑁 = (2 × 50 + 1), the parameters of each “spring-mass” resonator are: mass 𝑚R = 1 × 10−18kg 
and stiffness 𝑘R = 1 × 102N/m. Besides, all of the geometric parameters are: width and height 𝑏 = ℎ = 10nm, lattice constant 𝑎 = 100nm. Under 10GHz, four complete band gaps with total 
width 5.7GHz and opening rate 57% can be opened (labeled by gray in Fig. 4(a)), which are 
respectively 0.1-1.7GHz with width 1.6GHz, 2.6-4.1GHz with width 1.5GHz, 5.6-7.2GHz with 
width 1.6GHz and 9-10GHz with width 1GHz. As a comparison, Fig. 4(b) also gives the band 
structure of a pure elastic Euler nonlocal nanobeam with resonators ignored. Here, all the 
calculating parameters except for 𝑚R = 0kg and 𝑘R = 0N/m are same to those in Fig. 4(a). As 
shown, if the homogeneous nanobeam is formed by elastic material epoxy without resonators 
attached, band gap cannot be opened in the corresponding band structure. Consequently, the 
application of resonators leads the original consecutive band structure of pure elastic Euler 
nanobeam to be effectively opened several complete wide band gaps with high opening rate. 

  

(a) (b) 
FIG. 4. Band structures corresponding to (a) LR elastic PC Euler nonlocal nanobeam and (b) pure 

elastic Euler nonlocal nanobeam, respectively. 
B. Band structure corresponding to LR piezoelectric PC Euler nonlocal nanobeam 
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(a) (b) 
FIG. 5. Band structures corresponding to (a) LR piezoelectric PC Euler nonlocal nanobeam and (b) 

pure piezoelectric Euler nonlocal nanobeam, respectively. 
The band structure corresponding to a LR piezoelectric PC Euler nonlocal nanobeam is 

shown in Fig. 5(a). During the calculation, the parameters of resonator and geometry are same to 
those in Fig. 4(a). Besides, the parameters of coupling fields between electricity and mechanics 
introduced by piezoelectric material are: 𝑃0 = 1 × 10−8N  and 𝑉 = 0.2V . As shown, three 
complete band gaps with total width 7.2GHz and opening rate 72% are opened less than 10GHz, 
which are respectively 0.4-1.8GHz with width 1.4GHz, 3.6-6.5GHz with width 2.9GHz and 
7.1-10GHz with width 2.9GHz. As a comparison, Fig. 5(b) also gives the band structure of a pure 
piezoelectric Euler nonlocal nanobeam with resonators removed. Here, all the calculating 
parameters except for 𝑚R = 0kg and 𝑘R = 0N/m are same to those in Fig. 5(a). Fig. 5(b) 
shows that if the homogeneous nanobeam is formed by piezoelectric material PZT-4 without 
resonators attached, band gap cannot be opened in the corresponding band structure. Hence, the 
original continuous band structure can be effectively divided into several complete wide band gaps 
under the resonators’ help. In addition, the comparison of frequency range under 10GHz between 
Figs. 4(a) and 5(a) illustrates that wider band gaps with less quantity can be opened in 
piezoelectric nanobeam than elastic nanobeam. What’s better, the studies on electro-mechanical 
coupling band gaps of such a piezoelectric nanobeam are applicable to the field of active control 
and intelligentialize in NEMS. 
C. Band structures corresponding to LR elastic/piezoelectric PC Euler nonlocal 
nanobeams 

  

(a) (b) 
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(c) 
FIG. 6. Band structures corresponding to LR elastic/piezoelectric PC Euler nonlocal nanobeams 

with “spring-mass” resonators periodically attached on (a) piezoelectric material PZT-4, (b) elastic 
material epoxy and (c) with resonators removed, separately. 

Fig. 6(a) and 6(b) show respectively the band structures corresponding to LR 
elastic/piezoelectric PC Euler nonlocal nanobeams with “spring-mass” resonators periodically 
attached on piezoelectric material PZT-4 and elastic material epoxy. In addition, Fig. 6(c) also 
gives the band structure corresponding to an elastic/piezoelectric PC Euler nonlocal nanobeam 
without attaching resonators. Here, the geometric parameters used in the calculations are: 𝑎1 =𝑎2 = 50nm, 𝑎 = 𝑎1 + 𝑎2 = 100nm and 𝑏 = ℎ = 10nm. Besides, the parameters of resonator 
and electro-mechanical coupling fields are same to those in Fig. 5. As shown in Fig. 6(a), four 
complete band gaps with total width 6GHz and opening rate 60% can be opened under 10GHz, 
which are respectively 0.2-1.3GHz with width 1.1GHz, 3.4-5.4GHz with width 2GHz, 7-8.6GHz 
with width 1.6GHz and 8.7-10GHz with width 1.3GHz. As shown in Fig. 6(b), three complete 
band gaps with total width 7.9GHz and opening rate 79% can be opened under 10GHz, which are 
respectively 0.1-1.2GHz with width 1.1GHz, 1.9-3.4GHz with width 1.5GHz and 4.7-10GHz with 
width 5.3GHz. As shown in Fig. 6(c), three complete band gaps with total width 4.8GHz and 
opening rate 48% can be opened under 10GHz, which are respectively 1.2-1.3GHz with width 
0.1GHz, 3.4-6.7GHz with width 3.3GHz and 8.6-10GHz with width 1.4GHz. By comparing Figs. 
6(a) and 6(b), if resonators are attached on epoxy, band gaps less than 10GHz with higher opening 
rate can be opened. By comparing Figs. 6(a) (or 6(b)) and 6(c), band gaps less than 10GHz with 
higher opening rate can be opened in the elastic/piezoelectric nanobeam with resonators attached 
than that with resonators removed. By comparing 4(a), 5(a) and 6(b), band gaps less than 10GHz 
with higher opening rate in the nanobeam with base beam composed of two materials can be 
opened than those with base beam composed of only one material. Moreover, by comparing Figs. 
4(b), 5(b) and 6(c), several band gaps with almost half frequency range under 10GHz are opened 
in the nanobeam composed by two different materials, but no band gap is opened in the pure 
non-LR Euler nonlocal nanobeams by only one material. 

As shown in Figs. 4, 5 and 6, widest band gaps can be opened in the elastic/piezoelectric 
nanobeam with epoxy attached by resonators, which is more appropriate for the application in 
engineering. Thus, the starting frequencies and widths of band gaps of first order (1st BG 𝑓s and 
1st BG 𝑓w), second order (2nd BG 𝑓s and 2nd BG 𝑓w) and third order (3rd BG 𝑓s and 3rd BG 𝑓w), as well as total bandgap width of first three orders (T_BG 𝑓w) of such a nanobeam are 
applied to study the influencing rules of coupling fields between electricity and mechanics, 
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“spring-mass” resonators, nonlocal effect and different geometric parameters on band gaps in 
detail. 

  

(a) (b) 
FIG. 7. Influences of (a) 𝑃0 and (b) 𝑉 on starting frequencies, widths and total width of band 

gaps of first three orders, respectively. 
Figs. 7(a) and 7(b) display the influences of 𝑃0 and 𝑉 on starting frequencies, widths and 

total width of band gaps of first three orders, respectively. During the calculations, all the other 
parameters except for 𝑃0 and 𝑉 are same to those in Fig. 6(b), the region of 𝑃0 is 0 × 10−8 −10 × 10−8N, and the range of 𝑉 is −3− 3V. As displayed in Fig. 7(a), with the increase of 𝑃0, 
all of the starting frequencies of band gaps of first three orders keep increasing. Besides, the 
growth rate increases with the increase of bandgap order. By increasing 𝑃0, all the three bandgap 
widths also keep on increasing, which finally makes the total bandgap width of first three orders 
also keep on increasing. Differently, with the increase of 𝑉, all of the starting frequencies of band 
gaps of first three orders keep on decreasing, the bandgap widths of first and third orders keep on 
decreasing but that of second order keeps on increasing, which finally leads the total bandgap 
width of first three orders to keep on decreasing. 

  

(a) (b) 
FIG. 8. Influences of (a) 𝑚R and (b) 𝑘R on starting frequencies, widths and total width of band 

gaps of first three orders, respectively. 
Figs. 8(a) and 8(b) give the influences of 𝑚R and 𝑘R on starting frequencies, widths and 

total width of band gaps of first three orders, respectively. During the calculations, the region of 𝑚R is 0 × 10−18 − 3 × 10−18kg, the region of 𝑘R is 0 × 102 − 3 × 102N/m, and all the other 
parameters are same to those in Fig. 6(b). As shown in Figs. 8(a) and 8(b), all of the starting 
frequencies of band gaps of first three orders keep on increasing with the increase of 𝑘R or the 
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decrease of 𝑚R, which belongs to the typical influencing rules of LRPCs. Moreover, because the 
“spring-mass” resonators only affect limited frequency region of each band depending on the 
parameters of resonator and base beam, all the starting frequencies are almost unaffected if 𝑚R 
and 𝑘R are much larger as shown. Besides, as shown in Fig. 8(a), with the increase of 𝑚R, all the 
widths and total width of band gaps of first three orders keep on sharply increasing in the first 
place and then nearly constant. As shown in Fig. 8(b), 𝑘R almost has nothing to do with the first 
bandgap width. With the increase of 𝑘R, the second bandgap width keeps decreasing sharply at 
first and then nearly constant, the third bandgap width also keeps decreasing sharply at first and 
then nearly constant after a up and down, which leads the total width of band gaps of first three 
orders appear the same variation trend. 

Fig. 9 display the influences of 𝜂 on starting frequencies, widths and total width of band 
gaps of first three orders. Here, all the calculating parameters except for 𝜂 are identical to those 
in Fig. 6(b), and the range of 𝜂 is from 0 to 0.5. As shown, by increasing 𝜂, the starting 
frequencies of band gaps of first and third orders keep on decreasing, but that of the second order 
keeps on increasing at first and then decreasing. Besides, with the increase of 𝜂, all the widths of 
band gaps of first three orders keep decreasing, which finally leads the total width of band gaps of 
first three orders keep on decreasing. Moreover, with the increase of bandgap order, the starting 
frequency and width of band gap are affected more obviously. Hence, the nonlocal parameter 
introduced by the nanoscale can shorten the bandgap widths. 

 

FIG. 9. Influences of 𝜂 on starting frequencies, widths and total width of band gaps of first three 
orders. 

  

(a) (b) 
FIG. 10. Influences of (a) ℎ/𝑏 and (b) 𝑎1/𝑎2 on starting frequencies, widths and total width of 

band gaps of first three orders, respectively. 
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Figs. 10(a) and 10(b) show the influences of ratios ℎ/𝑏 and 𝑎1/𝑎2 on starting frequencies, 
widths and total width of band gaps of first three orders, respectively. During the calculations, the 
region of ℎ/𝑏 is 0.2-2 with the constant 𝑏 = 10nm, the range of 𝑎1/𝑎2 is from 0 to 10 with the 
constant 𝑎2 = 50nm, and all the other parameters are identical to those in Fig. 6(b). Fig. 10(a) 
shows that all the starting frequencies of band gaps of first three orders keep on increasing with 
the increase of ℎ/𝑏. Besides, the growth rate increases with the increase of bandgap order. 
Besides, with the increase of ℎ/𝑏, the widths of band gaps of first and third orders keep on 
increasing, and that of the second order keeps on increasing after a up and down, which finally 
leads the total width of band gaps of first three orders to keep on increasing. Consequently, band 
gaps with wider width are opened with larger height than width. As shown in Fig. 10(b), by 
increasing 𝑎1/𝑎2, all the starting frequencies of band gaps of first three orders keep on going 
down to be almost zero. However, by increasing 𝑎1/𝑎2, the width of band gap of first order keeps 
on going down to be almost zero, that of the second order increases firstly and then keeps on 
going down to be almost zero, and that of the third order decreases at first, then increases and 
lastly keeps going down to be close to zero. If 𝑎1 is much larger than 𝑎2, the nanobeam is 
considered to be composed by only one material, that is why the band gaps are not easy to be 
opened with the high ratio 𝑎1/𝑎2. Consequently, in order to meet requirement of band gaps as 
wide as possible, the reasonable ratios 𝑎1/𝑎2 and ℎ/𝑏 should be picked. 
IV. CONCLUSIONS 

In this paper, the band structures of three different LRPC Euler nonlocal nanobeams are 
calculated and compared with the application of PWE method. Particularly, the bandgap properties 
of LR elastic/piezoelectric PC Euler nonlocal nanobeam with epoxy periodically attaching 
“spring-mass” resonators, which the opening rate is the highest, are revealed minutely. The main 
conclusions are summarized as follows: 
1. By increasing the external axial force or decreasing the external electrical voltage introduced 

by the electro-mechanical coupling fields, the total width of band gaps of first three orders 
keep on increasing. Besides, the starting frequencies and widths of band gaps of first three 
orders can be effectively adjusted by the electro-mechanical coupling fields, which plays an 
active role in the further application in the field of active control on ultrahigh vibration. 

2. By increasing the mass or decreasing the stiffness introduced by the “spring-mass” resonator, 
the widths and total width of band gaps of first three orders keep increasing, but the adjustable 
region is limited. Oppositely, with the increase of stiffness or the decrease of mass, the 
starting frequencies increase, this is accord with the influencing rules of resonators. 

3. Generally, by increasing the nonlocal parameter introduced by nanoscale, all the starting 
frequencies, widths and total width of band gaps of first three orders keep on decreasing. 

4. Band gaps with wider width are opened with larger height than width and longer length of 
piezoelectric material than that of elastic material. Band gaps are harder to be opened with 
longer length of elastic material than piezoelectric material.During the process of design, the 
reasonable geometric parameters should be selected to meet the requirement of starting 
frequencies and widths of band gaps. 
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Figures

Figure 1

Model of LR elastic/piezoelectric PC nanobeam

Figure 2

Model of LR piezoelectric PC nanobeam

Figure 3

Model of LR elastic PC nanobeam.



Figure 4

Band structures corresponding to (a) LR elastic PC Euler nonlocal nanobeam and (b) pure elastic Euler
nonlocal nanobeam, respectively.

Figure 5

Band structures corresponding to (a) LR piezoelectric PC Euler nonlocal nanobeam and (b) pure
piezoelectric Euler nonlocal nanobeam, respectively.



Figure 6

Band structures corresponding to LR elastic/piezoelectric PC Euler nonlocal nanobeams with “spring-
mass” resonators periodically attached on (a) piezoelectric material PZT-4, (b) elastic material epoxy and
(c) with resonators removed, separately.



Figure 7

In�uences of (a) 0 and (b)  on starting frequencies, widths and total width of band gaps of �rst three
orders, respectively.

Figure 8

In�uences of (a) R and (b) R on starting frequencies, widths and total width of band gaps of �rst three
orders, respectively.



Figure 9

In�uences of  on starting frequencies, widths and total width of band gaps of �rst three orders.

Figure 10

In�uences of (a) / and (b) 1/2 on starting frequencies, widths and total width of band gaps of �rst
three orders, respectively.


