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Influence of machining parameters in longitudinaltorsional ultrasonic 

vibration milling titanium alloy for milling force 

Mingli Zhao1*· Junming Zhu1· Shijie Song1· Boxi Xue1· Bo Zhao1 

1 School of Mechanical and Power Engineering, Henan Polytechnic University, Jiaozuo 454000, PR China 

Abstract 
To study the effect of different parameters on milling force for longitudinal torsional ultrasonic vibration 

milling (LTUM) of titanium alloy, the kinematic theory of LTUM is combined with the model of milling transient 
cutting thickness to establish the milling force equation, and experiment was carried out. The experimental results 
showed that: Milling force was positively correlated with cutting speed, cutting depth, feed per tooth (milling force 
increased by about 40% in increasing the cutting speed from 40m/min to 100m/min, 300% in increasing the depth 
of cut from 0.1mm to 0.4mm, and 25% in increasing the feed per tooth from 0.01mm to 0.04mm). Milling force 
was negatively correlated with ultrasonic amplitude, tool helix angle (milling force reduced by about 22% in 
increasing the ultrasonic amplitude from 1μm to 4μm, and 23% in increasing the tool helix angle from 30° to 45°). 
The milling force was minimized when the ultrasonic amplitude was 4 μm, cutting speed was 60 m/min, cutting 
depth was 0.1 mm, feed per tooth was 0.01 mm/z, and tool helix angle was 40°. In further, the empirical model of 
milling force was established and accuracy was verified by experimental data. 
Keywords Longitudinal torsional ultrasonic vibration·Empirical model of milling force·Cutting thickness i
nstantaneously·Milling experiment·titanium alloy 
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1. Introduction 

The properties of titanium alloys, such as high specific strength, low density and strong corrosion resistance, 
are widely used in various fields such as aerospace, marine and automotive[1]. Because of the low thermal 
conductivity and high chemical activity of titanium alloys, large plastic deformation occurs in processing under the 
effect of force-thermal coupling, resulting in process hardening[2]. The cutting forces generated in the machining of 
metals have a large impact on the surface roughness, tool wear and stability. Shen et al.[3] established a mathematical 
statistical prediction model for peak milling forces using a combination of coupled polynomials and radial basis 
functions, and concluded a reasonable amplitude that can effectively reduce the peak cutting forces generated by the 
cutting process. Zhang et al.[4] established a two-dimensional milling force prediction model by considering the 
effect of tool geometry parameters on milling forces. Li et al.[5] modeled the instantaneous uncut thickness by an 
integration algorithm in polar coordinates to predict the milling force. Zhu et al.[6, 7] considered the effect of tool 
runout on milling forces and established an undeformed chip thickness model considering tool runout to predict the 
milling forces. Kim et al.[8, 9] established a cutting force model by analyzing the undeformed chip geometry and tool 
contact area. Chen et al.[10] have presented an orthogonal cutting distribution method, established a cortical bone 
milling force model, and analyzed the instantaneous milling forces in bone milling using the finite difference method. 
Shan et al.[11] established and validated a model for transient milling forces in the milling of carbon fiber composites. 
Jiang et al.[12] established a superposition model of force milling force and heat generated residual stresses and 
quantitatively analyzed the relationship between milling force and heat on the superposition of residual stresses. Li 
et al.[13] established a tool-workpiece contact rate model through the tool-workpiece motion relationship, combined 
with a model of undeformed chip thickness to establish a theoretical model of milling forces, and verified it 
experimentally. These studies mainly predicted milling forces for traditional milling, but did not investigate the 
changes in milling forces after the application of ultrasonic vibration. 

Ni et al.[14] studied the milling force signal and chip characteristics of titanium alloy and established the net 
cutting time model for ultrasonic vibration-assisted milling. Niu et al.[15] established a theoretical prediction model 
for cutting forces by combining a cutting edge trajectory model and an undeformed chip thickness model, and 
investigated the effect of milling parameters on milling forces. Guo et al.[16] studied the effects of feed rate, amplitude 
and f/n values on milling forces in ultrasonic machining, but did not consider the influences of helix angle of the 
tool , feed per tooth and axial cutting depth on milling forces. Zarchi et al.[17] first analyzed and calculated the critical 
cutting speed in ultrasonic vibration cutting, determined the tool-workpiece separation zone within one week of tool 
rotation, and investigated the effect of amplitude and cutting speed on milling forces. Verma et al.[18] established the 
axial vibration milling force by acoustic softening and ultrasonic vibration intermittent cutting，and the error was 
found to be within ±15% by experiment. Gao et al.[19] equated bevel cutting to 2D orthogonal cutting, and established 
a milling force model for ultrasonic milling of C/C composites, which was validated with experiments. Niu et al.[20, 

21] conducted comparative experiments between LTUM and traditional milling, studied the influence of machining 
parameters on residual stress in TC4 milling, and established a 3D finite element simulation model for bevel cutting 
and verified it. Zhu et al.[22] established 3D finite element model to analyze the effect of machining parameters on 
milling forces. In summary, the effect of helix angle of the tool on the milling force was not considered at ultrasonic 
vibration. Because too large or too small helix angle of the tool not only affects the chip evacuation, but also has an 
impact on the axial force and machining quality[23]. In this paper, the force model in milling process is established 
by considering the helix angle of the tool as well as other machining parameters. 

In order to more comprehensively consider the influence of machining parameters on the milling force in the 
process of ultrasonic vibration milling. The structure of this article was as follows: Section 2 analyzed the tool 



trajectory and used the micro-element cutting method combined with the instantaneous chip thickness model to 
establish the milling force model. Section 3 analyzed the influence of different parameters (amplitude, feed per tooth, 
cutting depth, cutting speed, and tool helix angle) on the milling forces in the TC4 ultrasonic vibration milling 
experiment, and then analyzed the experimental results. Section 4 established the empirical model of milling force 
and verified the empirical model by experimental data. Finally, conclusions were drawn. 

2. Dynamic analysis of longitudinal torsional vibration milling 

2.1 Tool trajectory analysis 

Ultrasonic vibration is applied under the condition of traditional milling to produce the characteristics of high 
frequency separation between tool-workpiece in the machining process. Fig. 1 shows the principle diagram of LTUM. 
The trajectory formula of a point on the cutting edge of a milling cutter in x, y and z directions in ultrasonic 
longitudinal torsional vibration milling was established, as shown in Eq. (1). 

 

Fig.1 Principle diagram of LTUM 
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Where ψ is the interdental angle of the tool, ψ=π/2, tool radius is taken as r=4mm, the ratio of ultrasonic 
longitudinal and torsional amplitude is 0.6, where the torsional amplitude is A=2μm, and the longitudinal amplitude 
is 1.2μm, n is the spindle speed, fz is the feed per tooth, z is the number of teeth of the milling cutter z = 4, ap is the 
cutting depth, β is the helix angle of the tool, θ indicates the longitudinal torsional phase difference = π/4. The 
trajectory of the tool was as shown in Fig. 2，it can be seen that in ultrasonic vibration, the separation characteristics 
of the tool are obvious, which is conducive to reducing the cutting force and cutting heat. 
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Fig. 2 Tool motion trajectories with different amplitudes 

2.2 Ultrasonic milling force modeling 

The milling force generated in the LTUM process can be mainly divided into the forces generated when the 
chip is formed and the plowing force on the machined surface. Since the plowing force is much smaller than the 
deformation force in the milling process, the plowing force can be neglected in the calculation of the milling force 
modeling[24]. The milling force of single edge is analyzed by the micro-element cutting method，the single edge of 
the milling tool is divided into N micro-element edges along the axis, the instantaneous lag angle at the j-th micro-
element edge on the i-th edge can be expressed as: 

 
00-1 - tan /

i j p
i a r    （ ）     (3) 

In Eq. (3),  represents the instantaneous milling entry angle on the bottom edge of the milling tool edge 
φ=2πnt/60. In ultrasonic vibration, the longitudinal vibration will cause the milling cutter to produce axial 
reciprocating motion relative to the workpiece, the 3d milling model is equivalent to the bevel cutting model, the 
schematic diagram of ultrasonic milling instantaneous cutting depth is shown in Fig. 3, so the actual instantaneous 
cutting depth in the milling process can be expressed by Eq. (4), where A is the amplitude magnitude, Vz is the 
velocity of the Z-axis. Where Vz is along the axis direction and the angle with the feed rate is 90°, the actual feed 
rate Vf0 can be solved. 
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Fig. 3 Schematic diagram of instantaneous cutting depth 
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Based on the bevel cutting equivalent model, the instantaneous milling thickness equation can be expressed by 
Eq. (7), the schematic diagram of the instantaneous milling thickness is shown in Fig. 4, the expression of 
instantaneous milling thickness can be obtained from Eqs. (2) – (7), as shown in Eq. (8). 
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Fig. 4 Schematic diagram of instantaneous milling thickness 

From Wang et al.[25], the effect of the bottom edge can be neglected, since the effect of the bottom edge of the 
milling edge is much smaller than that of the side edges in the milling process. Based on the prediction model of 
milling force by Kline and Amin et al.[26, 27], the expressions of the tangential, radial and axial forces acting on the j-
th tool edge micro-element with instantaneous thickness dz on the i-th tool tooth are shown in Eq. (9). 
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Where K*
lc (where l=r/t/a) is the cutting force coefficient of the side edge, the cutting force stiffness coefficient 

can be obtained from the literature[28, 29], dz is the micro-element height[30], as shown in Eq. (10), g(φij) is a unit step 
function, as shown in Eq. (11). Where ϕst and ϕex are the cut in and cut out angles in milling respectively，as shown 
in Table 1. 
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Table1 The expressions of cut-in angle and cut-out angle 

Reverse milling Down milling 

0
st
   arccos(1 / )st pa r     

arccos(1 / )ex pa r    ex
   

The component Fxij, Fyij and Fzij of each micro-element can be obtained by orthogonal 
decomposition of the micro-element model of the instantaneous cutting thickness of the cutting edge, 
as shown in Eq. (12). 
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Instantaneous milling force can be obtained by integrating each infinitesimal component along the axial 
direction, and then summing the forces acting on each cutter tooth, its matrix form is shown in Eq. (13). From Eq. 
(13), it can be seen that the relationship between the three directions of the milling force and each parameter is the 
same, so only one of them is calculated. 
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The MATLAB simulation (13) can obtain the change of Fx under different amplitude, depths of cut, cutting 
speeds, feeds per tooth and tool helix angles, as shown in Fig. 4 (a) ~ (e). The increase in ultrasonic amplitude and 
tool helix angle reduces the milling force, while the increase in cutting speed, cutting depth and feed per tooth 
increases the milling force. 

  

Fig.5（a）Variation of Fx at different amplitudes  Fig.5（b）Variation of Fx at different depths of cut 



 

Fig.5（c）Variation of Fx at different cutting speeds  Fig.5（d）Variation of Fx at different feeds per tooth 

 

Fig.5（e）Variation of Fx at different tool helix angles 

In summary, there are many factors that affect the magnitude of the milling force in LTUM of titanium alloys. 
The amplitude, cutting speed, feed per tooth, cutting depth and helix angle on the variation of milling force in 
LTUM of TC4 titanium alloy are studied. 

3. Experimental desig and analysis of results 

3.1 Experimental design 

The experimental material was selected as Ti-6Al-4V titanium alloy, and its physical properties were shown in 
Table 2. The customized vertical carbide TiAlN coated four edges milling cutter was used for the experimental tool. 
Its density is 14.5kg/m³, specific heat capacity 176j/kg·℃, Young's modulus and Poisson's ratio are 600Gpa and 
0.25, geometric parameters are φ8mm×15mm×60mm, the helix angles are 30°, 35°, 40° and 45°. In this experiment, 
LTUM was made on Ti-6Al-4V titanium alloy，the experiment site diagram was shown in Fig. (6). 

 

 

 

 

 

 

 



Table 2 Physical properties of Ti-6Al-4V 

Material properties  Value 

Density （kg/m³）  4430 

Poisson's ratio  0.342 

Young's modulus （Gpa）  113 

Specific heat capacity （J/kg℃）  611 

Thermal conductivity （ W/
（m·k）） 

 6.8 

 

Fig.6 Experimental site diagram 

   The orthogonal experiment of five factors and four levels was used to study the influence of different parameters 
on milling force in ultrasonic longitudinal torsional vibration milling process. The five factors are: cutting speed Vc, 
feed per tooth fz, tool helix angle θ, cutting depth ap, and ultrasonic amplitude A, the experimental design was shown 
in Table 3. 

Table3 Orthogonal experimental design 

Level  

Factor 
1 2 3 4 

Vc（m/min） 40 60 80 100 

fz（mm/z） 0.01 0.02 0.03 0.04 

θ （°） 30 35 40 45 

ap（mm） 0.1 0.2 0.3 0.4 

A（μm） 1 2 3 4 

The milling force data were analyzed and the resultant force Fr was calculated by Eq. (14). the results of the 
orthogonal experiments were shown in Table 4. 
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Table 4 Orthogonal experiment table 

Number 

Influencing Factors Results 

A

（A） 

Vc 

(B) 

ap 

(C) 

fz 

(D) 

θ 

(E) 
Fx Fy Fz Fr 

1 1  1  1  1  1  14.02  13.81  13.45  23.84  

2 2  2  1 3  4  12.88  11.47  35.93  39.85  

3 3  3 1  4  2 40.33  37.76  47.82  73.07  

4 4  4  1 2 3  30.95  30.60  18.23  47.19  

5 1  2 2  2 2 53.28  51.92  37.94  83.51  

6 2  1 2 4 3  67.79  60.24  13.71  91.72  

7 3  4 2 3 1  60.19  52.15  25.94  83.76  

8 4  3 2  1  4  38.54  34.29  22.48  56.27  

9 1  3  3  3  3  113.89  112.62  28.79  162.74  

10 2  4  3  1  2  118.13  118.00  36.32  170.87  

11 3  1  3  2  4  63.95  58.47  17.50  88.40  

12 4  2 3 4  1  92.35  79.28  29.40  125.21  

13 1  4  4  4 4  146.43  117.02  35.68  190.81  

14 2  3  4  2  1  110.23  99.39  24.85  150.49  

15 3 2  4  1 3 86.11  88.91  21.72  125.66  

16 4  1 4  3 2  104.57  99.52  16.86  145.34  

3.2 Experimental results and analysis 

The influence of cutting speed, cutting depth, amplitude, tool helix angle and feed per tooth on milling force 
was obtained by range analysis of test data, and the results of range analysis were shown in Table 5. 

Table 5 Range analysis results 

 

 

 

Milling force 

Primary and secondary 

order of influencing factors 
the optimal level combination 

Fx ap, Vc, fz, A, θ A3B2C1D1E4 

Fy ap, Vc, θ, A, fz A3B2C1D2E4 

Fz Vc, θ, fz, A, ap A4B1C4D1E3 

Fr ap, Vc, fz, θ, A A3B1C1D2E3 

According to the range analysis results, the milling force curve can be drawn. Fig. 7 (a) - (e) are the trend 
diagrams of amplitude, feed rate, cutting depth, feed per tooth, tool helix angle and milling force respectively. With 
the aid of ultrasonic vibrations, it can be derived from the figure that: 
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Fig. 7 (a) Effect of different amplitude on milling force 

In ultrasonic vibration, the tool-workpiece generates periodic high-frequency separation, as the amplitude 
increases, it increases the area of separation between the tool and the workpiece, resulting in a decrease in cutting 
resistance. The milling forces Fx, Fy, Fz, and Fr decreased by 23.51%, 19.66%, 24.96%, and 19.53%, when the 
amplitude was increased from 1 μm to 4 μm. However, the ultrasonic amplitude is too large to strengthen the 
mechanical shock and tool vibration, so the milling forces Fx, Fy, and Fr increased by 6.3%, 2.7%, and 0.84% when 
the amplitude was increased from 3 to 4 μm. 
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Fig.7 (b) Effect of different depths of cut on milling force 

The increase in cutting depth results in an increase in the contact length of the tool side edge with the workpiece 
in one cycle and in the volume of the milled workpiece, which increases in milling resistance. The milling forces 
Fx, Fy and Fr increased by 355.56%, 332.34%, and 232.85%, but the milling force Fz increased by only 12%, when 
the cutting depth increased from 0.1 mm to 0.4 mm in the process. 
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Fig. 7 (c) Effect of different cutting speeds on milling force 

The cutting speed effects the cutting heat and the degree of tool-workpiece engagement in machining. The high 
frequency separation characteristic of ultrasonic vibration processing facilitates heat dissipation, which can avoid 
excessive heat accumulation and reduce the wear of the tool and workpiece, thus reducing the milling force. When 
the cutting speed increases to a certain extent, the degree of tool-workpiece engagement increases, which leads to 
the increase in milling resistance. Therefore, when the cutting speed increased from 40m/min to 100m/min, the 
milling forces Fx, Fy, Fz and Fr increased by 42.11%, 36.94%, 101.5% and 41.04%. 
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Fig. 7 (d) Effect of different feeds per tooth on milling force 

As the feed per tooth increases, the amount of material removed per unit time, the milling width and the tool-
to-workpiece squeeze force increase, so the increase of feed per tooth leads to the increase of milling force. When 
the feed per tooth increased from 0.01 mm to 0.04 mm, the milling force Fx, Fy, Fz and Fr increased by 35.09%, 
15.42%, 34.74% and 27.66%. 
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Fig. 7 (e) Effect of different tool helix angles on milling force 

As the helix angle of the tool increases, the rake angle of the cutting process will also increase, which will lead 
to a reduction in cutting resistance and also a smoother chip discharge, so the increase in helix angle will lead to a 
reduction in milling force. When the helix angle increased from 35° to 45°, the milling forces Fx, Fy, Fz, and Fr 
decreased by 17.24%, 27.98%, 19.69%, and 20.62%. 

4. Establishment and verification of empirical formula of milling force 

The experiment mainly studied the effects of ultrasonic amplitude, feed per tooth, cutting speed, cutting depth 
and tool helix angle on the milling force, and the experimental data were used to determine the coefficients in the 
empirical equation. The empirical formula for the milling force was shown in Eq. (15). 
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Where C is the machining coefficient in the machining process, the milling forces in x, y and z directions and 
the resultant force model are derived from Eq. (15) as shown in Eq. (16). 
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Since Eq. (16) is a nonlinear function, taking the logarithm of Eq. (16) yields a linear function, as shown in Eq. 
(17). 
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Suppose that Eq. (17) lg Fk =Yk, lg CFk=I0, lg A=p1, lg ap=p2, lgVc=p3, lg fz=p4, lg θ=p5, thus Yk can be linearly 
represented by pm (m = 1, 2, 3, 4, 5), as shown in Eq. (18). Multiple linear regression analysis is carried out on Eq. 
(18), and the empirical formula of milling force is finally obtained, as shown in Eq. (19). 



 

0 1 1 2 2 3 3 4 4 5 5

0 1 1 2 2 3 3 4 4 5 5

0 1 1 2 2 3 3 4 4 5 5

0 1 1 2 2 3 3 4 4 5 5

x

y

z

r

Y a a p a p a p a p a p

Y b b p b p b p b p b p

Y c c p c p c p c p c p

Y c c p c p c p c p c p

     
     

     
     

    (18) 

 

0.253 0.867 0.389 0.246 0.436

0.285 0.804 0.351 0.167 0.590

0.299 0.396 0.759 0.223 0.162

0.052 0.884 0.413 0.284 0.063

323.25

280.48

4.34

203.26

x p c z

y p c z

z p c z

r p c z

F A a V f

F A a V f

F A a V f

F A a V f













 











    (19) 

For the significance analysis of formula (19), where R2 is the determination coefficient, and the closer its value 
is to 1, the stronger the linear relationship between Y and p, and the closer it is to 0, the non-existent linear 
relationship. F is a statistical value and its value reflects the stronger the overall regression relationship. Significance 
F reflects the probability of insignificance in the regression equation, generally between 0.02 ~ 0.05 is considered 
significant, less than 0.02 is considered very significant. The significance analysis table of the milling force is shown 
in Table 6, it can be seen that the formula models of milling forces Fx, Fy and Fr are very significant, while the 
formula model of milling force Fz is significant. 

Table 6 significance analysis of milling force 

 R2 F Significance F Significance 

Fx 0.905 19.103 0.00008 ☆☆☆ 

Fy 0.876 14.079 0.0003 ☆☆☆ 

Fz 0.471 1.78 0.0464 ☆☆ 

Fr 0.906 19.177 0.00008 ☆☆☆ 

5. Conclusion 

In this study, the trajectory of the tool is analyzed firstly, and the milling force formula is established based on 
the instantaneous cutting thickness model. Then longitudinal torsional ultrasonic vibration-assisted milling 
experiment was conducted on TC4 by using the high-frequency separation characteristics of ultrasonic vibration 
processing to discuss the influence of different parameters on the milling force in the milling process. Finally, an 
empirical formula for milling is established and the accuracy of the model is verified by experimental data. The 
following conclusions were drawn: 
(1) Based on the kinematics theory and instantaneous cutting thickness model, the milling force model of ultrasonic 

vibration milling was established. The numerical simulation results showed that the ultrasonic amplitude and 
tool helix angle were negatively correlated with the milling force, and the cutting speed, cutting depth and feed 
per tooth were positively correlated with the milling force. 

(2) Through LTUM experiment and milling force data analysis, it was concluded that: the ultrasonic amplitude 
increased from 1 μm to 4 μm, the milling force decreased by 19% to 25%; The helix angle of the tool increased 
from 30° to 45°, and the milling force decreased by 19% to 28%; The cutting speed increased from 40m/min 
to 100m/min, and the milling force increased by 36% to 90%; The cutting depth increased from 0.1 mm to 0.4 
mm, the milling force increased by 230% ~ 356%, but Fz only increased by 10.71 %. The feed per tooth 
increased from 0.01mm/z to 0.04mm/z, and the milling force increased by 15% to 36%. 

(3) The range analysis of the milling force data obtained from the LTUM experiment was carried out. The minimum 
values of milling forces Fx, Fy and Fr were obtained when the amplitude was 3 μm, the cutting speed was 60 
m/min, the cutting depth was 0.1 mm, the feed per tooth was 0.01 mm/z and the tool helix angle was 40°. When 
the amplitude was 4μm, the cutting speed was 60m / min, the cutting speed was 0.1mm, the feed per tooth was 



0.01mm / z, and the tool helix angle was 40 °, the axial force Fz was minimized. 
(4) To establish the empirical formula of milling force, to solve the parameters in the empirical formula by multiple 

linear regression, and to verify the accuracy of the model by experimental data. The formula models of milling 
forces Fx, Fy, and Fr were obtained to be very significant, while the formula model of milling force Fz was 
significant. 
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