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Abstract 

Adoption of LED lighting products have many advantages such as energy 

conservation and environmental protection. But the luminescent characteristics of 

LEDs cannot provide satisfactory lighting solutions to meet the requirements of 

today’s sophisticated applications. Freeform optics constitutes a new technique for 

regulating the energy output of LEDs into a customized form. However, many 

freeform optical elements are designed to be bulky since the point-like sources 

assumption. The designs that consider the spatial extents of LEDs usually have 

poorly controlled light patterns or low efficiencies. Here, we propose a very robust 

design method based on spatially variant convolution for 4D light field tailoring, 

which enables high-performing freeform illumination optics with small sizes. The 

proposed method is holistic that is suitable for various kinds of design requirements 

with no limitations of far-field approximation and Lambertian luminescent property. 

Several design examples including fabricated lenses and experimental tests are 

presented. The results realize compact, low-cost, and highly efficient freeform optics 

with customized lighting solutions. We believe that the proposed work can promote 

the research on enhancing the emission quality of LEDs and generating artificial light 

for application-specific lighting systems. 

Keyword:  LED lighting; freeform optics; optical design; beam shaping; non-imaging 

optics.  



Introduction 1 

Light-emitting diodes (LEDs) have been widely used in industry and our daily life because 2 

of their superior characteristics such as high luminous efficiency, compact size, long 3 

lifetime, and high reliability [1]. However, the light emission from LEDs cannot provide 4 

satisfactory solutions to meet requirements for various modern lighting applications. For 5 

example, the direct use of LEDs in road illumination will cause energy waste of unnecessary 6 

lighting areas at the backside of the road [2]. In medical applications, light from LEDs 7 

without regulation will produce poor medical imaging quality [3]. Generating artificial light 8 

and enhancing the emission quality of LEDs are of continued interest to meet our ever-9 

changing needs for today’s functional lighting applications. 10 

      Recently, freeform optics have brought substantial changes in a more than 130-year-old 11 

area of optical design [4-8]. The unrestricted geometry of optical surfaces enables the 12 

possibility of compact, lightweight, and efficient lighting systems with superior optical 13 

performances [9]. The regulation of light from sources is achieved by elaborately designed 14 

freeform elements, where the light source accounts for only a small fraction of the system’s 15 

volume because of the point-like source (zero-étendue source) assumption [10-25]. When 16 

the source size becomes non-negligible, the design of freeform lenses must consider the 17 

spatial extents of light sources. The designs for extended light sources are still largely relied 18 

on optimization [26-28] and feedback methods [29,30] that lack rigorous modeling. Several 19 

direct methods have been proposed based on PDEs and edge rays tailoring applicable for 20 

2D cases or rotational geometry [31-34]. Some research has been carried out for generating 21 

complex patterns from extended sources [35-37] at the expense of efficiency and 22 



compactness. Locally surface correction method was recently proposed based on controlling 23 

beam dilation for light field tailoring [36] and generating uniform polygonal target [38]. A 24 

significant work so-called wavefront tailoring method (WTM) [39] formulates the 25 

illumination design as the coupling problem of input and output edge wavefronts with 26 

surface construction based on the SMS3D method [40]. In general, achieving superior 27 

lighting design with compact structure and high efficiency is still an intractable problem. 28 

The designers must make a trade-off between the compactness of freeform lenses and the 29 

accuracy of irradiance control. Besides, the LED sources emit light from the positive 30 

hemisphere with a 180° opening angle, which increases the difficulty to obtain a high-31 

efficient lens with a large collection angle. These two issues limit the realization of light-32 

weight and miniaturized illumination lenses with excellent optical performances.  33 

      We need to focus on three key considerations for freeform optics design for LED 34 

lighting: transfer efficiency, compactness, and controllable illuminated patterns. The 35 

transfer efficiency is defined as the ratio of flux received by target to that emitted from the 36 

source. As mentioned above, LED sources emit light from a 180° opening angle. Many 37 

freeform lenses are designed to collect only a portion of light from light sources, which will 38 

result in energy waste at the large emitting angle. The compactness of an illumination lens 39 

is usually defined as a quantity h/d, where h denotes the maximum height of the lens and d 40 

represents the maximum lateral size of the source. The issue of controllable illuminated 41 

patterns has two aspects. One is the accuracy of irradiance control achieved by the designed 42 

freeform lens. The other is the utility of the design method that can achieve various 43 

illuminated patterns to meet different requirements. To the best of our knowledge, the state-44 



of-the-art freeform illumination design method is still hard to simultaneously achieve high 45 

performances on the above three specifications.  46 

      For purpose of developing a robust and universal model to solve the problem, we have 47 

proposed a design method that connects the design for extended sources and point-like 48 

sources by an integral transformation [41]. In this paper, we extend the previous model and 49 

proposed a generalized method for freeform LED lighting design. We designed several 50 

freeform lenses with high efficiency and compactness as well as precise control of 51 

illuminated patterns. The effectiveness and practicability of the proposed method were also 52 

verified by simulations and experimental tests. The freeform lenses were fabricated using 53 

injection molding with the tolerance of 5 microns and obtain excellent performances. 54 

Compact, low-cost, and highly efficient illumination systems were achieved based on 55 

freeform optics for customized LED lighting. 56 

Methods 57 

Theoretical model 58 

We consider the illumination system combining a light source, a freeform lens, and a plane 59 

target as shown in Fig. 1(a) and 1(b). The origin is located at the center of the extended 60 

source, where we assume that a virtual point light source is shining here. For a point-like 61 

source shown in Fig. 1(a), the emitted light can be regarded as a 2D ray bundle [42] 62 

determined by parameters u = (u, v). The input ray bundle will correspond to a source 63 

mapping s(u, v) = (s1, s2) on the source plane with irradiance distribution Es(xs, ys) as shown 64 

in Fig. 1(c). Each ray will intersect with a point on the freeform surface f(u, v)=(x, y, z) and 65 



be redirected to the target forming a ray map m(u, v) = (m1, m2). The target irradiance 66 

distribution Ep for a point-like source is formulated as 67 
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 (1) 68 

where ∂(g1, g2)/∂(a1, a2) denotes the Jacobian of vector-value function g(g1, g2) to 69 

variables (a1, a2). The freeform illumination design for point-like sources is very mature 70 

that can transform the light into almost any irradiance distributions Ep(t) on target plane, 71 

where t = (xt, yt) denotes the Cartesian coordinates of the target. 72 

 73 

Fig. 1 (a) Illumination from a point-like source. (b) Illumination from an extended source. 74 

(c) The sketch of the theoretical model to link the design for point sources and extended 75 

sources. 76 



      In our previous publication [41], we use a standard spatially variant convolution to 77 

establish an integral transformation between the “point-like source” irradiance Ep(xt, yt) and 78 

the “extended source” irradiance E(xt, yt). This method cannot tackle the design problem 79 

with non-rectangular illuminated patterns because of the regular nature of its discrete form. 80 

In this work, we will overcome this problem and present a general design paradigm for LED 81 

lighting applications. As shown in Fig. 1(b), the effect of extended sources can be regarded 82 

as angular extents of the rays from the exit surface, which will produce a blurring pattern 83 

on the target instead of an impulse from the ideal point source. For each point on target 84 

mapping m(u, v) as well as the freeform surface f(u, v), the extended source will produce a 85 

blur function h(xt, yt; u, v) on the target plane. The actual irradiance E(xt, yt) is approximated 86 

by an integral transformation: 87 

 ( , ) ( , ; , ) ( ( , )) .t t t t pE x y h x y u v E u v dudv  m  (2) 88 

Each point (ui, vi) in parametric space U will correspond to a target point mi and a blur 89 

kernel function h(xt, yt; ui, vi ). 90 

    The next task is to calculate the blur kernel function h, which will be similar to our 91 

previous work [41]. We formulate the light field between the freeform surface and target 92 

plane by a 4D function L(xt, yt, u, v). The 4D ray bundle determined by parametric 93 

coordinates (xt, yt, u, v) should be reversely traced to the extended source. If the ray 94 

intersects within the range of the source, the radiance will be equal to that of this ray that 95 

emerged from the light source in a lossless system. If the ray does not intersect with the 96 



source, the radiance of this ray will be defined as zero. Based on the above considerations, 97 

the target irradiance can be calculated by an integral projection: 98 

 ( , ) ( , ; , ) .t t t tE x y g x y u v dudv   (3) 99 

The integrands g is formulated as (see Supplementary Material): 100 

4
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，  (4) 101 

where (x, y, z) denote the Cartesian coordinates of freeform surface defined on parametric 102 

space (u, v). zt is the height of the target plane which is a constant. R denotes the distance 103 

between a target point (xt, yt) and a surface point f(u, v). L is the radiance of the light ray 104 

defined by parameter (xt, yt, u, v) between the target plane and the freeform surface. If the 105 

light source is a Lambertian source, radiance L should be a constant if the ray hit the source. 106 

If the light source is a non-Lambertian source, the radiance L should be the radiance L(xs, 107 

ys, θ,φ) of the related ray emitted from the source. Comparing the mathematical forms of 108 

Eq. (2) and (3), we can calculate the blur kernel function as: 109 

 ( , ; , ) ( , ; , ) / ( ( , )),t t t t ph x y u v g x y u v E u v m   (5) 110 

Since Ep(m(u, v)) can be also regarded as a function of (u, v), the above equation can be 111 

normally disposed in the numerical process. 112 

Design method and numerical process 113 

The previous section showed that the illumination from extended sources can be formulated 114 

as an integral transformation Eq. (2) from a point source. Therefore, it is possible to convert 115 

the “extended source” problem to a well-solved “point source” design problem. We 116 



developed the design method shown in Fig. 2. For the input of the design algorithm, a light 117 

source with its characteristics of luminescence represented by a 4D light field L(xs, ys, θ,φ118 

) should be given. A prescribed illuminated pattern defined as irradiance distribution 119 

Edesire(xt, yt) as well as the location of the target plane are provided. The entrance surface of 120 

the freeform lens should be also predefined. The entrance surface is user-defined that can 121 

be any type such as plane, conic surface, aspheric surface, and freeform surface. During the 122 

iterative process, the entrance surface remains unchanged. Therefore, we should carefully 123 

choose a specified entrance surface for better performance of the final design. The 124 

considerations for the design of entrance surfaces will be discussed in the Supplementary 125 

Material. With reasonable input parameters, an iterative design method is implemented as 126 

shown in Fig. 2. 127 

      Step 1. We first design the freeform lens based on the point-like sources assumption 128 

with a prescribed irradiance distribution Ep(xt, yt). In the first iteration, Ep(xt, yt) can be 129 

defined as the target irradiance Edesire(xt, yt). The freeform illumination design for a point-130 

like source is very mature that any well-developed algorithm can be used in this step. In this 131 

work, we use our previously published method [24, 43] to accomplish the “point source” 132 

design. The outputs of this step are the grid points of the designed freeform surface f(u, v) 133 

as well as the ray mapping m(u, v). 134 

  Step 2. With a given freeform lens, we can calculate the blur kernel function h based on 135 

a backward ray tracing and Eq. (4)(5). In discrete form, the target plane is defined as a 136 

regular mesh grid with pixels located at (xt i, j, yt i, j), where i = 1, 2, …, m; j = 1, 2, …., n. 137 

The freeform surface is represented as a sequences of points f(up, q, vp, q), where p = 1, 2, …, 138 



s; q = 1, 2, …., t. The integral transformation Eq. (2) is reduced to a matrix equation e = Hp, 139 

where e and p are the column vectors of reshaped irradiances E(xt, yt) and Ep(m(u, v)). The 140 

kernel function is h represented by an mn*st matrix H. The relation between kernel function 141 

h and its discrete form H can be obtained using the following formula: 142 

 ( 1) ,( 1) , , , , , ,( , ; , ) ( ( , )).j n i q t p ti j t i j p q p q p p q p qf x y u v E u v    H m   (6) 143 

  144 

 145 

Fig. 2. Design method and numerical process. 146 

Step 3. The next step is to set the column vector e as the desired irradiance distribution 147 

and resolve a more reasonable “point source” irradiance p as shown in Fig. 3. The matrix 148 

equation e = Hp is usually ill-conditioned and the direct solution of linear system p = H-1e 149 

will lead to invalid results. Therefore, we should solve it using regularization tools [44]. 150 



Obtaining the solution p, we can reshape the column vector as a matrix that represents the 151 

irradiance value at Ep(m(u, v)). After an interpolation process, we can obtain the new 152 

“point source” irradiance Ep(xt, yt). 153 

      The above steps will loop until a satisfying result is obtained. The computation time 154 

depends on the implementation of the three steps. The algorithms for freeform design in 155 

Step 1 and regularization in Step 3 are mature and would not incur excessive computing 156 

costs. Backward ray tracing in Step 2 has the greatest computational burden since we need 157 

to trace the rays from a 4D parametric space (xt, yt, u, v). For example, if we choose the 158 

mesh number of the target plane and parametric space to be both 101×101, over 100 159 

million rays should be traced. The computational cost is acceptable if the entrance surface 160 

is simple such as plane, sphere, or quadric surface that have analytical solutions for ray 161 

intersection. However, if the entrance surface is an analytical surface with high-order 162 

terms or a numerically solved point-cloud surface. The backward ray-tracing will bring 163 

unacceptable computational costs. Here, we employ a Kd-tree structure and GPU-based 164 

parallel computing [45] to accelerate step 2. Detailed information on the fast backward 165 

ray-tracing technique can be found in Supplementary Material. 166 

Results and Discussion  167 

To demonstrate the superiority of the proposed method, we designed a series of freeform 168 

lenses delivering different illumination patterns for far-field and near-field targets with 169 

Lambertian and non-Lambertian sources. All the designs use PMMA as the lens material. 170 

We further designed and fabricated four lenses including ‘plane + freeform’, ‘aspheric + 171 



freeform’, and ‘freeform + freeform’ lenses to verify the practicability of the proposed 172 

method. The freeform lenses are fabricated using injection molding with a tolerance of 5 173 

microns.  Detailed information is presented below 174 

A demonstrative design example 175 

We first present a design example delivering a far-field square pattern to show the detailed 176 

processes of the proposed method. We define the Cartesian coordinates system with origin 177 

locating at the center of the light source and the z-axis being along with the normal of the 178 

plane source. The squared target distribution is located at a plane with ztarget = 1000 mm and 179 

side length equals 1200 mm. We set a circular Lambertian source with its diameter equals 180 

to 19 mm. The Lambertian luminescent property means that the rays emerged from the light 181 

source with constant radiance L. The designed lenses should achieve a uniform target pattern 182 

and remain a highly compact configuration which means a low h/d value. 183 

    The iterative process is presented in Fig. 2. As shown in Fig. 2(a), the initial target for 184 

point sources is defined as a perfectly uniform squared pattern. We design the freeform lens 185 

based on the initial target with a nearly 180° collection angle of the virtual point source. The 186 

designed freeform surface, as well as a predefined entrance surface is shown in Fig. 3(b). 187 

The irradiance of ideal sources is blurred by the extension of the light source and the 188 

uniformity is degraded due to the blur effect. We then calculate the 4D blur kernel function 189 

as a matrix h(xt, yt; u, v) and store it in a 2D matrix H expressed in Eq. (6). The new target 190 

irradiance of the ideal source can be calculated based on the spatially variant deconvolution 191 

process which is solving a regularization problem in our design framework shown in Fig. 192 

2. The solved new “point source” irradiances in each iteration is presented in Fig. 3(a). As 193 



the real irradiances illuminated by an extended source in each iteration are shown in Fig. 194 

3(c). A satisfactory result is obtained in the 4th iteration and the final irradiance distribution 195 

is shown in Fig. 3(d). The uniformity of the illumination area enclosed in the center uniform 196 

part is 0.92 which is defined as the ratio of the average irradiance to the maximum irradiance 197 

Eaver/Emax. We plot the irradiance of two test lines y = 0 mm and y = 850 mm in Fig. 3(e). 198 

The lighting efficiency is defined as the ratio of flux captured by the target plane to the total 199 

flux emitted from the light source. The transfer efficiency of the final freeform lens is 200 

90.18% considering Fresnel losses, which is quite close to the value of theoretically limit 201 

92.4% [27]. The designed freeform lens is presented in Fig. 3(f) with the maximum height 202 

equal to 26.48 mm, which shows an ultra-compact structure with h/d = 1.394. The design 203 

example has demonstrated the ability of this method to achieve ultra-efficient and compact 204 

freeform lenses with high optical performance for illumination applications. 205 



 206 

Fig. 3. The demonstrative design of freeform illumination lens; (a) prescribed irradiances 207 

for the point source in each iteration; (b) the designed freeform surfaces as well as the 208 

predefined entrance surface; (c) the irradiances from the extended source in each iteration; 209 

(d) the final irradiance distributions of the designed lens with point and extended source; 210 

(e) profiles of irradiance on lines y = 0 mm and y = 850 mm; (f) the designed freeform 211 

lens model. 212 

Customized design for LED lighting 213 

To illustrate the generalization of the proposed method for LED lighting, we further 214 

designed eight freeform lenses delivering various patterns in different configurations. The 215 

design results are presented in Fig. 4. Three technical specifications including 216 

compactness (h/d), transfer efficiency (η), and accuracy of irradiance control (RSD and 217 



RRMSE) are presented to illustrate the performances of the designed lenses. The designs 218 

of 1-4 are aimed to deliver near-field illuminated patterns from square or disk Lambertian 219 

sources. The target planes are located at z = 80 mm. We have realized uniform irradiance 220 

distributions of a trapezoid, rounded triangle, fan-shape, and pentagon by elaborately 221 

designed freeform lenses. All the lenses have compact sizes with h/d <2 and high transfer 222 

efficiency considering Fresnel loss as presented in Fig. 4. The 5th design is to deliver a far-223 

field off-axis rectangular illumination which would be very useful for road illumination, 224 

architectural lighting, and in-door illumination. The target is located at z = 1000 mm with 225 

sizes 3200 mm×2000 mm and a 17° off-axis angle. The 6th design uses a non-Lambertian 226 

source with isotropic intensity. The radiance from the source equals L0/cosθ, which means 227 

that the radiance of a ray is directly proportional to the inverse of cosine of the angle θ 228 

between the direction of the incident light and the source surface normal. Employing the 229 

proposed method, we achieved a compact freeform lens with h/d = 1.681 delivering a 230 

uniform square pattern at z = 1000 mm. To verify the accuracy of irradiance control of the 231 

proposed method, we set prescribed irradiances with gradual distributions of linear 232 

functions as presented in designs 7 and 8. The freeform surfaces are designed with a flat 233 

entrance surface and a 150° maximum collection angle. The h/d values of the designed 234 

lenses are 2.017 and 1.99 with a square source. The design results are presented in Fig. 4, 235 

which shows the precise light control of the designed freeform lenses. 236 



 237 

Fig. 4. Customized design for LED lighting. Design 1-4: various illuminated patterns in 238 

near field from Lambertian sources. Design 5: far-field off-axis illumination from a 239 

Lambertian source. Design 6: far-field square illumination from a disk non-Lambertian 240 

source. Design 7-8: near-field non-uniform illumination from Lambertian sources. 241 

Experimental results 242 

To illustrate the practicability of the proposed method, we have designed and fabricated 243 

several freeform lenses for a specific LED source (OSRAM GW_P9LR35.EM). This is a 244 

Lambertian source with a square luminous surface of a 4.54 mm side-length.  245 

    We first design two freeform lenses with flat entrance surfaces. The targets are set to be 246 

near-field illumination located at z = 55 mm. The first design is to produce a uniform 120 247 



mm × 90 mm rectangular pattern. We set a flat entrance surface and a 160° maximum 248 

collection angle. Implementing the proposed method, we designed and further fabricated 249 

the freeform lens as shown in Fig. 5(a). The distance from the source to the flat entrance 250 

surface is 2.5 mm. The height of the designed lens is 8.5 mm, which shows an ultra-compact 251 

structure with h/d of 1.324. The experimental setup, as well as the illuminated performance 252 

are shown in Fig. 5(b). The illumination pattern and the comparison of simulated and 253 

experimental results are shown in Fig. 5(c). The RSD is 0.039 and the lighting efficiency is 254 

83.80% considering the Fresnel losses. The second design is to produce a uniform elliptical 255 

pattern with the major axis of 120 mm and a minor axis of 80 mm. We set a flat entrance 256 

surface and a 160° maximum collection angle. Implementing the proposed method, we 257 

designed and fabricated the freeform lens as shown in Fig. 5(d). The distance from the 258 

source plane to the flat entrance surface is 2.5 mm. The height of the designed lens is 10.7 259 

mm which shows a compact structure with h/d equal to 1.667. The experimental setup is 260 

shown in Fig. 5(e) which demonstrates the performance of the designed lens. The 261 

illumination pattern and the comparison of simulated and experimental results are shown in 262 

Fig. 5(f). The RSD is 0.041 and the lighting efficiency is 85.03% considering the Fresnel 263 

losses. The experimental results show good agreement with the simulation. 264 

    The first two designs use planes as the entrance surface which presents satisfactory 265 

illumination patterns but it cannot collect all the rays from the LED source. To utilize all 266 

the emitting light from LEDs, the entrance surface should be selected to contain the whole 267 

angular luminous hemisphere. In the next two designs, we chose aspheric and freeform 268 

surfaces as the entrance surfaces. The selection of entrance surfaces is a trial-and-error 269 



process to avoid total reflection, enable sharper illuminated boundary and processability of 270 

the designed lens. More detailed information on the entrance surface design can be found 271 

in Supplementary Material. 272 

 273 

Fig. 5. Two designs with flat entrance surfaces. (a, d) Designed and fabricated lenses; (b, 274 

e) Experimental setup; (c, f) Illumination patterns as well as comparisons of simulated and 275 

experimental results. 276 

    In the 3rd design, the targets are set to be near-field illumination located at z = 100 mm 277 

with a uniform hexagonal distribution. We design an entrance aspheric surface to collect 278 

and regulate rays from a 180° opening angle. Implementing the proposed method, we 279 

designed and further fabricated the freeform lens as shown in Fig. 6(a). The height of the 280 

designed lens is 11.24 mm, which shows an ultra-compact structure with h/d of 1.75. The 281 

experimental setup, as well as the illuminated performance are shown in Fig. 6(b). The 282 

illumination pattern and the comparison of simulated and experimental results are shown in 283 

Fig. 6(c). The RSD is 0.049 in the simulation and 0.059 in the experiment. The transfer 284 

efficiency is 91.20% considering the Fresnel losses. The 4th design is to produce a uniform 285 



rectangular pattern with the length of 360 mm and the width of 240 mm. We design an 286 

entrance freeform surface to collect and regulate rays from a 180° opening angle. 287 

Implementing the proposed method, we designed and fabricated the freeform lens as shown 288 

in Fig. 6(d). The height of the designed lens is 12.63 mm which shows a compact structure 289 

with h/d equals to 1.97. The experimental setup is shown in Fig. 6(e) that demonstrates the 290 

high performance of the designed lens. The illumination pattern and the comparison of 291 

simulated and experimental results are shown in Fig. 6(f). The RSD is 0.048 in the 292 

simulation and 0.059 in the experiment. The transfer efficiency is 86.6% considering the 293 

Fresnel losses. In the two design examples, the entrance surface is extended to the aspheric 294 

or freeform surface which depends on the lighting requirement. Detailed information on the 295 

entrance surfaces in these two designs can be found in Supplementary material. 296 

 297 

Fig. 6. Two designs with aspheric and freeform entrance surfaces. (a, d) Designed and 298 

fabricated lenses; (b, e) Experimental setup; (c, f) Illumination patterns as well as 299 

comparisons of simulated and experimental results. 300 

 301 



Conclusions 302 

We demonstrate great potential and progress of applying freeform optics to LED lighting. 303 

The presented method is specifically developed for extended sources enabling generating 304 

customized artificial light with very compact optical structures and high transfer efficiency. 305 

Eight freeform lenses were designed to deliver different lighting patterns with different 306 

design specifications to demonstrate the robust and holistic features of the proposed method. 307 

We further designed and fabricated four lenses to verify the practicability of the method 308 

with experimental tests. In this work, we realized compact, low-cost, and highly efficient 309 

freeform LED lighting systems with superior optical performances. We believe that the 310 

proposed method can promote the application of freeform optics in LED lighting, including 311 

enhancing the luminous quality and developing application-specific lighting systems. 312 
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