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Abstract
This paper introduces a discrete Reeb graph model, called iso-graph, on arbitrary graphs, and discusses
its properties. We de�ne a sect on a graph as an edge subset which, if removed, transects the input graph,
changing it homotopically. We show that an iso-graph is essentially a collection of sects which are nested
and not inversely tangent. The iso-graph model can be used as a substitute for existing discrete Reeb
graphs with the advantages of avoiding data perturbation and interpolation.

1 Introduction
Reeb graphs are used in many applications as a graph-like sketch of a space/mesh by encoding the
evolution of iso-surfaces (1–9). The Reeb graph of a smooth function on a space is the quotient space
obtained by contracting the iso-surfaces (connected components of the level sets, also called contours)
to points, endowed with the quotient topology (1). In the discrete settings, the Reeb graph of a piecewise-
linear (PL) function can be computed on a simplicial mesh (3). Reeb graphs provide a way to track and
visualize the iso-surfaces of a space or a discrete shape, and has been used in various applications,
including homology computation (5), data skeletonization (6), surface denoising (7), and shape detection
(8–9).

Reeb graphs are de�ned on spaces or meshes, not on arbitrary graphs, with the application scope limited
to analysis and visualization of structured data. This paper introduces a discrete Reeb graph model,
called the iso-graph, on arbitrary graphs. The iso-graph of a scalar (i.e., vertex-weighted) graph is a graph
consisting of level sects as its edges. A level sect is a component of the boundary of a lower-level set,
where the boundary of a vertex subset of the input graph is the set of the edges connecting the vertex
subset and its complement. All level sects divide the input graph into a set of iso-zones, which constitute
the node set of the iso-graph. The iso-graph model can be used as a substitute for existing discrete Reeb
graphs with the advantages of avoiding data perturbation and interpolation.

The paper is organized as follows. Section 2 is dedicated to basic notions and manipulations of graphs.
Section 3 elaborates the level sects and the iso-graph. Section 4 provides an axiomatic formalization to
model the iso-graph. Last we conclude in Section 5. All proofs are omitted and will be provided in a
forthcoming document.

2 Preliminaries
Given a continuous scalar function f : ℳ → ℝ on a topological space ℳ, the Reeb graph is de�ned as
the quotient space of ℳ induced by the equivalence relation “ ∼ ” with p ∼ q ↔ p and q belong to the
same level set component (called a contour or an iso-surface) [1]. If ℳ is simply connected, the Reeb
graph is also simply connected and is called contour-tree [10]. In the discrete settings, we consider a
simplicial mesh ℳ and a function f de�ned by the values at the vertices and extended by linear
interpolation over ℳ. We assume that f values are unique at the vertices, perhaps by perturbation of the
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input data, so that f is a Morse function and the critical points are isolated and occur at vertices of the
mesh [11, 12]. The discrete Reeb graph consists of contours passing through the critical vertices,
recording the creation, destruction, splitting, and merging of contours. It can be augmented so that the
contours passing through the vertices are the nodes, which are connected by the classes of contours not
passing through any vertices, called the arcs [10, 13].

In this paper, we let ℑ = < Ω, 𝔈 > be a �xed connected simple graph, on which we de�ne the iso-graph and
all related concepts. Unless otherwise noted, a property of an item t is denoted by propertyName(t), such
as “lowValue(S)” in Section 3, with the �rst letter of the last word capitalized. Except the following term
aliases, we adopt common terminologies of graph theory in this paper.

1. Each vertex in Ω is called a site.
2. Each edge in 𝔈 ⊆ Ω × Ω is called a surfel (short for surface element) and any subset of 𝔈 is called a

surface [14]. In our formulation, surfels are oriented: (p, q) and (q, p) are inverse to each other, i.e., (p,
q)− 1 = (q, p). The inverse of a surface S is S−1 = {e−1 | e∈S}. To handle the orientation of surfels, we
let ℑ be directed, and 𝔈 symmetric, i.e., ∀ e∈𝔈, e−1∈𝔈.

We impose no geometrical restriction on the input graph. The following geometrical interpretation is
introduced to help understanding, and itself is not a requirement of the theory. A site is perceived as a
voxel (short for volume element). A surfel (p, q) is interpreted as a common edge/face shared by the
voxels of p and q. In this paper when depicting an input graph in a �gure, we use this interpretation. See
Fig. 1.

For a surface S, the immediate interior (resp. exterior), noted by II(S) (resp. IE(S)), is de�ned as II(S) = {p |
(p, q) ∈S} (resp. IE(S) = {q | (p, q) ∈S}). A surface S is called orientable if II(S) and IE(S) are disjoint. The
boundary of a subset X of Ω, noted by ∂X, is a surface de�ned as ∂X = {(p, q) ∈ 𝔈 | p ∈ X and q ∉ X}. ∂X
is always orientable.

Two surfels (p1, q1) and (p2, q2) are called orientably-meshed (or simply meshed) if (1) p1 = p2 and (q1, q2)
∈𝔈, or (2) q1 = q2 and (p1, p2) ∈𝔈 (see Fig. 2a). A surface S is called meshed if any two surfels β1 and β2

in S are connected by a meshed surfel path αk
m
k =1

 ⊆ S, i.e., β1 = α1, β2 = αm, and for 1 ≤ k < m, αk and

αk+1 are meshed. A maximal meshed orientable surface is called a sect of ℑ. See Fig. 2b.

For surfaces S and T, they are called tangent if S ∩ T ≠ ∅; called inversely tangent if S ∩ T−1 ≠ ∅. We say
S is locally before T (or T is locally after S), written as S ≺ T (or T ≻ S), if IE(S) ∩ II(T) ≠ ∅. See Fig. 2c.
Two surfaces S and T are called crossing each other if S ≺ T and T ≺ S. Sects are not self-crossed, i.e.,
the relation ≺ on the sects of ℑ is irre�exive.

A triangle of ℑ is a set of three mutually adjacent sites (Fig. 3a). Based on this de�nition, two surfels are
meshed iff they are in a triangle and make an orientable 2-surfel surface. A triangle {u, v, w}, noted by
uvw, has 3 edges, noted uv (or vu), vw (or wv), and wu (or uw), respectively. A surfel e is called crossing

{ }
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an edge uv if e = (u, v) or e = (v, u). A surface is called crossing an edge if a surfel in the surface crosses
the edge (Fig. 3b). As shown by Proposition 1, a sect crossing an edge of a triangle always passes
through the triangle (Fig. 3c).

Proposition 1

( Triangle Proposition ). If a sect of ℑ crosses an edge of a triangle, then it crosses either of the other two
edges, but not both.

3 Level Sect And Iso-graph
The graph ℑ = < Ω, 𝔈 > equipped with a scalar function f (a real-valued function on Ω) is called a scalar
graph, represented as < ℑ, f > and noted by ℑf. See Fig. 4a. In this section we de�ne and discuss the level
sects and the iso-graph of ℑf.

A level sect (or simply an ℒ-sect) S of ℑf is a meshed component of the boundary of a lower-level set (i.e.,
{x∈Ω | f(x) < µ} for some µ∈ℝ) of ℑf. See Fig. 4b. The two values, max f(II(S)) and min f(IE(S)), are called
the low and up values of the ℒ-sect, respectively. The up value is always greater than the low value, and
their difference is called the value gap of S. The set of the level sects of ℑf is noted by ℒf.

The connected components of the graph < Ω, {(p, q)∈𝔈 | f(p) = f(q) } > are called the iso-slices of ℑf, i.e.,
an iso-slice is a maximal connected set of sites where f is constant. See Fig. 4c.

Iso-slices are linked by level sects to make iso-zones. An iso-slice c is called a low slice of an ℒ-sect S, if
II(S) ∩ c ≠ ∅ (this means c is adjacent to S from the low side) and f(c) = lowValue(S); it is called an up
slice of S, if IE(S) ∩ c ≠ ∅ and f(c) = upValue(S). For the example in Fig. 4, both c1 and c2 are up slices of
U, and low slices of W. Two iso-slices are called low/up linked by an ℒ-sect, if they both are low/up slices
of the ℒ-sect. An iso-zone is the union of a linked component of iso-slices. See Fig. 4c. It is obvious that
all iso-slices make a partition of the domain Ω, and f is constant on any iso-slice; so are the iso-zones.

An iso-zone z is called a low/up zone of an ℒ-sect S if an iso-slice in z is a low/up slice of S. It is obvious
that each ℒ-sect has exactly one low zone and one up zone which are different. For the example in Fig. 4,
lowZone(U) = v5 and upZone(U) = v4.

The iso-graph of ℑf is de�ned as the directed graph whose vertices are the iso-zones and whose edges
are the ℒ-sects such that each ℒ-sect connects its low and up zones, pointing from the low to the up. See
Fig. 4d. Theorem 1 lists 6 properties of the iso-graph.

Theorem 1

The iso-graph of ℑf has the following properties.

(1. Secting Property) Any ℒ-sect of ℑf is a sect of ℑ.
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(2. Tangent Property) Any two ℒ-sects of ℑf are not inversely tangent.

(3. No-crossing Property) Any two ℒ-sects of ℑf do not cross each other.

(4. Acyclic Property) The iso-graph is a directed acyclic graph (DAG).

(5. Stokes Property) For any cycle in the iso-graph, let {Sk}
m
k =1be the ℒ-sects in the cycle, and Sign(Sk) be

−1/+1 if the direction of Sk is backward/forward in the cycle. Then

Σm
k =1 Sign(Sk) valueGap(Sk) = 0.

(6. Connectedness Property) The iso-graph is connected.

4 Regular Divisor And Quotient Graph
An axiomatic system is a system which possesses an explicitly stated set of axioms from which
theorems can be derived [15]. In our previous work, three axioms (the inclusion, type, and value axioms)
are used for modelling the level line tree of a 2D image [16–18], and two axioms (the nesting and
tangent) for the iso-tree of a scalar graph which is mono-connected [19, 20]. The level line tree and iso-
tree are discrete contour trees. This paper reports that an iso-graph is essentially a set of surfaces with 4
basic properties (listed in Theorem 1(1–4)), from which other properties can be derived. We list the 4
basic properties as 4 axioms, which make a basis for study of discrete surface structures.

A set D of surfaces on ℑ is called a divisor of ℑ, and it is called regular if satisfying the following 3
axioms:

(1. Secting Axiom) Any surface in D is a sect of ℑ.

(2. Tangent Axiom) Any two surfaces in D are not inversely tangent.

(3. No-crossing Axiom) Any two surfaces in D do not cross each other.

We note the set of the regular divisors of ℑ by 𝔇. This section elaborates how to induce a quotient graph
from any D∈𝔇. The input graph ℑ equipped with D is noted by ℑD. The 4th axiom will be introduced later
in this section to equate a directed acyclic quotient graph with an iso-graph. Similar to the iso-slices of a
scalar function on ℑ, we de�ne the iso-slices of ℑD as the connected components of the graph < Ω, 𝔈 −

∪(D∪D−1) >, i.e., an iso-slice is a maximal set of sites connected by surfels not in D∪D−1. Here the inverse
of D is de�ned as D− 1 = {S− 1 | S∈D}. For a sect S in D, we use D|≺S (resp. D|≻S) to denote the set of sects in
D locally before (resp. after) S, i.e., D|≺S = {T∈D | T≺S} and D|≻S = {T∈D | T≻S}. For an iso-slice c and a
sect S in D, we make the following de�nition:

c is called a low slice of S, if c is adjacent to S from the low side and not separated from S by any
sect in D locally before S, i.e., c ∩ II(S−∪(D|≺S)) ≠ ∅ (See Fig. 5);
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c is called an up slice of S, if c is adjacent to S from the up side and not separated from S by any sect
in D locally after S, i.e., c ∩ IE(S−∪(D|≻S)) ≠ ∅.

Based on this de�nition, the other concepts, low/up linking, iso-zone, and low/up zones (see Fig. 5) are
derived similarly as in Section 3. The existence and uniqueness of the low- and up zones of a sect in D
can also be obtained (Proposition 2). Regarding low/up zones, there is a difference between a general
regular divisor D and an iso-graph G: the low and up zones of an ℒ-sect in G are always different, while a
sect in D may have identical low and up zones. The quotient graph of ℑ by D (also called the quotient
graph of ℑD), noted by ℑ/D, is de�ned as the graph consisting of D as the edge set and the iso-zones of
ℑD as the vertices. The quotient graph is connected (Proposition 3).

In the following propositions we let D∈𝔇 be �xed.

Proposition 2

Each sect S in D has exactly one low zone and one up zone.

Proposition 3

The quotient graph of ℑ by D is connected.

A valued regular divisor of ℑ is a pair < D, VG > where D∈𝔇, and VG : D → ℝ+ is a function assigning each
sect in D a positive value gap and satisfying the Stokes property (Theorem 1(5)) in the quotient graph. We
note the set of the valued regular divisors of ℑ by 𝔇v. The Stokes property requires the quotient graph of
a valued regular divisor to be a DAG. On the other hand, if the quotient graph of a regular divisor is a DAG,
then we can make a topological sorting [21] and assign each sect a value gap equal to the position
difference of its two vertices (low- and up zones) in the sorting. This assignment satis�es the Stokes
property. So a regular divisor can be valued iff its quotient graph is a DAG. A regular divisor D is called
valuable if it satis�es the following axiom,

(Acyclic Axiom): the quotient graph ℑ/D is a DAG.

By Theorem 1, an iso-graph is the quotient graph of a valued regular divisor, a�rming the necessity of the
4 axioms (the secting, tangent, no-crossing, and acyclic) for the axiomatic system. On the other hand, as
stated in Theorem 2, the inverse is also true, showing that the axioms are su�cient to model iso-graphs.

Theorem 2

The quotient graph of ℑ by some d∈𝔇v is an iso-graph of ℑ, and vice versa.

5 Conclusion
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In a previous work, a discrete contour tree model, called iso-tree, are de�ned on mono-connected graphs
[19, 20]. The iso-graph is an extension of the iso-tree for arbitrary graphs. Besides the difference on the
input graph, the two models are also different in the surface connectivity: level sects in iso-graphs are
meshed while level cuts in iso-trees are connected in the sense that their immediate interiors and
immediate exteriors are connected. Different techniques are introduced to deal with the different
connectivities. The two models together can inspire more research efforts for surface connectivities in
graphs.

The algorithm in [13] can be modi�ed to compute iso-graphs on general graphs, since it takes as input a
list of vertices, edges, and triangles. The introduced iso-graph de�nition can also be used to design more
e�cient computing algorithms without data perturbation and interpolation. Besides the novelty in the
de�nition of iso-graphs, the techniques developed to manipulate surfaces in graphs are also a
contribution of this paper, which opens up a new way to investigate the structures of graphs and
networks.
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Figure 1

(a-left) A graph. (b-right) The geometrical interpretation where each site in the left graph is interpreted as
a voxel (a polygon covering the site), and the voxels of adjacent sites share a common edge.

Figure 2

Examples of (a-left) two pairs of meshed surfels in red and blue (the green dashed lines indicate the
surfels connecting the terminals of the meshed surfels), (b-mid) a sect (the red thick line with orientation
shown by arrows), and (c-right) S ≺ T.
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Figure 3

(a-left) A triangle in red. (b-mid) A surface in blue crossing an edge of a triangle in red. (c-right) A sect S
crossing the edge uv of a triangle uvw.

Figure 4

From left to right: (a) A scalar graph, where the scalar values are depicted by different grays. (b) The 6
level sects, S1 (in pink), S2 (pink), T1 (yellow), T2 (yellow), U (green), and W (purple). (c) The iso-zones, v1-
v6, where v4 consists of two iso-slices c1 and c2, and the other iso-zones consist of one iso-slice. The
green-purple double line in the �gure (c) is the implicit linkage between c1 and c2 made by the common
bounding level sects U and W. (d) The iso-graph.

Figure 5

An example of iso-slices and iso-zones of a regular divisor D. (a.left) Among the 5 sects S and S1-S4, D|≺S

= {S1,S2,S3}, and D|≻S = {S4}. In the �gure, the orientation of the surfaces is depicted by arrows. (b.right)

The thick yellow line in the �gure represents S -∪(D|≺S) = S - (S1∪S2∪S3), whose immediate interior is
covered by the iso-slices c1 and c2, which are low slices of S. The iso-slice c0 is adjacent to S from the low
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side, but it is separated from S by S2. So c0 is not a low slice of S. The iso-slices c3 and c4 are up slices of
S. The two iso-zones c1∪c2  and c3∪c4 are respectively the low zone and up zone of S.


