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Abstract
Memristor-enabled in-memory computing provides an unconventional computing paradigm to surpass
the energy e�ciency of von Neumann computers. However, owing to the physical limitation of the
crossbar structure, although the memristor array is desirable for dense computation, it suffers from
signi�cant performance degradation in both energy and area e�ciency when processing sparse linear
algebra operations. In this work, we report a highly e�cient in-memory sparse computing system based
on the self-rectifying memristor, which originates from the joint effort of devices and algorithms and is
used to solve computational modelling problems. This system is expected to have 74.9 – 19.6 TOPS / W
energy e�ciency for 2-bit to 8-bit sparse computation in computational modelling tasks. Compared to the
previous in-memory computing hardware, our system provides over one order of magnitude improvement
in energy e�ciency with more than two orders of magnitude reduction in hardware overhead. This work
could pave the road towards a highly e�cient, unconventional computing solution for high-performance
computing.

Introduction
Computational modelling technology has allowed scientists and engineers to describe the natural and
technological processes or phenomena in both scienti�c research and engineering1,2. This technology
has widely been used to investigate various processes, such as �uid �ow and turbulence in physics,
molecular structure and reactivity in chemistry, and structure-function relationships in biology, with ever-
increasing �delity3,4. However, computational modelling commonly involves operations on massive data,
which are computationally expensive and have a polynomial time complexity. The development of
computational modelling in the past two decades progressed with the performance improvement of the
modern digital computer. Unfortunately, digital computers are ultimately constrained by the scaling limit
of complementary metal-oxide-semiconductor (CMOS) technology5 and by the energy and latency
limitation of the data movement in von Neumann architecture6. Therefore, designing a high-performance
computing system comes with an enormous requirement of hardware resources and energy
consumption7,8. Memristor-based in-memory computing (mIMC) provides a promising non-von Neumann
computing solution for overcoming these limitations9-12. By performing multiplication with Ohm’s law
and accumulation with Kirchhoff’s law, the memristor crossbar array can implement in-memory matrix-
vector multiplication (MVM) in one step13. The mIMC paradigm has been adopted to accelerate different
data-intensive tasks, such as machine learning14-17, image processing18,19, and matrix equation
solving20-22, and can signi�cantly improve the computational speed and energy e�ciency while achieving
�oating-point computation precision23,24.

However, designing mIMC hardware to perform the computational modelling tasks with high energy
e�ciency still remains to be addressed. This is mainly because the problems involved in the
computational modelling process, such as solving partial differential equations (PDEs), contain the large-
scale sparse linear algebra operation (Figure 1a). Despite solving PDEs has been previously
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demonstrated in memristor arrays, processing the sparse computation is still facing the following
challenges (Figure 1b): �rst, due to the physical limitation of the crossbar array structure, it is a necessity
to map the entire matrix into the array for high parallelism computation. But the zero elements
signi�cantly outnumber non-zero elements in the sparse matrices. Therefore, using a single crossbar
array to map the sparse matrix entirely is ine�cient because the hardware resources are wasted to store
zero elements. Second, the zero elements are commonly mapped to a non-zero high resistance value;
hence, the computation precision is severely degraded by the high resistance variation and other non-
ideal factors of the devices. Third, the sparse matrices to describe the practical systems are commonly
remarkably large; however, the high sneak path current of the prior passive memristors potentially limits
the array scalability, making it di�cult to support large-scale computation using a single array25.
Although several impressive in-memory sparse matrix-vector multiplication (SpMV) approaches have
been developed, such as the matrix slicing approach22,24, these methods are time-consuming because of
the necessity to slide over multiple crossbar arrays that map the active slices (the slices containing non-
zero elements). Hence, the development of a high-e�ciency in-memory sparse computation system for
high-performance computing requires the joint efforts of the device and algorithm (Figure 1c).

In this work, we demonstrate that highly e�cient in-memory sparse computing can be implemented by
employing self-rectifying memristors (SRM). The fabricated SRM realized superior inhibition of sneak
currents in the crossbar array and demonstrated a record-low switching/read power, which in turn
supported large-scale computation with low energy consumption. In addition, a sparse computation
approach is proposed to implement the SpMV in an SRM array with a signi�cant reduction in hardware
overhead. We further analysed the capability of our approach by solving static and time-evolving PDEs,
and the obtained in-memory solution is comparable to those obtained using a 64-bit �oating-point (FP)
digital computer. By substantially improving the energy e�ciency for sparse matrix multiplication, our
study provides an attractive option for high-performance computing hardware enabled by emerging
devices.

Results And Discussion
Self-rectifying memristor array characteristic.

The SRM is well-favoured by researchers for effectively suppressing the sneak path in the crossbar arrays
and is considered an effective solution for high-density integration (with a 4F2 footprint and 3D
scalability) owing to their inherent reverse self-rectifying characteristics. Furthermore, because of their
ultra-low operating current (down to pA level), SRM shows great potential for implementing low-power-
consumption mIMC hardware26-29. Our SRM cells were fabricated with a vertical stack structure of
Pt/HfO2/TaOx/Ta (Figure 2a), and the details of the device structure analysis using transmission electron
microscopes (TEM), energy dispersive spectroscopy (EDS) and the X-ray photoelectron spectroscopy
(XPS) are shown in Supplementary Note 1. The direct current (DC) I-V curves of the SRMs with 400, 250,
and 100 nm feature sizes display that the devices of 250 nm size perform optimally in terms of overall
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resistive switching uniformity and recti�cation characteristics through repetitive I-V sweeps
(Supplementary Figure 4a). Therefore, we fabricated a 1 Kb (32 × 32) passive array with 250 nm feature
size devices. The top view of the crossbar array obtained using an optical microscope and the
morphology obtained by �eld emission scanning electron microscopy (FE-SEM) are shown in Figures 2b
and 2c. Figure 2d shows 50 DC I-V curves of �ve cells (10 curves for each cell) under a compliance
current (ICC) of 100 nA, which highlight the superior performances, including the large recti�cation ratio

(RR, > 104), large nonlinearity (NL, > 104), and high uniformity. The voltage range that allows an extremely
low current is referred to as an inhibit region. It was con�rmed that our SRM cell can provide a large
inhibit region (− 2 V – 1 V) with an extremely low leakage current (< 0.1 pA), which can block the sneak
current �owing through unselected cells in the passive array26. Additionally, a low reset current (< 1 pA) is
allowed, which rivals the best records of prior state-of-the-art studies27,28. Figure 2e demonstrates the
excellent retention of both the low resistance state (LRS) and high resistance state (HRS) under 125 °C
temperature, measured by a 2 V read voltage for over 3 × 104 s. Remarkably, the operating current of the
SRM cell can be as low as 10 pA, under which the device still demonstrates stable resistive switching with
considerable NL (> 100) and RR (> 20) (Supplementary Figure 4b and Figure 4c). In addition, a stable 2-bit
multi-level operation was realized by applying different compliance currents with a 103 s retention test
(Supplementary Figure 4d). Furthermore, our SRM cells are capable of maintaining stable switching
behaviours after 12 months of fabrication (Supplementary Figure 5). Figure 2f shows the acceptable
endurance of up to 106 switching cycles while maintaining a considerable memory window under a set
pulse of + 3.8 V / 1 μs and a reset pulse of – 2 V / 600 ns. Remarkably, the device switching power
consumption was approximately 2.4 aJ for the set process and 7.9 aJ for the reset process. It is
comparable to the best ultralow-power devices reported in this �eld (Table 1, see Supplementary note
2 for calculation). 

To address a single SRM device in the passive array, we applied read voltage to the bit-line (BL, row line)
while grounding the word line (WL, column line). To suppress the sneak current in the passive array, other
BLs and WLs are pulled up to inhibit the voltage; this scheme is known as the half-biasing scheme
(Supplementary Figure 6)26. Over 128 devices in the 1 Kb crossbar array were randomly chosen to read
out their LRS and HRS values with a 2 V read voltage. The resistance distributions demonstrated a
distinct identi�cation of LRS (average value of 26 GΩ) and HRS (average value of 33.4 TΩ), while the
overall resistance variation was 37.3 % and 52.9 %, respectively (Figure 2g). Moreover, to further verify the
effectiveness of the half-basing scheme, we employed the half-read voltage (1 V) to read out the LRS
value of these 128 devices with one hundred read-out cycles. It turns out that LRS cells under the half-
read voltage will result in a high resistance value (~ 100 TΩ), while the resistance variation for half-
selected LRS cells is 52.5 % (Figure 2h).

Moreover, to better validate the superior performance of our SRM, we performed a detailed analysis of its
switching mechanism. Figure 2i shows the work function and electronic a�nity of the four layers of the
SRM. Through multi-segment curve �tting, we deduced that when the positive voltage applied to the TEs
(Pt) gradually increases from 0 V to + 6 V and decreases from + 6 V to 0 V, the set process is mainly led
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by Poole-Frenkel (P-F) transport and Schottky emission, respectively. During the reset process, P-F
transport dominates �rst, followed by Schottky emission. The energy band diagram under different
voltage biases in the set and reset processes are displayed in Figures 2j and 2k, which reveal that high RR
and NL can be attributed to the high Schottky barrier at the Pt / HfO2 (~ 2.85 eV) and HfO2 / TaOx (~ 1.0
eV) interfaces, respectively, during the resistive switching process. The detailed analysis process is
illustrated in Supplementary Note 3.

Sparse matrix multiplication in SRM array.

Here, we show that the parallel SpMV can be performed in an SRM array with low hardware overhead by
storing only non-zero elements of the sparse matrix (Figure 3a). This computation approach utilizes the
techniques widely used in modern digital computers, where the sparse matrices are reshaped by the
de�ned formats, such as the compressed row format, to reduce the hardware overhead in storage30,31.
Assuming there is an m × m scale sparse matrix, we can obtain a k × m scale submatrix that only
contains the non-zero elements by compressing the sparse row of the matrix. Subsequently, the
submatrix is mapped to the crossbar array and each row of the submatrix is contained by a bit-line of the
array. Owing to the low-native precision of the SRMs, a single cell can hardly be used to map a high-
precision matrix element. Therefore, each n-bit precision matrix element is mapped by n adjacent cells,
and each cell contains one bit of that element, where ‘0’ and ‘1’ represent HRS and LRS, respectively. This
precision-extension approach is also adopted by the existing commercial memories, such as dynamic
random-access memory, as the basis for high-precision data storage22. Besides, the high nonlinearity of
the SRM cell also inhibits the mapping of high-precision input vectors to multiple voltage values for linear
computation, as in previously proposed mIMC solutions. Therefore, the n-bit precision vector is attached
to the word lines of the array as sequential voltage pulses, and each pulse presents one bit of the vector,
with ‘1’ represented by high voltage level (HVL) and ‘0’ represented by low voltage level (LVL). The
computation is executed row by row, and the binary operation results are output from the WLs in parallel.
By summing the partial products of the binary results, the desired higher precision output can be
generated. 

Notably, owing to its self-rectifying nature, our device cannot be read out using a negative voltage read
pulse (Figure 2c), which means that we cannot use a negative pulse to encode the vector element as an
input. Therefore, the matrix and vector elements are presented by the complementary code to avoid
inputting a negative pulse. In addition, to suppress the sneak current in computation, a selected voltage
(SEL) is connected to the selected BL, and HVL is applied to the unselected bit-lines. Here, the SEL is set
to − 1 V, HVL is set to 1 V, and LVL is set to 0 V according to the half-biasing scheme. Further details of
the matrix compression and complementary code computation are illustrated in Supplementary Note 4

To validate the effectiveness of the proposed sparse computation approach, we experimentally solved a
one-dimensional (1-D) heat equation, which is expressed as
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where u is the temperature value, x is the position on the rod, and t is the heat condition time32. This
equation represents a classical physics description of the propagation of heat conduction along a 1-D hot
rod,

We solved this equation on a 1 m hot-rod, and the heat condition time was set to 0.4 s. Using the �nite
difference method, the heat equation can be solved by iterative sparse matrix multiplication (Figure 3b)
as follows:

Here, A is the sparse coe�cient matrix that is generated by the three-point stencil33, and u is the target
solution vector. Equation (2) can be realized in hardware by mapping matrix A into the SRM array and
iteratively applying u as the input. The spatial and time steps are set to satisfy the convergence condition,
and the iteration terminates with the arrival of the target time (see Supplementary Note 5).

In this example, the sparse matrix A is a 10 × 10 scale tridiagonal sparse matrix and is encoded with 3-bit
precision. Therefore, a 3 × 30 subblock of the 1 Kb array is activated to map the compression matrix, and
the input and output vectors are encoded as 8-bit numbers to reduce error propagation in the time-
evolving iterations (Supplementary Figures 12a and b). A random 8-bit vector is generated to
experimentally verify the SpMV accuracy. Figures 3c, d and e show the multiplication result for each row
of the compression matrix, and the �nal SpMV result is presented in Figure 3f. The results show high
consistency with the digital computation outputs, which con�rmed that the high resistance versatility of
the devices has a trivial effect on the computation accuracy. The initial condition of this problem and
measured solution at time values t = 0.1 s, 0.2 s, 0.3 s is shown in Figure 3g, while the 3-D reconstruction
for all the experimentally obtained solutions at different time values is shown in Figure 3h. The
experimental results precisely match the solution obtained using the 64-bit FP digital computer
(Supplementary Figure 12c), which indicates that the SRM array can perform precise SpMV and solve
time-evolving problems.

Solving large-scale sparse matrix equation

The procedure for modelling a practical system, such as solving elliptic and other terms of PDEs34,35,
usually requires solving a large-scale sparse matrix equation Ax = b (Figure 4a). Here, A is an n × n scale
sparse coe�cient matrix, x is the unknown vector to be solved, and b is a constant vector containing the
boundary conditions. Generally, the SpMV approach shows a linear increase in hardware overhead as the
computational precision increases. To solve the large-scale sparse matrix equation using a single SRM
array, we designed a hybrid in-memory computing system using mixed-precision in-memory computing
techniques21. The hybrid system employs the SRM array to perform low precision SpMV and provide an
approximate solution to the problem, whereas higher accurate results are obtained by using a digital
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computer to correct the overall calculation errors. Figure 4b shows the framework to solve the sparse
matrix equation in this hybrid system, where the solution is iteratively updated by the Richardson iteration
algorithms as follows: 

where vector d is the low-precision error correction vector, and x(n) is the convergence sequence of the
solution (see Method). d is obtained by solving linear systems of equations, such that Ad = r, using a low-
precision solver, and the residual error vector r is calculated from r = b - Axn in the high-precision domain.
This iteration procedure terminates when the residual norm drops below the pre-set tolerance error. We
used the biconjugate gradient stabilized method (BiCGSTAB) in the low-precision solver, which is a Krylov
subspace iterative method and can provide faster and smoother convergence than other variants, such as
the conjugate gradient method. Remarkably, the most computationally intensive operation in this
framework is the sparse matrix multiplication for coe�cient matrix A36. Therefore, this hybrid
computation model is considered to be highly e�cient because the SpMV operation is performed in-situ
in the SRM array.

Notably, although the high resistance value of SRM favourably leads to an ultra-low-power feature, it
potentially limits the large-scale computation performance because the device readout latency is crucial
to the throughput of the mIMC hardware. Even when the device is in the LRS, the readout speed is still
limited by the large RC constant25,26. To address this issue, we designed a WL sensing circuit capable of
substantially reducing the operational latency of the sparse computation. Figure 4c presents the structure
of the sensing circuit, which is composed of two n-type transistors. This circuit exploits the charging and
discharging processes of the parasitic capacitance of the transistors to obtain the computation result.
Therefore, partial multiplication for each input bit comprises two procedures, that is, pre-discharge and
sensing. Speci�cally, the input terminal remains LVL within the pre-discharge period while the input data
are applied along with the sensing process. The readout current of the SRM represents the multiplication
result, which charges Cp, and is converted to the voltage changes of the word-line (ΔVWL). To obtain the
output current of all the devices on a BL in parallel, each WL is connected to a sensing circuit, and ΔVWL

is converted to a digital value using a comparator (Supplementary Figure 13a). We veri�ed the
performance of this circuit by simulating the readout of the resistance matrix in a 32 × 4 subarray, and
the results showed an average readout latency of 1 μs (Supplementary Figure 13b). Figure 4d presents
the distribution of ΔVWL when the multiplication result is set to 1 and 0, respectively, which con�rms the
distinct identi�cation of the results. 

Based on the above strategies, we further solved a Poisson’s equation example in a simulation to
demonstrate the capability of this hybrid solver to process high-precision computational modelling tasks
(see Supplementary Note 7). The example problem is de�ned as
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Where the analytical solution and the boundary condition of the problem are shown in Supplementary
Figure 14

Equation (4) is converted to a matrix form by a �ve-point stencil through the �nite-difference method. The
scale of the coe�cient matrix increased from 171 to 1176 and the sparsity decreased from 0.1 to 0.04
(Supplementary Figure 15a). Here, the matrix sparsity is de�ned as the number of zero elements divided
by the number of the total elements. Provided that our SRM array can be scaled up to 95 Mb
(see Supplementary Note 8) and substantially outperforms prior passive memristors in reducing the
impact of line resistance on output currents (see Supplementary Note 9). These coe�cient matrices are
encoded to 4-bit and mapped into a single SRM array. Moreover, the input and output vectors for SpMV
operation are encoded to 16-bit precision to accelerate the convergence of residual error in Richardson
iterations (Supplementary Figure 15b). Figure 5e displays the evolution of the residual error for different
scale grids, where the Richardson iteration cost increased from 10 to 28 with the coe�cient matrix scale
increased. Further analysis indicates that the solution-time complexity of our hybrid architecture is
approximately O(n1/2) (Supplementary Figure 15c). In comparison, the time complexity of digital
processors to solve a matrix equation is typically O(n3). Notably, the maximum iteration number of the
BiCGSTAB algorithm was set to 7, and the system tolerance was set to tol = 10-10. Figure 4f shows the
system’s output for the 1176 scale problems, while the absolute error of the in-memory solution with the
64-bit FP solution is less than 5 × 10-10 (Supplementary Figure 15d). This error is caused by the
quantization of the residual vector. Figure 4g shows the 3-D reconstruction of the in-memory solution with
an absolute error less than 4.4 × 10-3 from the analytical solution (Figure 4h). By increasing the grid
precision or introducing the coarse-to-�ne iteration method, a precise match between the numerical and
analytical solutions can be obtained.

Performance benchmark and present limitation.

The above demonstrations emphasize the effectiveness of using a memristor array to perform sparse
linear-algebra computation via the joint effort of device and algorithm co-optimization. Quantitatively, we
evaluated the superiority of the SRM-device-based mIMC in terms of hardware overhead and energy
e�ciency.

To investigate the reduction in hardware overhead, we mapped the three-point stencil matrices into the
crossbar array through the parallel computation scheme in Ref. 21 and the matrix-slice scheme in Ref. 22
for comparison. The result con�rmed that our sparse computation scheme achieves an average reduction
of 132.5 × and 21.5 × of activated cells compared to Ref. 21 and Ref. 22 (Figure 5a).

We further carefully analysed the energy-e�ciency improvement of the mIMC over its counterparts using
the three-point stencil grids. We �rst estimated the energy e�ciency of the bit operation while the matrix
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dimension was increased from 512 to 4096. The average power consumption to read the LRS and HRS of
the SRM devices is 0.15 fJ and 0.12 aJ. The SRM-based hardware achieved an average energy e�ciency
of 95.4 TOPS/W (Supplementary Figure 19a). Based on the bit operation performance, we further
investigated the energy e�ciency for 512-dimensional SpMV with the computation precision increasing
from 2-bit to 8-bit. The energy e�ciency for the 2-bit computation was 74.9 TOPS/W and decreased to
19.6 TOPS/W for the 8-bit computation (Figure 5b). This increment in computational-power consumption
is caused by the linearity increase in hardware overhead (Supplementary Figure 19b, see Supplementary
Note 10 for a detailed calculation). To make a fair comparison, the energy e�ciency to perform the same
SpMV tasks using the matrix-slice approach based on different previously reported memristors is also
estimated22,24. The results further highlight that this work promises 59.9 × energy e�ciency over the
highest matrix-slice implementation for the 8-bit computation (Figure 5c, Supplementary Figure 20). For
comparison, details of the energy e�ciency estimation for matrix-slice implementation are presented in
Supplementary Note 11.

Finally, several problems remain to be addressed in future studies. The hardware overhead of the
proposed sparse-computation scheme is related to the bandwidth of the sparse matrix because it
determines the number of rows of the compression matrix. Therefore, a pre-processing method, such as
the Cuthill-Mckee algorithm, is required to reduce the matrix bandwidth for general sparse matrix
multiplication37. Moreover, solving sparse matrix equations usually faces the challenge of ill-conditioned
problems, which are di�cult to determine the exact solution and are highly sensitive to hardware noises.
Hence, we recommend using preconditioned techniques, such as the incomplete LU factorization, to
reduce the matrix condition number38. The preconditioned techniques can also reduce the matrix
bandwidth and will be bene�cial for the in-memory SpMV. In addition, the computational parallelism is
eventually restricted by the 2-D array structure. By leveraging the superior 3-D integration ability of the
SRM devices39-42, we envisage a signi�cant improvement in computational parallelism by mapping
different rows of the compression matrix to different layers of a 3-D array. Furthermore, the computation
can be completed in one step by simultaneously accessing different layers of the 3-D array.

Conclusion
In summary, we demonstrated a highly-e�cient hardware solution for in-memory sparse linear algebra
operations using an SRM array. The fabricated SRM array demonstrated superior performance in terms
of a low leakage current and record-low switching/read power; it is of great importance to achieving high
computational energy e�ciency. Besides, our device also showed a large RR, and large NL, and the
passive array is expected to be scaled up to 95 Mb, enabling large-scale computation in a single
memristor array. To reduce the hardware overhead, especially for sparse computation, a high area-
e�ciency innovative in-memory computation approach was proposed by storing only non-zero elements
of the matrix. This approach was evaluated to achieve over two orders of magnitude reduction (132.5 ×)
in hardware consumption compared with the previous in-memory computing system. By experimentally
solving a time-evolving problem, our approach was veri�ed to signi�cantly offset the impact of resistance
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variation. Moreover, a hybrid mIMC system was designed to solve large scale sparse matrix equations in
high-precision computational modelling tasks. The solution precision of this system was comparable to
that obtained from a 64-bit FP digital computer, which was con�rmed in simulation by solving a statistic
problem. Further performance benchmark of our mIMC system demonstrated a superior energy-e�ciency
of over one order of magnitude improvement (59.5 ×) compared to prior mIMC implementation. We
believe that this work is a solid step forward in exploring a high energy-e�ciency mIMC hardware solution
for high-performance computing.

Methods
Device fabrication. The 32 vertical lines of Ta (100 nm) as bottom electrodes (BEs) were �rst deposited
on the SiO2 / Si wafer by direct current (DC) magnetron sputtering at 50 W after the �rst ultra-violet
lithography, and then released via the �rst lift-off process. Next, the 100 nm SiO2 was grown by plasma-
enhanced chemical vapor deposition (PECVD) at 300 °C for 2 min as the insulating layer, followed by
patterning 1024 via-holes with 250 nm diameter using electron beam lithography (EBL) and dry etching
(inductively coupled plasma) on the BEs. The residual photoresist on the SiO2 insulating layer outside the
via-holes was removed by AR 600-71 remover and sequentially cleaned with ethyl alcohol and deionized
water. The 8.8 nm TaOx resistive switching (RS) layer was deposited at room temperature by radio
frequency (RF) magnetron sputtering using the Ta2O5 target at 100 W in Ar and O2 mixture environments
(Ar/O2 ratio = 2: 1). The pressure was �xed at 0.5 Pa during the sputtering. The deposition rate of TaOx

�lm was ~ 0.44 nm/min. The 7.6 nm HfO2 rectifying layer was deposited upon the TaOx layer by atomic
layer deposition (ALD) at 280 °C using tetrakis-ethylmethylamido hafnium (TEMA-Hf) and H2O as the
precursors. The deposition rate of the HfO2 �lm was ~ 0.1 nm / cycle. Finally, 32 horizontal lines of Pt
(100 nm) were deposited as top electrodes (TEs) by DC magnetron sputtering at 30 W after the last ultra-
violet lithography, and the complete array was released by the last lift-off process. The widths of both BEs
and TEs were all 10 μm. Every via-hole device with a 250 nm feature size was at the intersection of the
perpendicular BEs and TEs. All electrical tests were performed using Keysight B1500A semiconductor
parameter analyser and Lake Shore TTPX Cryogenic Probe Station.

Structural analysis of SRM device. The sample with cross-sections was �rst prepared by a focused ion
beam (FIB, FEI Helios 450S dual beam). Subsequently, a high-resolution transmission electron
microscope (HR-TEM, FEI Titan Themis 200 TEM) was used to obtain the cross-sectional view of the
Pt/HfO2/TaOx/Ta-stacked SRM device (Supplementary Figure 1). Element content and mapping including
Pt, Hf, Ta, and O were obtained by performing energy dispersive X-ray spectroscopy (EDS, Bruker super-X
EDS) analysis (Supplementary Figure 2 and 3). Chemical binding status of the HfO2 and TaOx layers were
examined by X-ray photoelectron spectroscopy (XPS, Thermo Fisher ESCALAB Xi+). Besides, the
deposition rates of HfO2 and TaOx �lms were measured by atomic force microscope (AFM, Bruker
Dimension EDGE). The top view of the fabricated 1 Kb (32 × 32) SRM array was obtained using an
optical microscope (Leica DVM6). Field emission scanning electron microscopy (FE-SEM, ZEISS Gemini-
300) analysis was performed to obtain the top image of the crossbar structure.



Page 12/21

Simulation environment. The numerical simulation was based on the Python language (version 3.8), and
the integrated development environment was PyCharm. The simulation for the sensing circuit was
performed using the Candence software based on the 180 nm process library. And the simulation for the
impact of line resistance was performed using the LTspice software.

Solving sparse matrix equation. The matrix equation Ax = B, can be solved using the proposed mixed-
precision mIMC system. The solution is iteratively updated by the Richardson iteration algorithm as
follows:

Algorithm 1| Richardson iteration with in-memory computing

1: Quantized   to 16-bit fixed-point data
2: Input 
2: 

3: Choose an arbitrary vector  , such that, 
4: 
5: 
6: for   do

7:
8: 
9: 
10:   (SpMV in SRM array)

12: 
13: 
14: 
15:   (SpMV in SRM array)
16: 
17: 
18: 
19: Return 
The vector   denotes the 16-bit quantization data of r.   denotes the 4-bit quantization of A,
which is compressed and coded in the SRM array. The number of BiCGSTAB iterations was
set to . Notably, each BiCGSTAB iteration involved a two-step SpMV operation, where
the first step is to multiply   with  , and the second step is to multiply   with  . These two-
steps SpMV are computed in-memory, and the other operations are executed using a low-
precision digital processor, such as a field-programmable gate array.
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Table
Table 1. Comparison of the state-of-the-art SRM devices.

  Nat Commun.

2021[26]

Nano Energy. 2021 [29] IEDM. 2020 [39] IEDM. 2017 [40] VLSI. 2016 [41] IEDM. 2015 [42] This Work

Structure Ru/Hf0.8Si0.2O2/Al2O3

/Hf0.5Si0.5O2/TiN

Pt/AlOx

/ZnO/Ti

TiN/HfOx

/TiOx/TiN

TiN/HfO2/TaOx

/Ti/TiN/W

Ru/HfO2

/TiOx/TiN

TiN/HfO2

/CuGeS/W

Pt/HfO2

/TaOx/Ta

Operation Current Set < 50 nA < 100 nA nAnA < 1 μA < 1 μA < 1 μA < 1 nA < 10 pA

Reset < 100 pA < 10 nA < 100 nA 10 pA < 1 nA < 20 pA < 1 pA

Endurance > 106 > 105 > 107 > 107 > 107 > 107 > 106

Retention > 104 s > 104 s - - > 104 s @ 125 ℃ > 104 s > 104 s > 3 × 104 s 

@ 125 ℃

Leakage Current < 10 pA - - - - < 0.1 pA 0.1 pA < 0.1 pA < 0.1 pA

Capacity @ 10% RM - - - - - - - - > 10 Mb > 10 Mb ~ 95 Mb

Set Power 

Consumption (fJ)

485 2.2 × 106 1012 1.28 1.67 0.0032 0.0024

Reset Power 

Consumption (fJ)

1800 4.1 × 106 1805 25.3 26.7 0.84 0.0079

Read Power Consumption (fJ) LRS < 40 36000 - - 46.9 - - - - 0.15

HRS < 8 7500 - - 0.38 - - - - 0.00012

Figures
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Figure 1

Illustration of the in-memory sparse matrix multiplication for high-e�cient computational modelling. a.
Solving the two-dimensional heat condition equation as an example of computaional modeling tasks. b.
The most expensive operation in computational modeling is the iterative sparse matrix multiplication.
Using memristor-based in-memory computing to accelerate the sparse matrix multiplication is a
competiting solution. c. Prior in-memory computing system suffered from signi�cant performance
degradation in both area and energy e�ciency because of the inevitable necessity to map the zero-
element. Our work is dedicated to develop a high-e�ciency in-memory sparse computation system
through the co-optimization of device and algorithm.
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Figure 2

SRM array characteristics and the RS mechanism. a. Cross-sectional high-resolution TEM image of the
SRM device. b. Top view of the fabricated 1 Kb (32 × 32) SRM array (Optical image). c. FE-SEM image of
the crossbar structure. d. DC I-V characteristic of the SRM devices (50 cycles of 5 devices), which also
indicates the switching direction. e. Retention test for both LRS and HRS of the SRM cell at the
temperature under 125 ℃. f. Programming endurance test over 106 cycles of SRM device using + 3.8 V /
1 μs set pulse and – 2 V / 600 ns reset pulse. g. Readout result of 128 random SRM devices in the array
using a half-biasing read scheme. h. Readout result of 128 SRM for LRS under half-read voltage. i. Energy
band diagram of Pt / HfO2 / TaOx / Ta SRM device without voltage bias. Detailed resistive switching
mechanism illustration based on band theory in j. Set process and k. Reset process. The white dots in j.
and k. represent the electrons.
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Figure 3

Experimental in-memory sparse matrix multiplication using the SRM array. a. The sparse matrix is
compressed to a submatrix that only contains the non-zero matrix element before being mapped into the
SRM array. And the sparse matrix multiplication is performed in-situ in the array with high-parallelism. b.
Illustration of the heat transfer on a 1-D hot rod. The basic operation for solving the heat equation is
iterative sparse matrix multiplication, which is proposed to be executed using the SRM array. c, d, e. The
measured in-memory computation results are compared with the digital result for each row of the
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coe�cient matrix, f. The �nal output in performing the SpMV for coe�cient matrix with a random 8-bit
vector. g. The initial condition and the measured in-memory solution for solving the heat equation at t =
0.1 s, t = 0.2 s and t = 0.3 s. The 64-bit FP solution is also plotted for comparison. h. 3-D reconstruction of
the measured in-memory solution for all time-position.

Figure 4

Solving sparse matrix equation in simulation using the SRM array. a. Computational modelling tasks are
commonly required to solve a large-scale sparse matrix equation with high precision. b. A hybrid in-
memory solving system utilizes the SRM array to perform the low-precision intensive computation and
provide the approximate solution to the problem. The digital processing unit performs a high-precision
computation and corrects the overall calculation error. c. Structure of the WL sensing circuit for low-
latency computation. d. Output voltage distribution of using the designed circuit to readout the HRS and
LRS value of the devices in a 32 × 4 subarray (100 times for each device). e. Re�nement of the solution
residual error under different grid precision. f. The hybrid system’s output is to solve Poisson’s equation
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while the matrix scale is 1176 × 1176. g. 3-D Reconstruction of the in-memory solution. h. The absolute
error of the in-memory solution compared with the analytical one.

Figure 5

Performance benchmark. a. Comparison of the area consumption to map the coe�cient matrix using
different mIMC approaches. b. The energy e�ciency of using our SRM array to perform different
precision SpMV for a 512 × 512 three-point stencil matrix. c. Energy e�ciency comparison of this work
with the matrix-slice approach based on different types of devices to perform 8-bit SpMV. The devices
used in this comparison are state-of-the-art ReRAM [19], PCM [22], FTJ [25], SRM [26]
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