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Abstract  

This paper considers evolutionary causal matrices (ECM), which have been proposed as a tool 

for determination of population distributions of traits in cases in which traits exert mutual 

influence on each other. In the case of 2x2 ECM a complete mathematical analysis is given 

including determination of equilibrium distributions and stability. A theorem is proved relating 

equilibrium stability to ratios of matrix eigenvalues. Several 2x2 ECMs are studied as potential 

examples of application to questions of norm compliance and binary decisions. 3x3 EMCs are 

considered as possible examples for modeling political debate between opposed parties with an 

intermediary group of independents. 
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1. Introduction  

Evolutionary causal matrices (ECM) have been proposed as a useful tool for study of the 

frequency distribution of cultural elements in a population [1]. More generally, they provide a 

modeling method for computation of equilibrium trait distribution in situations in which there is 

a set of traits with interactions between traits. Little has been done, however, to develop ECM as 

a modeling tool [but see 2,3].  

This paper carries out a study of ECM and indicates some of the possibilities for application. 

A complete analysis is given for 2x2 matrices, including determination of equilibrium solutions 

and two theorems on stability. In addition, a number of toy models are presented. The function of 

toy models is to provide examples of general principles, motivate exploration of simple 

assumptions, facilitate hypothesis testing in easy to falsify cases, and act as intuition pumps for 

more detailed study [4,5]. The examples in this paper illustrate various possibilities that can arise 

with ECM, including fixed points, cycle behavior, and stability or instability. Potential areas of 

application discussed include models of norm compliance, political debate and stabilization of 

political opinion, and interactions in a polarized population with a neutral cohort mediating 

between extremes.  

2. Evolutionary Causal Matrices  

If there are n types of cultural elements the corresponding evolutionary causal matrix is an 𝑛 × 𝑛 matrix with ij element equal to the impact of cultural element i on cultural element j. For 

discrete time, this is defined as the average additional number of type j at time t+1 resulting from 

the presence of a single type i at time t [1], but other formulations are possible [6]. The recursion 

relation for the t+1 frequency of type j is [1]: 



   𝐹𝑗(𝑡 + 1) = ∑ 𝐹𝑖(𝑡)𝑇𝑖𝑗𝑖∑ 𝐹𝑖𝑖 (𝑡) ∑ 𝑇𝑖𝑗𝑗       (1) 

where T is an evolutionary causal matrix constructed from information about the influence of 

each cultural element on each of the other cultural elements. The two summations in the 

denominator of equation (1) can be interchanged so that in vector notation equation (1) becomes  

   �⃑�(𝑡 + 1) [∑ (�⃑�(𝑡) ∙ 𝑇)𝑘𝑘 ] − �⃑�(𝑡) ∙ 𝑇 = 0    (2)  

Time evolution can be expressed by iteration of equation (1) to obtain  

    �⃑�(𝑡) = ( 1∏ ∑ (�⃑�(𝑡)∙𝑇)𝑘𝑘𝑡−1𝑠=0 ) �⃑�(0) ∙ 𝑇𝑡   (3) 

although the product of summations term in the denominator requires that this be computed one 

step at a time unless all components of �⃑�(𝑡) ∙ 𝑇 yield a scalar factor R multiplying the sum of the 

Fi in which case (3) takes the simple form �⃑�(𝑡) = 𝑅−𝑡�⃑�(0) ⋅ 𝑇𝑡.  

Since interest is in stable frequency distributions the main goal is to find the steady state for 

equation (2). This is done by setting �⃑�(𝑡 + 1) = �⃑�(𝑡) and solving (2) for the components of �⃑�. 

This is illustrated by considering three examples presented in [1].  

2.1. Examples 

Example 1: Two pronunciations of the word “data” are considered, the factor of attraction is 

the ease of pronunciation of the word in the English language. The transition matrix chosen is 

     T = ( 5 4. 1 5)           

Substitution in (2) yields the set of equations  

                                            9𝐹12 + 5.1𝐹1𝐹2 − 5𝐹1 − .1𝐹2 = 0. 1𝐹12 + 9𝐹1𝐹2 − 4𝐹1 − 5𝐹2 = 0     (4) 

with equilibrium solution (.1365, .8635). In [1] the second pronunciation, at a steady state of 

86.35%, is claimed as the attractor, justified because in a simulation starting from the low 



frequency of .0001, the second pronunciation increases to a frequency of .8635. But, if the initial 

condition were set at (.0001, .9999) this same frequency would decrease and the frequency of the 

first pronunciation would increase. Convergence to an ideal type cannot be expected (see 

Theorem 2 in section 2.3)—the attractor is the distribution (.1365, .8635).  

Example 2: A problem of interpretation arises in an example having transition matrix  

     T = ( 0 6. 2 0) ,      (5)  

which is suggested as an example of transmission of a folktale with Fi equal to the frequency of 

mental representations of the tale (i = 1), or the contribution to memory from a public telling of 

the tale (i = 2). The steady state of this system is (.1544, .8456), but how to interpret this is 

problematic. Does it mean that 15% of the population needs to have a memory of the tale, but it 

needs to be told 85% of the time to sustain that memory?  

Examples 3: Two other examples compare the transition matrices  

      ( 1 −.1−.1 1 ) , ( 1 . 1. 1 1 )    (6)   

The first is proposed as a model of confirmation bias (since any fluctuation is reinforced) and the 

second as representing a two-party system tending toward equality of representation. In both 

cases the only equilibrium is (.5, .5). Stability analyses, however, shows that in the “confirmation 

bias” case, (.5, .5) is unstable, the system will go to either (0, 1) or (1, 0). Neither (0, 1) or (1, 0) 

are equilibrium points, but frequencies are bounded in the interval [0, 1].  

2.2. 2x2 Matrices 

The form of the matrices in (3), (5), and (6) is  

     𝑇 = (𝛼 𝛽𝛾 𝛼)       (7)    

So long as  ≠ the equilibrium solution of equation (2) with this matrix is:  



    𝐹1𝑒 = −𝛾±√𝛽𝛾𝛽−𝛾 ,   𝐹2𝑒 = 𝛽∓√𝛽𝛾𝛽−𝛾      (8) 

These equilibria are double valued so the solution chosen is that for which F1e and F2e remain 

in the interval [0,1]. In particular, if  are positive the upper sign is chosen while if both are 

negative the lower sign is chosen. If  equation (8) breaks down but the equilibrium is found 

at (.5, .5). Figure 1 shows a graph of the values in (8) as functions of  and . 

 

Figure 1 
Frequencies F1 and F2 From Equation (8)  

 

If  and  have opposite signs the equilibrium solutions have an imaginary component 

indicating an oscillating system. To illustrate this, consider the case  

     𝑇 = ( 0 𝛽−𝛽 0)      (9)   

for which the solution of equation (2) is 𝐹1𝑒 = 1+𝑖2 , 𝐹2𝑒 = 1−𝑖2 . Two iterations of equation (1) 

from an initial state �⃑�(𝑡) = (𝐹1𝑒 , 𝐹2𝑒) yields a period 2 cycle �⃑�(𝑡 + 2) = �⃑�(t).  

𝛽 𝛾 



The immediate question to answer about an equilibrium solution is whether or not it is stable. 

For the solution in (8), stability analysis is carried out by setting F1(t) = F1e + , F2(t) = F2e –  

where  is small and positive. Expanding equation (1) to first order in  yielding the results in 

Table 1.  

 F1e F2e F1(t+1) F2(t+1) 

 −𝛾+√𝛽𝛾𝛽−𝛾   

.5 if = 𝛾 

𝛽−√𝛽𝛾𝛽−𝛾   

.5 if = 𝛾 
𝐹1𝑒 + [𝛼 − √𝛽𝛾𝛼 + √𝛽𝛾] 𝜀 𝐹2𝑒 − [𝛼 − √𝛽𝛾𝛼 + √𝛽𝛾] 𝜀 

 𝛾−√𝛽𝛾𝛽−𝛾   

.5 if = 𝛾 

−𝛾−√𝛽𝛾𝛽−𝛾   

.5 if = 𝛾 
𝐹1𝑒 + [𝛼 + √𝛽𝛾𝛼 − √𝛽𝛾] 𝜀 𝐹2𝑒 − [𝛼 + √𝛽𝛾𝛼 − √𝛽𝛾] 𝜀 

 

Table 1  
Perturbation Analysis of Equilibrium (8) to First Order in 

 

If  the coefficient of  is less than one, Fi(t+1) is closer to the equilibrium value than 

Fi(t), and the equilibrium is stable. If  this coefficient is greater than one and the 

equilibrium is unstable. If  and  have opposite signs there is an imaginary component and the 

system oscillates. Eigenvalues of the matrix T are 𝛼 ± √𝛽𝛾.  

The general 2×2 matrix is         

     𝑇 = (𝛼 𝛽𝛾 𝛿)      (10) 

with eigenvalues 𝜆± = 12 [(𝛼 + 𝛿) ± √(𝛼 − 𝛿)2 + 4𝛽𝛾]. 
Equilibrium solutions for equation (2) with this matrix are:  

  
𝐹1𝑒 = 𝛼−2𝛾−𝛿±√(𝛼−𝛿)2+4𝛽𝛾2(𝛼+𝛽−𝛾−𝛿) ,   𝐹2𝑒 = 𝛼+2𝛽−𝛿∓√(𝛼−𝛿)2+4𝛽𝛾2(𝛼+𝛽−𝛾−𝛿)𝐹1𝑒 = 𝛾𝛽+𝛾 ,   𝐹2𝑒 = 𝛽𝛽+𝛾 , 𝑖𝑓  𝛼 + 𝛽 − 𝛾 − 𝛿 = 0      (11)              

Upper or lower signs in (11) are chosen so that F1e and F2e are in the interval [0,1]. If  and  

have opposite signs, the condition that there be no imaginary component is (𝛼 − 𝛿)2 + 4𝛽𝛾 > 0. 



If (𝛼 + 𝛽 − 𝛾 − 𝛿) = 0 and  equation (2) only yields the identity F1e + F2e = 1. Stability 

of these solutions is determined by the conditions given in Theorem 1.  

Theorem 1:  

The equilibrium solutions in (11) are stable or unstable as the ratio 𝜆−/𝜆+ is less than or 

greater than one if the upper signs in (11) are chosen, or as 𝜆+/𝜆− is less than or greater than one 

if the lower signs are chosen.  

Proof:  

Write F1e and F2e in terms of the eigenvalues of T to obtain, in the general case,  

   𝐹1𝑒 = −(𝛾+𝛿)+𝜆±𝛼+𝛽−𝛾−𝛿 , 𝐹2𝑒 = (𝛽−𝛿)+𝜆∓𝛼+𝛽−𝛾−𝛿     (12) 

Taking �⃑�(𝑡) = (𝐹1𝑒 + 𝜖, 𝐹2𝑒 − 𝜖) with 𝜖 << 1, write equation (1) for F1(t+1). After substituting 

from (12), rearranging terms, and using the approximation 1 (1 ± 𝜖) = (1 ∓ 𝜖) + 𝑂(𝜖2⁄ ) this 

becomes  

   𝐹1(𝑡 + 1) = 𝐹1𝑒 + [(𝛼−𝛾)−(𝛼+𝛽−𝛾−𝛿)𝐹1𝑒(𝛼+𝛽)𝐹1𝑒+(𝛾+𝛿)𝐹2𝑒 ] 𝜖 + 𝑂(𝜖2)   (13) 

Substituting from (12) into (13) and using 𝐹1 + 𝐹2 = 1, a brief calculation yield   𝐹𝑖(𝑡 + 1) = 𝐹𝑖𝑒 + (𝜆∓𝜆±) 𝜖 + 𝑂(𝜖2), 𝑖 = 1,3 𝐹2(𝑡 + 1) = 𝐹2𝑒 − 2 (𝜆∓𝜆±) 𝜖 + 𝑂(𝜖2)  (14) 

where the + or – signs are chosen as in (12). If  results are similar|  

2.2. Example: Norm Compliance and Non-Compliance   

In any given situation in which a social norm applies, individuals will comply or will not 

comply. If the fraction of a population that fails to comply grows, the norm may go extinct.  

A common social convention is that when we are introduced to a person, we shake hands. 

Not to do so is considered rude, a snub. An example of non-compliance with this norm comes 

from a story told by the American physicist John Archibald Wheeler. He was at a cocktail party 



in Moscow that was also attended by the British physicist Kim Philby, who had defected to the 

Soviet Union with British atomic secrets. Wheeler said that he wanted to meet Philby to see what 

sort of person would betray his country; but, when they were introduced, he made sure that he 

had a snack in one hand and a drink in the other to avoid shaking hands with a traitor.  

This is a form of the second order free rider problem—will people who have agreed to punish 

defectors actually do so if the occasion arises, even if there is a material or psychological cost. 

Wheeler’s story captures the tension between the impulse to punish and the conventions that 

govern behavior in social gatherings. (Another version of this is the tension between the impulse 

to avoid carriers of contagion and the ideal of helping those in need.)  

Let the first row in the matrix of (10) corresponds to the influence of one person who is seen 

shaking hands with the defector and the second to the influence of one person who avoids a 

handshake. Seeing a handshake reinforces the convention for those favoring it, so  in the matrix 

T is positive. On the other hand, those who might refuse the handshake may feel social pressure 

to comply, or may be outraged and refuse, so  may be either negative or positive. Likewise,  

may be positive or negative, while  will be positive.  

Table 2 lists equilibrium points, eigenvalues, and stability for a variety of 2x2 matrices that 

are possible descriptions of behavior in such compliance versus non-compliance situations.  

 T-Matrix 

Column A 

Equilibrium  

Solutions 

 T-Matrix 

Column B 

Equilibrium  

Solutions 

1 ( 1 −.25−.5 2 ) (.8165, .1835) stable  

(-.8165,1.8165) unstable  𝜆± = (3 ± √3/2)/2 

( 1 −.25−.5 1 ) (.5858,.4142) stable 

(3.4142,–2.4142) unstable  𝜆± = (2 ± √1/2)/2 

2 ( 1 −.5−.25 2 ) (.6899, .3101) unstable  

(-.2899,1.2899) stable  𝜆± = (3 ± √3/2)/2 

( 1 −.5−.25 1 ) (.4142,.5858) stable 

(-2.4142,3.4142) unstable  𝜆± = (2 ± √1/2)/2 

3 ( 1 −.5−.5 2 ) (.7071,.2929) stable 

(-.7071,1.7071) unstable  𝜆± = (3 ± √2)/2 

( 1 −.5−.5 1 ) (.5,.5) unstable  

diverges as 3t  𝜆± = 3/2, 1/2 

4 ( 1 . 5. 5 2 ) (.2929,.7071) stable 

(1.7071,-.7071) unstable  𝜆± = (3 ± √2)/2 

( 1 . 5. 5 1 ) (.5,.5) stable 

 𝜆± = 3/2, 1/2 



5 ( 1 −.75. 25 2 ) (.25,.75) stable 

(.5,.5) unstable 𝜆± = 7 4, 5 4⁄⁄  

( 1 −.75. 25 1 ) Imaginary Values 

 𝜆± = (2 ± 𝑖√3/2)/2 

6 ( 1 . 25−.75 2 ) (1.5,-.5) unstable 
No solution in [0,1]  𝜆± = 7 4, 5 4⁄⁄  

( 1 . 25−.75 1 ) Imaginary Values  
 𝜆± = (2 ± 𝑖√3/2)/2 

7 ( 1 0−1 2) (1,0) unstable 

 𝜆± = 1, 2 

( 1 0−1 1) (1,0)  

Neutral stability 𝜆± = 1,1 

8 (1 −10 2 ) (0,1) stable 

(.5,.5) unstable  𝜆± = 1, 2 

(1 −10 1 ) (0,1)  

neutral stability  𝜆± = 1, 1 

9 ( 1 −.5. 5 2 ) (.5, .5) neutral stability  𝜆± = 3/2 
( 1 −.5. 5 1 ) Imaginary Values  

 𝜆± = (2 ± 𝑖√3)/2 

10 ( 1 . 5−.5 2 ) No Equilibrium  

 𝜆± = 3/ 2 

( 1 . 5−.5 1 ) Imaginary Values 

 𝜆± = (2 ± 𝑖√3)/2 

 

Table 2 
Compliance and Non-Compliance Examples 

 

In a many of the cases in Table 2 there are two equilibrium states, one stable and the other 

unstable (1A,B, 2A,B, 3A, 4A, 5A, and 8A). In most of these the stable equilibrium is in [0,1] 

and the unstable equilibrium is outside of this interval, although this is reversed in 2A. In 5A 

both stable and unstable equilibria are in [0,1]. In 3B and 4B there is a single equilibrium, (.5,.5), 

which is stable in 3B and unstable in 4B although the only difference between these two cases is 

in the signs of  and . Cases 5B, 6B, 9B, and 10B have complex solutions and eigenvalues, 

indicating cyclic behavior. Cases 7B, 8B, and 9A show a single, neutrally stable equilibrium. In 

7A,B the equilibrium solution is (1,0) which is unstable in 7A and neutrally stable in 7B. In 

8A,B (0,1) is an equilibrium solution which is stable in 8A and neutrally stable in 8B.  

In examples 3B, 6A, 7A, and 10A and in 10A,as well so that no 

equilibrium solutions exist for 10A. In each of these cases the time evolution, starting from an 

initial point (a,b) with a+b = 1, is given by an arithmetic-geometric sequence as indicated in 

Table 3:  



3B �⃑�(𝑡 + 1) = ((1 + ∑ 3𝑘𝑡
𝑘=0 ) 𝑎 − 𝑏 ∑ 3𝑘𝑡

𝑘=0 , −𝑎 ∑ 3𝑘𝑡
𝑘=0 + (1 + ∑ 3𝑘𝑡

𝑘=0 ) 𝑏) 

6A �⃑�(𝑡 + 1) = ((5𝑡+1 − ∑ 5𝑡−𝑘𝑡
𝑘=0 7𝑘) 𝑎 − 3 (∑ 7𝑘𝑡

𝑘=0 + 4 ∑ ∑ 5𝑠−𝑘7𝑘𝑠
𝑘=0

𝑡−1
𝑠=0 ) 𝑏, 𝑎 ∑ 5𝑡−𝑘𝑡

𝑘=0 7𝑘 + (7𝑡+1 + ∑ 5𝑡−𝑘𝑡
𝑘=0 7𝑘) 𝑏) 

7A �⃑�(𝑡) = (𝑎 − (2𝑡 − 1)𝑏, 2𝑡𝑏) 

10A �⃑�(𝑡) = (𝑎 − 𝑡 3⁄ , 𝑏 + 𝑡 3⁄ ) 

 

Table 3  

Time Evolution of Examples 3B, 6A, 7A, and 10A Starting from (a,b)  

 

 

Behavior in cases with two equilibrium points in [0,1] is illustrated by 5A which has (.5,.5) 

as an unstable equilibrium and (.25,.75) as a stable equilibrium. The dynamics of 5A is 

illustrated in Figure 2. This pattern holds for all cases in which there are two equilibrium 

solutions. One will always be stable, the other unstable (otherwise, there would be a third 

equilibrium between them) with the system evolution away from the unstable equilibrium and 

toward the stable equilibrium.  

The evolution of an initial point (a,b) with a + b = 1 can be represented on a number line with 

both points a and b indicated on the line. In Figure 2, if a is in the region [0,.25) then b is in 

(.75,1) while if a is in (.25,.5) then b is in (.5,.75). Thus, for a in [0,.25) a will increase toward .25 

while b decreases toward .75. If a is in (.25,.5) then b is in (.5,.75) and a will decrease toward .25 

while b increases toward .75. 

    

 

     Figure 2  
   Direction of Time Evolution for Example 5A 

 

0 .25 .5 .75 1 



A question of interest is under what conditions the equilibrium is (1,0) or (0,1) indicating 

states of social acceptance (everybody shaking the persons hand), or ostracism (nobody shakes 

the persons hand). In Table 2 this only shows up in 7A,B and 8A,B. A brief calculation proves:  

Theorem 2:  

So long as ≠0, the necessary and sufficient conditions that [1,0] or [0,1] be equilibrium 

solutions are:  

  [1,0]:  if ≠if=

   if≠if=    

If  = 0 then  

  𝐹1𝑒 = 12 (1 ± √𝛼−2𝛽−𝛿𝛼+2𝛽−𝛿),     𝐹2𝑒 = 12 (1 ∓ √𝛼−2𝛽−𝛿𝛼+2𝛽−𝛿)    (16) 

which will be one or zero if and only if |  

This theorem shows that the condition for complete acceptance or rejection is that at least 

one of the off-diagonal terms in the matrix T be zero, and these terms cannot sum to zero unless 

both are zero.  

2.3. An Example from Boyd [6]: The results in equation (11) and Theorems 1 and 2 can be 

applied to an example given by [6] involving selection and transmission in which two variants 

have respective fitness w1 and w2 while in transmission variant 2 remains fixed but variant 1 

transforms to variant 2 with probability r. This yields the ECM  

    ((1 − 𝑟)𝑤1 𝑟𝑤10 𝑤2 )       (17)  

The eigenvalues of this matrix are (1-r)w1 and w2. From equation (11) the equilibrium solutions 

if w1 ≠ w2 are  



 𝐹1𝑒 = {(1−𝑟)𝑤1−𝑤2𝑤1−𝑤2   (𝑢𝑝𝑝𝑒𝑟 𝑠𝑖𝑔𝑛)0                     (𝑙𝑜𝑤𝑒𝑟 𝑠𝑖𝑔𝑛) ,    𝐹2𝑒 = { 𝑟𝑤1𝑤1−𝑤2   (𝑢𝑝𝑝𝑒𝑟 𝑠𝑖𝑔𝑛)1            (𝑙𝑜𝑤𝑒𝑟 𝑠𝑖𝑔𝑛)  (18) 

while the w1 = w2 solution is �⃑� = (0,1). From Theorem 1 the upper equilibrium is stable if 𝑤2 (1 − 𝑟)𝑤1⁄ < 1 while the lower equilibrium is stable if 𝑤2 (1 − 𝑟)𝑤1⁄ > 1. If r = 0 this 

becomes an expression of competitive exclusion based on fitness alone. The factor r acts as a 

reduction of the fitness of variant 1 (i.e., transmission effects can be represented as fitness).  

This example generalizes to the case where variant 2 also has a probability s of changing to 

variant 1 during transmission, with the ECM 

    ((1 − 𝑟)𝑤1 𝑟𝑤1𝑠𝑤2 (1 − 𝑠)𝑤2)      (19) 

The eigenvalues of this matrix are  

      𝜆± = 12 ((1 − 𝑟)𝑤1 + (1 − 𝑠)𝑤2 ± √[(1 + 𝑟)𝑤1 − (1 + 𝑠)𝑤2]2 + 4𝑟𝑠𝑤1𝑤2)  (20) 

From equation (11), the equilibrium solutions are  

  𝐹1𝑒 = 𝑠𝑤2𝑟𝑤1+𝑠𝑤2 ,   𝐹2𝑒 =  𝑟𝑤1𝑟𝑤1+𝑠𝑤2 , 𝑖𝑓 𝑤1 = 𝑤2  
 𝐹1𝑒 =  (1−𝑟)𝑤1−(1+𝑠)𝑤2±√[(1−𝑟)𝑤1−(1−𝑠)𝑤2]2+4𝑟𝑠𝑤1𝑤22(𝑤1−𝑤2)  

 𝐹2𝑒 =  (1+𝑟)𝑤1−(1−𝑠)𝑤2∓√[(1−𝑟)𝑤1−(1−𝑠)𝑤2]2+4𝑟𝑠𝑤1𝑤22(𝑤1−𝑤2)    otherwise  (21) 

Choice of sign in (21) is such that the equilibrium solution is in the [0,1] interval (if such 

choice is possible). Stability depends on the ratio of eigenvalues which, in equation (20), show 

the interaction effects between fitness and transmission parameters.  

2.4. 3x3 Examples  

If the matrix T is larger than 2x2 analytic solutions become difficult unless T is simple, or 

contains numeric values rather than parameters. This section presents some illustrative examples.  



The second example in equation (6) was offered in [1] as representing a move to political 

equilibrium between two parties. As a result of the symmetry in the matrix T the stable 

equilibrium was (.5,.5), giving equal weight to each party. If we consider a population divided 

into two parties plus independents, it is possible to explore different possible outcomes. To start, 

take F2 as the frequency of independents in the population, with the matrix T as  

    T =( 1 . 1 . 1. 1 1 . 1. 1 . 1 1 )      (22)    

By symmetry, (1/3,1/3,1/3) is a stable equilibrium.  

If each polarized positions make the same contribution to the neutral population, T becomes  

    T =( 1 𝑎 . 1. 1 1 . 1. 1 𝑎 1 )      (23)  

So long as a ≠ .1, the stable equilibrium solution of equation (2) is 

     𝐹𝑒⃑⃑⃑⃑ = (.3−√.01+.8𝑎4(.1−𝑎) , −.1−2𝑎+√.01+.8𝑎2(.1−𝑎) , .3−√.01+.8𝑎4(.1−𝑎) )    (24) 

and the effect of varying the parameter a are shown in Figure 2.  

             

1a                                                       1b 

Figure 2  
F2e (1a) and F1e, F3e (1b)  

 

For a more general case  

a a 



     T = ( 1 𝑎 . 1. 1 1 . 1. 1 𝑏 1 )     (25) 

The frequencies F1e and F3e are still equal and F2e is 1 – F1e – F3e, giving the equilibrium in [0,1]  

  𝐹1𝑒 = 𝐹3𝑒 = −3+√9+𝑏(5𝑎+5𝑏−1)4(5𝑎+5𝑏−1) , 𝐹2𝑒 = 10𝑎+10𝑏+1−√9+𝑏(5𝑎+5𝑏−1)2(5𝑎+5𝑏−1)    (26) 

These are plotted in Figure 3 (The graphs of Figure 2 are obtained as diagonal slices in Figure 3). 

                                      

2a                                                        2b 

Figure 3 
F1e (2a) and F2e (2b) 

 
A further example is given by the matrix   

     T = ( 1 . 1 𝑎. 1 1 . 1𝑎 . 1 1 )     (27)    

By symmetry, F3e = F1e so F2e = 1 – 2 F1e. Thus, finding F1e gives the frequency distribution:  

  �⃑�𝑒 = (12 5𝑎−2+√25𝑎2+210𝑎−1 , 5𝑎+1−√25𝑎2+210𝑎−1 , 12 5𝑎−2+√25𝑎2+210𝑎−1 )   (28) 

These are shown in Figure 4. In agreement with the solutions for the matrix of equation (22), 

these graphs intersect at a = .1 with each population component having frequency 1/3.  



 
 

Figure 4 
(Red curve is F1e, F3e, blue curve is F2e) 

Changing (27) to 

     T = ( 1 . 1 𝑎. 1 1 . 1. 1 . 1 1 )     (29) 

shows how a bias in one direction can change the equilibrium distribution, which is now  

   �⃑�𝑒 = ( 23+√40𝑎+5 , 23+√40𝑎+5 , −1+√40𝑎+53+√40𝑎+5 )    (30) 

Graphs of the components of this are shown in Figure 5 (observing that for a < –0.1 F3e becomes 

negative and for a <  –.125 the solutions contain an imaginary component).  

 

Figure 5  
Equilibrium Values in Equation (30) 

 

F1e = F3e 

F2

 

F3e 

F1e = F2e 



Another example uses the transition matrix  

     (1 𝑎 0𝑎 1 𝑏0 𝑏 1)      (31) 

Eigenvalues of the transition matrix are 1, 1 + √𝑎2 + 𝑏2, 1 − √𝑎2 + 𝑏2. The first and third 

populations do not interact directly but do so through the neutral population which acts to 

mediate between them. There are two equilibrium solutions:  

       �⃑�𝑒 = ( −𝑏𝑎−𝑏 , 0, 𝑎𝑎−𝑏)       (32a)  

   �⃑�𝑒 = ((𝑎+𝑏)±√𝑎2+𝑏22𝑏 , −(𝑎2+𝑏2)∓(𝑎+𝑏)√𝑎2+𝑏22𝑎𝑏 , (𝑎+𝑏)±√𝑎2+𝑏22𝑎 )   (32b) 

In (32a) there is complete polarity with no interaction between opposite sides. The solution 

will be in the interval [0,1] if and only if a and b have opposite signs but this case it is unstable.  

To determine stability of the equilibrium in (32b), introducing a small perturbation to the 

equilibrium values: �⃑�(0) = (𝐹1𝑒 + 𝜖, 𝐹1𝑒 − 2𝜖, 𝐹3𝑒 + 𝜖). Equation (1) yields the next iteration as �⃑�(1) = (𝐹1𝑒 + 𝑐1𝜖, 𝐹1𝑒 − 𝑐2𝜖, 𝐹3𝑒 + 𝑐3𝜖) where 𝑐2 = (𝑐1 + 𝑐3) in order that the sum of 

components remains equal to one. The coefficients ci are given in equations (33) (in 33b, 

expressed in terms of the eigenvalues of T)  

                                     

𝑐1 = 2𝑏+(𝑎−𝑏)2−(𝑎+𝑏)√𝑎2+𝑏22𝑏(1+√𝑎2+𝑏2)𝑐2 = −4𝑎𝑏−(𝑎+𝑏)(𝑎−𝑏)2+(𝑎+𝑏)2√𝑎2+𝑏22𝑎𝑏(1+√𝑎2+𝑏2)𝑐3 = 2𝑎+(𝑎−𝑏)2−(𝑎+𝑏)√𝑎2+𝑏22𝑎(1+√𝑎2+𝑏2)
 (33a)  

 

                                     

𝑐1 = (𝑎−𝑏)(𝑎−𝑏−1)+(𝑎+𝑏)𝜆−2𝑏𝜆+𝑐2 = −(𝑎−𝑏)2(1−𝑎−𝑏)+(𝑎+𝑏)2𝜆−2𝑎𝑏𝜆+𝑐1 = (𝑎−𝑏)(𝑎−𝑏−1)+(𝑎+𝑏)𝜆−2𝑎𝜆+
 (33b)     

 

Which again becomes a ratio of eigenvalues if a = b. 



 

Figure (6) shows graphs of the coefficients in (33). Note the symmetry 𝑎 ↔ 𝑏, 𝑐1 ↔ 𝑐3. 

      

 

6a (c1,c3)                                               6b (c3) 

     
Figure 6  

First Order C1, C2, and C3 Coefficients 

 

Lemma 1  

If a and b have the same sign then the equilibrium points F1e and F2e in (32a) cannot both be 

in [0,1] while for choice of the lower sign in (32b) the equilibrium points are contained in [0,1]|  

Stability properties of (32b) can be determined by analysis of the coefficients in (33). The 

stability conditions for these coefficients are –1 < c1,c3 < 1, –2 < c2 < 2. From Figure 5a it is clear 

that there are values of a and b for which the conditions on c1 and c3 are violated. This is 

formalized in Lemma 2.  

Several limit results can be derived: 

Lemma 2  

lim𝑠→∞ 𝐹1𝑒 = {12    𝑠 = 𝑎, 𝑏 𝑓𝑖𝑛𝑖𝑡𝑒0                      𝑠 = 𝑏       lim𝑠→∞ 𝐹3𝑒 = {0                      𝑠 = 𝑎12    𝑠 = 𝑏, 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒       (34a) 

lim𝑠→∞ 𝐹2𝑒 = 12    𝑠 = 𝑎, 𝑏 



   lim𝑠→∞ 𝑐1 = {− 32    𝑠 = 𝑎0       𝑠 = 𝑏       lim𝑠→∞ 𝑐3 = {0           𝑠 = 𝑎− 32        𝑠 = 𝑏     (34b) 

  lim𝑠→∞ 𝑐2 = 32    𝑠 = 𝑎, 𝑏 = 0;  𝑠 = 𝑏, 𝑎 = 0. If a = b then lim𝑎→∞ 𝑐2 = 2,  (34c)  

Further, expressing c2 as a function of x = a + b and y = a – b and setting the derivative with 

respect to y equal to zero shows that c2 is maximum on the line a = b.|   

The stability conditions on c1 and c3 require that their value be in the open interval (-1,1) and 

inspection of Figure 6a indicates that the boundary of interest is –1. Solving c1 = –1 for the 

parameter b in terms of a, and c3 = –1 for a in terms of b yields:  

   
𝑐1 = −1:  𝑏 = ±(𝑎−2)2+2√2√𝑎2−4𝑎+2𝑎−4𝑐3 = −1:  𝑎 = ±(𝑏−2)2+2√2√𝑏2−4𝑏+2𝑏−4      (35) 

this is illustrated in Figure 7 as the curve defined by the intersection of the plane at –1 with the 

plots of c1 and c3—values of (a,b) falling to the left of this curve in 7a, or to the right of the curve 

in 7b yield instability. In 7c and 7d these curves are projected into the (a,b) plane. The stable 

region is between them, the narrow strip centered on the line b = a. Figure 7c shows a more 

detailed view of this for small values of a and b.  

 

           

7a.                                                   7b  

 

 



                                   
7c                                                       7d 

 
Figure 7  

Stability Boundaries for (32b)  

 

Along the line b = a, the equilibrium is  �⃑�𝑒 = (1 − 1√2 , −1 + √2, 1 − 1√2) which is stable. If 

the parameters a and b are taken as stochastic then this remains stable so long as fluctuations are 

small enough to remain between the two curves illustrated in (7d).  

3. Discussion   

A complete analysis for 2x2 ECM is given in Section 2.2 of this paper and some results on 

3x3 ECM are presented with reference to model applications. The mathematical characteristics 

of ECM in general, however, remain to be fully developed.   

ECM were introduced as a means of formalizing aspects of cultural attractor theory [1,7]. In 

that formulation, elements of the transmission matrix are determined by factors of attraction 

(e.g., ease of pronunciation in the “data” example). These could be psychological, social, or 

external material conditions. Boyd [6] points out that a selection/transmission paradigm can also 

be cast into an ECM framework, and that attempting to determine factors of attraction can be 

problematic. In the “data” example, ease of pronunciation may be one such factor but if this is 

the only factor why is there a non-zero entry in the lower left of the transition matrix? In addition 

to ease of pronunciation other factors such as unwillingness to change a learned pronunciation, 



or desire to appear “sophisticated” may also be present, indicating the complexity of even a 

simple case.  

3.1. Directions of Application  

Potential areas of application of ECM include norm compliance, purchasing choices, and 

political debate. Multiple factors influence norm compliance: reputation, punishment, reward or 

utility (short or long term), identification with social expectations and conventions, and 

habituation among others [e.g., 8,9,10]. An influential factor is group membership and the 

impulse to punish; or, to the contrary, imitate observed norm violators. There is evidence that 

people tend to be more attuned to recognize, be influenced by and, in conditions of weak group 

identification, be more likely to imitate incidents of norm violation than norm compliance [11]. 

Simple models of norm compliance/non-compliance can be constructed, but synthesizing the 

factors influencing norm compliance with measurements of their relative contribution to ECM 

parameters is challenging.  

The transition matrix of equation (19) provides a model for a variety of situations. For 

example, consider a product that is made by two different companies, A and B. The fitness of the 

products made by each company can be evaluated through consumer research and reports of 

consumer satisfaction. The r and s parameters will depend on less tangible factors such as 

advertising and brand loyalty. While individuals who have purchased from one company in the 

past will tend to purchase from the same company in the future, some percentage of each will 

change as a result of dissatisfaction, advertising, or for other reasons. Tracking purchasing trends 

can give estimates of the factors r and s and changes in the relative sales of product from 

companies A or B can be correlated with changes in these parameters.  



Equation (18) indicates how a less fit cultural variant, such as a conspiracy theory, can 

survive if those who adopt it do not change to the more fit variant while some proportion of those 

following the fitter variant shift to the less fit one. Equation (21) generalizes this, allowing 

transitions in both directions. In this second case, a prime concern for transmission of each 

variant is reduction of defection rates, which is facilitated by ingroup loyalty and the formation 

of an echo chamber that restricts communication outside the group [12,13,14,15].  

If A and B are political parties, or programs supported by opposing parties, accurate polling 

can provide estimates of fitness and/or transmission parameters [16]. The solutions in equation 

(21) then offers a toy model for a binary political calculation.  

The matrix in equation (31) was suggested as representing two opposed parties A and B with 

a third independent group I in the middle. In equation (31), the influence of A on I and I on A, 

and of B on I and I back on B are balanced. In a more realistic representation this would not be 

the case and the transmission matrix becomes  

    𝑇 = (1 𝑎 0𝑏 1 𝑐0 𝑑 1)       (37) 

The eigenvalues of this matrix are 1, 1 ± √𝑎𝑏 + 𝑐𝑑 and equilibrium solutions are  

            
�⃑�𝑒 = ( −𝑑𝑎−𝑑 , 0, 𝑎𝑎−𝑑)�⃑�𝑒 = ( 𝑏𝑏+𝑐±(𝑎𝑏+𝑐𝑑)1/2 , ±(𝑎𝑏+𝑐𝑑)1/2𝑏+𝑐±(𝑎𝑏+𝑐𝑑)1/2 , 𝑐𝑏+𝑐±(𝑎𝑏+𝑐𝑑)1/2)    (38)   

The first equilibrium cannot be in [0,1] and, if all parameters are positive, the upper sign must be 

chosen for the second equilibrium if it is to be in this interval. It may seem that the equilibrium in 

equation (38) doesn’t reduce to that of equation (32b) when the appropriate substitutions are 

made. To see this is the case, however, make the substitutions b = a, c, = d = b in (38), write 



𝐹1𝑒 = 𝑏/ [𝑎 + 𝑑 − (𝑎2 + 𝑏2)12], and multiply both numerator and denominator by 

[𝑎 + 𝑑 + (𝑎2 + 𝑏2)12], with similar conversions for F2e and F3e.  

One inference that can be drawn from the form of the matrix in (37) is that in competition 

for independent support, the goal of group A would be to minimize the parameter a and 

maximize the parameter b while the goal of group B would be to minimize d and maximize c. It 

seems as if a secondary goal for A would be to maximize d and minimize c while a secondary 

goal for B would be to maximize a and minimize b as each group seeks to maintain strong 

internal boundaries and porous external boundaries. Figure 8, with parameters a and c set to .1 

(so, biased in the direction of party A) gives a more nuanced insight.  

              

F1e                                            F2e                                            F3e 

Figure 8  
Equilibrium Solutions for (38) With a = c = .1 

 

This figure shows that the secondary strategy is slightly less than optimal because, while 

maximizing the parameter b yields benefits for A by reducing defection to independents, 

attempting to maximize d (defections from B to independents), although reducing support for B, 

produces a slight decrease in support for A as well.  



An additional point of interest is that if b = d = 0 then F3e = 1. This corresponds to a condition in 

which members of party A defect to independents, while independents defect to party B.  

3.2. Conclusions  

The goal in this paper has been to explore ECM as a mathematical tool for constructing 

models of cultural change and stability. Mathematical representation presents patterns of possible 

behavior in a form that allows formal analysis of the logical consequences of the processes 

hypothesized as causally responsible for observed behavior. To a large extent the models used in 

this paper are similar to those in [1] in that they are toy models, intended to illustrate the 

potential value of ECM and motivate their use when developing theoretical models.  

The mathematical form of ECM is separate from the theoretical formulations within which 

the parameters in equation (1) are determined. To be of more than abstract value, theoretical 

models must be eventually connected to data models abstracted from empirical studies (Read 

2008). Before this process can begin, however, it is necessary to have a library of modeling tools 

and ECM are a worthwhile addition to this library.  
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