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Effect of Noise Correlation Coefficient on Joint Recursive Least Squares 

Parameters and State Estimation of Linear Stochastic State-Space System 
 

Abd El Mageed hag elamin Khalid* 

Abstract: The aim of this article is to investigate how to estimate parameters and states jointly for the linear 

stochastic system with deterministic control inputs. The cross-correlation between process noise and measurement 

noise in Kalman filtering re-formation cycles is utilized to derive a Kalman filtering with correlated noises based 

recursive generalized extended least squares (KF-CN-RGELS) algorithm for jointly estimating parameters and 

system states. The performance analysis of different correlation coefficients between process and measurement 

noises shows that the accuracy of the identified parameters and states is proportional to the positive correlation 

coefficients. Finally, an illustrative example is provided to verify the effectiveness of the proposed algorithms. 

 

Keywords: Correlated noises, least squares, linear stochastic system, parameter estimation. 

 

1. INTRODUCTION 

 

Identification of a state-space model plays a key 

role in the design of control systems. In fact, a huge 

part of the design process is in altering the unknown 

parameters in a controller's transfer function or state-

space representation to achieve the desired stability, 

performance, and robustness [1]. In the literature, 

system identification has been developed by a large 

number of estimation methods such as the least-

squares methods [2], the iterative identification 

methods [3-4], the Bayesian methods [5-6], the 

separated least-squares methods [7-8], and the 

maximum likelihood methods [9]. 

Parameter identification of state-space models, 

however, presents more challenges. For example, a 

state-space model contains unknown states as well as 

unknown parameter matrices or vectors. [10-12]. In 

this area, some studies focus on identifying nonlinear 

state-space models [13-14]. Meanwhile, some studies 

consider the identification issues of linear state-space 

models. For instance, [15] introduced a new 

hierarchical identification method to identify a state-

space model for a single-input single-output 

fractional-order system based on a new fractional-

order Kalman filter with correlated noises. In order to 

estimate the parameters of linear state-space 

models,[16] applied the least-squares estimation 

framework and alleviated the influence of Markov-

parameter estimation error on the Hankel matrix 

factorization by using a single optimization framework 

instead of the work done in [17] which follows two 

successive steps to identify the structured system 

matrices. [18] Presented two hidden variables and 

derived the expectation-maximization algorithm to 

identify the time delays and parameters of a state-

space model with unknown time delay. To estimate 

the parameters and states of linear time-varying state-

space models A hierarchical approach is used in [19] 

for the identification of slowly time-varying systems 

in which the parameters are identified using Legendre 

basis functions first and then, the states of the system 

are computed through the Kalman filter using the 

estimated parameters. 

Another issue is that in many industrial processes, 

noises from processes and measurements affect the 

accuracy of state and parameter estimation. For the 

purpose of estimating the parameters of bilinear state-

space models, [20] used the data filtering technique to 

reduce the interference of the colored noises in the 

measurement equation. [21] considers both process 

noises and observation noises, and uses the data 

filtering technique to eliminate the interference of 

colored noises in the state equations. [22] derive a 

filtering-based recursive generalized extended least 

squares algorithm by filtering the collected 

measurement data which lowers the effect of colored 

noise and generates a higher estimation accuracy [23-
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24]. The work in [25] considered the identification 

issue for a state-space observer canonical model in the 

presence of white noise in the output equation. [26] 

proposed the joint parameters and state estimation 

algorithm for observer canonical state-space systems 

subject to colored noises by exploiting Kalman 

filtering and the gradient search. [27] uses white 

noises in state equations and moving average noise in 

measurement equations and develops two joint state 

and parameter estimation algorithms for state-space 

systems using the auxiliary model idea. 

The problem in this paper is different from those 

described above since the state equation is subject to 

white noise and the output to moving average noise 

and that process noise and measurement noise are 

correlated to some degree.  

Researchers are working on improving the 

estimation accuracy and reducing the computational 

complexity in the field of parameter identification and 

state estimation. The multi-innovation identification 

theory uses more available data and system 

information to improve the parameter estimation 

accuracy [28-32]. [33] proposed a hierarchical multi-

innovation gradient-based iterative method for 

multivariable equation-error systems with 

autoregressive average noises. A combined least-

squares parameter estimation method with multi-

innovation theory gives more accurate results in [27]. 

Parameter estimation using the iterative method in 

combination with the multi-innovation theory was 

effective in [35]. 

Among state-space systems disturbed by correlated 

process noises and measurement noises, this paper 

investigates the influence of the correlation coefficient 

on the accuracy of both parameter and state estimation. 

The main contribution of this paper lies in the 

following. 

• The main assumption of the Kalman filter to 

estimate the system state is to use a known 

system parameter. However, since the 

parameter is unknown, we use the previously 

estimated parameters to estimate the system 

states and synchronously, use the estimated 

states to estimate the system parameter. 

• In the case of correlated process noises and 

measurement noises, a new formulation of the 

Kalman filtering algorithm is presented without 

breaking the main Kalman filtering assumption 

that the algorithm works with uncorrelated 

noises. 

• A correlation coefficient between the process 

noises and the measurement noises is of great 

importance in estimating parameters and states. 

This is because higher values of the correlation 

coefficient give more accurate estimates. 

 

This paper is organized as follows. Section 2 derives 

the identification model for linear stochastic state-space 

systems. Section 3 gives the Kaman filter formulation to 

deal with cross-correlation noises. Section 4 gives the 

parameter and state estimation algorithm. Section 5 

provides an example to verify the effectiveness of the 

proposed algorithm. Finally, concluding remarks are 

given in Section 6. 

 

2. THE IDENTIFICATION MODEL FOR LINEAR 

STOCHASTIC SYSTEM 

 

Let us define some notation. "𝐹 =: 𝑋" or "𝑋 ∶= 𝐹" 
represents "𝐹  is defined as 𝑋" . 𝑧  stands for a unit 

back-shift operator like 𝑧−1𝑥(𝑡) = 𝑥(𝑡 − 1) . The 

superscript 𝑇  denotes the vector/matrix transpose, 𝑰𝑛 

denotes an identity matrix of appropriate sizes 𝑛𝑥𝑛, and 𝟏𝑛 denotes an 𝑛 − dimensional column vector whose 

elements are all unity. �̂�(𝑡) represents the estimate of 𝜃 

at time 𝑡, �̂�(𝑡) represents the estimate of 𝑥(𝑡). 

 

Consider the linear stochastic state-space description 

 𝑥(𝑡 + 1) = 𝐹𝑥(𝑡) + 𝑔𝑢(𝑡) + 𝑤(𝑡), (1) 

 𝑦(𝑡) = 𝐻𝑥(𝑡) + 𝑑𝑢(𝑡) + 𝐽(𝑧)𝑣(𝑡), (2) 

 

Where 𝑢(𝑡) ∈ ℝ  and 𝑦(𝑡) ∈ ℝ  are the input and 

output of the system, 𝑥(𝑡): = [𝑥1(𝑡), . . . , 𝑥𝑛(𝑡)]𝑇 ∈ℝ𝑛 is the system state vector, 𝑣(𝑡) ∈ ℝ is the white 

noise with zero mean and variance 𝜎𝑣2 , 𝑤(𝑡): =[𝑤1(𝑡), . . . , 𝑤𝑛(𝑡)]𝑇 ∈ ℝ𝑛  is the white noise vector 

with zero mean, 𝐽(𝑞)  is a polynomial in the unit 

back-shift operator 𝑞−1 with 𝐽(𝑞) = 1 + 𝐽1𝑞−1 +𝐽2𝑞−2+. . . +𝐽𝑛𝐽𝑞−𝑛𝐽 ∈ ℝ , and 𝐹 ∈ ℝ𝑛×𝑛 , 𝐺 ∈ ℝ𝑛 , 𝐻 ∈ ℝ1×𝑛, and 𝑑 ∈ ℝ are the system parameters: 

 

𝐹 ≔  [  
  −𝑓1 1 0 ⋯ 0−𝑓2 0 1 ⋯ 0⋮ ⋮ ⋮ ⋱ ⋮−𝑓𝑛−1 0 0 ⋯ 1−𝑓𝑛 0 0 ⋯ 0]  

   ∈ ℝ𝑛×𝑛  
 

 

𝑔:=  [   
 𝑔1𝑔2⋮𝑔𝑛−1𝑔𝑛 ]   

 
 ∈ ℝ , 𝐻:=  [1, 0, ⋯ 0], ∈ ℝ1×𝑛,  

  

                                        (3) 

Assume that 𝑦(𝑡), 𝑢(𝑡), 𝑤(𝑡),and 𝑣(𝑡) are strictly 

proper, that is, their values are 0 for 𝑡 ≤ 0, and the 

orders 𝑛 𝑎𝑛𝑑  𝑛𝐽 are known [34]. 

From (1)-(3) we have 𝑥1(𝑡) = −𝑓1𝑥1(𝑡 − 1) + 𝑥2(𝑡 − 1) + 𝑔1𝑢(𝑡 − 1)+ 𝑤1(𝑡 − 1), 
  𝑥2(𝑡 − 1) = −𝑓2𝑥1(𝑡 − 2) + 𝑥3(𝑡 − 2) + 𝑔2𝑢(𝑡 −2) + 𝑤2(𝑡 − 2),  𝑥3(𝑡 − 2) = −𝑓3𝑥1(𝑡 − 3) + 𝑥4(𝑡 − 3) + 𝑔3𝑢(𝑡 −3) + 𝑤3(𝑡 − 3),  

   ⋮ 𝑥𝑛−1(𝑡 − 𝑛 + 2) = −𝑓𝑛−1𝑥1(𝑡 − 𝑛 + 1) + 𝑥𝑛(𝑡 −𝑛 + 1) + 𝑔𝑛−1𝑢(𝑡 − 𝑛 + 1) + 𝑤𝑛−1(𝑡 − 𝑛 + 1),  𝑥𝑛(𝑡 + 1 − 𝑛) = −𝑓𝑛𝑥1(𝑡 − 𝑛) + 𝑔𝑛𝑢(𝑡 − 𝑛) +𝑤𝑛(𝑡 − 𝑛),  
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From the above n equations, it is obvious that 

 𝑥1(𝑡) = −∑ 𝑓𝑖𝑥1(𝑡 − 𝑖)𝑛𝑖=1 + ∑ 𝑔𝑖𝑢(𝑡 − 𝑖)𝑛𝑖=1 +∑ 𝑤𝑖(𝑡 − 𝑖)𝑛𝑖=1 , (4) 

 

Substitute 𝐻 = [1,0, . . . ,0] in (2), we have  

 𝑦(𝑡) = 𝑥1(𝑡) + 𝑑𝑢(𝑡) + (1 + 𝐽1𝑞−1 +𝐽2𝑞−2+. . . +𝐽𝑛𝐽𝑞−𝑛𝐽)𝑣(𝑡), (5) 

 

Define the parameter vector 𝜃 and the information 

vector 𝜑(𝑡) as 

 𝜃:= [𝑓𝑇 , 𝑔𝑇 , 𝑑, 𝐽𝑇]𝑇 ∈ ℝ𝑛𝑠 , 𝑛𝑠 = 2𝑛 + 1 + 𝑛𝐽,   

 𝑓:= [𝑓1, 𝑓2, . . . , 𝑓𝑛]𝑇 ∈ ℝ𝑛,  

 𝐽: = [𝐽1, 𝐽2, . . . , 𝐽𝑛]𝑇 ∈ ℝ𝑛𝐽,  

 𝜑(𝑡) = [∅𝑓(𝑡)𝑇 , ∅𝑏(𝑡)𝑇 , 𝑢(𝑡), ∅𝑣(𝑡)𝑇]𝑇 ∈ ℝ𝑛𝑠,   

 ∅𝑓(𝑡): = [−𝑥1(𝑡 − 1), −𝑥1(𝑡 − 2), . . . , −𝑥1(𝑡 −𝑛)]𝑇 ∈ ℝ𝑛,  

 ∅𝑏(𝑡): = [𝑢(𝑡 − 1), 𝑢(𝑡 − 2), . . . , 𝑢(𝑡 − 𝑛)]𝑇 ∈ ℝ𝑛,  

 ∅𝑣(𝑡): = [𝑣(𝑡 − 1), 𝑣(𝑡 − 2), . . . , 𝑣(𝑡 − 𝑛𝐽)]𝑇 ∈ ℝ𝑛𝐽,  

 

From (4) let 

 𝛾(𝑡) = ∑ 𝑤𝑖(𝑡 − 𝑖)𝑛𝑖=1 = 𝑤(𝑡 − 1) + 𝑤(𝑡 −2)+. . . +𝑤(𝑡 − 𝑛)                           (6) 

 

Using (4)-(6), (5) can be rewritten as 

 𝑦(𝑡) = ∅𝑓(𝑡)𝑇𝑓 + ∅𝑏(𝑡)𝑇𝑏 + 𝛾(𝑡) + 𝑢(𝑡) + ∅𝑣(𝑡)𝑇𝐽+ 𝑣(𝑡) 

          = 𝜑(𝑡)𝑇𝜃 + 𝛾(𝑡) + 𝑣(𝑡), (7) 

 

Equation (7) represent the identification model for 

linear stochastic state-space system (1)-(2). 

 

The objective of this paper is to present an algorithm 

for jointly estimating the states and the unknown 

parameters from the available input -output data using 

recursive generalize extended least squares and 

investigates the effects of correlation coefficient 

between processes and measurement noises on the 

estimation accuracy. 

Remark 1: To reduce the number of parameters to be 

identified, the observable general state-space system in 

(1)-(2) is transformed into the observer canonical form. 

 

3. FORMULATION OF KALMAN FILTER WITH 

NOISES CROSS-CORRELATION 

 

For the linear stochastic state-space description shown 

in (1) and (2) consider the following assumptions: 

Firstly, {𝑤(𝑡)}  and {𝑣(𝑡)}  be sequences of zero 

mean gaussian white noise such that: 𝑣𝑎𝑟(𝑤(𝑡)) = 𝑄(𝑡) 𝑎𝑛𝑑 𝑣𝑎𝑟(𝑣(𝑡)) = 𝑅(𝑡)are positive 

definite matrices. 

Secondly, the process and measurement noise 

sequences {𝑤(𝑡)}  and {𝑣(𝑡)}  are correlated in the 

statistical sense, with: 𝐸[𝑤(𝑘)𝑣(𝑙)𝑇] = 𝑆(𝑘)𝛿𝑘𝑙 ,   , 𝑘, 𝑙 = 0,1, . ..  , where 

each 𝑆(𝑘) is a non-negative definite matrix. 

To deal with correlated noise sequences, measurement   

equation (2) is weighted by introducing a gain matrix T 

to be determined and added to the system equation (1) as 𝑥(𝑡) = (𝐹 − 𝑇𝐻)𝑥(𝑡 − 1) + (𝑔 − 𝑇𝑑)𝑢(𝑡 − 1) +[𝐽1𝑣(𝑡 − 2) + 𝐽2𝑣(𝑡 − 3)+. . . 𝐽𝑛𝐽𝑣(𝑡 − 𝑛𝐽 − 1)] +𝑤(𝑡 − 1) − 𝑇𝑣(𝑡 − 1) + 𝑇𝑦(𝑡 − 1), (8) 𝑥(𝑡) = �̅�𝑥(𝑡 − 1) + 𝑀(𝑡 − 1) + �̅�(𝑡 − 1), (9) 

With: �̅� = (𝐹 − 𝑇𝐻), (10) 𝑀(𝑡 − 1) = 𝐹(𝑔 − 𝑇𝑑)𝑢(𝑡 − 1) + 𝑇𝑦(𝑡 − 1) +[𝐽1𝑣(𝑡 − 2) + 𝐽2𝑣(𝑡 − 3)+. . . 𝐽𝑛𝐽𝑣(𝑡 − 𝑛𝐽 − 1)], (11) �̅�(𝑡 − 1) = 𝑤(𝑡 − 1) − 𝑇𝑣(𝑡 − 1), (12) 

 

Equation (9) represents the modified system equation 

with {�̅�(𝑡)}  and {𝑣(𝑡)}  be sequences with zero 

mean gaussian white noise such that: 𝑣𝑎𝑟(�̅�(𝑡)) = 𝐸[�̅�(𝑘)�̅�𝑇(𝑙)] = �̅�(𝑘)𝛿𝑘𝑙 , (13) 

 

 Using (12) and after some manipulations, we can show 

that  �̅� = 𝑄 + (𝑇𝑅 − 𝑆)𝑇𝑇 − 𝑇𝑆𝑇 , (14) 

The T matrix can be obtained by taking the term (𝑇𝑅 − 𝑆) in (14) equal to zero, therefore 𝑇 = 𝑆𝑅−1, (15) 

 

Remark 2: It’s important to concern our model with a 

new variance �̅� = 𝑄 − 𝑇𝑆𝑇 for �̅�(𝑡) noise sequence 

instead of  𝑄 for 𝑤(𝑡) noise sequence. 

Remark 3: It’s clear that from (12) after 

multiplication by 𝑣𝑇(𝑡) , and take the expectation to 

both sides we can show that the cross correlation 𝐸[�̅�(𝑘)𝑣𝑇(𝑙)] = (𝑆 − 𝑇𝑅)𝛿𝑘𝑙 , (16) 

Consequently, (16) imply that, the process noise �̅�(𝑡) is independent with measurement noise 𝑣(𝑡) , 

therefore, standard Kalman filter assumptions are 

fulfillments and we can solve the situation of 

correlated noises when (15) holds. 

At this point we can formulate the prediction and 

correction cycles of modified Kalman filter for the 

proposed system as 

(i)  The Prediction Cycle: 𝑥𝑝(𝑡) = 𝐹𝑥𝑝(𝑡 − 1) + 𝑔𝑢(𝑡 − 1) +  𝑇(𝑦(𝑡 − 1) −𝐻𝑥𝑝(𝑡 − 1) − 𝑑𝑢(𝑡 − 1) − [𝐽1𝑣(𝑡 − 2) + 𝐽2𝑣(𝑡 −3)+. . . 𝐽𝑛𝐽𝑣(𝑡 − 𝑛𝐽 − 1)]), (17) 𝑃𝑝 = �̅�𝑃𝑝�̅�𝑇 + �̅�, (18) 

 

Kalman gain:  𝐾 = 𝑃𝑝𝐻𝑇(𝐻𝑃𝑝𝐻𝑇 +  𝑅)−1 , (19) 

Correction cycle 

 

(ii) The Correction Cycle 𝑥𝑐(𝑡) = 𝑥𝑝(𝑡) +  𝐾(𝑦(𝑡) − 𝐻𝑥𝑝(𝑡) − 𝑑𝑢(𝑡) −[𝐽1𝑣(𝑡 − 1) + 𝐽2𝑣(𝑡 − 2)+. . . 𝐽𝑛𝐽𝑣(𝑡 − 𝑛𝐽)]), (20) 𝑃𝑐 = (𝐼 − 𝐾𝑐)𝑃𝑝, (21) 
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Equation (17)-(21) represent the prediction and update 

cycles of Kalman filtering with correlated noise 

sequences [36]. Before we proceed to the proposed 

algorithm in the next section let us give the 

relationship between the correlation coefficient and 

the cross covariance between processes and 

measurement noise sequences as [37] 𝜌𝑤,𝑣 = 𝑐𝑜𝑟𝑟(𝑤(𝑘), 𝑣(𝑙)) = 𝑐𝑜𝑣(𝑤(𝑘),𝑣(𝑙)𝜎𝑤𝜎𝑣 = 𝑆√𝑄√𝑅  (22) 

The state estimate of the system will be estimated using 

(17)-(22). If we substitute 𝑆 = 𝜌𝑤,𝑣√𝑄√𝑅  in (15) we 

can obtain different state estimate according to different 

values of correlation coefficient 𝜌𝑤,𝑣. 

  

4. THE KF-CN-RGELS ALGORITHM 

 

In this section, the problem of jointly estimating 

system parameters and states of the observer canonical 

state -space system (1)-(2) is approached by deriving the 

KF-CN-RGELS combined algorithm. 

To deal with combined algorithm, two algorithms 

were investigated and derived, the parameter estimation 

algorithm and the state estimation algorithm. Once this is 

done, joint algorithms to estimating parameters and 

states of the proposed system are developed and 

implemented. 

 

4.1. The parameter estimation algorithm 

 

In this section, we define the quadratic criterian function 

 𝐽(𝜃): = ∑ ‖𝑦(𝑗) − 𝜑(𝑗)𝑇𝜃 + 𝛾(𝑗)‖2𝐿𝑗=1 , (23) 

On the basis of minimizing the criterian function (23), 

and according to dentification model (7) the least-squares 

priciple are used to estimate the system parameters, 

therefore,we have the following recursive relations [27]: 

 𝜃(𝑡) = 𝜃(𝑡 − 1) + 𝐿(𝑡)[𝑦(𝑡) − 𝛾(𝑡) − 𝜑(𝑡)𝑇𝜃(𝑡 − 1), (24) 

 𝐿(𝑡) = 𝑃(𝑡−1)𝜑(𝑡)1+𝜑(𝑡)𝑇𝑃(𝑡−1)𝜑(𝑡), (25) 

 𝑃(𝑡) = 𝑃(𝑡 − 1) − 𝐿(𝑡)[𝑃(𝑡 − 1)𝜑(𝑡)]𝑇 , 𝑃(0) = 𝑝0𝐼𝑛 (26) 

 

We faced some difficulties to implement the algorithm in 

(24)-(26) due to the unknown process noise,unknown 

measurement noise and unmeasurable states, 𝑤𝑗(𝑡 − 𝑗), 𝑣𝑗(𝑡 − 𝑗) , and 𝑥𝑗(𝑡 − 𝑗)  respectivelly in the information 

vector 𝜑(𝑡) and 𝛾(𝑡). To deal with this difficulties 

the idea of auxiliary model can replace the unknown 

parameters and states with their estimate[27]. 

Therefore, using �̂�(𝑡)  and 𝛾(𝑡)  instead of 𝜑(𝑡) 

and 𝛾(𝑡). 

The modified parameter estimation algorithm can be 

as: 𝜃(𝑡) = 𝜃(𝑡 − 1) + 𝐿(𝑡)[𝑦(𝑡) − 𝛾(𝑡) − �̂�(𝑡)𝑇𝜃(𝑡 − 1), (27) 

 𝐿(𝑡) = 𝑃(𝑡−1)�̂�(𝑡)1+�̂�(𝑡)𝑇𝑃(𝑡−1)�̂�(𝑡), (28) 

 𝑃(𝑡) = 𝑃(𝑡 − 1) − 𝐿(𝑡)[𝑃(𝑡 − 1)�̂�(𝑡)]𝑇 , 𝑃(0) = 𝑝0𝐼𝑛 (29) 

 

To form ∅̂𝑣(𝑡)  in �̂�(𝑡)  and 𝛾(𝑡) , 𝑤�̂�(𝑡 − 𝑖)  and �̂�(𝑡 − 𝑖) can be calculated according to (1)-(2) by 

 �̂�(𝑡) = �̂�(𝑡 + 1) − �̂�(𝑡)�̂�(𝑡) − �̂�(𝑡)𝑢(𝑡), (30) 

 �̂�(𝑡) = 𝑦(𝑡) − 𝐻�̂�(𝑡) − �̂�(𝑡)𝑢(𝑡) − ∅̂𝑣(𝑡)𝑇𝐽, (31) 

 

4.2. The state estimation algorithm 

 

In the previous section we faced with the difficulties of 

the unmeasurable states in the information vector 𝜑(𝑡)  

and based on the idea of auxiliary model we replace the 

unknown states with their estimates. 

In this section, we estimate the system state using 

modified Kalman filter predictin and update cycles 

derived in section 3. 

Since, the modified kalman filter algorithm depends on 

the correlation coefficient according to (22) we can 

obtain different values of estimated state which depends 

on the degree of correlation between prpcess and 

measurement noises of the proposed system. 

Hence, we apply the modified kalman filter to generate 

the state estimates for the systemin (1)-(2): 𝑥𝑝(𝑡) = �̂�𝑥𝑝(𝑡 − 1) + �̂�𝑢(𝑡 − 1) +  𝑇(𝑦(𝑡 − 1) −𝐻𝑥𝑝(𝑡 − 1) − �̂�𝑢(𝑡 − 1) − [𝐽1𝑣(𝑡 − 2) + 𝐽2𝑣(𝑡 −3)+. . . 𝐽𝑛𝐽𝑣(𝑡 − 𝑛𝐽 − 1)]), (32) 𝑃𝑝 = �̅�𝑃𝑝�̅�𝑇 + �̅�, (33) 𝐾 = 𝑃𝑝𝐻𝑇(𝐻𝑃𝑝𝐻𝑇 +  𝑅)−1 , (34) 

 𝑥𝑐(𝑡) = 𝑥𝑝(𝑡) +  𝐾(𝑦(𝑡) − 𝐻𝑥𝑝(𝑡) − �̂�𝑢(𝑡) −[𝐽1𝑣(𝑡 − 1) + 𝐽2𝑣(𝑡 − 2)+. . . 𝐽𝑛𝐽𝑣(𝑡 − 𝑛𝐽)]), (35) 𝑃𝑐 = (𝐼 − 𝐾𝑐)𝑃𝑝, (36) 

 

with �̅� = 𝑄 − 𝑇𝑆𝑇 , 𝑆 = 𝜈𝜌𝑤,𝑣 ,where 𝜈 = √𝑄√𝑅 

 𝑥𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑒 = 𝑥𝑐(𝑡), (37) 

 

Where, 𝑥𝑝(𝑡) is the predicted state at time 𝑡, and 𝑥𝑐(𝑡) represent the corrected state at time 𝑡. 

Remark 4: Kalman filter estimate the system states 

under the assumption that the system parameters are 

known, to deal with this challenge the auxiliary model 

idea is used by replacing all system parameters with their 

estimates in prediction and correction cycles of the 

modified Kalman filter recursion equations as shown in 

(32)-(37) above. 

4.3. The joint parameter and state estimation 

By combining the parameter estimation algorithm in 

(27)-(31) with the state estimation algorithm in (32)-(37), 

we obtain Kalman filtering based with correlated noises 

recursive extended least squares to jointly estimate the 

parameter vector and the state vector: 

 



Manuscript Template for the International Journal of Control, Automation, and Systems: ICROS & KIEE 

 

5 

𝜃(𝑡) = 𝜃(𝑡 − 1) + 𝐿(𝑡)[𝑦(𝑡) − 𝛾(𝑡) − �̂�(𝑡)𝑇𝜃(𝑡 − 1), (38) 

 𝐿(𝑡) = 𝑃(𝑡−1)�̂�(𝑡)1+�̂�(𝑡)𝑇𝑃(𝑡−1)�̂�(𝑡), (39) 

 𝑃(𝑡) = 𝑃(𝑡 − 1) − 𝐿(𝑡)[𝑃(𝑡 − 1)�̂�(𝑡)]𝑇 , 𝑃(0) = 𝑝0𝐼𝑛 (40) 

 �̂�(𝑡) = [∅̂𝑓(𝑡)𝑇 , ∅𝑏(𝑡)𝑇 , 𝑢(𝑡), ∅̂𝑣(𝑡)𝑇]𝑇          (41) 

 ∅̂𝑓(𝑡): = [−�̂�1(𝑡 − 1), −�̂�1(𝑡 − 2), . . . , −�̂�1(𝑡 − 𝑛)]𝑇    (42)  

 ∅𝑏(𝑡): = [𝑢(𝑡 − 1), 𝑢(𝑡 − 2), . . . , 𝑢(𝑡 − 𝑛)]𝑇      (43) 

 ∅̂𝑣(𝑡): = [�̂�(𝑡 − 1), �̂�(𝑡 − 2), . . . , �̂�(𝑡 − 𝑛𝐽)]𝑇    (44) 

 𝛾(𝑡 = �̂�(𝑡 − 1) + �̂�(𝑡 − 2)+. . . +�̂�(𝑡 − 𝑛)     (45)  

 𝑓:= [𝑓1, 𝑓2, . . . , 𝑓𝑛]𝑇                          (46) 

 �̂�: = [𝑓𝑇 , �̂�𝑇 , �̂�, 𝐽𝑇]𝑇 ,                        (47) 

 𝑥𝑝(𝑡) = �̂�𝑥𝑝(𝑡 − 1) + �̂�𝑢(𝑡 − 1) +  𝑇(𝑦(𝑡 − 1) −𝐻𝑥𝑝(𝑡 − 1) − �̂�𝑢(𝑡 − 1) − [𝐽1𝑣(𝑡 − 2) + 𝐽2𝑣(𝑡 −3)+. . . 𝐽𝑛𝐽𝑣(𝑡 − 𝑛𝐽 − 1)]), (48) 𝑃𝑝 = �̅�𝑃𝑝�̅�𝑇 + �̅�, (49) 𝐾 = 𝑃𝑝𝐻𝑇(𝐻𝑃𝑝𝐻𝑇 +  𝑅)−1 , (50) 

 

 𝑥𝑐(𝑡) = 𝑥𝑝(𝑡) +  𝐾(𝑦(𝑡) − 𝐻𝑥𝑝(𝑡) − �̂�𝑢(𝑡) −[𝐽1𝑣(𝑡 − 1) + 𝐽2𝑣(𝑡 − 2)+. . . 𝐽𝑛𝐽𝑣(𝑡 − 𝑛𝐽)]), (51) 𝑃𝑐 = (𝐼 − 𝐾𝑐)𝑃𝑝, (52) 

 �̅� = 𝑄 − 𝑇𝑆𝑇,                             (53) 

                         𝑆 = 𝜈𝜌𝑤,𝑣,                                (54) 

 

 𝜈 = √𝑄√𝑅                               (55) 

 �̂�(𝑡) = 𝑥𝑐(𝑡),                                 

(56)  

 �̂�(𝑡) = �̂�(𝑡 + 1) − �̂�(𝑡)�̂�(𝑡) − �̂�(𝑡)𝑢(𝑡),      (57) 

 �̂�(𝑡) = 𝑦(𝑡) − 𝐻�̂�(𝑡) − �̂�(𝑡)𝑢(𝑡) − ∅̂𝑣(𝑡)𝑇𝐽,   (58) 

 �̂�(𝑡): = [�̂�1(𝑡), �̂�2(𝑡), . . . , �̂�𝑛(𝑡)]𝑇           (59) 

 

�̂� ≔  [  
   −𝑓1 1 0 ⋯ 0−𝑓2 0 1 ⋯ 0⋮ ⋮ ⋮ ⋱ ⋮−𝑓𝑛−1 0 0 ⋯ 1−𝑓𝑛 0 0 ⋯ 0]  

   ,               (60) 

 

Remark 5: The state estimation algorithm uses various 

values of the correlation coefficient to get the state 

estimates used in the parameter estimation process. The 

previous parameter estimates are improved by using a 

specific value of the correlation coefficient in the state 

estimation process to get the minimized estimation error 

which in turns improved parameter estimation accuracy. 

 
5. ILLUSTRATIVE EXAMPLE 

 

Consider the following linear stochastic state-space 

description in its canonical form: 𝑥(𝑡 + 1) = 𝐹𝑥(𝑡) + 𝑔𝑢(𝑡) + 𝑤(𝑡),  

 𝑦(𝑡) = 𝐻𝑥(𝑡) + 𝑑𝑢(𝑡) + 𝐽(𝑧)𝑣(𝑡),  

  𝐹 = [−𝑓1 1−𝑓2 0] = [0.05 10.36 0],  

 𝑔 = [𝑔1𝑔2]  = [1.802.70] , 𝐻 = [1, 0],  

 𝑑 = 1.30,    𝑤(𝑡) = [𝑤1(𝑡)𝑤2(𝑡)],  

 𝐽(𝑧) = 1 + 𝐽1𝑧−1 + 𝐽2𝑧−2 = 1 + 0.21𝑧−1 + 0.43𝑧−2,  

 

The parameter vector to be identified is given by: 

 𝜃 = [𝑓1, 𝑓2, 𝑔1, 𝑔2, 𝑑, 𝐽1, 𝐽2]𝑇 ,  

 = [−0.05, −0.36,1.80,2.70,1.30,0.21,0.43]𝑇 ,  

 

When modelling, the parameters of the model must 

ensure the stability, controllability, and observability of 

the system. 

In simulation, the input {𝑢(𝑡)} is a pseudo-random 

binary sequence generated by the Matlab function 𝑢 =𝑖𝑑𝑖𝑛𝑝𝑢𝑡([8198,1,1], ′𝑝𝑟𝑏𝑠′, [0,0.5], [−0.95,3]), {𝑤1(𝑡)} 
is a white noise sequence with zero mean and variance 𝜎𝑤12 = 0.072, {𝑤2(𝑡)} is a white noise sequence with 

zero mean and variance 𝜎𝑤22 = 0.012, and {𝑣(𝑡)} is a 

white noise sequence with zero mean and variance 𝜎𝑣2 =0.152 , and 0.32 .. Set the data length 𝐿 = 5000 and 

choose different values of correlation-coefficient 𝜌𝑤,𝑣 

in the range [0-1]. 

Apply the KF-CN-RGELS algorithm with correlation-

coefficient 𝜌𝑤,𝑣 = 0 and KF-CN-RGELS with different 

values of correlation coefficient 𝜌𝑤,𝑣 = [0 − 1]  to 

generate the parameter estimates and the state estimates 

of the system. To test the performance of the algorithm, 

we use the correlation-coefficient: 𝜌𝑤,𝑣 = 0.3, 𝜌𝑤,𝑣 =0.5, and 𝜌𝑤,𝑣 = 0.8. 

 

The parameter estimation errors: 𝛿 = ‖�̂� − 𝜃‖/‖𝜃‖, 

and state estimation errors for 𝑥1: 𝛿𝑥1 = ‖𝑥1̂ − 𝑥1‖/‖𝑥1‖, with 𝜌𝑤,𝑣 = 0,0.3,0.5, and 0.8 are summarized 

in Table 1. The parameter estimates and errors 𝛿 =‖�̂� − 𝜃‖/‖𝜃‖  with 𝜌𝑤,𝑣 = 0,   0.5,  and 0.8  are 

summarized in Table 2-4. The parameter estimation 

error against t for 𝜌𝑤,𝑣 = 0.8 are plotted in Fig.1. 

different values of correlation-coefficient are chosen, 

and the parameter estimation error against t for 𝜌𝑤,𝑣 = 0,   0.5, and 0.8 are plotted in Fig.2.The state 
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estimates of 𝑥1(𝑡) and errors for 𝜌𝑤,𝑣 = 0.3,  and  

 

Table 1. The parameter estimation error, state estimation 

error and correlation-coefficient.  

Correlation 

coefficient 𝜌𝑤,𝑣 

Parameter 

estimation error 𝛿𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟  

State 

estimation errors 𝛿𝑥1 

0 1.80838 0.12768 

0.3 1.49154 0.1271 

0.5 1.26356 0.1269 

0.8 0.85405 0.12683 

 

 
Fig. 1. The KF-CN-REGLS estimation errors 𝛿against t 

(𝜌𝑤,𝑣 = 0.8 , 𝜎𝑣2 = 0.152). 

 

 
Fig. 2. The KF-CN-REGLS estimation errors 𝛿against t 

(𝜌𝑤,𝑣 = 0,   0.5, 𝑎𝑛𝑑 0.8 , 𝜎𝑣2 = 0.152). 

 

 
Fig. 3. The state estimates of 𝑥1(𝑡) and errors with 𝜌𝑤,𝑣 = 0.3. 

 
Fig. 4. The state estimates of 𝑥1(𝑡) and errors with 𝜌𝑤,𝑣 = 0.8. 

 
Fig. 5. The process noise estimates �̂�(𝑡) and 

measurement noises estimates �̂�(𝑡)  with 𝜌𝑤,𝑣 = 0.8 and 𝜎𝑣2 = 0.152. 

 
Fig. 6. The process noise estimates �̂�(𝑡) and 

measurement noises estimates �̂�(𝑡)  with 𝜌𝑤,𝑣 = 0.8 and 𝜎𝑣2 = 0.32  

 

 

 
Fig. 8. The Actual output 𝑦(𝑡)and estimated output �̂�(𝑡) with 𝜌𝑤,𝑣 = 0 and 𝜌𝑤,𝑣 = 0.9 

 

 

 0.8 are depicted in Figs.3 and 4. The noise estimates �̂�(𝑡)  and �̂�(𝑡)  for 𝜌𝑤,𝑣 = 0.3  and 𝜌𝑤,𝑣 = 0.8  are 

showed in Fig.5 and 6. The input collected data are 

viewed in Fig.7. Figure 8 illustrate the true output and 

the predicted output of the KF-CN-RGELS with 80% 

cross-correlation between system noises. 
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Table 2. The KF-CN-RGELS and errors (𝜌𝑤,𝑣 = 0 , 𝜎𝑣2 = 0.152). 𝒕 𝒇𝟏 𝒇𝟐 𝒈𝟏 𝒈𝟐 𝒅 𝑱𝟏 𝑱𝟐 𝜹% 

100 0.026452 -0.3961 1.784324 3.098605 1.435033 0.241871 0.385903 12.20706 

200 -0.01038 -0.37274 1.804899 2.930781 1.382667 0.265888 0.374317 7.355808 

500 -0.03741 -0.36186 1.811207 2.798048 1.329951 0.276345 0.368313 3.886659 

1000 -0.04482 -0.35956 1.806811 2.753492 1.316868 0.271551 0.366748 2.958059 

2000 -0.04869 -0.3583 1.802957 2.730346 1.311077 0.261243 0.367206 2.461974 

3000 -0.04972 -0.3584 1.801407 2.721147 1.30849 0.252994 0.370532 2.167156 

4000 -0.04975 -0.35865 1.800515 2.719372 1.30694 0.247197 0.372297 2.021028 

5000 -0.04982 -0.35871 1.800827 2.716545 1.306666 0.236778 0.374532 1.808376 

True values -0.05 -0.36 1.8 2.7 1.3 0.21 0.43  

                                                                            

 

 

Table 3. The KF-CN-RGELS and errors (𝜌𝑤,𝑣 = 0.5 , 𝜎𝑣2 = 0.152). 𝒕 𝒇𝟏 𝒇𝟐 𝒈𝟏 𝒈𝟐 𝒅 𝑱𝟏 𝑱𝟐 𝜹% 

100 0.024325 -0.39801 1.769306 3.089531 1.439543 0.228478 0.429504 11.9433 

200 -0.00889 -0.37622 1.796134 2.929502 1.38365 0.249554 0.412202 7.105397 

500 -0.03527 -0.36488 1.806137 2.799409 1.330307 0.260802 0.399228 3.407371 

1000 -0.04274 -0.362 1.803425 2.756191 1.317214 0.257245 0.395002 2.355281 

2000 -0.04682 -0.36018 1.800774 2.733772 1.311232 0.248655 0.39201 1.830332 

3000 -0.04804 -0.36 1.800146 2.724049 1.308582 0.241165 0.3922 1.558528 

4000 -0.04833 -0.36 1.799426 2.721881 1.307061 0.236194 0.393047 1.432956 

5000 -0.04859 -0.35985 1.800035 2.718889 1.306579 0.226473 0.393459 1.263562 

True values -0.05 -0.36 1.8 2.7 1.3 0.21 0.43  

 

 

Table 4. The KF-CN-RGELS and errors (𝜌𝑤,𝑣 = 0.8 , 𝜎𝑣2 = 0.152). 𝒕 𝒇𝟏 𝒇𝟐 𝒈𝟏 𝒈𝟐 𝒅 𝑱𝟏 𝑱𝟐 𝜹% 

100 0.018293 -0.39425 1.768932 3.076259 1.435927 0.234914 0.46241 11.57355 

200 -0.01339 -0.37367 1.795764 2.916814 1.382427 0.254647 0.441003 6.758209 

500 -0.03737 -0.36383 1.806111 2.792804 1.329431 0.26409 0.426881 3.167881 

1000 -0.04349 -0.36176 1.803344 2.753447 1.31655 0.259049 0.422166 2.119974 

2000 -0.0469 -0.3603 1.800723 2.733041 1.310753 0.250102 0.417886 1.537093 

3000 -0.04801 -0.36018 1.800228 2.723478 1.308262 0.242834 0.416295 1.225465 

4000 -0.04824 -0.36018 1.799377 2.721646 1.306845 0.238002 0.416802 1.08358 

5000 -0.04847 -0.36003 1.800105 2.718745 1.306326 0.22806 0.415938 0.854046 

True values -0.05 -0.36 1.8 2.7 1.3 0.21 0.43  

 

 

 

 

 

 

 

 

 

Table 5. The KF-CN-RGELS and errors (𝜌𝑤,𝑣 = 0,  and 𝜌𝑤,𝑣 = 0.9 , 𝜎𝑣2 = 0.302). 
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𝝆𝒘,𝒗 𝒕 𝒇𝟏 𝒇𝟐 𝒈𝟏 𝒈𝟐 𝒅 𝑱𝟏 𝑱𝟐 𝜹% 

0 

100 0.032847 -0.39616 1.76815 3.139809 1.446517 0.267635 0.381993 13.51239 

200 -0.00895 -0.37074 1.806164 2.943905 1.388687 0.288495 0.378148 7.876071 

500 -0.03966 -0.36004 1.8171 2.793868 1.324461 0.29669 0.381383 3.95582 

1000 -0.04599 -0.35873 1.808531 2.751305 1.313497 0.282041 0.388377 2.794828 

2000 -0.04925 -0.35774 1.803353 2.731572 1.308624 0.263516 0.397602 1.993873 

3000 -0.05064 -0.35781 1.800835 2.721521 1.306878 0.253194 0.4035 1.565739 

4000 -0.05041 -0.35817 1.799131 2.721753 1.305939 0.247629 0.405168 1.422387 

5000 -0.05004 -0.35848 1.79977 2.719943 1.306916 0.230856 0.409072 1.024644 

0.9 

100 0.017751 -0.38808 1.765795 3.092695 1.443631 0.260237 0.485417 12.19104 

200 -0.01458 -0.36892 1.805743 2.919303 1.386531 0.277603 0.469879 7.082515 

500 -0.04027 -0.36105 1.815956 2.785602 1.322965 0.286001 0.460544 3.443077 

1000 -0.04464 -0.36059 1.807024 2.750695 1.312778 0.271252 0.45919 2.42779 

2000 -0.04732 -0.35958 1.801727 2.734576 1.308541 0.254507 0.457762 1.789829 

3000 -0.04859 -0.35962 1.800079 2.724864 1.306732 0.245669 0.452747 1.397022 

4000 -0.04868 -0.35968 1.798334 2.724695 1.305914 0.240968 0.45276 1.300077 

5000 -0.04856 -0.35974 1.799301 2.722733 1.306573 0.225087 0.450087 0.974066 

True values -0.05 -0.36 1.8 2.7 1.3 0.21 0.43  

 

 

Focusing on Tables 1-5 and Figures 1-8, some 

conclusions can be drawn from the tables and figures. 

  

• As the correlation-coefficient 𝜌𝑤,𝑣  between 

process and measurement noise increases, the 

best estimate of the state is obtained, which is 

reflected in the increased accuracy of the 

parameter estimate depicted by KF-CN-RGELS 

algorithm−See Table.1. 

 

• Obviously, the KF-CN-RGELS algorithm can 

provide more accurate estimates of parameters 

with increasing correlation coefficients 𝜌𝑤,𝑣 −See Tables 2-4 and Figures 1-2. 

 

• Measurement noise variance 𝜎𝑣2  affects the 

cross- correlation between measurement and 

process noise, which in turn affects the accuracy 

of the joint estimate−  See Tables 2-5 and 

Figures 5-6. 

 

• The predicted output �̂�(𝑡)  provided by KF-

CN-RGELS algorithm is approximately equal to 

the actual output 𝑦(𝑡) because the correlation 

between process noise and measurement noise 

increases positively. This shows that the 

estimation accuracy of the KF-CN-RGELS is 

high−See Figure 8.    

 

 

6. CONCLUSION 

 

An article in this issue proposes the KF-CN-RGELS 

algorithm to solve the combined estimation problem of 

states and parameters in a stochastic linear state-space 

system perturbed by correlated process and measurement 

noises. A known degree of correlation between the 

measurement noises and process noises has been taken 

into account in this research. To estimate the state of the 

system, the correlation coefficient value has been 

selected based on the situation of the real-time 

applications taken into consideration. 

We adapt the standard Kalman filter algorithm to 

accommodate cross-correlation among noises by 

modifying its process covariance matrix Q.  

According to the results of an illustrative example, the 

proposed algorithm is effective and leads to a reduction 

in parameters estimation error when the correlation-

coefficient increases in the positive direction. 

Besides the KF-CN-RGELS for linear state-space 

stochastic systems, the proposed approach can be used to 

explore a new algorithm to identify other systems such as 

bilinear system. Further, real-time applications can be 

explored with the proposed KF-CN-RGELS such as an 

aircraft radar guidance system which represents one case 

of system with cross correlated noises.    
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