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A dynamic Bayesian ARMA model for hydrological drought 
forecasting 

Min Li1, Mingfeng Zhang 1, Liming Zhu 1, Zhuoyue Peng 1, Runxiang Cao 2 

(1College of Hydraulic Science and Engineering, Yangzhou University, JiangSu, 

China, 2College of Water Resources, North China University of Water Resources and 

Electric Power, Zhengzhou 450046, China) 

Abstract A time series analysis is proposed for an adaptive design framework in 

nonstationary conditions. In this study, a dynamic Bayesian autoregressive moving 

average model (t-ARMA) is developed for modelling a standardized runoff index (SRI) 

time series. The t-ARMA model takes into account the possible change points in the 

SRI series, and the structure of the model changes with time. Bayesian theory is carried 

out to estimate the t-ARMA model parameters and locations of change points using a 

strategy of Markov chain Monte Carlo (MCMC) methods. The results demonstrate that 

using the Bayesian method to estimate the parameters of the ARMA and t-ARMA 

models could capture the SRI series characteristics, and the performances of the t-

ARMA model are compared with those of the traditional autoregressive moving 

average (ARMA) model, showing that the t-ARMA model capable of taking the change 

point of the time series into account is more robust than the traditional ARMA model. 

Keywords: Hydrological drought forecast; Bayesian theory; ARMA model; Structural 

change. 

  



 

 

1 Introduction 

In recent decades, with global climate warming, hydrological cycle processes such 

as precipitation and evaporation have intensified, resulting in the frequent occurrence 

of extreme events such as drought and flooding (Leng et al., 2016). Therefore, drought 

prediction under climate change has important scientific significance and practical 

application value. 

At present, there are many hydrological forecasting models, such as artificial 

neural networks (ANNs), support vector machines (SVMs), long short-term memory 

(LSTM), seasonal autoregressive integrated moving average (SARIMA), generalized 

autoregressive conditional heteroscedasticity (GARCH) models, and adaptive neural-

based fuzzy inference systems (ANFISs). (Li et al., 2018; Milenkovic et al., 2015; 

Koutroumanidis et al., 2009; Turan and Yurdusev 2014; Yarar 2014; Saeid et al., 2017). 

Autoregressive moving average (ARMA) models were proposed by Box et al. 

(1970) and are widely used in the prediction of hydrological series. (McLeod et al. 1977; 

Stedinger et al. 1985; Burlando et al. 1993; Valipour 2012; Pektaş and Kerem Cigizoglu 

2013; Valipour et al. 2013；Liu et al. 2015). Recently, a large number of studies have 

been performed to improve the accuracy of the models, and some studies have proven 

that the accuracy of the model can be improved by preprocessing the time series (Hu et 

al. 2007; Wu and Huang (2009); Shiri and Kisi 2010; Noori et al. 2011; Wu and Chau 

2011; Sang et al. 2012). 

Wang et al. (2015) decomposed the original time series through EEMD to obtain 

a finite number of basic pattern components, and each internal mode function was 

modelled and predicted according to the variation law of each component. The results 

showed that the EEMD method can effectively improve the prediction accuracy of the 

model. Shafaei and Kisi used wavelet analysis to decompose lake level time series into 

low- and high-frequency components and used ARMA, ANFIS and SVR models to 



 

 

predict each component. The results show that the method combined with wavelet 

analysis is superior to the three simple models. 

In addition, some studies attempt to improve the prediction accuracy by integrating 

ARMA with other models to form a hybrid model (Yurekli et al., 2004; Valipour, 2016; 

Gairaa et al., 2016). 

Sun et al. (2021) applied the combination of ARMA and LSTM to predict railway 

passenger flow and optimized the weight of the model through the BP neural network 

algorithm. The results showed that the prediction effect of the ARMA-LSTM combined 

model was significantly better than that of the other single models. 

Banihabib et al. (2018) used the MARMA-NARX hybrid model to predict reservoir 

inflows to enhance the accuracy of flow forecasting. 

Since the estimation of model parameters is critical to the prediction accuracy of 

hydrological models, some studies have attempted to adopt improved methods to 

estimate model parameters. For example, Mohammadi et al. (2006) estimated the 

ARMA model parameters by the goal programming (GP) method. 

With the development of computer technology and Markov Monte Carlo (MCMC) 

simulation technology, some scholars have attempted to adopt a Bayesian method used 

in hydrological ARMA models (Bezerra et al., 2012; Liang et al., 2016; Molina and 

Zazo, 2017). Yoshihiro et al. (2009) applied a strategy of Markov chain Monte Carlo 

(MCMC) methods to estimate the parameters of the ARMA model. Zhou (2011) 

analysed and predicted the trust net value by using the autoregression moving average 

model. The results showed that the model based on Bayesian parameter estimation was 

more accurate than that based on the least square parameter estimation model. Under 

the Bayesian framework, Suparman (2020) considered the MCMC method to estimate 

the parameters of the ARMA model, and the results showed that the MCMC algorithm 

can correctly estimate the parameters of the ARMA model. 



 

 

Compared with the time series model based on classical statistical theory, the 

Bayesian method has unique advantages. First, it can be applied to a wider range of 

statistical fields. Second, it allows rational use of prior information so that specific 

problems can be analysed more directly and clearly. Third, this method can obtain the 

probability distribution of predicted values, and the results obtained by this method are 

more real and useful. Fourth, compared with traditional statistical methods, it can deal 

with uncertain factors more clearly and reasonably. 

According to the Scientific Decade 2013–2022 of IAHS (Montanari et al., 2013), 

the hydrological cycle is undergoing substantial changes as a result of global climate 

change. Due to climate change and human activities, many hydrological variables 

around the world exhibit nonstationary behaviour (Milly et al., 2008, 2015). 

Nonstationary hydrologic series analysis has become a focus of research in hydrology 

and an important means of coping with changing environments. At present, there are 

few time series models that consider changing environments. 

This paper proposes and applies an innovative dynamic ARMA model (t-ARMA), 

in which the parameters of the model are not fixed so as to sufficiently and robustly 

capture the nonstationarity of hydrological drought under nonstationary conditions. 

Focusing on hydrological droughts over the period of 1960~2010 in the Luanhe River 

basin, a strategy of Markov chain Monte Carlo (MCMC) methods was constructed to 

estimate the parameters of the t-ARMA models to enhance the accuracy of the models. 

The performances of t-ARMA and traditional ARMA were compared to further test the 

robustness and reliability of t-ARMA. This research aims to provide advances in the 

prediction of time hydrological series under nonstationary conditions. 

  



 

 

2 Study area and data 

The Luanhe River Basin is located in northeastern China, covering an area of 

33700km2, with geographical coordinates of 39°10'N-42°30'N, 115°30'E-119°15'E (as 

shown in Figure 1). The basin belongs to the subtropical monsoon area, and is less rainy 

in the spring, more rainy in the summer and prone to drought in the winter. The average 

annual temperature of the basin is 5~12 ℃, and the difference in the average annual 

temperature between the north and south of the basin is 11.5 ℃. The distribution of 

rainfall in the basin is affected by topography, the range of multiyear average 

precipitation is between 400~700 mm, the annual distribution is uneven, which is 

mostly concentrated in summer, and the precipitation in summer is between 200~560 

mm. The concentration of rainfall is a remarkable feature of the climate in this area. In 

recent years, due to the increasing influence of global climate change and human 

activities in the basin, the precipitation and runoff of the Luanhe River basin have 

tended to decrease obviously, and drought occurs frequently; since 2000, both extreme 

drought and successive years of drought have increased in frequency. The frequent and 

persistent drought in the Luanhe River basin has not only caused a large area of disasters 

and serious losses but also led to a substantial decline in the inflow of Panjiakou 

Reservoir in the lower reaches of the basin, resulting in multiple water supply crises in 

downstream cities. 

In this paper, the monthly inflow runoff series of the Panjiakou Reservoir 

downstream of the basin from 1961 to 2010 is used as the research data, and the SRI 

index time series is calculated to characterize the drought level of the basin. The data 

were originally provided by the Hydrology and Water Resource Survey Bureau of 

Hebei Province. 



 

 

 

Figure 1 Geographic location map and hydrological station distribution of the Luanhe River 

Basin 

3 Methods 

3.1 The ARMA Model 

The ARMA (p, q) model of random variable 𝑦𝑡 is defined as follows (Said and 

Dickey, 1984) 

 𝜙(𝐵)𝑌𝑡=𝜃(𝐵)𝜀𝑡 (1) 

 𝜙(𝐵) = 1 − 𝜙1𝐵 − 𝜙2𝐵2 − ⋯ − 𝜙𝑃𝐵𝑃 (2) 

 𝜃(𝐵) = 1 − 𝜃1𝐵 − 𝜃2𝐵2 − ⋯ − 𝜃𝑞𝐵𝑞 (3) 

According to Formulas (2) and (3), Equation (1) can be expanded as follows: 

 𝑌𝑡 = 𝜙0 + 𝜙1𝑦𝑡−1 + 𝜙2𝑦𝑡−2 + ⋯ + 𝜙𝑝𝑦𝑡−𝑝 + 𝜀𝑡 + 𝜃1𝜀𝑡−1 + 𝜃2𝜀𝑡−2 + ⋯ + 𝜃𝑞𝜀𝑡−𝑞 (4) 

where  𝜙𝑖(𝑖 = 1, 2, 3, ⋯ , 𝑝); 𝜃(𝑖 = 1, 2, 3, ⋯ , 𝑞)  are the parameters of the 

process, 𝑝, 𝑞  represents the order of the ARMA model, 𝑦𝑡  follows a normal 



 

 

distribution N(0, 𝜎2)  and white noise  𝜀𝑡(𝑡 = 1, 2, 3, ⋯ , 𝑛)  with mean zero and 

variance 𝜎2 is independent (Zeng and Yin, 2016). According to this condition and the 

stability of the model, only when | 𝜙 | < 1 can the model have a stable solution. 

The precondition of constructing the ARMA (p, q) model is that the target time 

series 𝑦𝑡   must satisfy the stability requirements and the random error term must 

satisfy the white noise requirements (Hu and Ge, 2021). 

3.2 The t-ARMA Model 

The change point is the point where the statistical characteristics of the time series 

change obviously for one or more variables. If there is a sudden change in a series, the 

time series with unstable structure is divided into different segments according to the 

change points, and the structure of the observed series is linearly stable in each segment. 

The estimated values of the parameters of the model are different in different segments 

(Fang, 2015) 

If there are n change points in the time series, according to chronological order, 

the change points are recorded as  𝑘𝑖 , 𝑖 = 1,2, ⋯ 𝑛, , namely,  1 ≤ 𝑘1 < 𝑘2 < ⋯ <𝑘𝑛 < T, and  𝑘0 = 1, 𝑘𝑛+1 = T. The change points cut the whole time series into n+1 

segments, and the drought index distribution of each time segment is considered to be 

the same. The expression of the model is as follows: 

 𝑌𝑡 = 𝜙1𝑡𝑦𝑡−1 + 𝜙2𝑡𝑦𝑡−2 + ⋯ + 𝜙𝑝𝑡𝑦𝑡−𝑝 + 𝜀𝑡 + 𝜃1𝑡𝜀𝑡−1 + 𝜃2𝑡𝜀𝑡−2 + ⋯ + 𝜃𝑞𝑡𝜀𝑡−𝑞 (5) 

3.3 Bayes Method 

3.3.1 Bayesian Theory 

Bayesian inference as a research tool has been widely used in recent years to cover 

various research areas such as market forecasting, disease risk prediction, and 

hydrological sequence frequency estimation (David et al., 2018). The Bayesian 

statistical method differs from the traditional method in that it combines the prior 

information of model parameters to make full use of sample information when inferring 



 

 

model parameters (Roberto et al., 2018). According to the subjective understanding of 

the distribution of parameters before obtaining samples, the prior distribution of 

parameters is set. 

Combining sample information 𝑓(𝑦|𝜃)  and prior information 𝜋(𝜃)  to obtain 

posterior distribution 𝜋(𝜃|𝑦) is the precondition of Bayesian inference (Nan, 2018). 

The formula for calculating the probability density of Bayesian formula can be 

represented as: 

 𝜋(𝜃|𝑦) = ℎ(𝑦,𝜃)𝑚(𝑦) = 𝑓(𝑦|𝜃)𝜋(𝜃)∫ 𝑓(𝑦|𝜃)𝜋(𝜃)𝑑𝜃 (6) 

where ℎ(𝑦, 𝜃) is the joint probability density function of sample X and parameter 𝜃, and the marginal probability density of Y can be calculated as follows: 

 𝑚(𝑦) = ∫ ℎ(𝑦, 𝜃) 𝑑𝜃 = ∫ 𝑓(𝑦|𝜃)𝜋(𝜃)𝑑𝜃 (7) 

3.3.2 Prior Distribution Function Setting 

(1) Prior function setting of ARMA Model 

First, according to the ARMA (p, q) model, the prior distribution function can 

be represented as follows: 

 ∑ 𝜙𝑖𝑝𝑖=0 𝑦𝑡−𝑖 = ∑ 𝜃𝑗𝑞𝑗=0 𝜀𝑡−𝑗 , 𝜑0 = 1, 𝜃0 = 1, 1 ≤ 𝑡 ≤ 𝑁 (8) 

Here, 𝜙𝑖(i = 1, 2, 3, ⋯ , p)   obeys a normal distribution, 𝜃𝑗(j = 1,2, ⋯ , q)   is the 

process parameter of the model, and 𝜀𝑡 obeys a normal distribution with variance 𝜎2 

and mean zero. Thus, a parameter vector can be defined as: 

 𝛽 = [𝜙1, ⋯ , 𝜙𝑝, 𝜃1, ⋯ , 𝜃𝑞, ] (9) 

The prior function can be expressed as: 

 𝑓(𝛽, 𝜎2) = 𝑓(𝜎2) ∙ 𝑓(𝛽/𝜎2) (10) 

 𝑓(𝛽/𝜎2) ∝ ( 1𝜎2)𝐾2 𝑒𝑥𝑝 {− 1𝜎2 (𝛽 − 𝜇)𝑇𝑄(𝛽 − 𝜇)} (11) 

 𝑓(𝜎2) ∝ (𝜎2)−(𝛼−1)𝑒𝑥𝑝 {− 𝛾𝜎2} (12) 

Here, the hyperparameter 𝜇 𝜖 𝑅𝐾, 𝛼 > 0, 𝛾 > 0, the parameter 𝜎2 satisfies the i

nverted gamma distribution 𝜎2~𝐼𝐺(𝛼, 𝛾), and 𝑄 is a positive definite matrix of



 

 

 order K (Zhen and Zhu, 2005). 

(2) Prior function setting of t-ARMA Model 

The t-ARMA model with change points can be represented as follows: 

 𝑌𝑡 = ∑ 𝜙𝑖𝑡𝑦𝑡−𝑖𝑝𝑖=1 + ∑ (𝜀𝑡 +𝑞𝑗=1 𝜃𝑞𝑡𝜀𝑡−𝑞) (13) 

The vector is defined as  B = [𝜙1𝑡, ⋯ , 𝜙𝑝𝑡, 𝜃1𝑡 , ⋯ , 𝜃𝑞𝑡, ]; the vector of change 

points is  K = [𝑘1, 𝑘2, ⋯ , 𝑘𝑚]. It is assumed that the parameter vectors B, K 

are independent of each other,  and the prior function can be obtained:  

 𝑓(𝐵, 𝐾, 𝜎2) = 𝑓(𝐵, 𝐾/𝜎2) ∙ 𝑓(𝜎2) = 𝑓(𝐵) ∙ 𝑓(𝐾) ∙ 𝑓(𝜎2) (14) 

If the size of the sample is known and the number of change points is also known, 

then 𝑓(𝐾) is also determined as a constant (Wang W and Wang X, 2009), namely: 

 𝑓(𝐾) ∝ 𝐶 (15) 

For vector B, assuming that its prior distribution obeys the normal prior whose 

mean is 0 and the prior covariance matrix is Σ, then: 

 𝑓(𝐵) ∝ (𝛴𝐵)−12𝑒𝑥𝑝 {− 12 (𝐵 − 𝐵0)𝑇𝛴𝐵−1(𝐵 − 𝐵0)} (16) 

Similar to the previous derivation process, the prior distribution of the t-ARMA 

model is as follows: 

 𝑓(𝐵, 𝐾, 𝜎2) ∝ (𝛴𝐵)−12𝑒𝑥𝑝 {− 12 (𝐵 − 𝐵0)𝑇𝛴𝐵−1(𝐵 − 𝐵0)} ∙ 𝑓(𝜎2) (17) 

3.3.3 Posterior Distribution Inference 

(1) The posteriori function of ARMA model 

According to Bayesian theory, 𝜌(𝛽, 𝜎2｜𝑦)  represents the posterior distribution 

of parameter 𝛽 . Combining the information provided by the prior distribution 𝑓(𝛽, 𝜎2) with the data provided by the likelihood function 𝐿(𝛽, 𝜎2｜y), the posterior 

distribution 𝜌(𝛽, 𝜎2｜𝑦) can be obtained. Therefore, a posteriori distribution can be 

given by using Bayesian theorem as follows: 

 𝜌(𝛽, 𝜎2｜𝑦) ∝ 𝑓(𝛽, 𝜎2) 𝐿(𝛽, 𝜎2｜𝑦) (18) 

Here, the likelihood function of the parameter 𝛽, 𝜎2 can be expressed as: 



 

 

 𝐿(𝛽, 𝜎2｜𝑦) ∝ 1𝜎𝑛 𝑒𝑥𝑝 {− 12𝜎2 ∑ (𝑦𝑡𝑛𝑡=1 − 𝑢𝑡)2} (19) 

In this formula： 

 𝑢1 = ∑ 𝜙𝑖𝑝𝑖=1 𝑦𝑖 + ∑ 𝜃𝑖𝑞𝑖=1 𝜀𝑡−𝑖 (20) 

 𝑢𝑡 = ∑ 𝜙𝑖𝑝𝑖=1 𝑦𝑖 + ∑ 𝜃𝑖(𝑦𝑡−𝑖𝑡−1𝑖=1 − 𝑢𝑡−𝑖) + ∑ 𝜃𝑖𝑞𝑖=1 𝜀𝑡−𝑖 , 𝑡 = 2, ⋯ , 𝑛 (21) 

According to the prior distribution and likelihood function, the posterior 

distribution can be obtained as follows: 

 𝜌(𝛽, 𝜎2｜𝑦) ∝ 1𝜎𝑛 𝑒𝑥𝑝 {− 12𝜎2 ∑ (𝑦𝑡𝑛𝑡=1 − 𝑢𝑡)2}  𝑓(𝛽, 𝜎2) (22) 

Therefore, 𝜌(𝛽, 𝜎2｜𝑦)  is a posterior distribution density function with 

multiple parameters (Manoel et al., 2012). For the marginal posterior distribution 

density of the autoregressive coefficient term 𝛽 of the model, the posterior distribution 

density function can be integrated on (0, ∞) as follows: 

 𝜌(𝛽|𝑦) = ∫ 𝜌(𝛽, 𝜎2|𝑦) 𝑑𝜎2∞0  (23) 

Similarly, for the accuracy parameter  𝜎2 of the model, the marginal posterior 

distribution density can be integrated with 𝛽 on 𝑅𝐾 through the posterior distribution 

density function as follows: 

 𝜌(𝜎2|𝑦) = ∫ 𝜌(𝛽, 𝜎2|𝑦) 𝑑 𝛽𝜖𝑅𝐾 𝛽 (24) 

(2) The posteriori function of t-ARMA model 

The likelihood function for the t-ARMA model can be expressed as follows: 

 𝐿(𝐵, 𝐾, 𝜎2｜𝑦) ∝ |𝛴𝐵|−1𝑒𝑥𝑝{−((𝑌−𝑋𝐵)𝑇𝛴𝐵−2(𝑌−𝑋𝐵)2 )} (25) 

where  𝛴𝐵  is a diagonal matrix with diagonal line 𝜙𝑖𝑡 , 𝜃𝑗𝑡(𝑖 = 1,2, ⋯ , 𝑝; 𝑗 =1,2, ⋯ , 𝑞), and 𝑋𝑡 = [𝑦𝑡−1, ⋯ , 𝑦𝑡−𝑝, 𝜀𝑡−1, ⋯ , 𝜀𝑡−𝑞], 𝐵 = [𝜙1𝑡, ⋯ , 𝜙𝑝𝑡, 𝜃1𝑡 , ⋯ , 𝜃𝑞𝑡 , ]𝑇. 

Then, the posterior density function of the model can be written in the following form 

according to the known likelihood function and a priori density function (Zeng, 2012): 

 𝜌(𝐵, 𝐾, 𝜎2｜𝑦) ∝ 𝑓(𝐵, 𝐾, 𝜎2) 𝐿(𝐵, 𝐾, 𝜎2｜𝑦) (26) 

 𝜌(𝐵, 𝐾｜𝑦) ∝ |𝛴𝐵|−1𝑒𝑥𝑝{−((𝑌−𝑋𝐵)𝑇𝛴𝐵−2(𝑌−𝑋𝐵)2 )} ∙ 𝑓(𝐵, 𝐾, 𝜎2) ∙ (27) 

 𝜌(𝐵, 𝐾|𝑦) = ∫ 𝜌(𝐵, 𝐾, 𝜎2|𝑦) 𝑑𝜎2∞0  (28) 



 

 

According to the above Bayesian inference, many parameters are involved, and 

the calculation of the marginal posterior distribution density is very complex, so it is 

difficult to solve the high-dimensional probability integral by traditional methods. In 

this regard, Windows Bayesian Inference Using Gibbs Sampling (WinBUGS) and other 

tools are used in this paper. With the help of Markov chain Monte Carlo (MCMC) 

simulation, the marginal posterior distribution density is calculated by the Gibbs 

sampling algorithm, and its approximate value is obtained by iteration to complete 

Bayesian inference more easily. 

3.3.4 Gibbs Sampling 

The MCMC method is usually used to solve the above high-dimensional posterior 

distribution problems, which is a recently developed sampling method for joint 

distributions of high dimensions (Feng, 2013). This method effectively solves these 

particularly complex problems in the calculation of high-dimensional probability 

integrals and has a far-reaching impact on the popularization of Bayesian theory. 

The principle is to construct one or more Markov chains with a 𝜋(𝑋) distribution. 

When the Markov chain converges, its stationary distribution can be regarded as a 

posterior distribution, and then the simulation value of the chain can be regarded as an 

independent sample of the target distribution. Then, the distribution characteristic 

information of the calculated target can be obtained. 

If {𝑋𝑡} satisfies: 

 𝑃{𝑋𝑡+1 = 𝑥|𝑋𝑡 , 𝑋𝑡−1, ⋯ } = 𝑃{𝑋𝑡+1 = 𝑥|𝑋𝑡} (29) 

For the MCMC method, the key is the construction of the transfer kernel function, 

and different transfer kernel functions have different construction methods. Gibbs 

sampling and the Metropolis–Hastings algorithm are the two main MCMC methods. 

This paper uses widely used, intuitive and simple Gibbs sampling. 

The main ideas of Gibbs sampling are as follows (Geman S and Geman D, 1984): 



 

 

For the parameter vector X = (𝑥1, 𝑥2, ⋯ , 𝑥𝑛), 𝑋1 corresponds to the initial value 

of the first iteration. If the initial value of the i-1 iteration is 𝑋𝑖−1, then the steps for the 

n iterations are as follows: First, 𝑥1 𝑖   is extracted from the posterior conditional 

distribution 𝑓(𝑥1|𝑥2𝑖−1, ⋯ , 𝑥𝑛𝑖−1) ; then,  𝑥2𝑖   is extracted from the posterior 

conditional distribution 𝑓(𝑥1|𝑥1𝑖−1, 𝑥2𝑖−1, ⋯ , 𝑥𝑛−1𝑖−1 ). Then, the above steps are repeated 

for i=(1, 2, ⋯, k), and the samples 𝑋1, 𝑋2, ⋯ , 𝑋𝑘   are obtained. 

4 Results 

4.1 Construction of ARMA model 

4.1.1 Determination of Model Order 

Based on the monthly inflow runoff data of the Panjiakou Reservoir from 1961 to 

2010, the hydrological drought index on a 12-month scale can be calculated, and a time 

series can be established. The sequence is stabilized by first-order differencing and 

zero-mean processing, and then the stationary sequence is expressed as 𝑚𝑑SRI𝑡. 
The autocorrelation function (ACF) test, partial autocorrelation function (PACF) 

test and extended autocorrelation function (EACF) test are used to determine the order 

of the model. Optimized by the AIC, the order of the model is determined to be ARMA 

(2, 2). The significance of the model was checked by LB test statistics. The results are 

shown in Figure 2. 

 

Figure 2 The residual sequence diagram and residual autocorrelation diagram of the ARMA (2, 2) 
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The autocorrelation map and partial autocorrelation map of the residual of the 

model ARMA (2, 2) are in the range of two standard deviations, and the p values of the 

LB statistics under each lag order are all higher than 0.05. The model passed the 

significance test (Figure 2). 

The expression of model ARMA (2, 2) is as follows: 

 𝑦𝑡 = 𝜙1𝑦𝑡−1 + 𝜙2𝑦𝑡−2 + 𝜀𝑡 + 𝜃1𝜀𝑡−1 + 𝜃2𝜀𝑡−2 (30) 

4.1.2 Model Parameter Estimation Based on Bayesian Method 

After setting the prior distribution, Gibbs sampling is carried out to obtain the 

approximate value of the marginal posteriori density of each parameter. The parameter 

convergence of the model is very important. To ensure the convergence of the Markov 

chain, WinBUGS is used for multiple iterative analyses. Two different initial values 

were selected for iteration, with a total of 10000 iterations, of which the first 1000 were 

used for preheating (Sadia and Boyd, 2018). The iterative trajectory result of the 

Markov chain is obtained from the same initial values of the two groups, as shown in 

Figure 3. 

 

Figure 3 𝜙2, 𝜃1, 𝜃2 Markov chain iteration trajectory 

The convergence diagnosis of each parameter is shown in Figure 4. 



 

 

 

Figure 4 Convergence diagnosis of𝜙2, 𝜃1, 𝜃2 

The trajectories of the two chains obtained by iterating with two groups of different 

initial values and the convergence diagnostic graph of the parameters also tend to 

coincide. 

After judging the convergence of the model, the marginal posterior probability 

distribution of each parameter can be obtained, as shown in Figure 5. 

 
Figure 5 Simulation diagram of the marginal posterior probability distribution of𝜙2, 𝜃1, 𝜃2 

Thus, the ARMA (2, 2) model can be constructed as follows: 

 𝑦𝑡 = 0.019 − 0.009𝑦𝑡−2 + 𝜀𝑡 − 0.621𝜀𝑡−1 − 0.009𝜀𝑡−2 (31) 

Based on the ARMA (2, 2) model, the first 44 numbers of zero-mean stationary 

random sequences 𝑚𝑑SRI𝑡 can be used to fit the model to forecast the sequence values 

in the next 5 years. The simulation results are shown in Figure 6. In the figure, the black 

dot represents the observed value, the red curve represents the simulated value of the 

model, the blue curve is the forecast value of drought index, the blue dotted line 

represents 95% confidence interval of forecasts, and the red dotted line represents 95% 

confidence interval of simulation. 



 

 

 

Figure 6 Simulation results of ARMA model 

4.2. Construction of t-ARMA model 

Since the sequence has 44 samples and the sequence is short, it is reasonable to 

assume that there is one change point. The WinBUGS Software package was used to 

estimate the Bayesian parameters of the t-ARMA model. The model is executed for 

10000 iterations, and the first 5000 simulated values are discarded to ensure the 

convergence of the model. It can be seen from the convergence statistical diagnosis 

graph (Figure 7) that these lines converge to 1. Therefore, it is considered that the 

parameters of the model are convergent. 

 

 

Figure 7 Convergence diagnosis of 𝜙21, 𝜃11, 𝜃21 , 𝜙22, 𝜃12, 𝜃22 

The iterative trajectory results of the Markov chain are obtained, as shown in 

Figures 8 and 9. Figures 8 and 9 show that the two chains tend to coincide, and it is 

preliminarily judged that the model parameters rs after sampling are convergent. 

 



 

 

 

Figure 8  𝜙21, 𝜃11 , 𝜃21 Markov chain iteration trajectory 

 

Figure 9  𝜙22, 𝜃12 , 𝜃22 Markov chain iteration trajectory 

The running results of WinBUGS are shown in Table 1. It can be seen from the 
table that the posterior mean values of 𝜙21,  𝜙22, 𝜃11, 𝜃12, 𝜃21 and 𝜃22 are 0.53, -
0.03, -2.05, -4.98, 1.27 and 7.86, respectively. The kernel density of the posterior 
distribution is estimated as shown in Figures 10 and 11. 

Table 1 Bayesian parameter estimation results of the t-ARMA (2, 2) model 

node mean sd MC error 2.5% median 97.5% start sample 𝜙21 -0.53 0.23 0.01 -0.96 -0.54 -0.07 5001 10000 𝜙22 -0.03 0.31 0.02 -0.64 -0.04 0.62 5001 10000 𝜃11 -2.05 0.99 0.05 -3.97 -2.05 -0.30 5001 10000 𝜃12 -4.98 3.53 0.23 -12.92 -4.57 0.83 5001 10000 𝜃21 1.27 1.06 0.05 -0.56 1.20 3.51 5001 10000 𝜃22 7.86 3.84 0.25 0.18 8.04 15.43 5001 10000 



 

 

 

 

Figure 10 Kernel density of the posterior distribution of 𝜙21, 𝜃11 , 𝜃21 , 𝜙22, 𝜃12 𝜃22 

According to the marginal posteriori probability distribution graph of change-point 

k (Figure 11), the maximum posteriori estimate of change-point k is 29. 

 

Figure 11 Posteriori probability distribution of change-point k 

Based on the established t-ARMA model, the first 44 values of the zero-mean 

stationary random series 𝑚𝑑SRI𝑡 can be used to forecast the sequence values of the 

next 5 years. The simulation results are shown in Figure 12. 

 

Figure 12 Simulation results of the t-ARMA model 



 

 

4.3 Evaluation of the Two Models 

In this paper, the simulation effects of the two models are compared and evaluated 

by using the Nash coefficient NSE. The Nash coefficient NSE is a parameter used to 

evaluate the quality of the model, and its expression is as follows (Hao, 2021): 

 𝑁𝑆𝐸 = 1 − ∑ (𝑄0𝑡−𝑄𝑚𝑡 )2𝑇𝑡=1∑ (𝑄0𝑡𝑇𝑡=1 −𝑄0̅̅̅̅ )2  (32) 

In the equation, 𝑄0 is the observed value, 𝑄𝑚 is the simulated value, 𝑄𝑡refers 

to a value at time t, and 𝑄0̅̅ ̅ refers to the mean of the observed value. 

For the Nash coefficient NSE, its value ranges from negative infinity to 1. If the 

value of the coefficient is closer to 1, the simulation results are better, and the model is 

more reliable. The closer the NSE is to 0, the closer the simulation results are to the 

average level of the observations. Namely, the overall results are close to the average 

level of the observations, but the process simulation error is large and the credibility of 

the model is not high. The smaller the value, the less reliable the model. 

The NSE values of the simulation period and forecast lead time n = 1, 2, ⋯, 5 

years of the two models are calculated. The model evaluation results are shown in Table 

2. According to Table 2, in the simulation period, the NSE values of the two models are 

0.93 and 0.94, which are close to 1 and prove that the simulation results of the two 

models are good. However, the NSE value of the t-ARMA model is greater than that of 

the traditional ARMA model, which proves that the simulation effect of t-ARMA in the 

simulation period is better than that of the traditional ARMA model. In the forecast 

period, the NSE values of the traditional ARMA model are 0.39, 0.72, 0.56 and 0.39 in 

the forecast lead time n = 2, 3, 4, and 5 years, and the NSE values of the t-ARMA model 

are 0.45, 0.80, 0.70 and 0.51, respectively. The NSE values of the two models show a 

decreasing trend with the extension of the forecast lead time, and the NSE value of the 

t-ARMA model is larger than that of the traditional ARMA as a whole, indicating that 

the forecast accuracy of the t-ARMA model is higher. In conclusion, the t-ARMA model 



 

 

is more reliable in both the simulation period and the forecast lead time. 
Table 2 NSE values in the simulation period and forecast lead times between the two models 

Model Simulation period 

Forecast lead time (year) 

1 2 3 4 5 

ARMA 0.93 / 0.39 0.72 0.56 0.39 

t-ARMA 0.94 / 0.45 0.80 0.70 0.51 

5 Conclusions and discussion 

In recent years, drought has become an increasingly prominent challenge due to 

global climate change and socioeconomic development and therefore has attracted 

much attention from the international community as a global environmental problem. 

How to reasonably forecast the development of drought has important practical 

significance and application value to ensure the rational utilization of water resources 

and the sustainable development of the social economy. In this paper, Bayesian theory 

and the ARMA model are combined to simulate the hydrological drought time series of 

44 years in the Panjiakou Reservoir Basin, and the drought development trend in the 

next 5 years is forecasted. The influence of climate change and human activities may 

cause change points in hydrological series. ARMA models both with and without 

considering structural change are established. The simulation and forecast results of the 

two models are compared and evaluated, and the main conclusions are as follows: 

(1) During the simulation period from 1961 to 2004, the NSE values of the ARMA 

model without considering the change point and the dynamic t-ARMA model 

considering the change point are 0.93 and 0.94, respectively, and both are close to 1. 

This shows that the ARMA model based on the Bayesian method can better simulate 

the hydrological drought series of the Panjiakou reservoir basin; however, the NSE 

value of the dynamic t-ARMA model is slightly higher than that of the ARMA model 

without considering change points, which shows that the simulation effect of the t-

ARMA model considering change points is better. 

(2) For the forecast lead time, the NSE values simulated by the two models tend 



 

 

to decrease as the forecast time increases. Furthermore, the NSE mean value of the t-

ARMA model considering the change point is larger than that of the ARMA model 

without considering the change point. Therefore, the forecast effect of the t-ARMA 

model is more robust than that of the ARMA model without considering the change 

point, and the forecast accuracy of the two models decreases with the extension of the 

forecast time as a whole. 

In summary, the t-ARMA model based on the Bayesian method has high 

credibility and a better simulation effect. Compared with the ARMA model without 

considering time variation, it is more suitable for drought simulation in the Panjiakou 

reservoir basin, and the model is more suitable for short-term drought forecasting. 
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