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Abstract The consistent and accurate monitoring and modeling of urban ambient air quality are essential to reduce
risks to public health. The growing number of open data sources now allow for data assimilation algorithms to improve
air quality monitoring, including uncertainty estimates. The robust assimilation of model data with observations for
urban ambient air quality monitoring requires the estimation of uncertainty to cope with unknown events and chang-
ing environmental conditions. However, uncertainty estimates from open access model simulations and observations
are frequently unavailable. To address this gap, we propose a lightweight framework for ambient air quality data
assimilation suitable for low-powered embedded hardware used by the Internet of Things. The proposed framework
includes computationally efficient assimilation algorithms for the data-driven estimation of unknown uncertainty.
The algorithms are compared and validated to assimilate open-access urban ambient air pollution observations and
global numerical model simulations from the System for Integrated modeLling of Atmospheric composition (SILAM).
This work is significant because it offers a computationally lightweight approach to sequentially assimilate open time
series data without prior uncertainty estimates.

Keywords Ambient air quality · Data assimilation · Environmental monitoring · Internet of Things · Open data

Introduction

Ambient air pollution poses a persistent and growing
threat to human health. In cities, the monitoring of ur-
ban ambient air pollution often involves the ground sta-
tion observations of the concentration of atmospheric
gases and particulate matter. The most commonly moni-
tored parameters are sulfur dioxide (SO2), nitrogen diox-
ide (NO2), carbon monoxide (CO) and ozone (O3), and
particulate matter (PM2.5 and PM10) (World Health
Organization, 2021). These parameters are also often
modelled over a wide range of temporal and spatial reso-
lutions, where a detailed classification is provided in Fal-
lah Shorshani et al (2015). The European Union (EU)
requires continuous air pollution monitoring and the as-
sessment of air quality as a combined metric of the air
pollutants (European Parliament and Council of Euro-
pean Union, 2008; Kotsev et al, 2014). Thus both mod-
elled and ground station observations are key to assess-
ing health risks, exposure levels and to localizing, quan-
tifying and mitigating potentially harmful sources of am-
bient air pollution (Lee et al, 2018).

Urban ambient air pollution is challenging to model
and monitor, primarily due to the chemical and mete-
orological interactions occurring across multiple tempo-
ral and spatial scales (Borrego et al, 2015; Sethi and
Mittal, 2022). The modelling of ambient air pollution is
frequently carried out by computational fluid dynamics
models including specialized solvers for chemical trans-
port and near-source dispersion (Fallah Shorshani et al,
2015). These models can provide forecasts with spatial
resolutions varying from several meters to several hun-
dreds of kilometres and temporal resolutions ranging
from minutes to several years (Weidinger et al, 2010). Air
pollution rapidly changes over short distances due to mi-
crometeorological and anthropogenic conditions and in-
cludes static and moving sources, most commonly indus-
trial emissions and traffic (Evans, 2004; Weissert et al,
2019). As a result, the complexity of building local mod-
els with high spatial and temporal resolution remains a
challenge for their widespread application.

Air pollution modelling is complemented by in-situ
monitoring (networks of sensors and stations) and re-
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mote sensing (satellites retrieving optical aerosol signa-
tures) (Ben Youssef et al, 2016). Calibrated air qual-
ity monitoring stations generate data of higher preci-
sion and accuracy, but they are expensive to purchase
and maintain. In contrast, there is a growing number
of fixed and mobile low-cost air pollution sensors, but
they provide lower quality data because of their lower
sensitivity, reduced accuracy and may require frequent
re-calibration (Weissert et al, 2019). Satellites provide
gridded data products at resolutions of meters to kilo-
metres and from minutes to weeks in time (Kleissl et al,
2009). However, the availability and accuracy of satel-
lite data are often negatively affected by cloud cover and
can vary widely, depending on the post-processing algo-
rithms implemented (Shin et al, 2020).

To improve the quality of data from single sources,
data are combined using data fusion and assimilation
methods (from this point, we refer to both concepts sim-
ply as ”assimilation”). These methods are widely ap-
plied in the geoscience and engineering disciplines for
optimal state estimation, which minimizes the errors be-
tween models and measurements by weighting their con-
tributions based on the uncertainty estimates (Khaleghi
et al, 2013; Carrassi et al, 2018). The examples of the
most commonly used methods of assimilation are se-
quential, and include Kalman filters, variational (3DVar,
4DVar), ensemble and hybrid methods. A comprehensive
overview of data assimilation methods including their
formulations and limitations is provided by Carrassi et al
(2018) and Hamer et al (2021); Monteiro et al (2012) fo-
cus specifically on air pollution data.

In the research literature, there are many examples of
air pollution data assimilation using data from numerical
models, satellites, stations and sensors (Handschuh et al,
2020; Hamer et al, 2021). There exist a wide variety of
studies investigating the assimilation of numerical model
simulations (e.g. chemical transport, urban dispersion,
microscale models) with in-situ measurements from low-
cost sensors and high-quality sensing stations for dif-
ferent air pollutants (see, for example, PM2.5 (Lopez-
Restrepo et al, 2021), NO2 (Weissert et al, 2019; Schnei-
der et al, 2017), PM10 (Gressent et al, 2020; Castell
et al, 2018), O3 (Sicardi et al, 2011). Since in-situ mea-
surements demonstrate correlation with satellite aerosol
optical depth observations (Ben Youssef et al, 2016; Liu
et al, 2005), they are mapped to retrieve more accurate
maps (see, for example, for PM2.5 (Ha et al, 2020; Shin
et al, 2020), CO2, O3, CO, NOx, SO2, and HCHO (En-
gelen et al, 2006)). Considering mapping, various spatial
interpolation approaches (e.g. kriging and inverse dis-
tance weighting methods) (Weissert et al, 2019; Schnei-
der et al, 2017; Lin et al, 2020; Zhong et al, 2016; Janssen
et al, 2008) and regression analysis (Ben Youssef et al,
2016; Lon, 2015) are used. For data assimilation, both se-
quential (e.g. variants of Kalman filter (Lopez-Restrepo
et al, 2021; Sicardi et al, 2011)) and variational (e.g.

3DVar (Ha et al, 2020), 4DVar (Engelen et al, 2006))
data and assimilation methods are common choices.

To combine data from different sources, the contri-
bution of each source is weighted by its uncertainty esti-
mate, which is quantified based on errors from the best
available estimate (Taylor, 1982). Current methods of
data assimilation assume that the prior estimates of un-
certainty are available. However, as the possible sources
of uncertainty are numerous, the uncertainty estimate
can be evaluated in many different ways (Boller et al,
2010), often affecting the performance of the data as-
similation (Gressent et al, 2020; Evans, 2004).

The main objective of this work was to create an open
source, computationally efficient method to improve air
pollution and quality monitoring by reusing open access
air quality model and monitoring data. Challenges in-
cluded the lack of uncertainty estimates for open-access
air quality data, and the large differences in the spa-
tial and temporal scales between modeled and monitored
parameters. To accomplish our objective in the face of
these challenges, we developed a data-driven method
to estimate the unknown uncertainty. Once the uncer-
tainty estimate has been obtained, we demonstrate that
a lightweight least-squares data assimilation method can
substantially improve urban ambient air pollutant model
estimates at the global-to-meso-scale. To do this, we
make use of numerical model results obtained from the
System for Integrated modeLling of Atmospheric compo-
sition (SILAM) (Sofiev et al, 2006), which are provided
open access. When compared with batch assimilation
analogues, recursive methods are more computationally
efficient (Islam and Bernstein, 2019), which is key when
considering the rapidly growing number of low-cost am-
bient air quality sensors integrated into the Internet of
Things (IoT) (Weissert et al, 2019).

The major contribution of this work is a computa-
tionally lightweight uncertainty estimation framework
designed for the IoT microcontroller-based systems for
robust assimilation of observational and model time se-
ries data of different spatial scales.

Background

Given data containing errors from multiple sources, data
assimilation suggests a compromising strategy to find an
analysis estimate xa - the best possible estimate of the
true state xtrue at a given time using the error statistics
of data sources. For this, the absolute value of the anal-
ysis error |ϵa| = |xa − xtrue| is minimised by solving an
optimisation problem (Bouttier and Courtier, 1999).

The analysis estimate xa is found by estimating the
correction δx of the prior estimate of the true state (or
background estimate, such as a model simulation xm)
using the data from other sources (such as observations
xobs) to minimise |ϵa|: xa = xtrue + ϵa = xm + δx.

In data assimilation, the following errors are usually
considered (Bouttier and Courtier, 1999):
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– background errors ϵm = xm − xtrue;
– observation errors ϵobs = xobs − H(xtrue) (between

measurements and the operator modelling the mea-
suring device);

– analysis errors ϵa = xa − xtrue.

Background errors include the model simulation er-
rors, whereas observation errors include errors associ-
ated with the measuring device, discretisation and other
representation - related errors. The measuring device is
modelled using the operator H(xtrue).

Since xtrue is unknown, the derivation of the equa-
tion for δx depends on a number of assumptions about
the optimal state estimate. Most commonly, each er-
ror from ϵobs, ϵm, ϵa is modelled probabilistically - as a
random variable with a known probability density func-
tion (PDF). To reduce the computational cost of calcu-
lating PDFs, the most typical error models use Gaus-
sian distributions described with means and standard
deviations (or (co-)variances). Background ϵm and ob-
servation ϵobs errors are assumed to be unbiased (with
zero mean of their Gaussian distributions) and uncor-
related (with zero correlation and covariance) (Bouttier
and Courtier, 1999).

Thus, at each time point t, ϵobs = ϵobs[t], ϵm = ϵm[t],
ϵa = ϵa[t] are assumed to be described by the parame-
ters of a Gaussian distribution: zero means and standard
deviations σobs = σobs[t], σm = σm[t], σa = σa[t] cor-
respondingly. In this configuration, each σ = σ[t] can be
used to quantify the range of possible values of x = x[t]:
[x - σ; x + σ] with different levels of confidence - charac-
terise uncertainty of x. Therefore, σ of each data source
can be used to estimate the contribution to the analysis
estimate needed for data assimilation.

Measurement uncertainties are commonly evaluated
as standard deviations of distributions of repeated mea-
surements (type A), or using other information provided
in certificates, specifications, and other sources (type
B) (Joint Committee for Guides in Metrology, 2008;
Damasceno and Couto, 2018). Uncertainty of measure-
ments and numerical model simulations can be quanti-
fied in a forward way considering each possible source
of uncertainty, however it is challenging (Cofta et al,
2021; Delene, 2011) since there is a large number of
sources of uncertainty: limitations of measurement de-
vices (noise, systematic errors), discretisation, lineari-
sation, finite-precision arithmetic, reduction to finite-
dimensional problems, incomplete or simplified math-
ematical models of not fully known physical processes
and their numerical representation, parameters of those
models, data and metrics used for their calibration and
evaluation, interpolation, human errors, and many oth-
ers. Each modelling assumption, such as the structure
of a model and its parameters, introduces an additional
source of uncertainty. Furthermore, there are unknown
sources of uncertainty and known uncertainties that lack
data for evaluation.

When there is not enough information about mea-
suring systems, models and associated uncertainties, the
distributions of errors to quantify uncertainty are esti-
mated from the data by building a forecasting model
and finding errors as differences between obtained val-
ues and their forecasts (e.g. observations and forecasts
of observations). The examples of methods to estimate
errors in a data-driven way, such as autocovariance least
squares, are discussed in Odelson et al (2006); Bania and
Baranowski (2016).

Related work

Data sources

For the demonstration of the algorithms, we assimilated
the CO, NO2, O3, SO2, PM2.5 and PM10 air pollution
data of two data sources: station measurements (obser-
vations) and numerical model simulations.

The station measurements were made by Liivalaia air
quality monitoring station located in the city centre of
Tallinn [24°46’E; 59°26’N], Estonia. The station uses au-
tomatic analyzers for the air pollutant concentrations:
Horiba APNA-360 for NO2, Horiba APSA-360 for SO2,
Horiba APOA-360 for O3, Horiba APMA-360 for CO,
Met One BAM 1020 for PM2.5, PM10 (Estonian Envi-
ronmental Research Centre, 2021).

The model data were obtained from SILAM - System
for Integrated modeLling of Atmospheric composition,
which is a global-to-meso-scale atmospheric dispersion
model (Sofiev et al, 2006) developed and maintained by
the Finnish Meteorological Institute. SILAM provides a
4-day air pollutants forecast with 1 hour step over the
globe, Europe, Northern Europe, and South-East Asia.
The model consists of Eulerian and Lagrangian trans-
port routines, 8 chemico-physical transformation mod-
ules, 3- and 4-dimensional variational data assimilation
(3DVar, 4DVar) modules (Finnish Meteorological Insti-
tute, 2021a,b).

Both data sources are open data sources, the data
from them were exported from the publicly available
archives (Finnish Meteorological Institute, 2021a,b; Es-
tonian Environmental Research Centre, 2021). The Li-
ivalaia station provides hourly fixed location [24°46’E;
59°26’N] measurements, whereas SILAM simulations are
hourly estimates obtained from a 0.2°grid cell [24°36’E
- 24°48’E; 59°24’N - 59°36’N]. The data used for the
validation were exported in the period from 12.10.2021
01:00:00 to 10.11.2021 18:00:00.

Procedures

There are two basic approaches to data assimilation: se-
quential (considers only past observations, used for real-
time systems) and non-sequential (retrospective, reanal-
ysis using observations from the future) assimilation.
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Sequential and non-sequential assimilation can be per-
formed in batches or continuously. They differ in their
numerical cost, optimality, and suitability for real-time
data assimilation (Bouttier and Courtier, 1999). For the
purposes of low-cost sensing networks to process data
fast in real-time (Islam and Bernstein, 2019), we will
use sequential, continuous univariate data assimilation.

Given the probabilistic representation of errors, as-
suming the correction δx to be linearly dependent on
xobs − H(xm) and the operator H(xtrue) to be linear,
the optimal state is assumed to be found by minimis-
ing the variance σ2

a, which can be implemented using
the least-squares analysis. Since background and obser-
vation errors are assumed to be of Gaussian distribution,
this method is equivalent to maximum likelihood anal-
ysis (see also the detailed derivation in Taylor (1982);
Bouttier and Courtier (1999)).

This method is known as least-squares data assim-
ilation (Bouttier and Courtier, 1999), and can be con-
sidered as one of the simplest and most lightweight data
assimilation algorithms. In this work, we will consider 3
cases of least-squares data assimilation of sources of the
same temporal scales: when the prior uncertainties are
known (DA1, Fig. 1a), when the prior uncertainties are
unknown, the data sources are of the same spatial scales
and do not require calibration (DA2, Fig. 1b) and when
the prior uncertainties are unknown, the data sources
are of different spatial scales and require calibration to
the spatial scale of interest (DA3, Fig. 1c).

DA1 is a standard least-squares data assimilation
algorithm that requires uncertainties estimates (errors
or their distribution parameters) to be known or pro-
vided. The direct estimation of the distribution param-
eters of errors would require repeated measurements at
each time point t, which is in most cases implausible. In-
stead, depending on the data availability, the errors can
be estimated as errors from the mean within windows,
rolling windows by batches or recursively (Bouttier and
Courtier, 1999), which often results in non-Gaussian dis-
tributions and consequently suboptimal error estimation
for the least-squares data assimilation.

To address the challenge, we propose algorithms DA2
and DA3 for 2 univariate data sources with missing un-
certainty estimates. Both DA2 and DA3 algorithms do
not require prior uncertainty estimates: they are sequen-
tially estimated in a data-driven way from the provided
data streams. Both algorithms are suitable for the data
of the same temporal scales and, in this work, are demon-
strated on two hourly data sources. The difference be-
tween the algorithms is that the DA2 algorithm imple-
ments least-squares data assimilation for data sources
of the same spatial scales, whereas DA3 - for different
spatial scales.

In order to implement a lightweight data-driven se-
quential estimation of uncertainty, we used the first-
order regression modelling. In this case, the uncertainties
are estimated in an inverse way as errors from the predic-

tions of the regression models. The regression models are
fitted sequentially using recursive least squares (RLS) al-
gorithm - recursive vector-matrix implementation of the
least squares method, in which the parameters of the lin-
ear regression model are updated on each step with new
observations (Young, 1974; Islam and Bernstein, 2019).

Thus, when the data sources have the same spatial
scales, we suggest estimating the uncertainty using er-
rors from the RLS-based autoregression AR(1) model
predictions. Each data source then has an AR(1) model
that recursively models the incoming data and makes
predictions based on one previous value. The predictions
can be used for imputation if the input value is missing,
otherwise the predictions are used only to estimate un-
certainty and the actual input value is used for data as-
similation. The algorithm DA2 (for the data of the same
temporal and spatial scales) uses only AR(1) uncertain-
ties as input for the least-squares data assimilation.

When data sources are of different spatial scales, be-
fore applying the least-squares data assimilation, the
data should be translated to the same scales. The sug-
gested algorithms allow the translation only to the scale
of one of the data sources. Thus, when assimilating ob-
servations from stations and grid model data, the output
of data assimilation can be obtained in the spatial scale
of observations (from a fixed location) or a model of a
corresponding resolution. To implement the translation,
we suggest calibrating one data source (the scale of which
should be translated) to the other (having a spatial scale
of interest). For example, the DA3 algorithm in Fig. 1c
demonstrates a scheme to calibrate a model simulation
to the scale of observations. The choice of the scheme
depends on the user’s interest (e.g. what data source is
more trusted, provides more reliable data, etc.).

The calibration is implemented using an RLS-based
regression R(1) model serving as a calibration linear op-
erator. The R(1) model is fitted using the RLS algo-
rithm, a data value to be calibrated as input and a data
value of a spatial scale of interest as output. The regres-
sion relationships obtained at the previous step are ap-
plied for the prediction, the predictions are used instead
of the input values of a data source being calibrated.

Similar to AR(1) model predictions, R(1) model pre-
dictions are used to estimate uncertainty as errors. How-
ever, since the input of R(1) model already has esti-
mated AR(1) uncertainty, we apply the rules of uncer-
tainty propagation to consider not only the error of R(1)
modelling as uncertainty but also AR(1) uncertainty.

The details of the implementation and demonstration
of the algorithms are discussed further in the paper.
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Fig. 1 Data assimilation procedures: a) DA1: standard least-squares data assimilation of a measurement xobs with uncertainty
σobs and model simulation xm with uncertainty σm, both data sources have the same temporal and spatial scales; b) DA2:
proposed least-squares data assimilation of data sources xobs and xm of the same temporal and spatial scales with missing
uncertainty estimates using 1-order autoregression AR(1) errors ϵobs and ϵm instead, c) DA3: proposed least-squares data
assimilation of data sources xobs and xm of the same temporal and different spatial scales with missing uncertainty estimates
by sequentially calibrating xm to the spatial scale of xobs with a 1-order linear regression R(1).

Methods

DA1: Least-squares data assimilation with known uncer-

tainty

The procedures of the ”Data assimilation” block for all
the DA algorithms from Fig. 1 can be described with
the equations of the continuous sequential least-squares
data assimilation. In this section, we assume that uncer-
tainties σ are known.

When both data sources are of the same scales, at
each time step t, the analysis estimate xa = xa[t] is
equivalent to the weighted average of the data sources
xobs = xobs[t] and xm = xm[t] (Taylor, 1982) and can
be written as Eq. 1.

xa = k · xobs + (1− k) · xm, (1)

where
xobs - observation (measurement),
xm - background (model) estimate (simulation),
xa - analysis estimate,
k - coefficient characterising the contribution of xobs to
xa.

The coefficient k = k[t] is derived from the least-
squares algorithm when minimising σ2

a = σ
2

a[t] , which
by the rules of uncertainty propagation (Taylor, 1982)
can be written down as Eq. 2 and resolved to Eq. 3 under
the assumption of uncorrelated errors (covobs,m = 0).

σ2
a = (|

∂xa

∂xobs

| · σobs)
2 + (|

∂xa

∂xm

| · σm)2+

+2 · |
∂xa

∂xobs

| · |
∂xa

∂xm

| · covobs,m,

(2)

σ2
a = (k · σobs)

2 + ((1− k) · σm)2, (3)

where
σobs = σobs[t] - uncertainty estimate of xobs,
σm = σm[t] - uncertainty estimate of xm,
covobs,m = covobs,m[t] - error covariance of xobs and xm,
σa = σa[t] - uncertainty estimate of xa.

Then, the coefficient k is found from solving
∂σ2

a

∂k
= 0

(see Eq. 4).

k =
σ2
m

σ2
m + σ2

obs

(4)

When data sources are of different scales, they should
be calibrated to the scale of interest. For example, in
time, this can be mapping of hourly observations to ob-
servations recorded each minute or averaging of obser-
vations recorded each minute to hourly observations. In
space, this can be a match between data of a lower and
higher spatial resolution (e.g. local observations and nu-
merical model grid cells). A mismatch between scales in
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the observations and model field results in the represen-
tation error between observations and model simulations
(Janjić et al, 2018).

For example, when we consider 2 data sources of the
same temporal scales but different spatial scales and as-
sume that the scale of interest is the scale of xobs, xm

should be calibrated to the scale of xobs with the op-
erator H. Then, Eq. 1 for H(xm) = xm (without cali-
bration) can be written in a more general way as Eq. 5
and interpreted as the correction δx of the background
(model) estimate.

xa = xm + δx = xm + k · (xobs −H(xm)) (5)

The operator H(xm) is used to linearly map model
simulations xm of a lower spatial resolution to the res-
olution of observations xobs to calibrate their mismatch
in spatial scales. In Fig. 1, DA2 corresponds to the data
assimilation without calibration and DA3 - with calibra-
tion, where the operator H is sequentially fitted from
the provided data.

DA2: Least-squares data assimilation with unknown un-

certainty without calibration

In this work, we suggest estimating the unknown uncer-
tainty from the data in an inverse way. For this, we sug-
gest using a simple linear autoregressive model structure
of order (lag) 1 (AR(1)), fitting the model coefficients se-
quentially from data on each step, and estimating errors
by taking a difference between the AR(1) prediction (us-
ing the model fitted on a previous step) and the actual
data value.

The approach provides a simple, lightweight strat-
egy to quantify changes in the data through the ob-
tained AR(1) modelling errors (corresponds to ”RLS-
based AR(1) model” in Fig. 1). In the probabilistic repre-
sentation, the AR(1) modelling errors would correspond
to standard deviations σ of zero-mean Gaussian distri-
butions. We will use a first-order AR(1) filter as follows
in Eq. 6.

x[t] = w1 · x[t− 1] + w0 + ϵ[t], (6)

where
x[t] and x[t − 1] - state estimates at time t and t − 1
correspondingly,
w0 and w1 - coefficients of the AR(1) model (fitted at
time t− 1: w0 = w0[t− 1] and w1 = w1[t− 1]),
ϵ[t] - AR(1) modelling error.

AR models are usually used to predict future values
using only past values. In this case, we use the assump-
tions that the state can be modelled as a general linear
process and as a hidden Markov chain: each state es-
timate at time step t is assumed to be conditioned to
the most recent state estimate at time t− 1 (lag 1), and

quantify how well a linear model fitted at time t − 1 is
capable of predicting the state at time t (by finding ϵ[t]).
Since w0 and w1 are fitted based on the error ϵ, the larger
the error, the more model coefficients are modified. The
changes of regression relationships over time are often
used to quantify the stability of a process (Brown et al,
1975).

The coefficients of the AR(1) filter are the linear re-
gression model coefficients estimated recursively using
the recursive least squares (RLS) algorithm commonly
used for optimal state estimation in adaptive filters for
sequential data assimilation. In the real-time implemen-
tation, recursive methods have advantages over stage-
wise methods in more rapid convergence and no require-
ment for direct matrix inversion (Young, 1974; Islam
and Bernstein, 2019). The implementation of the 1-order
RLS-based regression model is presented in Algorithm 1.

Algorithm 1 RLS algorithm

P - covariance matrix, w - vector of the 1-order linear
regression model coefficients, ϵ - regression modelling error.
procedure INIT( )

P =

(

1 0
0 1

)

w =

(

0
0

)

ϵ = 0
end procedure
procedure PREDICT(x)

X =
(

1 x
)

return X · w
end procedure
procedure UPDATE(x, y)

X =
(

1 x
)

α = y −X · w
g = P ·XT /(1 +X · P ·XT )
ϵ = |α|
w = w + g · α
P = P − g ·X · P

end procedure
procedure RLS( )

INIT()
end procedure

Algorithm 1 starts with the initialisation of RLS()
(with a constructor INIT ()) of the algorithm parame-
ters: a state matrix P (2x2) and a vector of coefficients
w (2x1). For the AR(1) model, with each new observa-
tion at time t, the parameters P and w are updated with
RLS.UPDATE(x, y), where x = x[t − 1] and y = x[t].
The error ϵ = ϵ[t] is found based on the difference be-
tween the prediction and actual observation.

The AR(1) model can also be used for imputation in
case of missing values. In this case, the procedures are
as follows in Algorithm 2.

Algorithm 2 starts with the initialisation INIT () of
parameters of the RLS algorithm. Then, we model Eq. 6
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Algorithm 2 RLS-based AR(1) model

xpast - past (previous) value, RLSx - RLS-based model
(see Algorithm 1), ϵ - AR(1) modelling error, t - number
of acquired data points.
procedure INIT( )

xpast = None
RLSx = RLS()
ϵ = 0
t = 0

end procedure
procedure IMPUTE( )

if RLSx hasn’t been updated yet (only initialised)
then

if xpast is None then
return 0

else
return xpast

end if
else

return RLSx.PREDICT (xpast)
end if

end procedure
procedure ESTIMATE(xnew)

t = t+ 1
if xnew is missing (is None) then

xcorr = IMPUTE()
else

xcorr = xnew

if xpast is not missing (is not None) then
RLSx.UPDATE(xpast, xcorr)

end if
end if
ϵ = RLSx.ϵ
xpast = xcorr // saving for the next iteration
return xcorr, ϵ

end procedure
procedure AR( )

INIT()
end procedure

using the ESTIMATE() procedure. For this, we find
coefficients w = (w0, w1)

T with the RLS algorithm us-
ing x[t − 2] as input and x[t − 1] as output (perform
RLS.UPDATE() with x[t− 2] and x[t− 1]). Then, we
use w and x[t − 1] = xpast to model x[t], and the er-
ror from the modelling ϵ[t] = ϵ between the modelled
w1 ·x[t− 1]+w0 and actual xnew is returned for further
assimilation procedures.

We also use the AR(1) model to fill the missing val-
ues (when xnew is missing). For this, we use the mod-
elled w1 ·x[t− 1] +w0 instead of xnew and use the error
from the previous modelling ϵ[t − 1] without updating
the model. For several missing values in a row, the last
fitted (updated) model is used.

DA3: Least-squares data assimilation with unknown un-

certainty with calibration

Compared to DA2, algorithm DA3 adds a procedure
”RLS-based R(1) model” to calibrate model simulations
to the spatial scale of observations (see Algorithm 3).

Algorithm 3 RLS-based R(1) model

RLSH - RLS-based model (see Algorithm 1), t - number
of acquired data points.
procedure INIT( )

RLSH = RLS()
t = 0

end procedure
procedure CALIBRATE(xm, ϵm, xobs)

t = t+ 1
if RLSH hasn’t been updated yet then

xC
m = xm

ϵCm = ϵm
else

xC
m = RLSH .PREDICT (xm)

ϵCm = |RLSH .w1| · ϵm +RLSH .ϵ
end if
RLSH .UPDATE(xm, xobs)
return xC

m, ϵCm
end procedure
procedure R( )

INIT()
end procedure

For Algorithm 3, the mismatch in scales is calibrated
using the operator H (H(x) = h1 · x + h2) within an
RLS-based linear regression model R(1).

Algorithm 3 uses the data (or imputations if needed)
and errors obtained from both AR(1) models for xobs

and xm to linearly calibrate the mismatch using w co-
efficients fitted with the RLS algorithm (H = w) from
xm as input and xobs as output. Thus, at step t, the cali-
brated prediction is xC

m = w1 ·xm+w0, where coefficients
w = (w0, w1)

T were fitted at step t− 1.
To calculate the errors of the calibrated predictions,

we apply the rules of uncertainty propagation. In Algo-
rithm 3, we represent ϵCm as a sum of the calibration er-

ror RLSH .ϵ and the scaled |∂H(xm)
∂xm

| · ϵm = |
∂xC

m

∂xm
| · ϵm =

|RLSH .w1| · ϵm. Thus, ϵCm can be found as follows in
Eq. 7.

ϵCm = |RLSH .w1| · ϵm +RLSH .ϵ (7)

Finally, in Algorithm 3, the prediction xC
m and error

ϵCm are further used instead of xm and ϵm for assimila-
tion.

Main algorithm

The overall procedures of the data assimilation algo-
rithms are presented in Algorithm 4.
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Algorithm 4 Data assimilation algorithm

ARobs - 1-order RLS-based autoregression model AR(1) for
observations xobs, ARm - 1-order RLS-based autoregres-
sion model AR(1) for model simulations xm, Rm - 1-order
RLS-based regression model R(1) for model simulations
xm calibrating them to xobs.
procedure INIT( )

ARobs = AR()
ARm = AR()
Rm = R()

end procedure
procedure ASSIMILATE(xobs, xm)

xobs, ϵobs = ARobs.ESTIMATE(xobs)
xm, ϵm = ARm.ESTIMATE(xm)
if do calibration then

xm, ϵm = Rm.CALIBRATE(xm, ϵm, xobs)
end if
k = (ϵm)2

(ϵm)2+(ϵobs)
2

xa = k · xobs + (1− k) · xm

ϵa =
√

(k · ϵobs)2 + ((1− k) · ϵm)2

return xa, ϵa
end procedure

Algorithm 4 includes the steps to estimate missing
uncertainties using the AR(1) models ARobs and ARm

for observations and model simulations correspondingly
(see Algorithm 2 for the implementation details), R(1)
model Rm to calibrate model simulations to the spatial
scale of observations (see Algorithm 3 for the implemen-
tation details). After the uncertainties are estimated, the
standard procedures of the least-squares data assimila-
tion are applied.

In Algorithm 4, the data assimilation scheme DA3
corresponds to the flow when the spatial calibration is
executed. Otherwise, Algorithm 4 corresponds to the
data assimilation scheme DA2.

The calibration operation is suggested to be used
when spatial scales of data sources are different. At the
same time, it can be used in other situations requiring
the calibration of one data source over the other. The
data assimilation algorithm is suitable for 2 data sources
of the same temporal space and would require further
modification if more data sources are used, their uncer-
tainties are known, temporal scales are different, or the
data sources should be calibrated in a different way.

Results

To demonstrate the performance of the developed algo-
rithms, we assimilated the hourly simulations xm from
SILAM (time series from the grid cell [24°36’E - 24°48’E;
59°24’N - 59°36’N]) and hourly observations xobs from
the Liivalaia air quality monitoring station (time se-
ries from the location [24°46’E; 59°26’N]) in the period
from 12.10.2021 01:00:00 to 10.11.2021 18:00:00. The air
quality variables used for demonstration are CO, SO2,

PM2.5, NO2, O3, PM10. The data sources were further
described above in the corresponding section.

xobs and xm have missing uncertainty estimates and
the same temporal (hourly), but different spatial scales
(xobs are obtained from a single point location, whereas
xm - from 0.2°grid). Thus, the data sources are known
to be of different spatial scales, however, to compare the
performance of DA2 and DA3 (included in Algorithm 4),
we applied both data assimilation schemes to the same
data sets.

Fig. 2 demonstrates the time series plots of station
observations xobs (”Station”), SILAM simulations xm

(”Model”) and the assimilated values xa without cali-
bration (”DA2”).

For DA3, we apply Algorithm 3 for calibration of
model simulations to station observations. Fig. 3 demon-
strates the time series plots of station observations xobs

(”Station”), SILAM simulations xm (”Model”) and as-
similated values xa with the calibration of ”Model” to
”Station” (”DA3 (Model → Station)”).

In both cases in Fig. 2 and 3, the assimilated values
are constrained to input ”Station” and ”Model” values
as their weighted sum. Without calibration, ”DA2” val-
ues in Fig. 2 depend only on the dynamics of a process
encoded in the data of each data source independently,
whereas ”DA3” values in Fig. 3 aim at the reference val-
ues used for calibration. In other words, being calibrated
to the spatial scale of interest, the error between the ref-
erence values used for calibration and assimilated values
is decreased. Thus, when calibrating model simulations
to observations, the error between the assimilated ”DA3
(Model → Station)” and ”Station” values is decreased.

The results of data assimilation were summarised by
calculating the root mean squared error (RMSE) pair-
wise using Eq. 8 for each of ”Station”, ”Model”, ”DA2”
and ”DA3 (Model → Station)”. The pair-wise RMSE
of data sources and assimilated values are presented in
Table 1.

RMSE(x1;x2) =

√

√

√

√

1

n

n
∑

i=1

(x1[i]− x2[i])2, (8)

where x1, x2 are vectors of data values of length n

from 2 data sources.

Table 1 demonstrates the RMSE of station observa-
tions and assimilated values without calibration (”Sta-
tion - DA2”) and of model simulations and assimilated
values without calibration (”Model - DA2”) are lower
than the RMSE of station observations and model simu-
lations (”Station - Model”). The calibration of model
simulations to station observations results in a lower
RMSE of station observations and calibrated assimilated
values (”Station - DA3”) than ”Station - Model” and
”Station - DA2” and in a higher RMSE of model simula-
tions and calibrated assimilated values (”Model - DA3”)
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Fig. 2 Time series plots of data sources and assimilated values using data-driven regression-based estimation of uncertainty
for CO, SO2, PM2.5, NO2, O3, PM10 air quality variables. ”Station” corresponds to observations made by the Liivalaia air
quality monitoring station (Tallinn, Estonia), ”Model” - SILAM simulations, ”DA2” corresponds to the least-squares data
assimilation without calibration.

compared to ”Model - DA2”. The calibration of sta-
tion observations to model simulations results in a lower
RMSE of model simulations and calibrated assimilated
values (”Model - DA3”) than ”Station - Model” and
”Model - DA2”. However, the RMSE of station observa-
tions and calibrated assimilated values (”Station - DA3”)
is higher than ”Station - DA2”. In other words, calibra-
tion results in the minimum error between the reference
and assimilated values but leads to a higher error be-

tween the values being calibrated and assimilated values
compared to the uncalibrated data assimilation.

To compare the obtained regression-based uncertain-
ties, we have calculated the mean absolute uncertainties
(MAU) for each of the station observations, model sim-
ulations and assimilated values using the Eq. 9.
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Fig. 3 Time series plots of data sources and assimilated values using data-driven regression-based estimation of uncertainty
for CO, SO2, PM2.5, NO2, O3, PM10 air quality variables. ”Station” corresponds to observations made by the Liivalaia air
quality monitoring station (Tallinn, Estonia), ”Model” - SILAM simulations, ”DA3 (Model → Station)” corresponds to the
least-squares data assimilation with calibration of ”Model” to ”Station”.

MAU(ϵ) =
1

n

n
∑

i=1

|ϵ[i]|, (9)

where ϵ is a vector of uncertainties of length n.
The values of MAU for each of the air quality vari-

ables are presented in Table 2. ”Station” and ”Model”
are AR(1) uncertainties of station and model data val-
ues, whereas ”Model(DA3)” are the uncertainties of cal-

ibrated model values (see Eq. 7) used for ”DA3” instead
of uncertainties ”Model”. ”DA2” and ”DA3” are the un-
certainties of assimilated values without and with cali-
bration.

In Table 2, the uncertainties of the calibrated val-
ues ”Model(DA3)” are higher than the uncertainties of
uncalibrated values ”Model”. After data assimilation,
the uncertainty is reduced compared to the uncertain-
ties of single input sources. However, due to the higher
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Table 1 Root mean squared errors (RMSE) between station observations (”Station”), model simulations (”Model”) and
obtained assimilated values for both uncalibrated (”DA2”) and calibrated (”DA3”) cases.

Variable
RMSE between station observations (”Station”), model simulations (”Model”)

and assimilated (”DA2” and ”DA3”) [µg/m3]
Station-Model Station-DA2 Station-DA3 Model-DA2 Model-DA3

CO 145.41 75.2 16.22 110.39 145.85
SO2 2.98 1.01 0.16 2.6 2.98
PM2.5 6.6 3.35 1.06 5.07 6.38
NO2 13.23 11.64 3.14 4.77 11.86
O3 19.41 13.66 3.97 10.3 18.68
PM10 11.04 7.52 1.39 6.75 10.66

Table 2 Mean absolute uncertainties (MAU) of CO, SO2, PM2.5, NO2, O3, PM10 air quality data at Liivalaia air quality
monitoring station (Tallinn, Estonia). ”Station” and ”Model” are AR(1) regression-based uncertainties, ”Model(DA3)” are
calibration uncertainties, ”DA2” and ”DA3” are the uncertainties of assimilated values without and with calibration.

Variable MAU [µg/m3]
Station Model Model(DA3) DA2 DA3

CO 15.59 12.99 54.88 4.62 11.65
SO2 0.18 0.37 0.4 0.1 0.13
PM2.5 0.96 0.98 4.31 0.32 0.75
NO2 3.23 1.07 9.23 0.6 2.43
O3 4.14 3.18 15.02 1.53 3.27
PM10 1.23 1.31 7.49 0.43 1.03

uncertainties of calibrated values, ”DA3” uncertainties
are higher than ”DA2” uncertainties, and among all, the
minimum uncertainties are obtained for ”DA2”.

The results can be reproduced using the open-source
Python software developed by the authors, accessible
via GitHub by https://github.com/effie-ms/rls-

assimilation and distributed under the MIT license.
The repository includes the scripts of the described algo-
rithms, exported data sources (SILAM time series from
the grid cell [24°36’E - 24°48’E; 59°24’N - 59°36’N] and
Liivalaia station (time series from the location [24°46’E;
59°26’N]) SO2, NO2, CO, O3, PM10, PM2.5 air qual-
ity data from Finnish Meteorological Institute (2021a,b);
Estonian Environmental Research Centre (2021) in the
period from 12.10.2021 01:00:00 to 10.11.2021 18:00:00).
Refer to the repository’s README for the description
of the repository content and instructions on the instal-
lation.

Conclusion

The monitoring of highly dynamic urban ambient air
quality remains challenging since it is simultaneously af-
fected by both micrometeorological and anthropogenic
conditions. The assimilation of the ambient air qual-
ity data can address the challenges by optimally com-
bining and adapting model and observational data over
space and time to perform consistently despite the non-
stationary nature of the underlying physical phenomena.

The lightweight data assimilation methods suitable
for real-time execution, such as least-squares data as-
similation, require the estimates of uncertainty of data

sources which are not always available, especially for
open data. This study developed lightweight methods to
sequentially estimate unknown uncertainty of air pollu-
tion data sources of the same temporal and different spa-
tial scales and applied them to least-squares data assim-
ilation. For demonstration, the study made use of open
access hourly observations from the Liivalaia air qual-
ity monitoring station (24°46’E; 59°26’N, Tallinn, Esto-
nia) and the corresponding hourly 0.2°grid cell data of a
numerical model SILAM in the period from 12.10.2021
01:00:00 to 10.11.2021 18:00:00.

The developed uncertainty estimation methods are
based on sequential regression methods such as 1-order
linear autoregression AR(1) and regression R(1) meth-
ods fitted with the recursive least squares (RLS) algo-
rithm. AR(1) and R(1) models estimate and propagate
uncertainty over time as an error from the sequential
prediction. Thus, AR(1) prediction errors characterise
uncertainties associated with the changes compared to
the sequentially modelled past behaviour, whereas R(1)
prediction errors - with the differences in the regression
relationships between data sources.

The suggested uncertainty estimation methods were
incorporated into algorithms DA2 and DA3, performing
sequential least-squares data assimilation for the data
sources of the same and different spatial scales, without
and with calibration. The calibration of one data source
to the other is achieved by the increased uncertainty
of the calibrated data source derived from the rules of
uncertainty (error) propagation. Consequently, for the
uncalibrated (DA2) and calibrated (DA3) data assimi-
lation algorithms, the minimum uncertainty is achieved

https://github.com/effie-ms/rls-assimilation
https://github.com/effie-ms/rls-assimilation
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with DA2, whereas the minimum error between the ref-
erence and assimilated values - with DA3.

Sequential recursive calculations, the usage of the
first-order models, linear operators and single variables
reduce the computational effort of the suggested meth-
ods. The methods do not fully quantify the uncertainty
but rather provide a standardised way that can be effi-
ciently implemented with any data but not necessarily
represent the proximity to ground truth.

The open-source repository includes the scripts of al-
gorithms to reproduce the results obtained in the study.
The algorithms can be extended to get known uncertain-
ties as input and propagate them, use regression models
of higher orders and/or more variables, work using data
from different temporal scales.

This study shows how the available open data for
ambient air quality monitoring and modelling can be
repurposed for data assimilation in a typical urban Eu-
ropean city environment. This is especially promising,
as the cost of building, maintaining and processing new
IoT systems for ambient air quality may be substantially
reduced at locations where reliable open data already ex-
ist. Further research will evaluate the methods at a wider
range of locations.

The proposed assimilation methods were developed
to be used by IoT-based devices with limited commu-
nication bandwidth and computational power. In the
future, the methods can be implemented on mesh net-
works of hundreds of distributed, low-cost IoT ambient
air quality and noise monitoring stations to improve the
system-wide reliability and accuracy of IoT urban sen-
sors. Finally, future research can evaluate the spatial
maps of the estimated uncertainties to determine the
optimal placement of sensors to reduce the overall num-
ber of sensors and optimise the accuracy of the sensor
network.
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