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Abstract

In this paper, we firstly discuss blow-up phenomena for nonlinear parabolic
equations

u =V - [p(w)Vu] + f(x,t,u), in Q x (0,t"),

under mixed nonlinear boundary conditions % + 0(2)u = h(z,t,u) on

I'y x (0,t*) and w = 0 on I'y x (0,t*), where  is a bounded domain and I'; and
I’y are disjoint subsets of a boundary 0f). Here, f and h are real-valued
C'-functions and p is a positive C'-function. To obtain the blow-up solutions, we
introduce the following blow-up conditions

@240 [ o) o tw)dw < wp(f o) + frid 4,
(CP) : u
(2+¢€) /0 P2 (w)h(z,t,w)dw < up®(u)h(z,t,u) + Bou® + 7o,

forx €, z€ 90, t>0, and u € R, for some constants ¢, 51, B2, 71, and Vs
satisfying

A 1 2\
e>0, f1+ BT < PmAR
As 2

2
€ and OSBQ < %67

where p,, := infs~0 p(s), Agr is the first Robin eigenvalue, and Ag is the first
Steklov eigenvalue. Lastly, we discuss blow-up solutions for nonlinear parabolic
systems.
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1 Introduction
In this paper, we firstly discuss blow-up solutions to nonlinear parabolic equations

under mixed nonlinear boundary conditions

up = V- [p(w)Vu] + f(z,t,u), inQ x (0,t*),

% +0(2)u = h(z,t,u), on I'y x (0,t*), 1)
u =0, on 'y x (0,t%),
U(,O) = Uo, in ﬁ

Next, we deal with blow-up solutions to nonlinear parabolic systems under mixed

nonlinear boundary conditions

uy =V - [p1(w)Vu] + fi(z, t,u,v), in Q x (0,t*),

vy =V - [p2(v) V] + falzx, t,u,v), in Q x (0,t*),

g—z +0(2)u = hy(z,t,u,v), ?TZ +0(2)v = ha(z,t,u,v), on Iy x (0,t*), (2)
u=v=0 on I'y x (0,t%),
u(+,0) = uo, v(+,0) = vy, in Q.

Here, Q is a bounded domain in RY (N > 2) with the smooth boundary 9Q and I'y,
I’y are disjoint open and closed subsets of OS2, respectively, such that 'y UT'y = 99.
Also, t* is the maximal existence time of the solution u (or the solution pair (u,v)).

Also, we assume that f is a real-valued C'(Q x Rt x R)-function, f; and f, are
real-valued C1(Q x R* x R?)-functions, h is a real-valued C! (92 x RT x R)-function,
hy and hy are real-valued C1(992 x RT x R?)-functions, p, p1, and po are positive

and non-increasing C?(R™)-functions satisfying
inf p(s) > 0, f pi(s) >0, and inf ps(s) > 0,

and 6 is a nonnegative C'(9€Q)-function, where R* := (0, 00). Moreover, the initial
data ug and vy are assumed to be nontrivial C*(Q)-functions which are compatible

with the boundary conditions.

The equation (1) and the system (2) appear in several branches of applied sciences.
For example, they represent some ecosystems or chemical reaction models such as
heat processes in one or more component mixtures. Also, we can consider the above
boundary conditions as a migration during in these processes (see [1, 2] and the
references therein).

Some special cases of the equation (1) and the system (2) have been studied from
various perspectives with respect to the blow-up property (see [3, 4, 5, 6, 7, 8, 9,
10, 11, 12, 13, 14]). For example, Enache studied the following nonlinear parabolic

equations

we =V - [p(u)Vu] + f(u), in Qx (0,¢"), (3)
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under the Dirichlet boundary conditions and the Robin boundary conditions in
[15, 16], respectively, where p is a positive and non-increasing C?(R*)-function and
f is a nonnegative differentiable function. He obtained the blow-up solutions to the
equation (3) by using a condition

(4, 2+6/ f(s)p(s)ds < uf(u)p(u), u>0,

for some € > 0.

In fact, the condition (A4,) has been frequently used to study the blow-up phenom-
ena of the nonlinear parabolic equations and systems. There are lots of researches
on the equations and systems in which the function f and h are replaced by a sepa-
rable type functions in the equation (1) and the system (2) (see [17, 18, 19, 20, 21]).
For the example of the systems, Baghaei and Hesaaraki [20] studied the following
nonlinear parabolic systems under the nonlinear boundary conditions

Uy Z” (@ (z)uy De; — Ji(w,v), in Q x (0,t%),
Vg = Z 1(0’” (l’) ) - ( ) in Q x (O’t*)v

Y =1 0 @)z, nj = I (u, v), on 92 x (0,t7), (4)
Z i,j= 1@ ( ) h ( ) on 89 X (Oat*)a
u(-0) =up >0 ( 0) =wvo 20, in Q,

where f1, f2, h1, and ho are nonnegative locally Lipschitz continuous functions.
They obtained the blow-up solutions by using a condition

(4) - (24 €1)F(r,s) > rfi(r,s) + sfa(r,s)
. (2+ ex)H(r,s) < rhi(r,s) + sha(r,s),

for some 0 < ¢; < €5 with €3 > 0, where the functions F' and H satisfy

oF oF OH 0H

I = fi(r,s), D = fa(r, ), o = hi(r,s), and Bs = ha(r, s).

On the other hand, Chung and Choi [22] studied the following nonlinear parabolic
equations

= Au+ f(u), in Q x (0,t%), (5)

under the Dirichlet boundary condition, where f is a nonnegative locally Lipschitz
function. They improved the blow-up conditions (A,) for p =1 such that

©): @2+0 / " f(8)ds < uf(u) + B 47,

for some constants € > 0, 0 < 8 < %’e, v > 0. Here, A\p is the first Dirichlet
eigenvalue of the Laplace operator A.



Chung and Hwang Page 4 of 20

In 2021, the authors [23] studied the blow-up solutions for the nonlinear parabolic

equations
(b(u))s =V - [p(w)Vu] + f(x,t,u), in Qx (0,t), (6)

under mixed boundary conditions, where p is a positive and non-increasing C?(R)-
function and f is a nonnegative C?(Q2x R* x R)-function. They obtained the blow-up
solutions by using the modified version of the condition (C).

It is well-known that the blow-up phenomena are greatly influenced by the shape
of domains (see [24]). However, most of all blow-up conditions don’t depend on the
domains and the boundary conditions. Therefore, it is worthwhile to notice that
the above condition (C') depends on the domain €2, since the first eigenvalue of the

Laplace operator depends on the domains.

From the above point of view, we obtained the blow-up condition for the solutions

to the equation (1) as follows:

2+ OF (e, t,w) < wp(w) f(, t,u) + Bra® + 71,

(Cp) :
" @4 OH(z ) < up(@h(z, 1 0) + fou® + v,

for x € Q, z € 00, t > 0, and u € R, for some constants €, 31, B2, 71, and s,

satisfying

Ar+1 PR

e>0, B+ i\ B2 < e, and 0< B <
s

€

Pra\s
2

2
where F(z,t,u) = [)'p(w)f(z,t,w)dw and H(z t,u) = [ p*(w)h(z,t, w)dw.
Here, py, := infss0 p(s), Ag is the first eigenvalue of the Robin eigenvalue prob-

lem, and Ag is the first eigenvalue of the Steklov eigenvalue problem.

Because we deal with the function f in the reaction terms and the function h in the
boundary terms, it is important to find the blow-up conditions which depends on
the domains and the boundary conditions. From this point, it is worth noticing that
information on domain and boundary was applied to the blow-up condition (C,)
by using the first Robin eigenvalue and Steklov eigenvalue of the Laplace operator,
respectively.

In most of the research results on blow-up, functions f and h have been assumed
to be nonnegative. In addition, functions of separable types such as k(t) f(u) or f(u)
have been considered. However, the functions f and A in this paper are real-valued
functions and can be non-separable, which is one of our main purpose.

Our boundary conditions include various boundary conditions such as the Dirich-
let boundary condition, the Neumann boundary condition, the Robin boundary
conditions, and so on. One of the meanings of our result is a unified approach.

We organized this paper as follows. In Section 2, we deal with the blow-up so-
lutions to the equations (1). In Section 3, we discuss the blow-up solutions to the

systems (2).
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2 Blow-up phenomena : nonlinear parabolic equations

In this section, we discuss blow-up solutions to the nonlinear parabolic equations
under the mixed nonlinear boundary conditions (1). We introduce the definition of
the blow-up.

Definition 2.1 We say that a solution u to the equation (1) blows up in finite
time t* > 0 whenever [, u? (z,t)dz — 400 ast S t*.

Now, we introduce the first Robin eigenvalue and the first Steklov eigenvaule.

Lemma 2.2 (See [25, 26]) There exist Ag > 0 and a nonnegative function ¢g €
W12(Q) such that

—Ad¢o(x) = Ar¢o(x), z € Q,
%0 (2) +6(2)do(z) =0, zeTy,
¢0(£L‘):0, z els.

Moreover, Ag is given by

Jo IVw|?daz + [ 0(z)w?dS
)\R = inf L

weWb2(Q) Jo w?dx
wZ0

Lemma 2.3 (See [25, 27]) Let 'y # 0. Then there exist As > 0 and a nonnegative
function ¢pg € WH2(Q) such that

Ago(z) = ¢o(x), z €,
990 (2) + 0(2)do(2) = Asdo(2), 2z€Ty,
¢0($):05 QZ‘GFQ.

Moreover, Ag is given by

Jo [IVw]? + w?] dz + [ 0(z)w?dS
)\S = inf 1 .

weWw2(Q) Jr, w?dS
wZ0

Now, we state the main theorem.

Theorem 2.4 Suppose that the functions f and h satisfy the condition (C,). In
addition, we assume that F' and H are nondecreasing in t. Moreover, we assume

that the function p satisfies

. 2 o
Sl_l}r&_ s°p(s) =0. (7)

If the initial data ug satisfies

1 2 2 71
i \V4 F —
2 / p”(uo)| Vo das+/ [ (x,0,u0) 2 J dz

uo
—|—/ [H(Z,O,uo) - 9(2’)/ sp*(s)ds — e } ds > 0,
r; 0 2 + €
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then every solution u to the equation (1) blows up at finite time t* > 0.
Proof For a solution u(z,t), we define functions A and B on [0, 00) by

u(x,t)
A(t) :== 2/ / sp(s)dsdx + 1
aJo

and

B(t) ::—%/QpQ(u(x,t)ﬂVu(x,t)Fdx—|—/Q [F(ac,t,u(:mt))— n ]dm

/
1N

for each t > 0. Firstly, we assume that I'; # (). It follows from integration by parts

u(z,t)
H(z, t,u(z,t)) — 9(2’)/ sp?(s)ds — 72 1 ds,
0 2+

€

and the assumption p’ < 0 that

A'(t) :2/Qup(u)utdx

=2 [ upw) 7+ [Vl + fa, 1)) do

:2/ upz(u)%dé' - 2/Q [0 (W) |Vul* + p(u)p (u)|Vul?] dz
9)
+ 2/Qup(u)f(x,t,u) dx

_ 2 2
> Q/Qp (w)|Vul dx+2/gup(u)f(:v,t,u)dm

+ 2/ up®(u) [h(z,t,u) — 6(2)u] dS
ry
for all t € (0,t*). Applying the condition (C,) to the inequality (9), we obtain

Al(t) > — 2/9p2(u)|Vu|2 —2 [ 0(2)u*p*(u)dS

Iy

+ 2/Q [(2+€)F(z,t,u) — Bru® — 71| d
+ 2/1“ [(2+€)H(z,t,u) — fou® — 2] dS

:2<2+e>B(t)+e/Q[P(u)|vu|2dx+<4+26)/F

| [H(z) /0 ’ sp2(s)ds] ds

-2 [ 0(2)u*p*(u)dS — 261/ u?de — 262/ u?dS
Iy

Iy Q

>2(2+¢€)B(t) + ¢ [/Q P (u)|Vul|*dx + /F1 9(z)u2p2(u)d5}

—261/u2dx—262/ u?dS
Q I

Page 6 of 20
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for all t € (0,t*). Here, the last term can be estimated by using the below inequality
(10):

[ sres = a0 - [ s = gut ), (10)

Therefore, we obtain from Lemma 2.2 and Lemma 2.3 that
2
A'(t) >2(2+4 €)B(t) + <pfne — ﬂg) {/ |Vu|*dx +/ 0(z)u2d5}
As Q r,

_ 2 2
(251 " As 52) /Qu & (11)
>2(2 4 €)B(t) + <p3nARe — ”’; i 252 - 2ﬁ1> / u?da
S Q

>2(2 + €)B(t)

for all t € (0,t*). On the other hand, it follows from the fact F' and H are nonde-
creasing in ¢ and integration by parts that

B =- /Q [p(w)p (w)|Vul*us + p*(u) VuVu,] do
+ /3:2 |:p(u)f(‘777t7u)ut + (gtF(CC,t,U):| dJC

+ /F | [pQ(u)h(z,t,u)ut 4 %H(z,t,u) _ G(Z)upQ(u)ut} ds
ou

> [ [P ITu + pw)da] pwpuds = [ g as (12)

+ /Q p(u) fx, t, u)urdx —|—/ [p*(w)h(z, t, u)u — 0(2)up®(u)ue| dS

Iy

= [ 9+ () V0) + 1ot )] s
:/ plu)udr >0
Q

for all t € (0,t*). Considering (11), (12), and the initial data condition (8), it is
easy to see that A(t) > 1, A’(t) > 0, B(t) > 0, and B’(t) > 0 for all t € (0,t*). Now
we use the Schwarz inequality and (11) to get

2+4¢€
2

A()B(t) < 25€

A'(t)B(t)

1., .2
< 7A@ (13)

( /Q u2p(u)dx) ( /Q p(u)ufdx>

for all ¢ € (0,t*). Integrating by parts, the use of p’ < 0, and the assumption (7)

IN

give

2/0 sp(s)ds = s?p(s) g - /0 520/ (s)ds > u’p(u). (14)

Page 7 of 20
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Combining (13) and (14), we have
seaomos([oLmo) (i)

for all ¢ € (0,t*). Then we obtain from (15) that

for all t € (0,t*). It follows that

AT (WA () > 22+ ) A2 (£)B(t) > 2(2 4+ €) A~ (0) B(0)

for all t € (0,t*), which implies that

Integrating from 0 to ¢, we finally obtain

) > | — L - (16)
A=5(0) — (2 + ) A~ (0)B(0)t

Therefore, the solution uw blows up at finite time 0 < t* < T.
On the other hand, if I'y = @, then it is trivial that the function h can’t affect the
solution w. In this case, we can easily obtain the blow-up solution by following the

above proof, by using the condition
(Cp) + 2+ ) F(x,t,u) <up(u)f(a,t,u) + fru® + 71,
for some constants €, 81, and 7, satisfying e > 0 and 0 < 81 < pf”%e. O

Remark 2.5 (i) We can easily obtain that

At) < ,0(0)/ u?de.

Q

ie. lim A(t) = oo implies lim / u?dr = oo.
t—tr t=t o,
(ii) The upper bound T of the blow-up time ¢* can be obtained from the inequality
(16):

A(0)

T:e@+aBmy
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Now, we discuss non-negative functions or non-positive functions, since In fact, if
the functions f and h have same signs on 1 x Rt xR and 9 x RT x R, respectively,

then we can improve the blow-up condition (C,).

Theorem 2.6 Suppose that the function F is non-positive. Also, we assume that

the functions f and h satisfy the conditions

(C ) . (2 + 61)F(.’17,t,’u/) < UP(U)f(-Tatau) + Bluz + 71,
P 2+ e)H(z,t,u) < upz(u)h(z,hu) + Bou® + Y2,

forallz € Q, z € 00, t > 0, u > 0, for some constants €1, €2, 51, B2, Y1, V2,
satisfying

2
Ar+ 1ﬁ2 < PmAR
As 2

0<e <€, €2>0, B1 + €2, and 0< 3 <

P?Mse
9 %

In addition, we assume that F' and H are nondecreasing in t. Moreover, we assume

that the function p satisfies

. 2 _
Sg%l+ s“p(s) = 0.

If the initial data ug satisfies

1 2 2 gi!
_ = F _
5 /Qp (uo)|Vuol dx—l—/ﬂ [ (x,0,up) 2+62] dx
—|—/ [H(z,&uo) - 9(2)/ sp?(s)ds — 72 } ds >0,
r 0 2+

then every solution u to the equation (1) blows up at finite time t* > 0.

Proof The proof is basically similar to the proof of Theorem 2.4. Therefore, we state
the main difference of the proof. For a solution u(z,t), we define functions A and
B on [0,00) by

u(x,t)
A(t) == 2/ / sp(s)dsdx + 1
aJo

and
B() =~ [ At Vute.oPde+ [ [F@»tv“(“” T3 1] dx
u(z,t)
+/r H(z,t,u(z,t)) — 9(2’)/0 sp*(s)ds — 5 1262 ds,
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for each t > 0. Now applying the condition (C,) to (9), we obtain

() > — 2/Qp2(u)|Vu|2 —o [ 6z a2 (u)ds

Iy

+ 2/Q [(2+€1)F(z,t,u) — fr1u® — | dz
+ 2/1“ [(2+ €2)H (2, t,u) — Bou® — 72] dS

22(2+62)B(t)—&-e/ﬂpz(u)|Vu|2dx+(4—|—26)/F

[9(2) /U spz(s)ds] ds
1 0
-2 N 0(2)u?p*(u)dS — 253, /Q udr — 28, /1“1 u?dS

>2(2+€)B(t) + € {/Q P (u)|Vul|*dz +

—261/u2da:—262/ u?dS
Q Iy

for all ¢ > 0. Hence, we have from Lemma 2.2 and Lemma 2.3 that

0(z)u?p? (u)dS}

Iy

A'(t) > 2(2 + e2) B(1).

Also, by same argument as the inequality (12), we can obtain

B'(t) > /Qp(u)ufdx > 0.

Therefore, we can easily obtain in a similar way as proof of Theorem 2.4 that

2

1 23
A=F(0) — (24 e2) A~ "FX(0)B(O) |

A(t) >

Hence, the solution u blows up at finite time 0 < t* < T'. Furthermore, the upper
bound T of the blow-up time satisfies

_ A(0)
T o 62(2 + GQ)B(O) '
O

Theorem 2.7 Suppose that the function H is non-positive. Also, we assume that
the functions f and h satisfy the conditions

(C ) . (2 + 61)F($,t,u) < UP(U)f(xatau) + 61”2 + 71,
P (24 e)H(z,t,u) < up?(u)h(z,t,u) + Bou? + 72,

forallz € Q, z € 00, t > 0, u > 0, for some constants €1, €2, 1, B2, 71, V2,
satisfying
Ar+1 < P2 AR

€1 > €, € >0, B + s B2 < 5

2
A
€1, and 0 S ﬂg S pm2 S€1.
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In addition, we assume that F' and H are nondecreasing in t. Moreover, we assume

that the function p satisfies

. 2 _
S£%1+S p(s) =0.

If the initial data ug satisfies

_ %/Qp2(u0)|vu0|2dx —l—/ﬂ [F(:C,Quo) -3 11 ] dx
—|—/ [H(z,&uo) — 9(2)/ sp?(s)ds — 72 } ds >0,
r, 0 2+

then every solution u to the equation (1) blows up at finite time 0 < t* < T with

_ A
o 61(2 -+ El)B(O) '

Proof The proof is basically similar to the proof of Theorem 2.4 and Corollary 2.6.

Therefore, one can easily complete this proof by following the proofs. O

Since t is the one of variables of the reaction term f, we can expect that the
condition (C,) may depends on t. From this point of view, we obtained the follow-
ing condition (C,)’. In fact, the condition (C,)" is the generalized version of the
condition (C,):

2+ e(t)F(x,t,u) < up(u) f(w,t,u) + Br(t)u” + 71(z, 1)

(Cp)l : 9 9
2+ €(t)H(z,t,u) <up”(u)h(z,t,u) + Ba(t)u” + v2(z, t),

forallz € Q, z € 9N, t > 0, u € R, for some differentiable functions €, 81, B2, 11,
~s, satisfying

Ar+1
As

Pr AR

SBe(t), and 0 < o) < oS (1),

2

Ba(t) <

;r;ge(s) >0, 51(t) +
for ¢t > 0.

Theorem 2.8 Let 'y # (). Suppose that the functions f and h satisfy the condition

(C,)'. In addition, we assume that

72(th)
2+€(t)

n(@:?) and

Flatu) =370

H(z,t,u) — are nondecreasing in t,  (17)

Moreover, we assume that the function p satisfies

. 2 _
Sg%l+ s°p(s) = 0.
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If the initial data ug satisfies

- ; /Q p*(u0)| Vo |2dar + /Q [F@ 0, uo) (0 }
+/Fl [H(Z,O,uo)—a(z)/ouo *(s)ds — 72( (o)) 45 =0,

then every solution u to the equation (1) blows up at finite time 0 < t* < T with

A(0)

= em (2 + em)B(0)’

where €, := infssq€(s).

Proof For a solution u(z,t), we define functions A and B on [0, 00) by

zt
—2// s)dsdx + 1

and

1

B) =~ [ Plule0)Vuenfa+ [ | Pt - 250 i

‘)
Iy

for each t > 0. Then the proof is basically similar to the proof of Theorem 2.4.

)

u(z,t) -

Applying the condition (C,)" to the inequality (9), we can obtain

At) > — 2/ 2)|Vul2—2 [ 0()u2p(u) dS
Q 'y
42 /Q (2 + e(8) P, t,0) — Bu(t)u® — 1 (z,1)] do
42 /F [(2+ e(£) H (2, £, w) — Ba(t)u® — n(z,1)] dS
=22+ OB +e(t) | P Vulds
Q
4+ 26(t)] /

T

—251(t)/gu2dx—252(t)/r u?dS

0(2) /Ou sp2(s)dsdS —2 [ 0(z)u2p?(u)dsS

ry

>2[2 + €(t)]B(t) + €(t) {/Q P2 (w)|Vul2dz + /Fl 9(z)u2p2(u)d5]
— 928 (8) /Q W2dz — 26 (t) /F s
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for all t € (0,t*). Here, the last term can be estimated by using the inequality (10).
Therefore, we obtain from Lemma 2.2 and Lemma 2.3 that

A'(t) >2[2 4 €(t)]B(t) + {pfne(t) - )\2552(15)} Uﬂ |Vu|2dx+/rl H(Z)quS}

- [251(t)+fsﬁz(t)} /QUde (19)

2)\R+2

S22 4 ()] B(1) + [pf,LARea)

202 + (1) B(1)

alt) 2610 [ e

for allt € (0,¢*). On the other hand, we have from the condition (17) and integration
by parts that

B(t) = - /Q [o(u)p! ()| Vul?uy + 92 (u) VuVu] do
+/Q {p(u)f(x,t,u)ut +% <F(a:,t,u) — ;ii’(?))] dx

i /Fl [p2(u)h(z,t,u)ut — 0(2)up®(u)uy +% (H(Z’t’“) - ;ifze(tt)))] a5

2/9 [/ (@) Vul® + pu) Au] p(u)urde / P2(u)ut% ds

19)
+ /Q p(u) f(z,t, u)urdx +/ [p*(w)h(z, t, w)us — 0(2)up®(u)ue] dS

Iy

- /Q V- (p() V) + £ (2,1, 0)] pluueda

:/ pu)uZdr >0
Q
(20)

for all ¢t € (0,t*). Considering (19), (20), and the initial data condition (18), it is
easy to see that A(t) > 1, A’(t) > 0, B(t) > 0, and B’(t) > 0 for all ¢t € (0,t*). Now
we use the Schwarz inequality and (19) to get

24 €m 24 ¢€(t) |,
A )B() < LA (1)B(1)
< AP (21)

IN
N R

/Q uzp(u)d:v> ( /Q p(u)ufd:c>

for all ¢ € (0,t*), where €, := inf,> €(s). Applying (14) to (21), we have

24 €
2

2+e()

A()B(t) < ———A'(t)B(1)

(/ / sots)asis ) [ pluyut ac) (22

Page 13 of 20
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for all ¢ € (0,t*). Then we obtain from (22) that

4
dt

[A*L?" (t)B(t)} >0
for all ¢t € (0,t*). Hence, we can obtain the following in a similar way as the proof
of Theorem 2.4:
2
1 o

ATE(0) — € (24 6m) A~ 3™ (0)B(0)t

Therefore, the solution w blows up at finite time 0 < t* < T. Furthermore, the
upper bound T of the blow-up time satisfies

_ A(0)
= €m(2 + €,)B(0)”

O
Remark 2.9 Let us assume that € (¢) < 0, ¢ > 0. Then we can obtain another

upper bound of the blow-up time. More precisely, we obtain from (22) and the fact
A(t) > 1 that

% [ )B()] = - 2%6(”,4—1—%(“@)4@)3@) A By
U B w A
> @A—%”(me(ﬂ In A(t) > 0
for all t € (0,t*). It follows that
AT A () 2 22+ () ATTET (B() 2 22+ (1) A7 (0)B(0)

for all ¢ € (0,¢*), which implies that

24em

4

= [A—“z" (t)} :—%”A‘ 5 (1) A (1)
< —TATTEN AW
< —em A" TEE(0)B(O)[2 + €(t)].

Integrating from 0 to ¢, we finally obtain

2

1 o
“EER0)B(0) fyl2+ e(s)lds |

A(t) >

A=H(0) — enA

Therefore, the solution u blows up at finite time 0 < t* < T. Furthermore, the
upper bound T of the blow-up time satisfies

T B A2+5(C;)75m (O)
/0 [2 4 €(s)]ds = T BO)
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Remark 2.10 The condition (C') was discussed by Chung and Choi (see [22]). A
careful reading of their analysis, we can obtain that

F(x,t,u) = u*" g1 (2, t,u) + %vf + -1

(C,) holds if and only if 3 2+e
H(z t,u) = v g (2, t,u) + =u? + L,
€ 24¢€

for some real-valued continuous functions g; and g which are nondecreasing in u.

3 Blow-up phenomena : nonlinear parabolic systems

In this section, we discuss blow-up solutions to the nonlinear parabolic systems
under the mixed nonlinear boundary conditions (2). In this section, we assume
that, for the functions f1, f2, h1, and ho, there exist functions F' and H such that

0 0

aTF(a:,t,r,s) = p1(r) f1(z,t,7,8), aF(x,t,r,s) = pa(8) fa(z,t,7,8)
and

0

H(z,t,r,s) = pi(r)hi(z,t,r,s), gH(z, t,r,s) = p3(s)ha(x,t,7,s).
S

or

Now, we introduce a condition for functions f1, fa, h1, and hy as follows:

2+ e)F(x,t,u,v) < upi(u)fi(z, t,u,v) + vp2(v) fo(z,t,u,v)

(©,) + B1u® + Bav? + 71,
(24 €)H(z,t,u,v) < up?(u)hi(z,t,u,v) +vp2(v)ha(z,t,u,v)

+ Bau® + Bav® + e,

forallz € Q, z€ 00, t >0, u € R, and v € R, for some constants €, 31, B2, B3, B4,
Y1, V2, satisfying

2\
/\R+163§ P1,mAR
s 5
P mAs

Ar+1 P5.mAR

€>07 51+ )\S B4_ 2 €,

A

€, ﬁ2+

P3.mAs

Ogﬂdg e,and 0§ﬁ4§ €,
where p1 = infs>0 p1(s) and pa = infssg pa(s).

Now, we discuss the blow-up solutions to the system (2).

Theorem 3.1 Let I'y # 0. Suppose that the functions f1, fo satisfy the conditions
(Cp). In addition, we assume that F' and H are nondecreasing in t. Moreover, we
assume that the functions p1 and ps satisfy

2 T 2 _
SIE&S p1(s) = Sg%1+s p2(s) = 0. (23)
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If the initial data ug satisfies

1
— 5/ 07 (u0)|[Vuo|* + p3(v0)|Vvo|?] d”“’/ [F(m,O,uo,vo) h 271 } da
Q « e

+/F1 [H(Z,O,uo,vo) —0(z) [/Ou sp3(s) +/0U0 sp%(S)dS] - 212 } ds >0,

€

(24)

then every solution pair (u,v) to the system (2) blows up at finite time t*.

Proof First of all, we define functionals A and B by

u(z,t) v(z,t)
A(t) == 2/ [/ sp1(s)ds +/ spa(s)ds| dx + 1
alJo 0

and

B(O) = =5 [ [pHula. )] Vu(r.OF + p(0(e. )| Vol +] do

+/Q {F(x,t,u(w»t)vv(“)) “ o ] "

+e€

+/Fl {H(z,t,u(%t)vv(x’t)) B 2?6] »

wu(z,t) v(z,t)
—/ 0(2) / spf(s)ds—k/ sp3(s)ds| dS.
ry 0 0

In fact, the proof is basically similar to the case of Theorem 2.4. We have from
integration by parts and the assumptions pj < 0, ps < 0 that

A'(t) :2/Q [up1 (w)uy + vp2(v)vy] dx
> =2 [ [B)|Vu? + B0)IVol] do
)
+ 2/Q [upr (w) f1(z, t,u,v) + vpa (V) fa(x, t, u,v)] da

+ 2/ [up? (u) [h (2, t,u,v) — 0(2)u] + vp3(v) [ha(2, t,u,v) — 0(2)u]] dS
ry
for t € (0,t*). We use the condition (C,) to obtain

A'(t) >2(2+ €)B(t) + G/Q [p?(u)|Vu|2 + Pg(v)|VU|2] dz

e [ 06 i) + v*pi(w)] ds

—251/ qux—252/ ’Ugd,’B—Qﬁg,/ u2d5—254/ v2dS
Q Q Iy 'y

for all t € (0,t*). Here, this term can be obtained by similar way to the inequality

(10) in the proof of Theorem 2.4. Therefore, we obtain from Lemma 2.2 and Lemma

Page 16 of 20
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2.3 that

2 2
A'(t) >2(2+4 €)B(t) + {p%mARe - )\I; * B3 — 2ﬁ1] / u?dx
S Q

AR + 2
+ [p;mARe— §+ By — 2@} / w2dz (25)
S Q

>2(2+ €)B(t)

for all ¢ € (0,t*). On the other hand, it follows from similar way to (12) that

B ()= [ [k IValu + o) VY] do
= [ 1oa@)o0) 9o + () V0V da

+ / {pl (u) f1(x, t, u, v)us + pa(v) fo(, t,u,v)ve + %F(x, t,u, ’U):| dx
; (26)

+ / {p?(u)hl(z,t,u,v)ut + pa(v)ha(z, t, u, v)v; + ;H(z,t,u,v)} s
I'y

- [ st + vpbwpnas
I'y

> [ [pa(wud + pa(w)etlde > 0

for all ¢t € (0,¢*). Considering (25), (26), and the initial data condition (24), it is
easy to see that A(t) > 1, A’(t) > 0, B(t) > 0, and B’(t) > 0 for all t € (0,t*). Now
we use the Schwarz inequality and (25) to get
24¢€
2
1
4

A'(t)B(t)

IN

A = | [ upshus + opa(o)odas] 2

IN

1 1 1 1 2
[lluﬂf (W2 llof (w2 ) + llvps (V)2 llp3 (v)vtlle(m]
< (/ u2p1(u)d$+/ Pl(u)utdi??) (/ UQPz(U)dCU'f‘/ Pz(U)Utd!E>

Q Q Q Q

for all t € (0,t*). Using p} < 0, p5 < 0, and the assumption (23), we obtain from
similar way to (14) that

2+e
2

A'(t)B(t) < A(t)B'(t)

for all ¢ € (0,t*). Therefore, we can obtain

™

At) = | —— T
A72(0) —e(2+€)A™ 7= (0)B(0)t

Page 17 of 20
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Hence, the solution pair (u,v) blows up at finite time 0 < ¢* < T'. Furthermore, the

upper bound T of the blow-up time satisfies

_ A
~ €(2+6)B(0)

O

From the proofs of Theorem 2.4 and 3.1, we obtain the blow-up solution to the fol-
lowing nonlinear parabolic systems under the mixed nonlinear boundary conditions
for ke N:

Dy =V (pi(ui) V) + fila,tyur, - yug), i Qx (0,8%),

%1:; +9(Z)Ul :hi(x,tvulv"' ,Uk); onI'y x (Oat*)v (27>
u; = 0, on I'y x (0,t%),
ul(?o) :qwbl 207 in 67
for i =1,--- k. Here, the functions f; are nonnegative C' (92 x Rt x R¥)-functions
and h; are nonnegative C1(9Q x RT x R¥)-functions such that
F(Jf,t,’l"l, AR A P 7776) = .fi(xvtarla Tyt 77"k),0i(7”i),
8ri
7H(Z,t,’l"1,"' s Tiy o 77"k) = hi(l‘,t,’l"l,"' s Tiy e a”c)ﬂ?(”)v
8m
fori=1,---,k and p; are positive C*(R)-functions satisfying
pi(s) <0, s >0, and ir>1% p(s) >0,
S
for i = 1,--- , k. Also, 9; are nonnegative and nontrivial C*(£2) function satisfying

the boundary conditions for ¢ = 1,--- , k.

Corollary 3.2 LetT'y # () and k € N. Suppose that the functions f; and h; satisfy
the conditions

M=

(2+6)F($,t7u1,"' 7uk) S ujpj(uj)fj(m7taula"' 7uk)

<.

M- L

+ ) Bujul +m,

1

(Cp) -
2+ e)H(z,t,ur, - ug) <

M= 5

Ujp?(“j)hj(%t,ula L ug)

.

+ ) Bajul + 7,

<
I
—

- I
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for some constants €, B1j, B2, 71, and y2 satisfying

A 1 2 ARE 2 g€
R)\Jr B2, < P],m2 i , and 0< fa; < PimAse
s

2 )

€ >0, Bl,j+

for j =1,---,k, where pj, = infes0p;(s), 5 =1,---, k. In addition, we assume
that F' and H are nondecreasing in t. Moreover, we assume that the functions p;
satisfy

. 2 _
Jim s%p;(s) =0,

forj=1,--- k. If the initial data uy satisfies

L ) Tu? | d F(z,0 R P
_5/9 ;pg(d]l)' 1/}1| x+/g;|: (:E7 a¢17"'7wk)_2+6 T

k Pi
_ 3 206 = 2
-1-/1“1 H(z,0,11, k) — 0(2) j_l/o spz(s) e ds > 0,

then every solution pair (u1,- -+ ,ug) to the system (27) blows up at finite time t*.
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