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Temperature relaxation in strongly-coupled binary

ionic mixtures

R. Tucker Sprenkle1, L. G. Silvestri2, M. S. Murillo2, S. D. Bergeson1

1Department of Physics and Astronomy,

Brigham Young University, Provo, UT 84602, USA
2Department of Computational Mathematics, Science and Engineering,

Michigan State University, East Lansing, MI 48824, USA

New facilities such as the National Ignition Facility and the Linac Coher-

ent Light Source have pushed the frontiers of high energy-density matter.

These facilities offer unprecedented opportunities for exploring extreme states

of matter, ranging from cryogenic solid-state systems to hot, dense plasmas,

with applications to inertial-confinement fusion and astrophysics. However,

significant gaps in our understanding of material properties in these rapidly

evolving systems still persist. In particular, non-equilibrium transport prop-

erties of strongly-coupled Coulomb systems remain an open question. Here,

we study ion-ion temperature relaxation in a binary mixture, exploiting a

recently-developed dual-species ultracold neutral plasma. We compare mea-

sured relaxation rates with atomistic simulations and a range of popular the-

ories. Our work validates the assumptions and capabilities of the simula-

tions and invalidates theoretical models in this regime. This work illustrates

an approach for precision determinations of detailed material properties in

Coulomb mixtures across a wide range of conditions.
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Introduction

Advancing the frontier of dense plasma science requires a deep understanding of plasma pro-

cesses in extreme conditions. In laboratory experiments, these high-energy-density (HED) sys-

tems are transient – some lasting only a few microseconds (1). In laser-driven fusion exper-

iments, for example, the target temperature changes from nearly absolute zero to millions of

degrees. During this process, the target density increases by up to a factor of 1000. Minor im-

perfections in the target design or the laser wavefront drive instabilities that significantly change

the maximum density and temperature (2).

Accurately modeling HED plasmas (HEDP) requires detailed and reliable models of col-

lective phenomena such as continuum depression heating (3), turbulence and mixing (4–6),

diffusion (7, 8), viscosity (9), and many other physical processes (10, 11). Representations of

the Coulomb interaction (12–14) and the equations of state (15) are inherently uncertain across

the extreme range of temperature and density, and add complexity to the modeling require-

ments. Stringent modeling needs are also found in stellar atmospheres (16, 17), a need that

will become more acute as multi-messenger astronomy probes an increasingly rich diversity of

transient plasmas.

An unsolved issue for predicting transport coefficients is determining how to treat strong,

dynamical collision processes. When collisions are characterized by strong binary scattering

events, cross sections in the Boltzmann equation accurately describe transport properties (18).

Conversely, when collisions are characterized by weak many-body scattering events, dielectric

functions in the Lenard-Balescu equation more appropriately describe transport (19, 20). How-

ever, when neither limit is realized, hybrid models are required (21). One approach is to build

the many-body screening into an effective potential and to use it when computing cross sections,

thereby capturing the strengths of both limits (18, 22, 23). To accurately represent experiments,
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dense plasma models must include effects of Fermi degeneracy (19), atomic physics (24), and

strong scattering (25). In different limits, these can manifest as coupled modes (26–28) or

features of the pseudopotentials (29).

Because most plasmas are created out of equilibrium, understanding temperature relaxation

is critical for modeling the evolution of multi-temperature high energy-density plasmas (30–35).

Temperature relaxation has been studied extensively for electron-ion systems (19,20,25–28,36–

39) and plasma theories are tailored for the case of disparate mass. These theories have been

compared to molecular dynamics (MD) simulations with varying degrees of success (37, 39).

Explicit electron-ion MD simulations often rely on quantum statistical potentials (12,40) which

may only be valid in thermodynamic equilibrium (36). To avoid these problems, fictitious

charges (22, 38) or alternate techniques (41, 42) are sometimes used.

It is desirable to employ a surrogate experiment at lower density and temperature, in which

the density, temperature, and ionization states of the individual species are known, with diag-

nostics specific to the component process under consideration (11). In such a HEDP simulator,

it is possible to test collision physics without the complications of high density, inaccessibly

short time scales, high transient pressures, and extreme optical opacity.

Recent laboratory experiments have shown ultracold neutral plasmas (UNPs) to be ef-

fective HEDP simulators over a limited range of parameters (11, 43–50). In these strongly-

coupled, non-degenerate, quasi-homogeneous, quasi-steady-state plasmas the charge state is

well-known, the initial electron temperature, independent of the ion temperature, is chosen with

sub-percent accuracy, and the time-evolving temperatures and densities of each ion species are

readily determined. Furthermore, the equation of state is well known, dramatically reducing the

complexity of interpreting experimental data and applying plasma models (51).

In this paper we report the first measurements of the ion-ion temperature relaxation rate

using a strongly-coupled dual-species UNP (46). This system allows precise control of the
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ion mass ratio and plasma stoichiometry. We show that within the experimental uncertainties,

the measured temperature relaxation rates match the results of classical MD simulations. The

same sign of charge removes ambiguities in the choice of the potential discussed previously.

We compare rates extracted from these simulations with theoretical predictions in the few cases

where the mass ratio dependence can be readily identified. We find reasonably good agreement

with a recent model based on an effective Boltzmann equation (52).

Methods

Theoretical Considerations

We consider a spatially homogeneous plasma composed of two ion species with different masses,

mα, different number densities, nα, and charge numbers, Zα. The surrounding negative elec-

tronic background is at temperature Te and density ne = Z1n1+Z2n2. The Wigner-Seitz radius

is defined from the total ion number density, a3ws = 3/4πntot, ntot = n1+n2. The concentration

of each ion species is xα = nα/ntot. Notice that ne = ntot when Z1 = Z2 = 1. The ion Debye

length of species α is λ2
α = ǫ0kBTα/(nα(Zαe)

2). The ion plasma frequency of species α is

ω2
α = (Zαe)

2nα/(ǫ0mα). The total ion plasma frequency is ω2
p =

∑

α ω
2
α. We further define an

average temperature as

Tavg =
mαTβ +mβTα

mα +mβ

, (1)

and the ion thermal speed of species α is given by vα,th =
√

kBTα/mα. The strong coupling

plasma parameter of species α is defined as

Γα =
(Zαe)

2

4πǫ0aws

1

kBTα

. (2)

Typical equilibrium values in our experiments are Γα = 3.

In a spatially homogeneous plasma with two ion species collisional temperature relaxation
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(53) is described as

dTα

dt
= −ναβ(Tα − Tβ), (3)

where α, β refer to different ion species. The collision frequency ναβ depends critically on

temperature, density, and charge. In general, the collision frequencies can be represented as

ναβ = nβΦS, (4)

where

Φ =

(

ZαZβe
2

4πǫ0

)2 √
mαmβ

(mα +mβ)3/2

(

1

kBTavg

)3/2

, (5)

is a reduced collision cross section and S is a model-dependent collisional integral.

Most treatments of temperature relaxation focus on electron-ion systems with the electron

temperature much higher than the ion temperature. Few of these theoretical results can be

applied directly to the case of ion-ion relaxation when the mass ratio is near unity. However, in

the following we discuss ion-ion temperature relaxation rates derived from three models with

increasing fidelity.

The first model is found in the NRL Plasma Formulary (54), p. 33. This model is based on

the Fokker-Planck equation that leads to the well known Coulomb Logarithm (CL), S = λαβ .

In strongly-coupled plasmas, λαβ is negative and needs to be modified.

A treatment based on hyperbolic trajectories (25) yields a positive definite result and takes

the form

SNRL =
1

2
ln

[

1 +

(

bmax

bmin

)2
]

, (6)

where

bmax =

(

1

λ2
1

+
1

λ2
2

)

−1/2

, (7)

bmin =

(

Z1Z2e
2

4πǫ0

)

1

kBTavg

. (8)
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Equation (6) gives the NRL result in the limit of large values of the CL.

The second model improves on the NRL by generalizing the approach in Ref. (25) (GMS)

to ion-ion collisions. Note that Eq. (7) tends to zero at low temperatures and does not include

electron screening. This needs to be repaired for collision between screened strongly coupled

ions. Choosing bmax = λeff

λeff =

[

1

λ2
TF

+
2

∑

α=1

1

λ2
α + a2ws/xα

]

−1/2

, (9)

addresses this problem (18). The parameter λTF is the Thomas-Fermi length calculated from

the electron temperature, Te, and density, ne, see Eq. (23) in Ref. (18). Note that Eq. (9)

gives a positive definite value even at zero temperature. Finally, the GMS collision frequency

appropriate for strongly-coupled plasmas is

νGMS
ij = njΦSGMS, (10)

SGMS =
1

2
ln

[

1 +

(

2λeff

bmin

)2
]

. (11)

The third model is presented in detail in Ref. (53) and it is based on a multispecies Bhatnagar-

Gross-Krook solution of the Boltzmann equation. The main difference from the NRL and GMS

models is that the collisional integral is calculated numerically using a Yukawa interaction, in-

stead of a bare Coulomb interaction, and without any assumption of weak-scattering (18). This

leads to a collisional frequency given by

νSMT
ij = njΦSSMT, (12)

SSMT =
128

3

√
π

23/2
K11(g), (13)

where g is the thermally-averaged ion-ion Coulomb coupling factor,

g =

(

Z1Z2e
2

4πǫ0

)

1

kBTavg

1

λeff

. (14)

Typical values in our experiments are g ∼ 0.5. The collision integral K11(g) is calculated from

Eqs. (C22-C24) in Appendix C of Ref. (18) with n = m = 1.
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Experimental details

In the experiment, up to 20 million Ca and Yb atoms are trapped in a dual-species magneto-

optical trap (MOT) (11, 46). The spatial density profile of the trapped neutral atoms is ap-

proximately spherically symmetric and Gaussian, n = n0 exp[−r2/(2σ2)] with an rms size

σ ≈ 300 µm and peak density n0 . 4 × 1010 cm−3. The two MOTs are centered and spatially

overlapped. The temperature of the atoms is around 0.002 K. We use resonant two stage photo-

ionization to ionize 100% of Ca atoms and up to 60% of Yb atoms. The electron temperature

is determined by the photon energy of the ionizing pulse above the ionization threshold, and a

typical value is Te = 96 K. The initial plasma densities are controlled by expanding the neutral

atom cloud prior to ionization. The Ca and Yb atoms can expand for different lengths of time

up to 2 ms, allowing independent control of the relative densities of these species. The process

of loading the neutral atom trap, expanding the neutral atom clouds, and generating the plasma

takes several ms and the process is repeated at a rate of 10 Hz.

The Ca+ and Yb+ velocity distributions are measured using laser-induced-fluorescence.

Probe lasers at 393 (Ca+) and 369 nm (Yb+) overlapped using a dichroic mirror and then cou-

pled into a single mode polarization maintaining optical fiber. The fiber output is collimated

with a diameter of several mm and then cylindrically focused to illuminate a sheet of ions in the

center of the plasma (55) (see Fig. 1. The laser intensities are typically 10 to 20% of the satu-

ration intensity. For Ca+, lasers at 854 and 850 nm prevent optical pumping into the metastable

2D states. We verify that optical pumping is a negligible source of error.

Details of the measurement process are given in Fig. 1. With the probe laser frequencies at a

particular offset from resonance, we collect fluorescence as a function of time after the plasma

is created (56). Fluorescence measurements from up to 100 identical plasmas are averaged at a

given frequency of the probe lasers. The probe laser frequency is changed and the measurement

process is repeated. Using 11 different probe laser frequency offsets, we sample the ion velocity
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distributions, using the Doppler shift to convert frequency offset to ion velocity. The data is

post-processed so that at a given time after ionization, the fluorescence signal as a function of

frequency is fit to a Voigt profile, and the rms Gaussian width, vα,th, is used as a fit parameter.

This is used to determine the ion temperature, Tα.

Two-temperature plasmas

The two-temperature nature of the plasma arises naturally because of the mass difference be-

tween the species. Although the ions initially retain the mK temperatures of the neutral atom

cloud, the ion velocity distributions rapidly broaden as individual ions respond to the sudden

appearance of neighboring ions (57). This disorder-induced heating (DIH) occurs because in

the neutral atom cloud the atom pair distribution function is flat, g(r) = 1. As the ions push

neighboring ions away, the pair distribution function develops a hole near r = 0 and the energy

required to do that appears as increased kinetic energy of the ions, with temperatures near 1

K (58).

In a dual-species DIH process, the lower mass ions reach a higher temperature. The average

kinetic energy of each species of ions in the plasma can be written as

kBTα(t) =
mα

3Nα

Nα
∑

i=1

v2i (t), (15)

where the index i indicates the particle of ion species α. We propagate the velocity in time

using an Euler step, v2i (t) = [~vi(0) +~ai(0)t]
2 = v2i (0) + 2~vi(0) ·~ai(0)t+ ai(0)

2t2. In a uniform

plasma with no spatial order and no bulk flow, the dot product ~vi(0) ·~ai(0) averages to zero and

Eq. (15) simplifies to

kBTα(t) =
mα

3Nα

Nα
∑

i=1

[

v2i (0) + ai(0)
2t2

]

= kBTα(0) +
t2

3Nαmα

Nα
∑

i=1

F 2
i (0), (16)

8



where we have used Newton’s second law for the force magnitude Fi. This force is due to

the electrostatic interaction and is mass independent. As Eq. (16) shows, the smaller mass will

reach a higher temperature in the DIH process when the DIH timescale is faster than the thermal

relaxation rate.

Molecular Dynamics Simulations

Experimental results are compared with MD simulations. These are carried out using the Sarkas

package, a pure python open-source molecular dynamics code for non-ideal plasma simulation

(59). Ion-ion interactions are represented using a Yukawa interaction,

U(rαβ) =
ZαZβe

2

4πǫ0

1

rαβ
e−rαβ/λTF . (17)

The initial positions of the ions are randomly distributed along the three axis of the simulation

box. The initial velocities, however, are chosen from normal distribution with an initial width

v
(0)
α,rms =

√

kBT0/mα with T0 = 2 mK.

Following the experiments, in the first 40 ns of the simulation Ca atoms are neutral, i.e. their

charge number, Z, is set to 0, while Yb atoms carry a charge Z = 1. In this way only the Yb+

atoms interact with each other and do not interact with Ca atoms. For t ≥ 40 ns the charge

number of Ca atoms is changed to 1 and the screening parameter κ = aws/λTF is updated. Note

that κ increases after the first 40 ns due to the increased electron density.

The potential energy and forces are calculated using a highly efficient Particle-Particle

Particle-Mesh algorithm (60). This algorithm is more reliable than the minimum image con-

vention when κ is small. Electron temperature and densities from the experiments lead to

κ ∼ 0.37− 0.46.

MD simulations are performed for plasmas with a uniform spatial density, obtained from

experimental values, and periodic boundary conditions. While the experiments necessarily have

open boundary conditions, the MD simulations are an appropriate representations of the middle
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of the plasma when the thermalization time is faster than the expansion time. For these initial

conditions there is no equilibration phase. Particle positions and velocities are integrated using

the standard velocity Verlet algorithm. The timestep and total number of particles were varied

and chosen to give converged results. In our simulations, we use N = 50, 000 total ions, with

Ca/Yb number ratios matching those of the experiments. The timesteps were chosen such that

ωp∆t ∼ 0.002. For each experiment five MD Non-equilibrium simulations with different initial

conditions were performed.

Because UNPs are created out of equilibrium (57), we need to verify when a two-temperature

system has formed, i.e. when the velocity distribution of each species has relaxed to a Maxwellian

distribution. We use an analysis based on the Hermite expansion of velocity distribution to

quantify the deviations from a Maxwellian distribution, M(v), (61,62). The expansion reads as

f(v, t) = M(v)
∑

n=0

1

n!
an(t)Hn(v), (18)

where Hn(v) are the probabilistic Hermite polynomials of order n.

In the case of a Maxwellian distribution the Hermite coefficients, an will all vanish except

for a0 = 1. The even and odd coefficients of the expansion, an, are related to the even and

odd moments of the velocity distribution respectively. In Fig. 2 the top panels show time evo-

lution plots of the |a2/2| (a) and a4/4! (b) coefficients of the Hermite expansion. The bottom

panels quantify the deviations from a Maxwellian distribution; (c) percentage deviations of the

Maxwellian rms width obtained from Eq. (18) and MD rms velocity, (d) percentage of the num-

ber of Maxwellian particles. We find that after ∼ 1 µs the two temperature system is well

established. The number of ions that lie outside of a Maxwellian distribution can be calculated

by fitting the MD velocity distribution to a normalized Gaussian and then integrating the ab-

solute value of the difference. In this way it can be shown that a Maxwellian distribution is

appropriate for 90% of all the particles by t = 0.5 µs. By t = 1.0 µs, the fraction is 98%, see
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panel d) of Fig. 2.

Results and Discussion

In Fig. 3 we plot the Ca+ and Yb+ ion temperatures and temperature differences. To enforce

compatibility in comparing the MD data to the experiment, the MD velocity distribution is

convolved with a Lorentzian distribution and then fit to a Voigt profile with the Gaussian width

as a fit parameter. This slightly underestimates the average ion kinetic energy during the DIH

phase (55) because of slight departures from a Maxwellian velocity distribution (see Fig. 2).

For lower density plasmas in Fig. 3a, the laboratory temperature measurements and MD

simulations agree well. For the higher density plasmas in Fig. 3b, the temperatures exhibit a

systematic departure. However, the temperature difference plotted in Fig. 3d shows excellent

agreement between the laboratory measurements and the MD. Experimentally, higher densities

correspond to smaller plasmas with smaller initial size and larger density gradients. The abso-

lute value of the Temperature measurements in these smaller plasmas may depend somewhat

on the cylindrical focus of the probe laser beam into the plasma.

In Fig. 4 we compare MD results with the theoretical predictions presented above. The pro-

gression of models begins with standard plasma theory that incorporates physically motivated

ion trajectories, Eqs. (4)-(8) (25). This is plotted as dotted blue line and it indicates a serious

deficiency of standard plasma theory. This is expected since this model, Eq. (6), uses the ion

Debye length as the relevant length scale. The next level of improvement provides a correction

for strong coupling when the Debye length becomes unphysically small, Eqs. (10)-(11). This is

plotted as dash-dot orange line. This strong coupling correction brings the theory closer to the

simulations, but still underpredicts the relaxation rates.

Our best model is based on an effective potential in a Boltzmann description, Eqs. (12)-(14),

which includes velocity dependent strong scattering. This is plotted as a dashed green line in
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Fig. 4. This incorporates strong scattering in a self consistent way, reducing the ambiguity in

choosing ad hoc cut off parameters inherent in a Coulomb logarithm approach. Nonetheless

this model predicts temperature relaxation rates somewhat faster than the MD result. This is

surprising given the previously demonstrated accuracy of this model in reproducing experimen-

tal data and MD simulations of momentum transfer, joule heating, diffusion, viscosity, thermal

conductivity, etc. (11, 18, 46).

This overprediction may be due to errors in the effective potential, non-binary collisions,

or coupled modes (26, 27, 63, 64). The influence of the coupled mode can be identified when

examining the dielectric response function ε(k, ω) of a binary plasma mixture. In a Lenard-

Balescu approach the ε(k, ω) dependence of the temperature relaxation rate is (65),

ν12 ∝
∑

k

∫

dω
(φ12)

2

|ε(k, ω)|2
{

T1

n1

[

Imχ0
1

]2 ∣
∣1− φ22χ

0
2

∣

∣

2

−T2

n2

[

Imχ0
2

]2 ∣
∣1− φ11χ

0
1

∣

∣

2
}

(19)

where χ0
α(k, ω) is the ideal gas response function of each species, φαβ(k) is the Fourier trans-

form of the Coulomb interaction between the two ion species. In the low frequency (static) limit

the effective interaction φ12(k)/ε(k, ω) gives the Yukawa-like interaction of Eq. (17). The three

models described above neglect the frequency dependence of ε(k, ω) and consider only the

static version φ12(k)/ε(k, 0). This effective interaction is then used to inform the Coulomb log-

arithm in a Fokker-Planck approach (NRL, GMS) or the cross section in a Boltzmann equation

(SMT).

In general the effective interaction is time and frequency dependent. The electron-ion and

ion-ion dynamics need to be considered when extending SMT to include coupled modes. Some

of these processes harden the ion-ion potential while others soften it. Future work is needed in

this direction.

In conclusion, we demonstrate that UNPs provide an new platform for studying ion trans-
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port properties in a two-temperature system. We characterized the approach to equilibrium

using a Hermite expansion, which reveals when a relaxing system can be safely treated as a

“two-temperature” system. This powerful approach facilitates comparison of data with quasi-

equilibrium theories.

We present the first measurement of ion-ion temperature relaxation rates in a newly devel-

oped strongly coupled binary ionic mixture. Using a single diagnostic method we directly mea-

sure the ion temperatures without inference through, for example, an equation of state. This

shows the remarkable capability for UNPs to investigate component physics across coupling

regimes, simulating some aspects of, e.g. HEDP, plasma mixtures, and liquid metal alloys.

We show that our MD simulations of temperature relaxation agree with experimental mea-

surements. This reinforces the fact that the Yukawa potential, Eq. (17), accurately describes

ion-ion interaction in dual-species UNP mixtures. This further confirms the ability of our MD

simulations to capture a very complex relaxation process. This confidence, in turn, allows us to

employ the MD as a surrogate for information that the experiment cannot provide, as as the Her-

mite coefficients. These observations reinforce the importance of having MD as a an integral

part of experimental workflows.

We compare the simulated relaxation rates with three popular temperature relaxation theo-

ries of varying fidelity. The closest theory is based on solving the Boltzmann equation using an

effective potential. The variance between this theory and the MD simulations is likely caused

by coupled modes, an effect that is omitted from the theory by design. Future work could ex-

plore the influence of coupled modes on ion transport. Incorporating coupled modes into the

Boltzmann solutions could also prove fruitful for ion transport in the regime of relatively small

mass ratios.
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Figure 1: Experimental details for fluorescence detection from Ca+ and Yb+ ions. (a).

Schematic diagram of the optical system used for fluorescence detection. The plasma is il-

luminated by cylindrically focused laser light. Laser-induced fluorescence is collected using an

f/2 1:1 imaging system. For PMT measurements the plasma is imaged onto a φ = 250 µm

aperture, enabling measurements of the central portion of the plasma. Spectral filters in front of

the PMTs allow simultaneous measurements of fluorescence from both Ca+ and Yb+ ions. (b)

Typical laser-induced fluorescence PMT signals. (c) A representation of laser-induced fluores-

cence measurements vs. time as a function of probe laser frequency detuning. (d) Typical Ca+

fluorescence ICCD camera image when Yb+ ions are present after a time-evolution of 2.5 µs.

Camera measurements give spatial information at a particular time after ionization.
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Figure 2: Time evolution of a) a2/2 Hermite coefficient, b) a4/4! Hermite coefficient, c) per-

centage deviations of the Maxwellian rms width obtained from Eq. (18) and MD rms velocity,

d) percentage of the number of Maxwellian particles. Simulation parameters nY b
0 = 1.9 × 109

cm−3, nCa
0 = 3.4× 109 cm−3, Te = 100 K, κ = 0.38.
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Figure 3: Temperature vs. time for two UNP configurations. a) TCa (black), nCa
0 = 3.4 ×

109 cm−3, σCa
0 = 0.57 mm, and TYb (blue), nYb

0 = 1.9 × 109 cm−3, σYb
0 = 0.72 mm. Circles

show temperatures extracted from laboratory data. Solid lines show MD data. c) Temperature

difference, TCa - TYb. Circles show laboratory data. Solid lines show MD data. The gray

shaded area represents the estimated 1-σ uncertainties in the decay rate extracted from the

laboratory data. Panels b) and d) show the same analysis for a higher density plasma with

nCa
0 = 4.3× 109 cm−3, σCa

0 = 0.53 mm, and nYb
0 = 1.3× 1010 cm−3, σYb

0 = 0.38 mm. For all

of this data, the electron temperature is 96 K.
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Figure 4: Semilog plot of the temperature difference TCa − TYb compared with temperature

relaxation models. NRL dotted blue line, Eqs. (4 - 8), GMS dash-dot orange line, Eqs. (10)-

(11), SMT dashed green line, Eqs. (12-13), and exponential fit for the same systems as in Fig. 3

Simulation parameters Te = 100 K, a) κ = 0.38, nY b
0 = 1.9 × 109 cm−3, nCa

0 = 3.4 × 109

cm−3, exponential fit parameter ν = 1.30 × 106 Hz b) κ = 0.46, nY b
0 = 1.3 × 1010 cm−3,

nCa
0 = 4.3× 109 cm−3 exponential fit parameter ν = 2.52× 106 Hz
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