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Abstract

Metamorphic Testing (MT) is a test design approach that produces
“follow-up” test cases from existing ones, through the application of
metamorphic relations (MRs). These MRs encode known properties
about the problem being solved by the system under test. Identify-
ing, designing and implementing the MRs is costly and error-prone. In
the past, several methodologies have been proposed to guide the design
of MRs, such as iterative metamorphic testing (IMT) or MR-GEN.
In this paper, we propose a refinement of IMT which takes advan-
tage of mature existing constraint programming languages to formalize
MRs and automate the generation of test cases. The methodology cov-
ers the design of the initial cases, the design of the MRs, and the
application of the MRs to produce a comprehensive test suite. METRE-
CoP is applied to an empirical study, creating 10 MRs (by constraint
solvers), producing a test suite that can detect all the defects that were
seeded into the program, and guiding the design of additional MRs.
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2 The METRECoP methodology

1 Introduction

In the context of software testing, Metamorphic Testing (MT) has proven to be
a useful and effective technique in various fields and disciplines, for example,
cloud computing (Núñez, Cañizares, Núñez, & Hierons, 2020), geographical
information systems (Hui, Huang, Chua, & Chen, 2019), chatbots (Boz̆ić,
2022) or distributed computations (Morán, Bertolino, de la Riva, & Tuya,
2018). Metamorphic Testing attempts to alleviate the test oracle problem
(Section 2.2) and other problems (improving error detected) through the use
of Metamorphic Relations (MRs), which are known relationships between the
inputs and outputs of multiple executions of the program under test (Chen et
al., 2018). As an example, if our software is computing sin(x), one MR could
be that if sin(x) = y, then sin(−x) = −y: from a test case with input x and
expected output y, we could derive one with input −x and expected output
−y. With a maturity of twenty years Chen (1998), and several recent major
reports that corroborate this Chen et al. (2018); Segura, Fraser, Sanchez, and
Ruiz-Cortes (2016), the number of publications per year is increasing, with
a dedicated yearly workshop for exchanging advances on the technique from
2016: O’Conner (2021); Xie, Poon, and Pullum (2019); Xie, Pullum, and Poon
(2018). However, there are still challenges to be addressed and issues that need
to be researched and developed, as highlighted in the recent review by Chen
et al. (2018), which pointed out the challenge of “systematic MR identification
and selection”.

In the literature, several methodologies have been proposed, such as
IMT Wu (2005), METRIC Chen, Poon, and Xie (2016), or METRIC+ Sun
et al. (2019). These methodologies typically operate in an iterative manner,
where an initial set of test cases is generated, and then augmented through
repeated applications of MRs. However, they require the manual definition of
MR sequences (as in IMT)1, or they focus on input/output partitioning (as
in METRIC/METRIC+) and do not take into account the high-level logic of
the program.

Likewise, some machine-parsable notations for describing MRs have been
proposed, such as MRDL from Sun, Wang, Wen, Towey, and Chen (2016).
The MRDL authors described an initial algorithm for generating test inputs
from the descriptions, which relied on heuristics and filtering over a random
generator, rather than using an existing constraint solving system.

In this paper, we propose METRECoP (METamorphic RElations through
Constraint Programming), a methodology which aims to solve the above issues.
METRECoP follows a white-box approach, and uses a generational approach
for MRs that does not require manually defining MR sequences. METRECoP
uses an existing mature constraint programming language (MiniZinc) to spec-
ify MRs, and leverages the available constraint solving systems to compute
follow-up tests from the MRs.

1By applying metamorphic relations in a chain style. Given a metamorphic relation sequence
MR1, ...,MRn, new test cases resulted from metamorphic relation MRi(1 ≤ i < n) can be reused
as source test cases for the next metamorphic relation MRi+1
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Following from our prior proof-of-concept MR identification study M.C. de
Castro-Cabrera, Garćıa-Domı́nguez, and Medina-Bulo (2019), in this paper
we provide a full description of the METRECoP methodology. We apply each
step to a Web Services Business Process Execution Language (WS-BPEL)
composition inspired by the Triangle program from the Siemens suite (Yang,
Khurshid, Person, & Rungta, 2014), and study the relative usefulness of the
identified MRs through mutation testing. WS-BPEL has been chosen because
there are tools that can evaluate the quality of the tests produced by the
methodology via mutation testing, which seeds defects and checks if the tests
can detect them. Although the example may seem simple, it is worth noting
that most software tools as GIS and terrain studies apply methods based on
irregular networks of triangles (TIN).

This paper is structured as follows: Section 2 highlights the background of
the subject, Section 3 describes the methodology proposed, Section 4 illustrates
and evaluates it, step-by-step through one case study. Section 5 discusses the
results answering to the research questions. Section 6 analyzes the threats to
validity. Section 7 exposes related works. Finally, the last section presents the
conclusions and future lines of research.

2 Background

Before we introduce our methodology, we will present some concepts needed
to understand this work. We will start with a general introduction to test case
definition and generation approaches, and present metamorphic testing. Then
we will move on to the most recent efforts in guiding developers on defining
and implementing MRs. Finally, we will introduce constraint programming.

2.1 Test Case Definition and Generation

Beizer (1990) considers that the goal of software testing depends on the matu-
rity level of the software testing process in an organization. He lists 5 levels, of
which this paper aims to achieve the last one: “Testing is a mental discipline
that helps all IT professionals develop higher-quality software”. To reach this
level, as described by Ammann and Offutt (2016) in one of the basic texts on
software testing, the current approach follows two steps: build a model of the
program under test (using structures and criteria such as input spaces, graphs,
logical expressions, or syntactic representations), and generate tests from this
model by finding the various ways in which it can be exercised.

For any program, the possible number of inputs is usually huge, and it is
not feasible to test them all at every stage of program development. Therefore,
the test designer’s goal will be to do a careful sampling of these large input
space, expecting to find the least number of tests that show the most number
of problems. That is, there are two questions to be solved: how to search, and
when to stop. To answer these questions, test requirements need to be consid-
ered. They are specific elements of a software artifact that a test must satisfy.
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For example, coverage criteria require that the tests exercise the software in a
certain number of ways.

The level of abstraction in testing can be raised by using mathemati-
cal structures. This is how Model-Driven Test Design (MDTD) came about.
MDTD decomposes the tests according to the coverage criteria, in a sequence
of small tasks (based on the previous structures) that simplify the generation
of tests. These structures can be extracted from many software artifacts. For
example, graphs can be extracted from UML use cases, finite state machines
or source code among others, and logical expressions could be extracted from
decisions in source code, from conditionals in use cases, and so on.

On the other hand, for test design, two approaches should be considered
that are complementary (Chapter 2 of Ammann and Offutt (2016)): design
based on code coverage criteria and design based on people (domain experts
that can detect possible failures that the coverage criteria do not detect). While
the former is more technical and mathematical (described above), the latter
requires knowledge of the problem domain and having experience on testing
solutions for that domain.

Once these models are defined, it is relatively simple to automate the
process of defining and generating test cases, achieving agility and reducing
costs in software testing. Chapter 3 of Ammann and Offutt (2016) defines test
automation in a broad sense as: “The use of software to control the execution
of tests, the comparison of actual outcomes to predicted outcomes, the setting
up of test preconditions, and other test control and test reporting functions”.

Taking into account this approach, there are many works on how to gen-
erate high-quality test cases in an automated way. For instance, Utting et al.
discuss in (Utting, Pretschner, & Legeard, 2012) the model-based testing pro-
cess, defining a taxonomy that covers the key aspects of model-based testing
proposals as well as tools to implement them. In addition, Anand et al. review
in (Anand, Burke, Chen, et al., 2013) the state of the art on automatic test
case generation and updating. Finally, Fraser and Arcuri present in (Fraser &
Arcuri, 2014) the results of an experiment on unit test generation using the
EvoSuite system on several open source and industrial projects.

2.2 Managing the oracle problem with metamorphic

testing

When an output is difficult to verify because the precise result is not known a
priori,2 or because the size of the output makes it unfeasible to apply standard
techniques, this is called the oracle problem (Weyuker, 1980). In these cases, it
is recommended to use a different approach to help with the verification and
validation process.

An oracle can be any mechanism for checking whether a program under test
behaves correctly for any given input. Despite the fact that manual checking
is error-prone and expensive, it is frequently done. As it is mentioned before,

2Partial knowledge or properties of the result can, indeed, be available.
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there are practical situations where oracles can be unavailable or too expensive
to apply. Metamorphic testing, as mentioned in the previous section, has been
proposed to alleviate the oracle problem (Chen, 1998; Chen, 2010). MT relies
on the notion of a metamorphic relation (MR). In Chen et al. (2018), an MR
is defined as follows:

Let f be a target function or algorithm. A metamorphic relation is a nec-
essary property of f over a sequence of two or more inputs ⟨x1, x2, ..., xn⟩,
where n ≥ 2, and their corresponding outputs ⟨f(x1), f(x2), ..., f(xn)⟩. It
can be expressed as a relation R ⊆ Xn × Y n, where ⊆ denotes the
subset relation, and Xn and Y n are the Cartesian products of n input
and n output spaces, respectively. Following standard informal practice,
we may simply write R(x1, x2, ..., xn, f(x1), f(x2), ..., f(xn)) to indicate that
⟨x1, x2, ..., xn, f(x1), f(x2), ..., f(xn⟩ ∈ R.

When the implementation is correct, program inputs and outputs are
expected to satisfy some necessary properties that are relevant for the
underlying algorithms.

Through MRs, it is possible to generate new test cases from the initial
ones. As an example, take a function f , which given m natural numbers,
n0, n1, . . . , nm, calculates their mean. If the inputs are rearranged (for example,
n0, n2, n1, ....nm), the result has to be the same, since it is a known property
of the arithmetic mean. Formally, we can express this as:

MR1 ≡ (∀xL2 = perm((n0, n1, n2, ...nm), x)

=⇒ mean(L2) = mean((n0, n1, n2, ...nm)))

where (n0, n1, n2, ...nm), is the original input and L2 will be the follow-up
test case input (the x-th permutation of (n0, n1, n2, ...nm)):

• Initial: ((n0, n1, . . . , nm),mean((n0, n1, . . . , nm)))
• Following: (L2,mean(L2))

If the output is different, it is a defect in an implementation of f that has
been detected. In general, given an initial test case t0, its next test case tf
(“follow-up test case”) is obtained by applying a MR to t0.

Segura et al. mention several domains where metamorphic testing has been
particularly useful in Segura, Duran, Troya, and Cortes (2017). Some of these
include thermodynamics, smart streetlight systems, mesh simplification pro-
grams, machine learning classifiers, wireless signal metering, search engines, or
the NASA Data Access Toolkit (DAT).

2.3 Constraint programming

In constraint programming (CP), a program is made up of a set of constraints
(a model), such that when it is executed it finds a solution that satisfies those
constraints. The exact procedure is up to the constraint solver, a piece of
software which implements the appropriate decision processes.
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This paradigm has its beginnings in the 80s, although there is some prior
work. For example, SketchPad from Sutherland (Johnson, 1963) is an interac-
tive constraint-driven drawing tool, and ALICE (Lauriere, 1978) had a generic
system of constraints. In the 1990s, they were used more in practice, in gen-
eral as an extension of logic programming languages: the approach was called
Constraint Logical Programming (CLP). Charme (A. Oplobedu & Tourbier,
1989), CHIP V4 (Simonis, 1995) or ILOG (Puget, 1994) are from this stage.
They are, in general, software development environments and were used mainly
for the development of applications for planning (personnel, production, etc.)
and design problems (Jaffar & Maher, 1994).

Constraint Programming Systems (CPSs) are being used more often and
in a wider range of domains (Apt, 2003; Rossi, Van Beek, & Walsh, 2006).
CPSs are based on different programming languages and paradigms, and
many different tools exist. Hakan provided a comparison of the available
CPS in Kjellerstrand (2012). For the present work, a number of different
options were studied, considering the conciseness of the syntax, its ease of
use, the community behind the tool, the quality of the documentation and
their capabilities. Among others, JaCoP (Kuchcinski & Szymanek, 2013),
Choco (Jussien, Rochart, & Lorca, 2008), Comet (Van Hentenryck & Michel,
2005), Gecode (Schulte, Tack, & Lagerkvist, 2010), Tailor/Essence (Gent, Jef-
ferson, & Miguel, 2006) , Zinc (Rafeh, 2008), and MiniZinc (Nethercote et
al., 2007) were studied. Among these options, MiniZinc strikes a good balance
of features: i) many solvers can parse MiniZinc (including several versions of
Gecode), ii) it is concise since it provides high level elements and logical oper-
ators, iii) it has plenty of documentation (University & Data61, 2020), iv) it
has an active user community around it, and v) it is available as open source.

2.4 MiniZinc

MiniZinc is an open source constraint modeling language (Nethercote et al.,
2007) which can describe constraint resolution and optimization problems
regardless of the solver used. A graphical interface is included in the default
distribution of MiniZinc for ease of use, as well as examples (Data61 research
network, CSIRO, 2015). Input data is separated into its own data file, away
from the model files. An .mzn model file and a .dzn data file are translated
into a FlatZinc model, specific to the solver.

A MiniZinc model consists of a set of variables and parameter declarations,
followed by a set of constraints. The parameters are set by the user in the
data file (file with extension .dzn), and the variables are calculated by the
solver while resolving the constraints. The solver can be told to simply find a
solution that satisfies all constraints, or a solution that maximizes a particular
objective.

Constraints can be set on any data obtained in the data file, while the
language allows flexibility in terms of the operators to apply to that data.
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3 Proposed methodology

As mentioned in previous sections, this paper presents METRECoP, a method-
ology to apply MT to a program under test, focusing on the generation of test
cases and the design and implementation of MRs. METRECoP aims to pro-
vide an end-to-end process: in the first steps, it combines model-based testing
and constraint programming to derive an initial set of test cases. Constraint
programming is also used in later steps to guide the design, implementation
and execution of MRs.

This section describes the steps of the methodology proposed: each step will
be explained in the following subsections. Figure 1 outlines the methodology.
Broadly, the methodology consists of the following stages:

1. Gathering information about the problem.
2. Gathering information about the software under test.
3. Creation of the initial test suite.
4. Creation of constraint sets.
5. Implementation of MRs in MiniZinc.
6. Iterative test generation and MR refinement.

Fig. 1 METRECoP diagram

3.1 Gathering information about the problem

The context in which a problem develops is of interest in the application of
this methodology, because there are specific characteristics in different environ-
ments. Knowing key elements of the problem and their relationships can help
test the programs that solve the problem, detecting possible inconsistencies or
errors. Identifying the context requires following these steps:

1. Identification of the name of the problem domain or context.
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2. Identification of the inputs and outputs for the problem.
3. Identification of the restrictions for the inputs and outputs. That is, the

limits of the problem domain in which we can operate. In this step we write
down the nature and number of values of the data we have in the problem,
as well as any assumptions. For example, if we want to calculate the average
of some given values, we need to know the number of values and if they are
natural numbers, integers, real numbers, etc.

4. Identification of any properties related to the problem that affect inputs,
outputs or the problem in general. Going back to the example about com-
puting averages, we know that it should remain the same regardless of the
order of the values. That is, if we permute the order of the values it should
give the same result.

In conclusion, this step is about describing the domain of the problem.
If any features or properties are known, they should be included to ease the
following steps. Section 4.1 shows an example.

3.2 Gathering information about the software under test

This step involves gathering all the information available about the software
system under test:

1. Programming language used for the implementation, which will impose
additional constraints on valid inputs and outputs.

2. Specification (format) of the input data, with its program-specific restric-
tions.

3. Specification (format) of the output data, with its program-specific restric-
tions.

4. Available paths through the program, based on known specifications or
extracted from the program itself.

For the application of this methodology there are two possibilities: that the
source code is accessible and we can apply white-box test design, or that it is
not accessible and a black-box approach is needed. In this work, we will focus
on the development of an example in which we have the source code and the
program logic diagram, where we can apply a white-box approach. Section 4.2
shows an example.

3.3 Creation of the initial test suite

This stage will create an initial set of test cases according to a set of require-
ments. Those requirements will typically relate to the coverage of the identified
paths. If the set of test cases is unwieldy, it is convenient to use one of the test
case prioritization (TCP) techniques indicated in M.d.C. de Castro-Cabrera,
Garćıa-Dominguez, and Medina-Bulo (2020) to sort the set. In principle,
other techniques that are more commonly used for the type of problem under
consideration could be integrated.
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When applying coverage criteria, each of the paths previously identified is
translated into one or several constraints in the MiniZinc language. This makes
it possible to use a constraint solver to obtain the initial test suite. The result
of this step should be a set of test cases that cover the paths identified so far:
in the presence of loops, it may be necessary to pick a representative selection.
Section 4.3 shows an example.

3.4 Creation of constraint sets

We consider the set of values from the initial test suite as the set T =
{t1, t2, ...tn}, where each ti = (Ii, Oi) is a specific initial test case with its
inputs Ii and its expected outputs Oi. Also, we consider the set of values of the
follow-up test case as T ′ = {t′1, t

′
2, ...t

′
n}, where each t′i = (I ′i, O

′
i) is a follow-up

test case obtained from ti by applying an MR. Following this, we create sets of
restrictions (which will lead to MRs), grouped according to different criteria
for obtaining them.

We suggest two criteria: one that produces follow-up test cases which stay
on the same execution path, and one that produces follow-up tests which move
to another path. These criteria guide the design of the conditions that must
be met, and the relations between the inputs and outputs of the initial and
follow-up tests.

Given an initial test t1 = (I,O) and a follow-up test t′1 = (I ′, O′), these
MRs can be generally described as:

MRi(S/D) (Starting from the i-path, Stay/move to a Different path, manipulat-
ing the initial values):

p(t) ∧ f(I, I ′) =⇒ g(O,O
′)

The predicate p indicates if the MR is applicable for that initial test. The
function f relates the inputs of the follow-up test to those of the initial test.
Finally, the function g relates the outputs of the follow-up test to those of the
initial test. Section 4.4 illustrates an example for the selected case study.

3.5 Implementation of metamorphic relations in MiniZinc

This section explains how to go from the definition of MRs in the previous
section in an abstract way to their corresponding implementation in MiniZinc.
The general steps are:

1. The elements of the initial test case (t1) must be defined as parameters to
be set by the user.

2. The elements of the next test case (t′1) must be defined as variables to be
computed by the solver.

3. A path-specific constraint module is defined for the initial test case.
4. A module with the constraints for the follow-up test is defined.
5. The statement solve satisfy; is added, asking for any solution.
6. The parameter values for the initial test case are written in a different file

with extension dzn, with the same name as the MiniZinc program file.
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Note that the steps 1 to 5 should be written in the model file .mzn (MiniZinc
program file). Section 4.5 illustrates this mapping for the selected case study.

3.6 Iterative test generation and MR refinement

With an initial set of MRs designed, this last stage consists of evaluating and
improving both the tests and the MRs in a feedback loop. Specifically, these
steps are followed:

1. Determine the method or technique to be used to evaluate the evidences
and set the objectives to be achieved.

2. Assess the initial tests generated by MiniZinc, based on the chosen
technique.

3. Generate the follow-up tests through the implemented MRs and evaluate
them, getting an indication of how much they have improved.

4. If the target has not been reached, design new MRs that generate better
tests, and go back to step 3. If the result agrees with the set objectives, or
there has been no significant improvement after a set number of repetitions,
stop.

Section 4.6 shows an example of this stage.

4 Case study and evaluation

After presenting the METRECoP methodology with all its steps, this section
will set out several research questions and answer them through an end-to-
end case study of a system where the source code is available. The MiniZinc
constraint programming system will be used to both generate the initial tests,
and produce follow-up tests through the identified metamorphic relations. The
research questions are as follows:

1. RQ1: Can a set of metamorphic relations be identified from a selection of
execution paths across the source code of a system?

2. RQ2: Can existing constraint programming systems express the extracted
metamorphic relations?

3. RQ3: How effective are the test cases generated from the metamorphic
relations at detecting defects?

The case study is based on the triangle classification program described
in Mcgraw, Michael, and Schatz (1997). Given the lengths of the sides of a
triangle (a, b and c), the program computes the type of triangle (equilateral,
isosceles, or scalene). In this case, its flowchart is known: inputs and outputs
are both specified, as well as the steps to follow to obtain the solution.

4.1 Gathering information about the problem

The problem of identifying the type of triangle would be analysed as follows:

1. Identification of the name of the problem domain or context.
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• Flat geometry, triangles, classification according to the length of their
sides.

2. Identification of the inputs and outputs for the problem.

• Inputs: three positive values representing the length of the sides of the
triangle: a, b and c.

• Outputs: “isosceles”, “scalene” or “equilateral”.

3. Identification of the restrictions for the inputs and outputs (or both).

• Input: There must be three values greater than 0 to represent the sides
of the triangle.

• Input: The sum of two of its sides must be greater than the size of the
remaining side.

• Output: If these conditions are met, the solution to the problem must be
one of these three values or an associated code: “equilateral”, “isosceles”
or “scalene”.

4. Writing down properties related to the context of the problem that affect
inputs, outputs, or the problem in general. They are disturbances that allow
us to obtain new values or that allow us to move from one point to another
in the domain of the problem.

• Equilateral: if the sides are added or multiplied by the same number, it
is still equilateral.

• Change of order in the sides, the type of triangle must still be kept.

4.2 Gathering information about the software under test

The next step is to study the specific characteristics of the program under
test that solves the above problem. For the case of the triangle, the WS-BPEL
implementation from Valle-Gómez (2017) will be used.

1. Write down the programming paradigm and language:

• The program follows the structured programming paradigm.
• The program is written in WS-BPEL, a language for writing web service
compositions.

2. Specification (format) of input data (restrictions on input information).

• A list of 3 integer type items (unsigned or signed). When it comes to
providing information about the software, it is necessary to specify how
the element type is declared. In this case, the definition of a list with a
limited length (3) and of integer type.

3. Specification (format) of the output data (restrictions on output informa-
tion).

• The output is represented by a numeric code, so that “scalene” is
represented by a 1, “isosceles” by a 2 and “equilateral” by a 3.
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Fig. 2 Triangle diagram

• If one of the lengths is less than or equal to zero, the inputs do not
represent a triangle: the output code is -1.

• If the sum of two lengths is not greater than the remaining one, the inputs
do not represent a triangle: the output code is a -2.

4. Write down the different paths on the program. According to the diagram
in Figure 2, the following testing requirements related to coverage criteria
are defined:

(a) Path 1: there is at least one length less than or equal to zero. The output
of this path must be -1.

(b) Path 2: all lengths are greater than 0 but do not form a triangle. The
output of this path must be -2.

(c) Path 3: all lengths are equal. The output of this path must be 3.
(d) Path 4: two of the three lengths are equal. The output of this path must

be 2.
(e) Path 5: all lengths are different. The output must be 1.
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4.3 Creation of the initial test suite

Considering the testing requirements that cover the paths in Figure 2, which
have been described in the previous step, an initial test suite is created. Each
test case is a pair ((a, b, c), r), where the first element is a list of three values
(a, b, c) that corresponds to the sides of the triangle, i.e., the program input;
and the second element r is the corresponding program output according to
the diagram. To achieve this, input and output values are declared as variables
and each path is implemented as a set of constraints in MiniZinc: solving these
constraints produces at least one test case per path. The obtained test cases
are listed below:

1. Path 1: ((-10000000,1,1), -1).
2. Path 2: ((2,1,1), -2).
3. Path 3: ((1,1,1), 3).
4. Path 4: ((2,2,1), 2).
5. Path 5: ((4,3,2), 1).

As an example, we include the MiniZinc constraints for two of the above paths.
Listing 1 implements path 3, which corresponds to an equilateral triangle: as
the comment says, while this initial version was written mechanically according
to the flowchart, part of it can be simplified away. Listing 2 implements path
5, which corresponds to a scalene triangle.

Once the path constraints are obtained from the diagram, they should be
refactored using the structures provided by the constraint language. In some
cases, redundant restrictions can be removed (as in the case of path 3).

It can be seen that there is at least one test case for each of the paths, so
the flowchart and therefore the code that implements it would be covered.

4.4 Creation of constraint sets

In Section 3.4, two criteria for designing MRs were considered: one which
perturbs inputs while staying in the same path, and one which perturbs the
inputs to move to a different path. This section will apply both criteria to the
current case study.

4.4.1 Follow-up test in same path

These MRs are identified as MRnS, where n is a numeric ID and “S” refers to
the fact that the follow-up test belongs to the (S)ame path as the initial test
case 3.

We observe that for any path, if any two sides are exchanged, the path is
maintained. This MR1S could be described in a general way as:

MR1S (Same path, exchange of two values):
t1 = ((a1, b1, c1), r1) ∧ t2 = (perm(a1, b1, c1), r2) =⇒ r2 = r1

3Notice that in the development of the case study t1 represents the initial test case and t2 the
follow-up test case.
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1 %% Path 3: all sides are equal , the output must be 3 ( equilateral ).
2
3 % VARIABLES
4 array [1..3] of var int: tuple;
5 var −2..3: r ;
6
7 %% PATH−SPECIFIC CONSTRAINTS
8 % Check all the sides of triangle > 0
9 constraint forall(l in 1..3) (tuple[l ] > 0);

10 % Check all the sides form a triangle : this restriction is redundant on
this path, so it can be removed.

11 constraint tuple[1]+tuple[2] > tuple[3] /\ tuple[1]+tuple[3] > tuple[2]
/\ tuple[2]+tuple[3] > tuple[1];

12 % Check all the sides are equal
13 constraint forall(l in 1..3)
14 (forall(m in l+1..3) (tuple[l ] = tuple[m]));
15 % check the property to get a output:
16 constraint r = 3;
17
18 %% SOLUTION
19 solve satisfy ;
20 output [ ”a=”, show(tuple[1]), ”\n”, ”b=”, show(tuple[2]), ”\n”, ”c=”,

show(tuple[3]), ”\n”, ”r=”, show(r), ”\n” ];

Listing 1 Sample MiniZinc model of Path 3 (equilateral)

1%% Path 5: all sides are different , the output must be 1 (scalene).
2
3% VARIABLES
4array [1..3] of var int: tuple;
5var −2..3: r ;
6
7%% PATH−SPECIFIC CONSTRAINTS
8% Check all the sides of triangle > 0
9constraint forall( l in 1..3) (tuple[l ] > 0);
10% Check all the sides form a triangle :
11constraint tuple[1]+tuple[2] > tuple[3] /\
12tuple[1]+tuple[3] > tuple[2] /\ tuple[2]+tuple[3] > tuple[1];
13% Check all the sides are different
14constraint forall( l in 1..3) (forall(m in l+1..3) (tuple[l ] != tuple[m]));
15% check the property to get a output:
16constraint r = 1;
17
18%% SOLUTION (SAME AS LISTING 1)

Listing 2 Sample MiniZinc model of Path 5 (scalene)
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The function perm receives a tuple of 3 elements and returns a tuple with
a random permutation of those elements. The MR1S is valid for any path.
Below there are some examples of the application of this MR to specific initial
tests for each path, and the resulting following test case:

1. Path 1: t1= ((0,1,2), -1) → t2= ((0,2,1), -1).
2. Path 2: t1= ((1,2,1), -2) → t2= ((1,1,2), -2).
3. Path 3: t1=((2,2,2), 3) → t2= ((2,2,2), 3).
4. Path 4: t1=((2,2,1), 2) → t2= ((2,1,2), 2).
5. Path 5: t1=((4,3,2), 1) → t2= ((4,2,3), 1).

Furthermore, if the three sides of the triangle are multiplied by a positive
constant, the type of triangle is also maintained, thus keeping the same path.
This MR2S could be described in a general way as:

MR2S (Same path, multiply by a positive constant):
t1 = ((a1, b1, c1), r1) ∧ k > 0 ∧ t2 = ((k · a1, k · b1, k · c1), r2) =⇒ r2 = r1
This MR2S is generic and is suitable for any path. For example, for k = 3

and the same values in the initial test suite as in the previous example, we get
the follow-up test cases:

1. Path 1: t1= ((0,1,2), -1) → t2= ((0,3,6), -1).
2. Path 2: t1= ((1,2,1), -2) → t2= ((3,6,3), -2).
3. Path 3: t1=((2,2,2), 3) → t2= ((6,6,6), 3).
4. Path 4: t1=((2,2,1), 2) → t2= ((6,6,3), 2).
5. Path 5: t1=((4,3,2), 1) → t2= ((12,9,6), 1).

4.4.2 Follow-up test in a different path

We identify these MRs as MRnD, where n is the numeric ID for the MR and
“D” comes from the fact that the follow-up test case belongs to a (D)ifferent
path 4. We observe that, for example, we can make a test run on path 1 by
setting some of the lengths to 0. We can define an MR that transforms an
initial test case on paths 2/3/4/5 to a follow-up test case on path 1:

MR1D (Change path, set one length to 0):

(t1 = ((l1, l2, l3), r1)

∧ i ∈ {1, 2, 3} ∧ l′i = 0

∧ ∀j ∈ ({1, 2, 3} − {i}), l′j = lj

∧ t2 = ((l′1, l
′
2, l

′
3), r2)) =⇒ r2 = −1

The follow-up tests obtained from the relevant initial tests are are described
below:

4Notice that in the development of the case study t1 represents the initial test case and t2 the
follow-up test case.
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1. Path 2: t1= ((2,1,1), -2) → Path 1: t2= ((0,1,1), -1).
2. Path 3: t1= ((2,2,2), 3) → Path 1: t2= ((0,2,2), -1).
3. Path 4: t1= ((2,2,1), 2) → Path 1: t2= ((0,2,1), -1).
4. Path 5: t1= ((4,3,2), 1) → Path 1: t2= ((0,3,2), -1).

We can make a test change to path 3 (“equilateral”) by copying one of the
lengths (when it is greater than zero) to the other two, in order to obtain an
equilateral triangle as the follow-up test case. We can define an MR that turns
an initial test case on paths 1/2/4/5 into a follow-up test case on path 3.

MR2D (Change path, a value > 0 is copied to other values):

(t1 = ((a1, b1, c1), r1)

∧ ∃x ∈ {a1, b1, c1}, x > 0

∧ t2 = ((x, x, x), r2)) =⇒ r2 = 3

The results obtained for each path change are described below:

1. Path 1: t1= ((0,3,2), -1) → Path 3: t2= ((3,3,3), 3).
2. Path 2: t1= ((2,1,1), -2) → Path 3: t2= ((2,2,2), 3).
3. Path 4: t1= ((2,2,1), 2) → Path 3: t2= ((2,2,2), 3).
4. Path 5: t1= ((4,3,2), 1) → Path 3: t2= ((4,4,4), 3).

A change to path 4 (“isosceles”) is obtained by copying one of the lengths
(greater than one) into another, when the remaining length is less than twice
the value of the other. An MR is then defined that transforms an initial test
case on paths 1/2/3/5 into a follow-up test case on path 4.

MR3D (Change path, a value > 1 is copied to another value):

t1 = ((l1, l2, l3), r1)

∧ ∃i ∈ {1, 2, 3}, li > 1

∧ ∃j ∈ ({1, 2, 3} − {i}), lj < 2li

∧ t2 = ((li, li, lj), r2) =⇒ r2 = 2

The results obtained for each change of path are described below:

1. Path 1: t1= ((0,3,2),-1) → Path 4: t2= ((3,3,2), 2).
2. Path 2: t1= ((2,1,1),-2) → Path 4: t2= ((2,2,3), 2).
3. Path 3: t1= ((2,2,2), 2) → Path 4: t2= ((2,2,3), 2).
4. Path 5: t1= ((4,3,2), 1) → Path 4: t2= ((4,4,2), 2).

4.5 Implementation of metamorphic relations in MiniZinc

The MRs defined in the previous section were mapped to MiniZinc models,
following the steps below:
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1% MR2S: Scaling any triangle
2% uniformly does not change its type.
3
4%% Parameters (old test)
5array[1..3] of int: tuple1;
6−2..3: r1;
7
8%% Variables (follow−up test)
9array[1..3] of var int: tuple2;
10var −2..3: r2;
11var int: k;
12
13%% Follow−up constraints
14constraint k>1;
15constraint tuple2[1] = k∗tuple1[1];
16constraint tuple2[2] = k∗tuple1[2];
17constraint tuple2[3] = k∗tuple1[3];
18constraint r2 = r1 ; % Scaled triangle is of same type.
19
20%% Solution
21solve satisfy;

Listing 3 Sample MiniZinc model of MR2S (valid on any path)

1. Definition of the initial test case (parameters). The initial test case t1 =
((a1, b1, c1), r1), in MiniZinc, is translated into parameters: an array of 3
elements for the side lengths, array[1..3] of int: tuple1 for the input,
and -2..3: r1 for the output.

2. Definition of the follow-up test case (variables). The follow-up test case
t2 = ((a2, b2, c2), r2) in MiniZinc, is translated into variables: another array
for the side lengths, array[1..3] of var int: tuple2, and the output
as var -2..3: r2.

3. Module of path-specific constraints corresponding to the initial test case
(Listings 3 and 5).

4. Set of constraints corresponding to the follow-up test case (Listings 3 and
5).

5. A solve satisfy; statement to obtain the solution (Listings 3 and 5).
6. A data file with the extension dzn, with the same name as the MiniZinc

model (Listing 4).

Listing 3 shows the MiniZinc model for MR2S, in which each element of
the initial test case is multiplied by a constant greater than one, and a follow-
up test case belonging to the same path as the initial test case is obtained.
Listing 4 has an example of a data file that is used for the MR2S parameters.
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1%% Data file of MR2S
2%% Path 5 (scalene)
3tuple1 =[ 4, 3, 2 ];
4r1 = 1;

Listing 4 Sample MiniZinc data file of MR2S

Listing 5 has the MiniZinc model for MR1D. From an initial test case on
any path except path 1, the model produces a follow-up test case on path 1.

Although the definition of MRs is broader as indicated by Chen, Kuo, Tse,
and Zhi Quan Zhou (2003), an expected relation among the inputs and outputs
of multiple executions, the MRs designed guided by METRECoP obey the
outline where the initial test case inputs are disturbed to obtain subsequent
test cases where the inputs and outputs have changed, as we described in
Section 3.4.

Beyond this template used in METRECoP, MiniZinc allows for defining
constraints that combine initial and follow-up inputs and outputs in arbitrary
ways. This means that it should be possible to define MRs where the follow-
up cases can be obtained with other types of disturbances on the outputs, or
where multiple initial tests can be combined to produce a follow-up test. In
short, we argue that the set of MRs can MiniZinc can express is broader than
those which are obtained by the current version of MiniZinc.

As an example, let us consider how to represent in MiniZinc an MR where
two initial test cases are combined into a new follow-up test case. Given a first
initial test case t1 = (I1, O1), a second initial test case t2 = (I2, O2), and a
follow-up test case t′ = (I ′, O′), such an MR would follow this general pattern:

MRiC2 (Combine two initial test cases into one follow-up test case):

p(t1, t2) ∧ f(I1, I2, I
′) =⇒ g(O1, O2, O

′)

The predicate p indicates if the MR is applicable for that pair of initial
test cases. The function f relates the inputs of the follow-up test to those of
the initial tests, and the function g relates the outputs of the follow-up test to
those of the initial tests.

For the triangle program, one MR that would follow this pattern (MRiC2)
is implemented in MiniZinc in Listing 6). Given two scalene right-angle tri-
angles with side lengths (h1, j, b1) and (h2, j, b2), where h1 and h2 are the
hypothenuses and h1 ̸= h2, the two triangles(two initial test cases: t1 and t2)
can be joined on the catheti of length j, obtaining an scalene triangle (follow-
up test case, t3) with side lengths (h1, h2, b1 + b2). Please note that due to the
use of floating-point arithmetic, the Pythagorean theorem h2 = a2 + b2 has
been approximated as h2 − (a2 + b2) < ϵ, where ϵ is a very small value (10−6

in this case).
This MR can be solved by MiniZinc using two initial scalene triangles

(5, 3, 4) and (6.708, 3, 6) as inputs, producing the follow-up scalene triangle
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1 %% MR1D: From Paths 2−5 to Path 1:
2 %% follow−up output must be −1.
3
4 %% Parameters (old test)
5 array [1..3] of int: tuple1;
6 −2..3: r1;
7
8 %% Variables (follow−up test)
9 array [1..3] of var int: tuple2;

10 var −2..3: r2;
11
12 %% Path−specific constraints
13 % Check all the sides of triangle > 0
14 constraint forall( l in 1..3) (tuple1[ l ] > 0);
15 % Check all the sides form a triangle :
16 constraint tuple1 [1] + tuple1[2] > tuple1[3]
17 /\ tuple1 [1] + tuple1[3] > tuple1[2]
18 /\ tuple1 [2] + tuple1[3] > tuple1 [1];
19 % Check old test does not belong to path 1
20 constraint r1 != −1 ;
21
22 %% Follow−up constraints
23 constraint tuple2[1] = 0 ;
24 constraint tuple2[2] = tuple1[2];
25 constraint tuple2[3] = tuple1[3];
26 constraint r2 = −1 ; % Not a triangle anymore
27
28 %% Solution
29 solve satisfy ;

Listing 5 Sample MiniZinc model of MR1D (from any path to path 1)

(5, 6.708, 10). This is one example of an MR which would not be produced by
the current version of METRECoP, but which can be expressed in MiniZinc.

4.6 Iterative test generation and MR refinement

The final step of the methodology is to create an extended test suite from an
initial test suite, produced by the path constraints of Section 4.3. The steps of
Section 3.6 will be followed:

1. The first step is the selection of the technique to evaluate the tests. This
will be done using the mutation testing technique, which allows the qual-
ity of a set of tests to be evaluated. The technique applies mutation
operators that generate versions of the original program (mutants) with
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1 %% MR1C2: From two right−angle scalene triangles
2 %% (hyp1, joined, base1) and (hyp2, joined, base2)
3 %% where hyp1 != hyp2, follow−up triangle
4 %% (hyp1, hyp2, base1 + base2) must be scalene.
5
6 %% Parameters for initial test cases
7 array[1..3] of float: tuple1; 1..3: r1;
8 array[1..3] of float: tuple2; 1..3: r2;
9

10 %% Variables (follow−up test)
11 array[1..3] of var float: tuple3; var 1..3: r3;
12
13 %%% Initial constraints
14
15 % Side lengths must be positive
16 constraint forall (l in 1..3) (tuple1[l] > 0);
17 constraint forall (l in 1..3) (tuple2[l] > 0);
18
19 % First values are hypothenuse of right−angle triangles
20 constraint tuple1[1]∗tuple1[1]
21 − tuple1[2]∗tuple1[2] − tuple1[3]∗tuple1[3] < 1e−6;
22 constraint tuple2[1]∗tuple2[1]
23 − tuple2[2]∗tuple2[2] − tuple2[3]∗tuple2[3] < 1e−6;
24
25 % Second values are catheti to be joined (same length)
26 constraint tuple1[2] = tuple2[2];
27
28 % Hypothenuses are different in length
29 constraint tuple1[1] != tuple2[1];
30
31 %% Follow−up: (hyp1, hyp2, base1 + base2)
32 constraint tuple3[1] = tuple1[1];
33 constraint tuple3[2] = tuple2[1];
34 constraint tuple3[3] = tuple1[3] + tuple2[3];
35
36 % Extra check: follow−up sides form a triangle
37 constraint tuple3[1]+tuple3[2] > tuple3[3] /\
38 tuple3[1]+tuple3[3] > tuple3[2] /\
39 tuple3[2]+tuple3[3] > tuple3[1];
40
41 constraint r3 = 1; % scalene
42
43 %% Solution
44 solve satisfy;

Listing 6 Sample MiniZinc model of MR with two initial test cases and one follow-up
test case
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Table 1 Metamorphic relations for an initial triangle (a, b, c)

Name Description

MR1Sab Same path, exchange of two values: a ↔ b

MR1Sac Same path, exchange of two values: a ↔ c

MR1Sbc Same path, exchange of two values: b ↔ c

MR2S Same path, scaling any triangle uniformly does not change its type
MR1D Changed path, a is set to 0, moving to Path 1 (any of {a, b, c} is ≤ 0)
MR2D Changed path, one of {a, b, c} ¿ 0 is copied to the others, moving to

Path 3 (equilateral)
MR3Dab Changed path, a is copied to b, moving to Path 4 (isosceles)
MR3Dac Changed path, a is copied to c, moving to Path 4 (isosceles)
MR3Dbc Changed path, b is copied to c, moving to Path 4 (isosceles)
MR3Deq Changed path, from equilateral (Path 3), incrementing a and b by

k > 0, moving to Path 4 (isosceles)

MRD4b Changed path, from any path with all values > 0, replacing b by k

where k > a+ c, moving to Path 2 (all > 0, not a triangle)
MRD4c Changed path, from any path with all values > 0, replacing c by k

where k > a+ b, moving to Path 2 (all > 0, not a triangle)

small changes. If a test case gives a different result from the original pro-
gram, the mutant is said to be killed : the test case has detected the
change in the mutant. Ideally, a high quality test suite should detect all
mutants, except those that are semantically equal (equivalent mutants). To
apply this technique, we use the MuBPEL tool (Garćıa-Domı́nguez, Estero-
Botaro, & Medina-Bulo, 2012), which implements the mutation operators
of Estero-Botaro, Boubeta-Puig, Liñeiro-Barea, and Medina-Bulo (2012);
Estero-Botaro, Palomo-Lozano, and Medina-Bulo (2010) for the WS-BPEL
web service orchestration language.

2. Initial test cases generated with MiniZinc (Section 4.3) are available for each
path in the program. MuBPEL is used with these test cases and the WS-
BPEL composition of the triangle which follows the flowchart in Figure 2.
The number of mutants killed by this initial test suite is noted.

3. Two rounds of test case generation are performed from the 10 MRs initially
designed in Section 4.5 (the first group in Table 1). At the end of each
round, MuBPEL is used with these test cases, and it is checked if they can
kill mutants that the initial set was unable to kill.

4. Analysing the surviving mutants after the second round, it was observed
that repeating the same metamorphic relations would not be useful. Instead
of repeating the process once more, 2 new MRs were added (second group in
Table 1), producing new test cases that killed the non-equivalent surviving
mutants.
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4.6.1 Execution of initial test suite

The initial test suite is the one obtained in Section 4.3 through MiniZinc:

1. Path 1: ((-10000000,1,1), -1).
2. Path 2: ((2,1,1), -2).
3. Path 3: ((1,1,1), 3).
4. Path 4: ((2,2,1), 2).
5. Path 5: ((4,3,2), 1).

By using the MuBPEL tool, we obtain with the Triangle composition that
33 mutation operators can be applied to the original composition in order to
obtain mutated versions of it. We apply them to the composition and derive
235 mutants, which are versions of the original composition in which a part has
been modified according to the mutation operators mentioned above. Running
the composition against the initial test suite, we get that 163 mutants are
killed, so 72 remain alive. This is more than 69% of the generated mutants.

4.6.2 First round of follow-up test cases

Following this, we try to apply the MRs previously specified and implemented
and described in the first group of Table 1 in MiniZinc to obtain sets of follow-
up test cases, and check if those sets are able to kill some of the mutants that
are left alive and that the initial set was unable to kill.

In order to explain the process followed with all MRs, the steps followed
and the results obtained will be detailed for some MRs:

1. MR1Sab (Same path, exchange of two values: a ↔ b): Applying this MR
to the initial 5 test cases produced the following set of test cases: ((1, -
10000000, 1),-1), ((1, 2, 1), -2), (( 1, 1, 1 ), 3), ((2, 2, 1), 2), (( 3, 4, 2
),1). The composition is then executed with this reduced set of test cases
(removing the tests that have already been run), and MuBPEL is used with
the mutants that remain alive. In this case, the test case set obtained has
managed to kill 22 mutants, out of the 72 that were left alive.

2. MR1D (Changed path, a is set to 0, moving to Path 1 (any of {a, b, c} is ≤
0), Listing 5): Applying this MR to 4 of the 5 initial test cases (except for the
test case already on path 1), we get the following set of test cases: ((0,1,1),
-1),((0,1,1), -1),((0,2,1), -1), ((0,3,2), -1). Following this, the composition is
executed with these test cases and the mutants left alive, using MuBPEL. In
this case, the set of test cases obtained has managed to kill 3 new mutants,
among the 72 that were left alive.

As a final result of this round, a total of 37 more mutants are killed, out
of the 72 survivors of the initial set. This represents more than 50% of these
mutants. Therefore, 35 mutants remain alive.

Furthermore, of the 10 implemented MRs, only 5 MRs have obtained
test cases that have killed mutants (MR1Sab, MR1Sac, MR1Sbc, MR1D and
MR3Dac). There are 5 MRs (MR2S, MR2D, MR3Dab, MR3Dbc and MR3Deq)
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whose follow-up test cases have not killed any mutants, however they have
generated new test cases that can be used in the next iteration as initial cases
for other MRs.

4.6.3 Second round of follow-up test cases

Once testing is done with the initial test suite for the implemented MRs, the
aim is to further evaluate the MRs, taking as initial test suite all the follow-up
test cases obtained that are applicable to each of the MRs.

In this second round, a record is made of the steps taken and the results
obtained for each MR. In this case we start from all the test cases obtained in
the first iteration. We remove duplicate test cases, and test cases that already
appeared in the initial test suite. This leaves 21 different test cases to be used
as the initial test cases in the second iteration.

The 10 existing MRs were applied to these 21 test cases. The steps for some
of the MRs and the overall results are discussed below:

1. MR1Sab (Same path, exchange of two values: a ↔ b). this MR produced
20 valid test cases. Of these, there are only 11 new test cases to be tested
with the composition and the mutants, using MuBPEL.

Next, the 35 mutants left alive from the previous iteration were run
against these 11 test cases. In this case, 3 mutants die through the same
test case: ((1, 0, 1), -1). We note that this test case comes from the test case
((0, 1, 1), -1), generated with the MR1D, in the first iteration. Therefore,
32 of the 35 mutants in this second round are still alive.

2. MR1D (Changed path, a is set to 0, moving to path 1 (any of {a, b, c} is ≤
0), Listing 5): Applying MR1D to the 21 test cases (except those already
on path 1), 3 follow-up test cases are obtained. These are: {((0, 3, 4 ), -1),
((0, 4, 4 ), -1), ((0, 3, 3 ), -1)}.

Next, the 35 mutants left alive from the previous iteration were run
against these 3 test cases. In this case, no new mutants were killed, so this
next set of test cases obtained with MR1D did not serve to improve coverage
in this second round.

To summarize, a total of 7 mutants have been killed in this second itera-
tion, which is about 20% of the mutants left alive. Three mutants have been
successfully killed with test cases obtained from MR1Sab, and the remaining
four with 2 test cases obtained from MR1Sac: the case ((1, 1, 0), -1) kills 3
mutants and the case ((3, 3, 4), 2) kills the fourth mutant.

Note that the following test case ((3, 3, 4), 2) comes from the initial case ((4,
3, 3), 2), obtained in the first iteration by MR3Dbc, and that in that iteration,
its follow-up test cases did not succeed in killing any mutants. However, when
combined in this second iteration with MR1Sac, a test case is obtained that
does kill a mutant. This suggests that there are MRs that, although they do
not kill mutants themselves, may be necessary for other MRs to generate test
cases that detect errors in the code in future iterations.
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Furthermore, in this second stage, as there are fewer mutants left alive, it
is more difficult to find test cases that kill these remaining mutants. It may
be that some of these mutants are equivalent or difficult to kill, or that there
are no MRs left to generate cases that will kill them. Therefore, an analysis of
the results and of the mutants left alive is necessary to conclude whether all
mutants are equivalent, whether a new iteration is necessary, or whether new
MRs that kill some mutants need to be specified and implemented.

4.6.4 Refinement of MRs through mutant analysis

Up to this point, 44 mutants (37 in the first iteration and 7 in the second
iteration) of the initial 72 mutants have been killed, i.e. 61.11%. This leaves
28 mutants alive, which are analyzed below:

• The 19 mutants for the ECC operator 5 from (Estero-Botaro et al., 2010), the
5 mutants for the EAP operator6, and the 2 mutants for the EAN operator7

are equivalent (as defined in UCASE Research Group (2020)).
• The remaining 2 mutants correspond to the ERR operator 8, (according
to Estero-Botaro et al. (2010)). In this case they are not equivalent mutants,
so it is possible to find test cases that kill them. Checking the test cases
initially generated by MiniZinc, it was identified that by making changes
to the initial test case ((1, 1, 1), 3) these mutants could be killed. The
first mutant could be killed by substituting the second side with a value of
k > a + c, obtaining ((1, 3, 1), -2). The second mutant could be killed by
substituting the third side with a value k > a+ b, obtaining ((1, 1, 3), -2).

Therefore, MRs were designed to automatically make this type of change
to the initial test suite. The two new MRs are called MR4Db and MR4Dc,
which generate test cases that kill both mutants and are described below,
incorporating them into the set of 10 initial MRs. They constitute the second
group of MRs shown in Table 1:

• MR4Db: From any path with all sides greater than 0, a test case is obtained
in which the sides do not form a triangle by substituting the b side with a
value of k > a+c, i.e. whose value is greater than the sum of the other sides.

• MR4Dc: From any path with all sides greater than 0, a test case is obtained
in which the sides do not form a triangle by substituting the c side with a
value of k > a+b, i.e. whose value is greater than the sum of the other sides.

After adding these MRs, a total of 46 of the 72 mutants that survived
the initial set have been killed, and the remaining 26 have been found to be
equivalent. With these 12 MRs, it has been possible to generate tests cases
that kill all non-equivalent mutants. The results per phase and MR can be
seen in Table 2.

5Replaces a path operator (/, //) by another of the same type
6Inserts the positive absolute value in an arithmetic expression
7Inserts the negative absolute value in an arithmetic expression
8replaces a relational operator (<,≤, >,≥,=, ̸=) with another of the same type
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Table 2 Test cases generated and mutans killed by test source in order of generation. The
final 26 remaining mutants were found to be equivalent.

Phase Source Generated
tests

New
tests

Killed First-time
killed

Remaining

Initial Path
constraints

5 - 163 - 72

Round 1 MR1Sab 5 3 22 22 50
MR1Sac 5 4 26 10 40
MR1Sbc 5 2 4 2 38
MR2S 5 5 0 0 38
MR1D 4 3 3 3 35
MR2D 4 1 0 0 35
MR3Dab 2 1 0 0 35
MR3Dac 2 1 3 0 35
MR3Dbc 1 1 0 0 35
MR3Deq 1 0 0 0 35

Round 2 MR1Sab 20 11 3 3 32
MR1Sac 20 8 4 4 28
MR1Sbc 20 5 0 0 28
MR2S 20 10 0 0 28
MR1D 14 3 0 0 28
MR2D 18 1 0 0 28
MR3Dab 4 1 0 0 28
MR3Dac 5 1 0 0 28
MR3Dbc 4 1 0 0 28
MR3Deq 2 2 0 0 28

Refinement MR4Db 4 3 1 1 27
MR4Dc 4 3 1 1 26

Consequently, this methodology requires iterations of both using and
designing MRs until a satisfactory result is achieved: in terms of a set of test
cases that are sufficient to detect errors, and in terms of MRs that are capable
of generating test cases that detect those errors.

5 Discussion

Based on the previous results, we can answer the research questions as follows:

1. RQ1: Can a set of metamorphic relations be identified from a selection of
execution paths across the source code of a system?

We obtained a first set of MRs taking into account whether perturba-
tions in the values of the inputs of the initial test cases produced follow-up
test cases that maintained the execution path or changed to another one.
These MRs have been grouped using the suffixes “S” (same path) and “D”
(different path), e.g. MR2S, MR1D, etc. This first set consists of 10 MRs
(4 S and 6 D), considering 5 different paths in the execution of the software
according to the flowchart in Fig. 2.
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Nevertheless, the above 10 MRs did not kill all remaining mutants: 28
survived and were manually inspected. Two mutants were found to be non-
equivalent, meaning that additional MRs were required. For this reason,
METRECoP includes an MR refinement stage, in which other software
testing techniques can be integrated as sources of additional information. In
this work, mutation analysis has been integrated into this final step of the
methodology to find new MRs that had not yet been found. METRECoP
combined the first MRs and the two new MRs into an extended set, allowing
their interaction to produce a larger set of test cases over a few iterations.

Overall, the case study has shown that studying execution paths can
produce a set of MRs covering a relevant subset of the program logic, but
this set may need to be refined through manual inspection of surviving
mutants.

2. RQ2: Can existing constraint programming systems express the extracted
metamorphic relations? All the MRs in the case study were mapped to
MiniZinc, with no need for custom extensions or modifications, following a
step-by-step approach (Section 4.5). This process uses parameters for the
initial test (set by the user) and variables for the follow-up test (computed
by the solver), and collects constraints from several sources: the program
itself, the original path, the target path, and the intended perturbation.
Being a declarative language, MiniZinc only needs to be told about which
constraints to solve, meaning that the mapping can be kept more concise
and easier to read, as it does not need to specify a solution strategy. Some
of these constraints (e.g. program constraints) are shared between multiple
MRs, so they only need to be written once and then they can be reused
(MiniZinc itself includes some capabilities for modularity, with its includes
keyword).

In addition, Section 4.5 shows that MiniZinc can also express MRs that
do not follow the “perturbation to stay on same path or change path”
approach followed in METRECoP: constraint solvers can implement MRs
beyond those of the proposed methodology.

In general, the experience with MiniZinc has been a positive one for this
case study, which is aimed at a simple triangle classification problem. For
more complex pieces of software, the test cases may require more complex
or different data types. This may require using or even creating further
extensions to MiniZinc: for instance, in Amadini et al. (2016) is proposed
an extension to allow MiniZinc to handle strings.

3. RQ3: How effective are the test cases generated from the metamorphic
relations at detecting defects?

The initial tests killed 163 out of the original set of 235 mutants, leaving
72 mutants alive. The first set of 10 MRs was applied twice: in “Round 1”
of Table 2, 21 tests (28% of the full set) were generated from the 5 initial
tests, killing 37 (51.39%) of the 72 remaining mutants. Round 2 simply
reran the MRs on the 21 tests from Round 1, to allow the MRs to interact
with each other: this resulted in 43 new tests (57.3% of the full set), which
killed 7 more mutants.
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The results from Round 2 suggests that allowing the same MRs to be
applied over multiple rounds can result in test suites with better mutation
scores. It should be noted that while only 5 of these 10 MRs generated
test cases that detected errors, this does not necessarily mean that they do
not provide value: they may still be useful for their interactions with other
MRs. For instance, while the tests in Round 1 from MR3Dbc did not kill
any mutants by itself, the follow-up tests produced by applying MR1Sac on
one of those tests from MR3Dbc did kill a mutant in Round 2.

The original MRs by themselves did not kill the last two non-equivalent
mutants: two new MRs had to be designed in the refinement step
(Section 4.6.4), producing 6 new tests that killed them. This suggests that
while the initial MRs produced from studying the program flowchart can
produce good mutation scores, reaching the highest values may still require
manual inspection of the surviving mutants. One advantage of using MRs
is that as soon as a non-equivalent mutant is found, it is possible to create
an MR for it and then use it on all the tests so far, and see if the resulting
set may kill other mutants beyond this one.

6 Threats to validity

The results in Section 4.6 show that our approach can automate the genera-
tion of new test cases by reusing an existing constraint solver, and that the
follow-up test cases can detect more defects. However, the results are subject
to some threats to validity: some of these are due to potential flaws in our
study (internal), while others limit the ability to generalize our results to other
programs and languages (external).

6.1 Internal threats

The initial test suite was created by MiniZinc (as a first output), making sure
that there was one case for each path through the composition. It is possible
that picking different initial values or creating a different number of tests could
have produced different results for the study.

Twelve MRs were defined by only modifying one of the initial test values
in each of them. This has made it easier to create simple and understandable
MRs, which can be quickly mapped to the MiniZinc language. However, further
study would be required to see if this is the right number of MRs: fewer MRs
may have been just as good, or more MRs could have improved results even
further. It may be possible to define MRs that subsume several of the MRs
presented above.

Using constraint solvers to implement MRs helps validate them against
inconsistencies. However, it is still necessary to validate the tests against our
domain knowledge and our expectations from the program: the MRs operate on
the assumption that the initial test is valid. Applying an MR as implemented
above to an invalid test case will only produce another invalid test case.
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6.2 External threats

The chosen case study (the Triangle composition) is a small one, in order to
facilitate the understanding of the process. However, the proposed approach
of using constraint solvers to formalize MRs should be extensible to larger
programs written in other languages — particularly, the MiniZinc solver has
been used for much larger optimisation problems. Most limitations would come
from the expressive power of the solver.

There may be test cases or MRs that cannot be represented with the lan-
guage MiniZinc as is. For instance, we have not evaluated the use of MiniZinc
for programs that operate on more complex data structures (e.g. stacks or
queues). For these cases, it may be necessary to extend MiniZinc, or a different
approach may be needed. There are extensions of MiniZinc that implement
more complex data types, such as vectors or character strings (Amadini et
al., 2016; Caballero, Stuckey, & Tenorio-Fornés, 2015). These extensions must
be supported by the solver, though: MiniZinc is just a common constraint
programming language.

In this case study, all inputs and outputs were known. In other domains and
programs, only some of these may be known. In this case, the set of parameters
and variables would be limited accordingly, based on the information that was
available.

7 Related works

In this section, publications related to the methodology proposed in this work
and to the formalisms and techniques used are described.

7.1 Formalization of Metamorphic Relations

As mentioned, there are some studies that guide or propose some formats for
MRs. These studies will be briefly described below. In Zhang et al. (2014),
Zhang et al. proposed a search-based approach to automatic inference of
polynomial MRs for a program under test. In particular, they use a set of
parameters to represent a particular class of MRs, which they refer to as poly-
nomial MRs, and turn the problem of inferring MRs into a problem of searching
for suitable values of the parameters. the tool implemented is MRI (MR infer-
rerer). In this proposal the MRs must obey a certain scheme. Furthermore,
they are only suitable for numerical values. On the other hand, further filtering
is necessary to obtain quality MRs. In our proposal the format of MRs is more
flexible, since it is capable of implementing not only polynomial type MRs, but
all those MRs that can be represented through the constraint programming
language (e.g. existential/universal quantification or arrays).

In another paper Sun et al. (2016), propose a specific language for
describing MRs, called MRDL. This language is descriptive and helps in the
implementation of code to generate the following cases from each MR. How-
ever, we propose to implement the MRs through a constraint-based language
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that also implements each MR and obtains the following test cases through a
constraint solver.

Segura et al. (2017), propose a template for describing MRs, with sev-
eral examples applicable to different domains and types of software. However,
this notation, unlike our proposal, is not formal enough to be processed by a
computer and checked for consistency.

In another more recent work Segura, Durán, Troya, and Ruiz-Cortés (2019),
several ways to represent of MRs are proposed, but for a specific domain: query
languages such as SQL. Therefore, the proposal is not sufficiently homogeneous
to be applied to different domains, as proposed in this paper.

7.2 Identification of Metamorphic Relations

Sun et al. presented a framework to support metamorphic testing of web ser-
vices in Sun et al. (2011). The framework included components to generate
tests given a set of MR descriptions, execute them and evaluate their results,
but did not have explicit guidance on how to identify the MRs, or how to
formalise their descriptions into a machine-readable format as in the present
work.

H.Liu, X.Liu, and T.Y.Chen (2012), propose the construction of composite
MRs by treating the follow-up test of an MR as the start test of another MR:
the initial MRs still need to be manually identified. In our approach, while we
do provide support for identifying the initial set of MRs, we follow a similar
strategy where the second round of follow-up test cases is produced by re-
applying the MRs to the first-round of test cases. We have also noticed that
some of these follow-up test cases can kill mutants that the individual MRs
would not be able to kill. In a way, this confirms the positive results from Liu,
while remaining simpler to use than having to explicitly identify composite
MRs.

Chen et al. (2016), propose a methodology called METRIC for the sys-
tematic identification of MRs based on a category-choice framework, which
partially automates the identification of MRs by obtaining candidate pairs of
test frames and asking humans to manually identify if the pair is usable for
producing an MR. Test frames are produced by partitioning the input domain,
and the approach is supported by a tool called MR-GEN. In a way, this can be
considered as a black-box approach to designing MRs, where only the inputs
and outputs are relevant. METRECoP follows a white-box approach which
considers the available paths through the program: the paths themselves may
produce a certain partition of the input domain, and the follow-up test may
involve changing to a different path (and therefore a different part of that
input domain). Unlike METRIC, which can only ask the user to decide if a
particular arbitrary pairing of test frames is usable, the use of paths in our
methodology provides additional guidance on the constraints to impose on the
follow-up test case.

Sun et al. have recently proposed an improvement of METRIC called
METRIC+ (Sun et al., 2019), which also performs partitioning on the output
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domain. In our case study, none of our MRs have required placing conditions
on the outputs of the original test case: the MRs have mostly focused on spec-
ifying the expected output given a change in the inputs, sometimes motivating
the switch to a different execution path. We envision that the idea of parti-
tioning the output could be adapted to our approach by adding conditions on
the original output. In any case, METRIC+ can be still considered as a black-
box approach that ignores the logic of the program, whereas METRECoP is
a white-box approach.

To summarize, these works either only provide partial guidance on how to
identify the MRs and/or generate tests from them (H.Liu et al., 2012; Sun
et al., 2011), or follow a black-box approach that uses input/output domain
partitioning ignoring the program logic (Chen et al., 2016; Sun et al., 2019).
METRECoP guides the entire process, from the identification of the initial
MRs, to the generation of multiple rounds of follow-up test cases, while fol-
lowing a white-box approach that takes into account the execution paths of
the program. METRECoP formalises the MRs in a constraint programming
language for which mature solvers exist.

7.3 Constraint solving and MT

Constraint solving and metamorphic testing have been combined in different
ways in the past. However, the existing works have focused on different aspects,
and their approaches are unlike ours. Firstly, Gotlieb and Botella (2003) use
constraint logic programming to find test cases that do not satisfy a given MR.
They present some examples where the program can be proved to satisfy this
MR. The paper presents a prototype implementation of its approach using the
existing INKA test case generator (Axlog Ingenierie, 2002).

On the other hand, a recently published paper of Akgün, Gent, Jeffer-
son, Miguel, and Nightingale (2018), propose using MT to validate constraint
programming systems. The complexity of these systems makes testing them
difficult otherwise. Specifically, they evaluate using MT to validate the Minion
CPS (Gent et al., 2006). They show that MT is effective in finding artificial
bugs introduced through random code mutation. Clearly, the meaning of this
paper is very different from the proposal of our work.

8 Conclusion and future work

The methodical identification and formalisation of MRs has been highlighted
as a challenge in the MT literature. Existing methodologies use natural lan-
guage to describe the identified MRs, use ad-hoc test generation algorithms,
or do not use the internal logic of the program to guide their design. In this
paper, we have proposed METRECoP, an end-to-end methodology to apply
Metamorphic Testing that uses the internal logic of the program to guide
the design of MRs, and formalizes MRs through an existing constraint pro-
gramming languages, specifically MiniZinc. The use of MiniZinc allows for
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leveraging mature constraint solvers, rather than ad-hoc generation algorithms
as in other methodologies.

The set of initial test cases is designed and implemented through MiniZinc,
based on identifying the constraints of the paths through the program that
achieve a satisfactory starting level of path coverage. MRs are designed by
considering perturbations to the inputs that a) stay in the same path but
change the output significantly, or b) change to a different execution path.
These MRs are formalized as well in MiniZinc, so the solver can automatically
produce the follow-up tests.

The final step in METRECoP is an iterative test generation and MR refine-
ment process, which allows for the integration of an arbitrary test sufficiency
criterion. For the case study in this paper (a WS-BPEL version of the Siemens
triangle program), we have chosen mutation analysis as the criterion, using
the MuBPEL tool. This process consists of successive rounds of follow-up test
cases, terminating when the number of killed mutants converges. In each round,
the previous tests (starting from the initial tests) are given to all MRs, produc-
ing a new set of follow-up tests. We have obtained promising results from this,
killing all the 46 non-equivalent mutants of the program under test in 2 rounds
while motivating the design of 2 additional MRs. Unlike IMT, METRECoP
does not require manually designing MR sequences.

In terms of future work, we envisage that having the MRs formalized in a
constraint programming language will have additional applications. For exam-
ple, if the solver is unable to find a solution for a candidate MR, even after
relaxing the constraints on the initial test case, it will give the designer strong
evidence that the candidate MR may be a logical contradiction and may be
thus rejected. We plan to study the integration of these additional applications
to an extended version of METRECoP in the future.

We are considering applying our insights from METRECoP to other MT
methodologies that only consider inputs and outputs, following a black-box
approach. We consider that these methodologies could benefit from an iterative
approach for refining both tests and MRs that does not require manual design
of MR sequences, and from the use of constraint programming languages.

Finally, we plan to conduct additional studies on the sensitivity of METRE-
CoP to the specific choice of the initial tests (e.g. comparing constraint-based
design against random generation). We also plan to evaluate the methodology
on a broader set of programs, and to define MR quality metrics based on the
effectiveness of their follow-up tests.
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