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Abstract

Conventional subspace, Compressive Sensing (CS) based methods are the
estimation algorithms for off-grid direction of arrival which has the dic-
tionary mismatch problem due to limited discretization of the grid points
θ ∈ [−π

2
, −π

2
]. These algorithms suffer high computational complexity

and excessive overhead for accurate and need lot of time snapshots for
proper DOA estimation. In this paper, we used combination of a parti-
cle swarm optimization and multiple signal classification (PSO-MUSIC)
algorithm for direction-of-arrival (DOA) estimation for uniform linear
array (ULA). The novel PSO-MUSIC and PSO-correlation algorithms
present a systematic approach for searching the spatial spectrum peak,
to find the accurate target position by updating the global best particle
position iteratively. The statistical performance analysis of PSO-MUSIC
and PSO-correlation algorithms shows that these method has better
accuracy over other DOA estimation methods with single snapshot.

Keywords: Particle Swarm Optimization, PSO-MUSIC Algorithm,
PSO-correlation, Uniform Linear Array, Noise sub-space method.
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1 Introduction

Direction-of-Arrival (DOA) estimation is the fundamental application of radar
[1] and found as the most emerging technique in applications of SONAR, acous-
tics, bio-medical and wireless communication [2–4]. Traditional estimation
algorithms for off-grid direction of arrival have dictionary mismatch problem
due to limited discretization of the grid points θ ∈ [−π

2
−π
2 ]. These algorithms

include the sub-space techniques like MUSIC, MVDR, correlation and also
include the compressive sensing (CS) based methods [5], [6]. The DOA of
incoming signal sources S(t) on array elements is discretized as integer points
θ, and it is assumed that the target’s angle of incident is exactly on the grid
point, if this assumption is broken, the estimation performance suffers. To get
around the problem, we can add more grid points between the discretized inte-
ger points, such as ten or more grid points between consecutive integer points.
This results in dense sampling grids, which can be used to improve estimation
precision. The dictionary’s computational complexity and mutual coherency,
on the other hand, have grown. A grid-less system model for DOA estimation is
extensively studied [7] where the model exploits orthogonality between signal
and noise sub-spaces, and the minimum distance between steering vector and
noise eigenvector is considered as the angle of arrival θk. Also there are differ-
ent super resolution algorithms such as spectral estimation, model based and
eigen analysis [8]. In [9], based on the the eigenvalue decomposition a series of
spectrum estimators were discussed, which are represented with Multiple Sig-
nal Classification (MUSIC) and ESPRIT [10, 11]. Under certain conditions,
implementation of MUSIC algorithm is same as implementation of maximum
entropy. Both these methods share same character with maximal likelihood
(ML) method. MUSIC has a high-resolution but, it’s main drawback is, it need
more number of time snapshots to work efficiently and heavy computations
for spectral search. On the other hand, several other algorithms were proposed
to estimate the off-grid DOA, an example is Simultaneous Orthogonal Match-
ing Pursuit Least-Squares (SOMP-LS) algorithm [12] estimates the DOA of
target with low accuracy. And also Off-Grid Sparse Bayesian Inference (OG-
SBI) algorithm proposed in [13] which can estimate DOA accurately but its
arithmetic cost is very high.

In [19], the ESPRIT algorithm has been modified to reduce computational
complexity in the search for spatial spectrum, allowing it to speed up DOA
estimation θk. Its improved arithmetic formats have also been proposed. The
resolution of TLS-ESPRIT, VIA-ESPRIT, and GEESE is high, but it can only
be achieved under certain special array structures, so its application is limited.
ESPRIT and its improved uniform linear array arithmetic can only be used to
restore the dimensionality of the signal subspace that needs to be smoothed
spatially [20] - [21].
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Related work

The basic idea of using the PSO for searching for multiple peaks on the MUSIC
spectrum was proposed in [14], for multiple sound source tracking, the penalty
function is used as the cost function for detection of the peak. [15] Here in this
paper penalty function was calculated using the mixed Cauchy distribution. In
literature, [16] authors have shown that genetic algorithms perform better in a
noisy environment and also have better DOA estimation using less number of
antenna elements compared to the MUSIC. [18] in this paper PSO is used in
spatial under sampling case, to optimize the spacing between antenna elements.

The significant contributions of this work can
be summarized as:

• This work aims to over come the main drawback of MUSIC algorithm in
DOA Estimation, that is high resolution subspace-based methods require
more time snapshots to work properly.

• This work shows that PSO-MUSIC algorithm can estimate direction of
arrival with limited time snapshots.

• This work also shows that PSO-MUSIC can be used for spatial spectrum
search with reduced complexity.

In this paper, an efficient particle swarm optimization- based multiple sig-
nal classification (PSO-MUSIC) algorithm is proposed. Specifically, the off-grid
1D-DOA estimators are obtained from MUSIC algorithm, where the estimator
θ̂k is ranging from [−π

2 ,
π
2 ]. Then, to find the peak i.e., global optimum solu-

tion in the complex search space Particle Swarm Optimization (PSO) MUSIC
algorithm is used. Finally, the angle biases of sources are updated iteratively,
by the angle updates obtained from the local best or global best of the PSO
algorithm. Statistical performance of the PSO-MUSIC algorithm DOA esti-
mation is done by using RMSE and then compared with existing techniques
in literature.

The notations used in this paper are, ex to represent the natural exponent
function and j =

√
−1 represents imaginary part of a unit. The notation C

represents the set of complex numbers. θk denotes the kth coordinate of A(θ).

θ̂k denotes the estimated value of the DOA. E[x(t)] is the expectation of the
signal x(t). AH represents the complex conjugate transpose of A. . denotes
the determinant of a matrix.

The following is an outline of the rest of this paper. In section 2, we intro-
duce the practical representation of the signal model, supporting equations,
and supporting variable initialization of off-grid DOA estimation. Section 3
discusses the formulation of the problem and the proposed PSO-MUSIC algo-
rithm for DOA estimation. The proposed technique’s simulation results are
discussed in section 4, all graphs were also compared and the simulation results
were analyzed. Section 5 contains the concluding remarks and future scope of
the work.
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2 System Model

Let us consider a N -element and M -signal sources Uniform Linear Array
(ULA) in which sensors are located at positions D = [0, d, 2d, ..., (N − 1)d]. As
shown in Figure 1, the array element spacing between any two elements is d.
The received signal can be modeled as equation 1

Fig. 1 System Model of ULA

x(t) = AS(t) + n(t) (1)

where t indicates time index, S(t) ∈ C
M×1 indicates the signal wave-

form, n(t) ∈ C
N×1 indicates the additive white Gaussian noise, and A =

[a(θ1),a(θ2), ..,a(θM )] ∈ C
N×M indicates the vandermonde matrix of the array

where
a(θk) = [ej2π

p1
λ

sin(θk), ej2π
p2
λ

sin(θk), .., ej2π
pN
λ

sin(θk)]T (2)

indicates the steering vector corresponding to θk, and the N sensor positions
are denoted by p1, p2, .., pN . The array covariance matrix can be approximated
as

Rxx = E[x(t)xH(t)] = ARssA
H + σ2

nIN (3)

where Rss = E[s(t)sH(t)] is the source signal covariance matrix, σ2
n is the

noise power and I
2
N denotes the N × N identity matrix. Assumption here is

that noise in each channel is uncorrelated which leads to a diagonal covariance
matrix. By analyzing the properties Rxx, if the number of antenna elements
N greater than the number of sources M i.e., N > M then Rss is positive
definite i.e., signals are not fully correlated. In practice, the array covariance
matrix for T number of received snapshot vectors can be estimated as

R̂xx =
1

T

T∑

t=1

x(t)xH(t) (4)

where T is the number of snapshot. By performing the eigen value decompo-
sition of spatial correlation matrix Rxx, (assuming [λ0, λ1, λ2, ..., λN−1] as the
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eigen values) from the equation 5

Rxx − λiIN = 0 (5)

where λi ∈ [λ0, λ1, λ2, ..., λN−1] is ith eigen value of Rxx and substituting
equation 3 in equation 5 we have

∣∣∣ARssA
H + σ2

nIN − λiIN

∣∣∣ = 0 (6)

∣∣∣ARssA
H + (σ2

n − λi)IN

∣∣∣ = 0 (7)

Since steering vector A contains all independent columns, which implies A

is a full column rank matrix with rank(A) = M and Rss is a positive-
definite. Therefore the eigenvalues of ARssA

H are zero. Since, σ2 > 0, Rxx

has N positive eigen values [λ0, λ1, λ2, ..., λN−1], for every eigenvalue there
is a corresponding eigenvector i.e., [v1, v2, ..., vN−1], as the covariance matrix
Rxx is hermitian matrix eigenvectors are vi and vj ∈ [v1, v2, ..., vN−1] where
i = 0, 1, 2, ..., N − 1 is orthogonal

vHi vj = 0; i ̸= j (8)

onlyM eigen values ∈ [v1, v2, ..., vN−1] are relevant to signal sources. That is to
say that M eigen values ∈ [v1, v2, ..., vN−1] of Rxx are equal to the ARssA

H+
σ2
nIN . The noise variance σ2 is having N −M dimension.

3 Problem Formulation

Smallest N − M eigenvectors associated with corresponding eigenvalues are
orthogonal to the M column vectors of the steering matrix that makeup A.
Each row of the A corresponds to the direction of the signal source. This is
the origin for using the noise characteristic value as each column and noise
matrix En is constructed as En = [vM+1, vM+2, ..., vN ]. The spatial spectrum
Pmu(θ) is defined as in equation 9,

Pmu(θ) =
1

aH(θ)EnE
H
n a(θ)

(9)

When a(θ) is orthogonal to each column in En, the value of denominator in
equation (9) is zero, which means that Pmu(θ) has a peak. Figure 2 shows the
system model where N antenna elements are placed with uniform distance d

and M signal sources are incident on the ULA. The mathematical model of
the received signal is constructed as in equation 1. MUSIC algorithm provides
the information about number of incident signals, DOA of each signal and
cross correlation between incident signal and noise power. Now, to obtain the
DOA estimation of the signal source, equation 9 is taken as the cost function
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Fig. 2 Signal Model for DOA Estimation

for the PSO algorithm. MUSIC is combined with PSO for the spectral search
to find the peak which will give DOA estimation. As shown in the Figure 3
PSO-MUSIC flowchart. This algorithm first initializes the cost function f t

ij as
Pmu(θ) i.e., equation 9. PSO algorithm randomly selects value of xt

ij position

vector of particle i in dimension j at time t as θ in the range [−π
2

π
2 ]. Personal

best of the particle i is found from the initialization through time t. Velocity
of the particle i, V t+1

ij is calculated as

V t+1
ij = V t

ij + C1r
t
1j [P

t
best,i − xt

ij ] + C2r
t
2j [G

t
best − xt

ij ] (10)

where C1, C2 are positive accelerating constants and rt2j are random numbers
from uniform distribution U(0, 1) at time t. Gbest = min [P t

best,i], where i ∈
[1, 2, ..., n] and n > 1. Position vector of the particle i is updated at every
iteration using the equation 11

xt+1
ij = xt

ij + V t+1
ij (11)

and the cost function value f t
ij is evaluated using the position vector xt

ij of
the particle i, at every iteration, if f t

ij ≤ fbest,i. Then fbest,i and P t
best,i are

updated as fbest,i = f t
ij , P

t
best,i = xt

ij else if f t
ij ≤ fgbest then fgbest and Gbest

are updated as fgbest = f t
ij , Gbest = xt

ij , else it continue with the next iteration.
Stopping criteria for the PSO-MUSIC algorithm is evaluated for I number of
iterations as initialized in step 1.

4 Simulation and Results

Averaging 200 independent Monte Carlo (MC) runs yielded the simulated
results. A variety of statistical methods have been used to compare perfor-
mance in the literature. Mean absolute error (MAE) and root-mean-squared
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Fig. 3 Flow chart of PSO-MUSIC DOA Estimation

error (RMSE), for example, are both defined as

MAE =
1

200×N

200∑

j=1

M∑

p=1

|θ̂j,p − θp| (12)

RMSE =

√√√√ 1

200×N

200∑

j=1

M∑

p=1

(
θ̂j,p − θp

)2

(13)

where θ̂j,p is the jth MC run for the θp estimate value.
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Table 1 PSO-MUSIC algorithm of DOA Estimation

step 1 Initialize particle position x0
ij , C1, C2, velocity v0ij , t = 0,

f0
ij = P(θ), xt

ij = θk I=Maximum number of iterations

step 2 choose randomly U ∈ [0, 1] rt
1j and rt

1j

step 3 update the velocity of the particle using formula

V t+1

ij = V t
ij + C1r

t
1j [P

t
best,i

− xt
ij ] + C2r

t
2j [G

t
best

− xt
ij ]

step 4 update the particle position using the formula

xt+1

ij = xt
ij + V t+1

ij where V t+1

ij is obtained from step 3

step 5 Evaluate f t
ij using particle position xt

ij

step 6 If f t
ij ≤ fbest,i then update fbest,i = f t

ij and P t
best,i

= xt
ij

Elseif f t
ij ≤ fgbest then update fgbest = f t

ij and Gbest = xt
ij else t ≤ I

step 7 Go to step 2 and iterations will continue till t ≤ I. After the
evaluation of the algorithm Gbest will have the DOA estimation

As a first instance, for validating the proposed algorithms, an 8-element
ULA with the inter element spacing of λ

2 is considered. The source is assumed
to have 2MHz frequency with 400 angle of arrival and a single snapshotN = 1.
Figure 4 shows the variation RMSE values with respect to SNR.

Fig. 4 RMSEs of DOA estimation verses SNR for N=1

The novel PSO-MUSIC algorithm has better performance and converged
to the true value with less than 5 percent error at SNR −10dB while the con-
ventional methods MVDR, MUSIC, Root-MUSIC and correlation algorithms
converge at much higher SNR as compared to PSO-MUSIC algorithm as seen
in figure 4. The novel approach out performs the conventional methods under
robust conditions with single-snapshot.

Figure 5 shows the simulation result of PSO-CORRELATION algorithm
in comparison with PSO-MUSIC and other traditional estimation algorithms,
it can seen from the figure that PSO-CORRELATION and PSO-MUSIC algo-
rithms have almost same RMSE at SNR −10dB. Figure 6 shows that the
PSO-MUSIC algorithm has less root-mean square error when compared with
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Fig. 5 RMSEs of DOA estimation verses SNR for N=1 of pso-correlation algorithm

PSO-CORRELATION algorithm. With this results it can be seen that PSO-
MUSIC is having better DOA estimation performance when compared with
other algorithms using single-snapshot.

Fig. 6 RMSEs of DOA estimation verses SNR for N=1 zoomed at -10dB

For the second instance the number of snapshots is increased to N =
5. Figure 7 shows the simulation result with number of snapshots N=5. By
increasing the number of snapshots at each antenna element DOA estimation
performance of the PSO-MUSIC algorithm is increased considerably up to −15
dB.

Figure 8 shows the simulation result of PSO-CORRELATION algorithm
in comparison with PSO-MUSIC. PSO-MUSIC algorithm has slightly better
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Fig. 7 RMSEs of DOA estimation verses SNR for N=5

angle of arrival estimation compared to PSO-CORRELATION, over 200 inde-
pendent monte carlo simulation runs. Both the proposed algorithms have the
least RMSE with less number of snapshots i.e., 1 ≤ N ≤ 5. The major draw-
back of the multiple signal classification algorithm is, its requirement of having
more snapshots and complex peak spectral search for accurate DOA estima-
tion. These drawbacks can be overcome by combing music with particle swarm
optimization technique i.e., PSO-MUSIC algorithm as shown in figure 8.

Fig. 8 RMSEs of DOA estimation verses SNR for N=5 of pso-correlation algorithm

By comparing figure 6 and figure 9 it can be seen that at −15 dB signal-to-
noise ratio the root-mean-squared error is reduced approximately by 60. From
this result it can be concluded that, by increasing the number of snapshots the
estimation performance of the proposed algorithms will increase.
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Fig. 9 RMSEs of DOA estimation verses SNR for N=5 zoomed at -15dB

And also to check the accuracy of PSO-MUSIC algorithm, simulations were
carried by increasing the number of snapshots and the analysis is also discussed
here, the parameters considered are the number of antenna elements N=8,
snapshots taken at each antenna element D=1000, three signal sources M=3
are taken, and the frequency of incoming targets is π

6 ,
π
4 and

π
3 respectively.

Wavelength Corresponding to 2MHz signal λ=150 is taken, element spacing
λ/2 is considered between antenna elements and SNR = 20dB. Initially only
single source impinging with different incident angles −500, −50.30, −50.320,
−50.3210, and −50.32150 on the ULA is considered, and the simulations are
carried using PSO-MUSIC algorithm as shown in table 1 and conventional
MUSIC algorithm which calculate the spectrum function by varying θ, where
θ lies between [−π

2 ,
π
2 ] according to the Equation (9). The results obtained by

both the algorithms are tabulated in Table 2. It can be observed that as the

Table 2 Accuracy performance Comparison of PSO-MUSIC and MUSIC DOA Estimation

S.No Incident angle θ̂i PSO-MUSIC θ̂i MUSIC
1 −500 −50.0010 −500

2 −50.30 −50.29760 −500

3 −50.320 −50.32130 −500

4 −50.3210 −50.32110 −500

5 −50.32150 −50.32130 −500

incident angle grid positions increases the DOA estimation with MUSIC algo-
rithm has remained same as −500, but the proposed PSO-MUSIC algorithm
DOA estimation is accurate to four decimal points with grid-less ULA sys-
tem and convergence rate for the incident angle −50.32150 of the PSO-MUSIC
algorithm is shown in the Fig 10. For three decimal point i.e., incident angle
of the single source as 50.3210, the convergence rate of PSO-MUSIC is very
high as shown in Fig 11. DOA estimation up-to four decimal points of the
PSO-MUSIC algorithm converges in < 90 iterations as shown in Fig 10 and
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Fig. 10 convergence plot of single source arriving at −50.32150

Fig. 11 convergence plot of single source arriving at −50.3210

11. which is very less number of computations when compared to on-grid DOA
estimators like MUSIC, MVDR and root-MUSIC algorithms.

Now the simulations of PSO-MUSIC algorithm are extended to examine
the response under multiple signal sources. Three targets with incident angles
of -50.3215, 0.7319 and 60.5732 are considered for the simulation of PSO-
MUSIC algorithm and MUSIC algorithm. MUSIC algorithm estimated targets
as −50o, 0.5o and 60o respectively, where as the proposed PSO-MUSIC algo-
rithm for DOA estimated the targets as −50.32150, 0.73190 and 60.57320 in
less than twenty iterations, its convergence rate is shown in the Fig 12. Similar
to single source investigations are carried out for multiple source as tabulated
and shown in the table 3. Three incoming signal sources with different incident
angles and different grid levels are taken for the simulation and it is observed



Springer Nature 2021 LATEX template

Novel 1D DOA Estimation with PSO Based MUSIC Algorithm Using Single Snapshot 13

Fig. 12 PSO-MUSIC convergence plot of multiple source arriving at −50.32150, 0.73190

and 60.57320

Table 3 Performance Comparison of PSO-MUSIC and MUSIC algorithms DOA
Estimation

S.No Incident angle θ̂i Proposed method θ̂i MUSIC Algorithm

1
−500 −49.99980 −500

00 0.00280 00

600 60.00030 600

2
−50.30 −50.29610 −500

0.70 0.70000 00

60.50 60.50010 600

3
−50.320 −50.32000 −500

0.730 0.72870 00

60.570 60.56890 600

4
−50.3210 −50.31940 −500

0.7310 0.73290 00

60.5730 60.57210 600

5
−50.32150 −50.32220 −500

0.73190 0.73100 00

60.57320 60.57380 600

that PSO-MUSIC algorithm is capable of identifying signals up to four digits
i.e., very high resolution and converges to θ̂k in less than twenty iterations as
shown in the convergence plot of multiple sources Fig 12.

5 Conclusion

An efficient PSO-MUSIC algorithm for uniform linear array is proposed in this
work. The PSO-MUSIC algorithm can be adopted to overcome the problems
that are faced in conventional MUSIC algorithm to solve off-grid DOA esti-
mation problem. The simulation results of the PSO-MUSIC algorithm shows
that it can achieve very high resolution and the computational complexity is
very less compared to other high resolution subspace techniques. The novel
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PSO-MUSIC method can be an effective technique to solve the DOA estima-
tion without requiring dense grid. Thus, optimization-based high-resolution
algorithms can also be used to solve DOA estimation of various structures of
sparse arrays like a uniform rectangular array (URA), co-prime array (CP),
and nested array (NA) which can be can be considered as future work
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