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Quantum evolution is time-reversible and yet little advantage is gained from this in the circuit model of4

quantum computing. Indeed, most quantum algorithms expressed in the circuit model compute strictly5

from the present to the future, preparing initial states and proceeding forward with unitary transformations6

and measurements. We may call this predictive computation. In contrast, retrodictive quantum theory [4],7

retrocausality [3], and the time-symmetry of physical laws [24] all suggest that quantum computation em-8

bodies richer –untapped– modes of computation, which could exploit knowledge about the future for a9

computational advantage.10

We demonstrate that by using symbolic partial evaluation [12], retrodictive reasoning can indeed be11

used as a computational resource that exhibits richer modes of computation at the boundary of the clas-12

sical/quantum divide. Specifically, instead of fully specifying the initial conditions of a quantum circuit13

and computing forward, it is possible to compute, classically, in both the forward and backward directions14

starting from partially-specified initial and final conditions. Furthermore, this mixed mode of computation15

(i) can solve problems with fewer resources than the conventional forward mode of execution, sometimes16

even purely classically (de-quantization), (ii) can be expressed in a symbolic representation that immedi-17

ately exposes global relational properties of the wavefunction that are needed for quantum algorithms, and18

(iii) reveals that the entanglement patterns inherent in genuine quantum algorithms with no known classical19

counterparts are artifacts of the chosen symbolic representation.20

The main ideas underlying our contributions can be illustrated with the aid of the small examples in21

Fig. 1. In the conventional computational predictive mode (Fig. 1a), the execution starts with the initial state22

|00⟩. The first gate (Hadamard) evolves the state to 1/
√
2(|00⟩+|10⟩) which is transformed by the controlled-23

not (cx) gate to 1/
√
2(|00⟩+ |11⟩) (Methods)). The measurements at the end produce 00 or 11 with equal24

probability. Fig. 1b keeps the quantum core of the circuit, removing the measurements, and naming the25

inputs and outputs with symbolic variables. Now, instead of setting initial values x1 = y1 = 0 and computing26

forward as before, we can, for example, set final values x2 = 1 and y2 = 0 and calculate backwards as follows:27

|10⟩ evolves in the backwards direction to |11⟩ and then to 1/
√
2(|01⟩ − |11⟩). In other words, in order to28

observe x2y2 = 10, the variable x1 should be prepared in the superposition 1/
√
2(|0⟩ − |1⟩) and y1 should29

be prepared in the state |1⟩. More interestingly, we can partially specify the initial and final conditions. For30

|0⟩

|0⟩

H

(a) Bell circuit

|x1⟩

|y1⟩

H |x2⟩

|y2⟩
(b) Quantum core

|x1⟩

|y1⟩

|x2⟩

|y2⟩
(c) Classical core

Figure 1: A conventional quantum circuit with initial conditions and measurement (a); its quantum core
without measurement and with unspecified initial and final conditions (b); and its classical core without
explicit quantum superpositions (c).

1



|0⟩⊗n

|ψ⟩m

H⊗n

ba
rr
ier

1

Uf

ba
rr
ier

2

ba
rr
ier

3

QFT

(a) Conventional Predictive Flow

|0⟩⊗n

|ψ⟩m

H⊗n

ba
rr
ier

1

Uf

ba
rr
ier

2

ba
rr
ier

3

QFT

(b) Retrodictive Flow

Figure 2: Template quantum circuit and the flow of information indicated by (blue) arrows.

example, we can fix x1 = 0 and x2 = 1 and ask if there are any possible values for y1 and y2 that would be31

consistent with this setting. Using the techniques of symbolic partial evaluation (Methods), we calculate as32

follows. The initial state is |0y1⟩ which evolves to 1/
√
2(|0y1⟩+ |1y1⟩) and then to 1/

√
2(|0y1⟩+ |1(1⊕ y1)⟩)33

where ⊕ is the exclusive-or operation and 1⊕ y1 is the canonical way of negating y1 in the Algebraic Normal34

Form (ANF) of boolean expressions (Methods). This final state can now be reconciled with the specified35

final conditions 1y2 revealing that the settings are consistent provided that y2 = 1⊕ y1. We can, in fact, go36

one step further and analyze the circuit without the Hadamard gate as shown in Fig. 1c. The reasoning is37

that the role of Hadamard is to introduce (modulo a phase) uncertainty about whether x1 = 0 or x1 = 1.38

But, again modulo a phase, the same uncertainty can be expressed by just using the variable x1. Thus, in39

Fig. 1c, we can set y1 = 0 and y2 = 1 and ask about values of x1 and x2 that would be consistent with this40

setting. Calculating backwards from |x21⟩, the state evolves to |x2(1⊕ x2)⟩ which can be reconciled with41

the initial conditions yielding the constraints x1 = x2 and 1⊕ x2 = 0 whose solutions are x1 = x2 = 1.42

These insights are robust and can be implemented in software (Methods) to analyze circuits with millions43

of gates for the quantum algorithms that match the template in Fig. 2 (including Deutsch, Deutsch-Jozsa,44

Bernstein-Vazirani, Simon, Grover, and Shor’s algorithms [6, 10, 11, 14, 18–21]). The software is completely45

classical, performing mixed mode executions of the classical core of the circuits, i.e., the Uf block formally46

defined as Uf (|x⟩ |y⟩) = |x⟩ |f(x)⊕ y⟩. Specifically, in all these algorithms, there is a top collection of wires47

(which, following the standard predictive flow of information, we call the input register) and a bottom48

collection of wires (the output register). The input register is prepared in a uniform superposition which can49

be represented using symbolic variables. The measurement of the output register after barrier 2 provides50

partial information about the future which is, together with the initial conditions of the output register,51

sufficient to symbolically execute the circuit. In each case, instead of the conventional execution flow depicted52

in Fig. 2a, we find a possible measurement outcome w at barrier (2) and perform a symbolic retrodictive53

execution with a state |xw⟩ going backwards to collect the constraints on x that enable us to solve the54

problem in question (Fig. 2b).55

Algorithms56

The accompanying code includes retrodictive implementations of six major quantum algorithms: Deutsch,57

Deutsch-Jozsa, Bernstein-Vazirani, Simon, Grover, and Shor [18, 19] (Methods). An important insight is58

that each of these algorithms is essentially asking the same question: which input states can produce a59

particular output measurement? In conventional predictive quantum execution, the question is answered by60

initializing the input register to a superposition of all possible input states, evolving them through the Uf61

block, and measuring the output causing a phase kickback effect to refine the states to the ones consistent62

with the measurement. A conceptually simpler solution is to just start a retrodictive execution with the63

output measurement as a valid “retrodictive input.”64

A word of caution though: all the algorithms (except Shor) are conventionally presented in the “black-65

box” complexity model where the internals of the Uf are unspecified, where each access to Uf counts as66

one unit of execution cost, and where the algorithm complexity is expressed using the number of times Uf67
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u = 0 1⊕ x3 ⊕ x2 ⊕ x1 ⊕ x0 ⊕ x2x3 ⊕ x1x3 ⊕ x1x2 ⊕ x0x3 ⊕ x0x2 ⊕ x0x1 ⊕ x1x2x3 ⊕ x0x2x3
⊕ x0x1x3 ⊕ x0x1x2 ⊕ x0x1x2x3

u = 1 x0 ⊕ x0x3 ⊕ x0x2 ⊕ x0x1 ⊕ x0x2x3 ⊕ x0x1x3 ⊕ x0x1x2 ⊕ x0x1x2x3
u = 2 x1 ⊕ x1x3 ⊕ x1x2 ⊕ x0x1 ⊕ x1x2x3 ⊕ x0x1x3 ⊕ x0x1x2 ⊕ x0x1x2x3
u = 3 x0x1 ⊕ x0x1x3 ⊕ x0x1x2 ⊕ x0x1x2x3
u = 4 x2 ⊕ x2x3 ⊕ x1x2 ⊕ x0x2 ⊕ x1x2x3 ⊕ x0x2x3 ⊕ x0x1x2 ⊕ x0x1x2x3
u = 5 x0x2 ⊕ x0x2x3 ⊕ x0x1x2 ⊕ x0x1x2x3
u = 6 x1x2 ⊕ x1x2x3 ⊕ x0x1x2 ⊕ x0x1x2x3
u = 7 x0x1x2 ⊕ x0x1x2x3
u = 8 x3 ⊕ x2x3 ⊕ x1x3 ⊕ x0x3 ⊕ x1x2x3 ⊕ x0x2x3 ⊕ x0x1x3 ⊕ x0x1x2x3
u = 9 x0x3 ⊕ x0x2x3 ⊕ x0x1x3 ⊕ x0x1x2x3
u = 10 x1x3 ⊕ x1x2x3 ⊕ x0x1x3 ⊕ x0x1x2x3
u = 11 x0x1x3 ⊕ x0x1x2x3
u = 12 x2x3 ⊕ x1x2x3 ⊕ x0x2x3 ⊕ x0x1x2x3
u = 13 x0x2x3 ⊕ x0x1x2x3
u = 14 x1x2x3 ⊕ x0x1x2x3
u = 15 x0x1x2x3

Figure 3: Result of retrodictive execution for the Grover oracle (n = 4, u in the range {0, · · · , 15}). The
highlighted red subformula is the binary representation of the hidden input u.

is queried. This is not, however, the only way to analyze complexity [17]. In our case, the Uf block is an68

actual known circuit that we execute (usually symbolically). We return to this point after highlighting the69

salient results for the first five algorithms, and discussing the interesting case of Shor’s algorithm in detail.70

|0⟩

|1⟩

H

H
Uf

H

Figure 4: Quantum Circuit for the
Deutsch-Jozsa Algorithm (n = 1)

De-Quantization. We abbreviate the set {0, 1, . . . , (n − 1)}
as [n]. In the Deutsch-Jozsa problem, we are given a function
[2n ]→ [2] that is promised to be constant or balanced and we need
to distinguish the two cases. The quantum circuit Fig. 4 shows the
algorithm for the case n = 1. Instead of the conventional execu-
tion, we perform a retrodictive execution of the Uf block with an
output measurement 0, i.e., with the state |xn−1 · · ·x1x00⟩. The
result of the execution is a symbolic formula that determines the
conditions under which f(xn−1, · · · , x0) = 0. When the function is
constant (say 0), the results are 0 = 0 (always) or 1 = 0 (never). When the function is balanced, we get a
formula that mentions the relevant variables. Thus, retrodictive reasoning does de-quantize Deutsch-Jozsa’s
problem for an arbitrary [2n ] → [2] boolean function. For example, here are the results for three different
balanced functions [26]→ [2]:

Case 1. x0 = 0
Case 2. x0 ⊕ x1 ⊕ x2 ⊕ x3 ⊕ x4 ⊕ x5 = 0
Case 3. 1⊕ x3x5 ⊕ x2x4 ⊕ x1x5 ⊕ x0x3 ⊕ x0x2 ⊕ x3x4x5 ⊕ x2x3x5 ⊕ x1x3x5 ⊕ x0x3x5 ⊕ x0x1x4⊕

x0x1x2 ⊕ x2x3x4x5 ⊕ x1x3x4x5 ⊕ x1x2x4x5 ⊕ x1x2x3x5 ⊕ x0x3x4x5 ⊕ x0x2x4x5 ⊕ x0x2x3x5⊕
x0x1x4x5 ⊕ x0x1x3x5 ⊕ x0x1x3x4 ⊕ x0x1x2x4 ⊕ x0x1x2x4x5 ⊕ x0x1x2x3x5 ⊕ x0x1x2x3x4 = 0

In the first case, the function is balanced because it produces 0 exactly when x0 = 0 which happens half of71

the time in all possible inputs; in the second case the output of the function is the exclusive-or of all the input72

variables which is another easy instance of a balanced function. The last case is a cryptographically-strong73

function whose output pattern is balanced but, by design, difficult to discern [8]. An important insight is that74

we actually do not care about the exact formula. Indeed, since we are promised that the function is either75

constant or balanced, then any formula that refers to at least one variable must indicate a balanced function:76

the outcome of the algorithm can be immediately decided if the formula is anything other than 0 or 1.77
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Base Equations Solution

a = 11 x0 = 0 x0 = 0
a = 4, 14 1⊕ x0 = 1 x0 = 0 x0 = 0
a = 7, 13 1⊕ x1 ⊕ x0x1 = 1 x0x1 = 0 x0 ⊕ x1 ⊕ x0x1 = 0 x0 ⊕ x0x1 = 0 x0 = x1 = 0
a = 2, 8 1⊕ x0 ⊕ x1 ⊕ x0x1 = 1 x0x1 = 0 x1 ⊕ x0x1 = 0 x0 ⊕ x0x1 = 0 x0 = x1 = 0

Figure 5: Equations generated by retrodictive execution of ax mod 15 for different values of a, starting from
observed result 1 and unknown x8x7x6x5x4x3x2x1x0. The solution for the unknown variables is given in the
last column.

Indeed, our implementation correctly identifies all 12,870 balanced functions [24] → [2]. This is significant78

as some of these functions produce complicated entangled patterns during quantum evolution and could not79

be de-quantized using previous approaches [1].80

This suggests that the specific equations may not be relevant for some algorithms. This matters as the81

satisfiability of general boolean equations is, in general, an NP -complete problem [9, 16, 22]. Fortunately,82

this observation does hold for other algorithms, including the Bernstein-Vazirani algorithm and Grover’s83

algorithm. In both cases, the result can be immediately read from the formula. In the Bernstein-Vazirani84

case, formulae are guaranteed to have all subformulae consist of single variables, e.g., x1 ⊕ x3 ⊕ x4 ⊕ x5;85

the secret string is then the binary number that has a 1 at the indices of the relevant variables {1, 3, 4, 5}.86

For Grover, as there is a unique input u for which f(u) = 1, the ANF formula must include a subformula87

matching the binary representation of u, and in fact that subformula is guaranteed to be the shortest one as88

shown in Fig. 3. This solves Grover’s unstructured search problem in a deterministic manner.89

x2 = |0⟩ H

QFTx1 = |0⟩ H

x0 = |0⟩ H

|0⟩
|0⟩
|0⟩

Figure 6: Finding the period of 4x mod 15

Shor’s Algorithm. The circuit in Fig. 6 uses a hand-
optimized implementation of quantum oracle Uf for the
modular exponentiation function f(x) = 4x mod 15 to fac-
tor 15 using Shor’s algorithm. In the graphical representa-
tion, an empty circle indicates that a negative control bit
(active when it is 0) and a black circle indicates a positive
control bit (active when it is 1). In a conventional forward
execution, the state before the QFT block is:

1

2
√
2
((|0⟩+ |2⟩+ |4⟩+ |6⟩) |1⟩+ (|1⟩+ |3⟩+ |5⟩+ |7⟩) |4⟩)

At this point, the output register is measured to either |1⟩90

or |4⟩. In either case, the input register snaps to a state of91

the form
∑

3

r=0
|a+ 2r⟩ whose QFT has peaks at |0⟩ or |4⟩92

making them the most likely outcomes of measurements of93

the input register. If we measure |0⟩, we repeat the experiment; otherwise we infer that the period is 2.94

In the retrodictive execution, we can start with the state |x2x1x0001⟩ since 1 is guaranteed to be a95

possible output measurement (corresponding to f(0)). The first cx-gate changes the state to |x2x1x0x001⟩96

and the second cx-gate produces |x2x1x0x00x0⟩. At that point, we reconcile the retrodictive result of the97

output register |x00x0⟩ with the initial condition |000⟩ to conclude that x0 = 0. In other words, in order to98

observe the output at 001, the input register must be initialized to a superposition of the form |??0⟩ where99

the least significant bit must be 0 and the other two bits are unconstrained. Expanding the possibilities, the100

first register needs to be in a superposition of the states |000⟩ , |010⟩ , |100⟩ or |110⟩ and we have just inferred101

using purely classical but retrodictive reasoning that the period is 2.102

This result does not, in fact, require the small optimized circuit of Fig. 6. In our implementation, modular103

exponentiation circuits are constructed from first principles using adders and multipliers [23] and have size104
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O(n3) for a circuit with n qubits (Supplementary Material). In the case of f(x) = 4x mod 15, although the105

unoptimized constructed circuit has 56,538 generalized Toffoli gates (controlledn-not gates for all n with both106

positive and negative controls), the execution results in just two simple equations: x0 = 0 and 1 ⊕ x0 = 1.107

Furthermore, as shown in Fig. 5, the shape and size of the equations is largely insensitive to the choice of 4108

as the base of the exponent, leading in all cases to the immediate conclusion that the period is either 2 or 4.109

When the solution is x0 = 0, the period is 2, and when it is x0 = x1 = 0, the period is 4.110

The remarkable effectiveness of retrodictive computation of the Shor instance for factoring 15 is, however,111

due to a coincidence: a period that is a power of 2 is trivial to represent in the binary number system which,112

after all, is expressly designed for that purpose. That coincidence repeats itself when factoring products of113

the (known) Fermat primes: 3, 5, 17, 257, and 65537, and leads to small circuits [13]. This is confirmed with114

our implementation which smoothly deals with unoptimized circuits for factoring such products. Factoring115

3*17=51 using the unoptimized circuit of 177,450 generalized Toffoli gates produces just the 4 equations:116

1⊕x1 = 1, x0 = 0, x0⊕x0x1 = 0, and x1⊕x0x1 = 0. Even for 3*65537=196611 whose circuit has 4,328,778117

generalized Toffoli gates, the execution produces 16 small equations that refer to just the four variables x0,118

x1, x2, and x3 constraining them to be all 0, i.e., asserting that the period is 16.119

Since periods that are powers of 2 are rare and special, we turn our attention to factoring problems with120

other periods. The simplest such problem is that of factoring 21 with an underlying function f(x) = 4x121

mod 21 of period 3. The unoptimized circuit constructed from the first principles has 78,600 generalized122

Toffoli gates; its execution generates just three equations. But even in this rather trivial situation, the123

equations span 5 pages of text! (Supplementary Material). A small optimization reducing the number of124

qubits results in a circuit of 15,624 generalized Toffoli gates whose execution produces still quite large, but125

more reasonable, equations (Supplementary Material). Despite this blowup, it would however be incorrect126

to conclude that factoring 21 is inherently harder than factoring 15. The cause and cure for these unwieldy127

equations is explained next.128

|x1⟩
|x0⟩

a2 = |0⟩
a1 = |0⟩
a0 = |0⟩

Figure 7: Finding the period of 4x mod 21
using qutrits. The three gates are from left
to right are the X, SUM, and C(X) gates for
ternary arithmetic [7]. The X gate adds 1
modulo 3; the controlled version C(X) only
increments when the control is equal to 2, and
the SUM gates maps |a, b⟩ to |a, a+ b⟩.

Complexity Analysis. Like regular execution, symbolic129

execution (whether in predictive or retrodictive mode) makes130

one pass over the circuit, touching each gate once. Thus131

the cost of symbolic execution is entirely dominated by the132

amount of work done when processing an individual gate.133

This cost is proportional to the size of the formulae repre-134

senting the inputs to the gate and as the example of Shor135

21 shows, this size can be exponentially large. On one hand,136

this exponential blowup can be viewed as a good sign as137

exponentially large intermediate states are a necessary con-138

dition for any quantum algorithm that offers an exponential139

speed-up over classical computation [15]. We can still ask,140

however, if perhaps the exponential size is due to our choice141

of ANF and whether another representation could be more142

efficient. Indeed, it is clear that the issue is simply that the143

binary number system is well-tuned to expressing patterns144

over powers of 2 (yielding small formulae in those cases) but a very poor match for expressing patterns over145

powers of other prime numbers (yielding large formulae in those cases). This suggests that by using qutrits,146

the circuit and equations for factoring 21 would become trivial (Methods). And indeed, the circuit in Fig. 7147

for the modular exponentiation routine needed for factoring 21 consists of just three gates; its retrodictive148

execution produces two equations: x0 = 0 and x0 ̸= 2, setting x0 = 0 and leaving x1 unconstrained. The149

matching values in the qutrit system are 00, 10, 20 or in decimal 0, 3, 6 identifying the period to be 3.150

Even if we uniformly maintain the ANF representation, retrodictive and symbolic executions are surpris-151

ingly efficient for some instances of quantum algorithms. Most significantly, a Grover function f : [2n ]→ [2]152

such that f(u) = 1 for a unique marked input u induces many possible implementations of Uf that are all153

equivalent to a circuit with a single generalized Toffoli gate that negates the output qubit when the controls154
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match u. Together with the fact that we only need the shortest subformula to identify u, instances of Grover155

search are all solved in a single pass (in our white-box complexity model), as opposed to O(
√
2n) queries.156

The performance depends on the number of zeros in the binary representation of the marked element. Fig. 8157

shows the execution times for various choices of the marked element u as a function of the number of elements158

N . The worst case occurs when u = 0 and is proportional to N . In the best case, the marked is 2n − 1 (all159

ones in binary) and the symbolic retrodictive execution time is negligible far beyond the scale of the chart,160

remaining less then 30 milliseconds on a conventional laptop even as n reaches 1000, i.e., searching among161

N = 21000 items.162
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Figure 8: Execution times for Grover’s search for various numbers
of elements N and for various choices of the marked element u

In summary, the reasons for the ef-163

ficacy of symbolic retrodictive execution164

can be recapped as: (i) retrodictive ex-165

ecution is inherently optimized to con-166

sider a single output of interest allevi-167

ating the need to consider inputs lead-168

ing to other values of the output reg-169

ister when analyzing many-to-one func-170

tions, (ii) for many quantum algorithms,171

the symbolic formulae need not be solved172

precisely and in fact are not even needed173

in their full representation as the solu-174

tion can in some cases be gleaned from175

parts of the formulae since it represents176

a relational property of the function’s177

output, (iii) for many quantum algo-178

rithms there is neither a need for relative179

phases (other than a fixed phase zero)180

nor for measurements, making the sym-181

bolic representation adequate for repre-182

senting the emergent entanglement pat-183

terns, and (iv) with judicious adaptive184

choice of the representation of formulae,185

the hidden entanglement patterns can be made to disappear as illustrated by the use of qutrits to represent186

formulae with period 3. This idea of adapting the representation of the computation to simplify the circuit187

and equations is inspired by the fact that entanglement is relative to a particular tensor product decomposi-188

tion or, more generically, to a distinguished subspace of observables [5] (Methods). It is therefore tempting189

to conjecture that quantum advantage relies on the dynamic reconfiguration of the computational subspaces.190

This can certainly be efficiently achieved via the (quantum) Fourier transform, a suspected source of quan-191

tum advantage [2], but it also raises the question of whether, and to what extent, such dynamic adaptability192

may be automatically realized classically? Clearly it is all about representation of the flow information, one193

of the best protected secrets of Nature.194
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Methods254

Quantum Algorithms. Standard quantum gates include Hadamard, H = 1√
2

(

1 1
1 −1

)

, and controlled-255

not (cx) gate, cx=

(

1 0
0 1

)

⊕
(

0 1
1 0

)

, or cx=

(

0 1
1 0

)

⊕
(

1 0
0 1

)

, depending on the control bit being256

positive (1) or negative (0), respectively. In the Deutsch problem, we are given a function [2] → [2]; the257

goal is to determine if the function is constant or balanced. The Deutsch-Jozsa problem generalizes this258

question to functions of type [2n ] → [2]. In the Bernstein-Vazirani problem, we are given a function259

[2n ] → [2] that hides a secret number s ∈ [2n ]. We are promised that the function is defined using the260

binary representations
∑n−1

i xi and
∑n−1

i si of x and s respectively as f(x) =
∑n−1

i=0
sixi mod 2. The goal261

is to determine the secret number s. In the Simon problem, we are given a 2-1 function f : [2n ] → [2n ]262

with the property that there exists an a such that f(x) = f(x ⊕ a) for all x; the goal is to determine a.263

In Grover’s algorithm, we are given a function f : [2n ] → [2] with the property that there exists only one264

input u such that f(u) = 1; the goal is to find u. In Shor’s algorithm, we are given a number N to factor265

and a function f : [Q] → [Q] where Q = ⌈log2N2⌉ and where f(x) = ax mod N . For appropriate values266

of a, this function has the property that there exists an r such that f(x) = f(x+ r) for all x; the goal is to267

determine r.268

Symbolic Execution of Classical Programs. A well-established technique to simultaneously explore269

multiple paths that a classical program could take under different inputs is symbolic execution [2, 4, 5, 7, 8].270

In this execution scheme, concrete values are replaced by symbols which are initially unconstrained. As the271

execution proceeds, the symbols interact with program constructs and this typically introduces constraints272

on the possible values that the symbols represent. At the end of the execution, these constraints can be273

solved to infer properties of the program under consideration.274

Algebraic Normal Form (ANF). The semantics of a generalized Toffoli gate with n positive control275

qubits: an−1, · · · , a0 and one target qubit b is b⊕∧

i ai, the exclusive-or of the target b with the conjunction276

of all the control qubits. This form is precisely the definition of the algebraic normal form of boolean277

expressions.278

When all the variables are bits, the execution of one gate takes time proportional to the number of control279

wires. But when the variables range over formulae, the execution of one gate additionally depends on the size280

of formulae. As each conjunction has the potential of doubling the size of the formula, this can quickly get281

prohibitively expensive. We note that circuits that only use x and cx-gates never generate any conjunctions282

and hence lead to formulae that are efficiently solvable classically [13, 14]. This situation is reminiscent of283

the Gottesman-Knill theorem [6].284

There are two properties of ANF that make it an excellent representation for symbolic formulae. First,285

being a normal form, the ANF of a circuit is unique which explains why wildly different circuits for the same286

algorithm yield the same equations. Additionally, a general ANF formula of the form X1⊕X2⊕X3⊕ . . . = 0287

where each Xi is a conjunction of some boolean variables can express both constructive and destructive288

interference. All the variables in each X must all be true to enable that X = 1, i.e., they constructively289

interfere. But since the entire formula must equal to 0, every Xi = 1 must be offset by another Xj = 1, thus290
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exhibiting destructive interference among Xi and Xj . Generally speaking, arbitrary interference patterns291

can be encoded in the formulae at the cost of making the size of the formulae exponential in the number of292

variables.293

|0⟩

|0⟩

H

|0⟩

|0⟩

|0⟩

H

Figure 9: Bell and GHZ States

Entanglement. A symbolic variable represents a boolean294

value that can be 0 or 1; this is similar to a qubit in a super-295

position (1/
√
2)(|0⟩±|1⟩). Thus, it appears that H |0⟩ could296

be represented by a symbol x to denote the uncertainty. Sur-297

prisingly, this idea scales to even represent maximally entan-298

gled states. Fig. 9 (left) shows a circuit to generate the Bell299

state (1/
√
2)(|00⟩+ |11⟩). By using the symbol x for H |0⟩,300

the input to the cx-gate is |x0⟩ which evolves to |xx⟩. By301

sharing the same symbol in two positions, the symbolic state302

accurately represents the entangled Bell state. Similarly, for303

the circuit in Fig. 9 (right), the state after the Hadamard304

gate is |x00⟩ which evolves to |xx0⟩ and then to |xxx⟩ again accurately capturing the entanglement correla-305

tions.306

Given a maximally entangled state defined with respect to a particular tensor product decomposition,
the same state may become unentangled in a different tensor product decomposition. Given the state:

|Ψ⟩ = |0⟩+ |3⟩+ |6⟩+ |9⟩+ |12⟩+ |15⟩ ,

one can find a 4-qubit representation (H =
⊗

4

i=1
C

2)

|Ψ⟩ = |0000⟩+ |0011⟩+ |0110⟩+ |1001⟩+ |1100⟩+ |1111⟩ ,

where we used the following map |m⟩ = ∑

3

i=0
xi2

i, with m ∈ Z and xi = 0, 1. One can use the purity [3]

P|Ψ⟩ =
1

4

4
∑

i=1

∑

µ=x,y,z

⟨Ψ|σµ
i |Ψ⟩

2
,

where σµ
i are Pauli matrices, and confirm that the state |Ψ⟩ is maximally entangled, i.e., has P|Ψ⟩ = 0. In307

contrast, in a qutrit basis (H =
⊗

4

i=1
C

3), given the map |m⟩ = ∑

3

i=0
xi3

i, with xi = 0, 1, 2, the state308

|Ψ⟩ = |0000⟩+ |0010⟩+ |0020⟩+ |0100⟩+ |0110⟩+ |0120⟩
= |0⟩ ⊗ (|0⟩+ |1⟩)⊗ (|0⟩+ |1⟩+ |2⟩)⊗ |0⟩ ,

is a product (unentangled) state.309

Partial Evaluation. Below is a Haskell [11] program that computes an by repeated squaring:310

power :: Int -> Int -> Int

power a n

| n == 0 = 1

| n == 1 = a

| even n = let r = power a (n `div` 2) in r * r

| otherwise = a * power a (n-1)

When both inputs are known, e.g., a = 3 and n = 5 the program evaluates as follows:311

power 3 5

= 3 * power 3 4

= 3 * (let r1 = power 3 2 in r1 * r1)
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= 3 * (let r1 = (let r2 = power 3 1 in r2 * r2) in r1 * r1)

= 3 * (let r1 = (let r2 = 3 in r2 * r2) in r1 * r1)

= 3 * (let r1 = 9 in r1 * r1)

= 243

Partial evaluation is used when we only have partial information about the inputs. Say we only know312

n = 5. A partial evaluator then attempts to evaluate power with symbolic input a and actual input n=5313

This evaluation proceeds as follows:314

power a 5

= a * power a 4

= a * (let r1 = power a 2 in r1 * r1)

= a * (let r1 = (let r2 = power a 1 in r2 * r2) in r1 * r1)

= a * (let r1 = (let r2 = a in r2 * r2) in r1 * r1)

= a * (let r1 = a * a in r1 * r1)

= let r1 = a * a in a * r1 * r1

All of this evaluation, simplification, and specialization happens without knowledge of a. Just knowing n315

was enough to produce a residual program that is much simpler. This is the underlying technology for our316

symbolic evaluator.317

2
6
10
14

4

...
...

f

Figure 10: The pre-image of 4 under f(x) = 7x

mod 15.

Complexity Analysis. Given finite sets A and B, a func-318

tion f : A → B and an element y ∈ B, we define {· f←− y},319

the pre-image of y under f , as the set {x ∈ A | f(x) = y}.320

For example, let A = B = [24] and let f(x) = 7x mod 15,321

then the collection of values that f maps to 4, {· f←− 4}, is322

the set {2, 6, 10, 14} as shown in Fig. 10. Symbolic retrodic-323

tive execution can be seen as a method to generate boolean324

formulae that describe the pre-image of the function f un-325

der study. For the example in Fig. 10, retrodictive execution326

might generate the formulae x1 = 1 and x0 = 0. The (triv-327

ial in this case) solution for the formulae is indeed the set328

{2, 6, 10, 14}. The critical points to note, however, are that:329

(i) solving the equations describing the pre-image is in gen-330

eral an intractable (even for quantum computers) NP -complete problem, and (ii) solving the equations is331

not needed for typical quantum algorithms. Only some global or relational properties of the pre-image are332

needed! Indeed, we have already seen that for solving the Deutsch-Jozsa problem, the only thing needed was333

whether the formula contains some variables. For the Bernstein-Vazirani problem, the only thing needed334

was the indices of the variables occurring in the formula. For Grover’s algorithm, we only need to extract335

the singleton element in the pre-image and for Shor’s algorithm we “only” need to extract the periodicity of336

the elements in the pre-image.337

To appreciate the difficulty of computing pre-images in general, note that finding the pre-image of a func-338

tion subsumes several challenging computational problems such as pre-image attacks on hash functions [12],339

predicting environmental conditions that allow certain reactions to take place in computational biology [1,340

9], and finding the pre-image of feature vectors in the space induced by a kernel in neural networks [10].341

More to the point, the boolean satisfiability problem SAT is expressible as a boolean function over the input342

variables and solving a SAT problem is asking for the pre-image of true. Indeed, based on the conjectured343

existence of one-way functions which itself implies P ̸= NP , all these pre-images calculations are believed to344

be computationally intractable in their most general setting.345

Software. The entire suite of programs including synthesis of reversible circuits, standard evaluation,346

retrodictive evaluation under various modes, testing, debugging, and alternative representations of ANF347

formulae is only 1,500 lines of Haskell. The heart of the implementation is this simple function:348
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Figure 11: Number of gates in modular exponentiation circuits as a function of the number of qubits. The
blue dots are the actual counts. The red line is the fitted equation (displayed in red)

peG :: Value v => GToffoli s v -> ST s ()

peG (GToffoli bs cs t) = do

controls <- mapM readSTRef cs

tv <- readSTRef t

let funs = map (\b -> if b then id else snot) bs

let r = sxor tv (foldr sand one (zipWith ($) funs controls))

writeSTRef t r

The function performs symbolic evaluation of one generalized Toffoli gate, reading the current ANF formulae349

for each control and producing an appropriate ANF formula for the target.350

Data Availability. All execution results will be made available and can be replicated by executing the351

associated software.352

Code Availability. The computer programs used to generate the circuits and symbolically execute the353

quantum algorithms retrodictively will be made publicly available.354

Author Contributions. The idea of symbolic evaluation is due to A.S. The connection to retrodictive355

quantum mechanics is due to G.O. The connection to partial evaluation is due to J.C. Both A.S. and J.C.356

contributed to the software code to run the experiments. Both A.S. and G.O. contributed to the analysis of357

the quantum algorithms and their de-quantization. All authors contributed to the writing of the document.358

Competing Interests. No competing interests.359

Materials & Correspondence. The corresponding author is Gerardo Ortiz.360
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Supplementary Information. Fig. 11 shows the number of gates in the unoptimized modular exponen-361

tiation circuits.362

The equations generated by retrodictive execution of the optimized circuit for 4x mod 21 starting from363

observed result 1 and unknown x are:364

1⊕x0⊕x1⊕x2⊕x0x2⊕x0x1x2⊕x3⊕x1x3⊕x0x1x3⊕x0x2x3⊕x1x2x3⊕x4⊕x0x4⊕x0x1x4⊕x2x4⊕365

x1x2x4⊕ x0x1x2x4⊕ x0x3x4⊕ x1x3x4⊕ x2x3x4⊕ x0x2x3x4⊕ x0x1x2x3x4⊕ x5⊕ x1x5⊕ x0x1x5⊕ x0x2x5⊕366

x1x2x5 ⊕ x3x5 ⊕ x0x3x5 ⊕ x0x1x3x5 ⊕ x2x3x5 ⊕ x1x2x3x5 ⊕ x0x1x2x3x5 ⊕ x0x4x5 ⊕ x1x4x5 ⊕ x2x4x5 ⊕367

x0x2x4x5 ⊕ x0x1x2x4x5 ⊕ x3x4x5 ⊕ x1x3x4x5 ⊕ x0x1x3x4x5 ⊕ x0x2x3x4x5 ⊕ x1x2x3x4x5 = 1368

x1 ⊕ x0x1 ⊕ x0x2 ⊕ x1x2 ⊕ x3 ⊕ x0x3 ⊕ x0x1x3 ⊕ x2x3 ⊕ x1x2x3 ⊕ x0x1x2x3 ⊕ x0x4 ⊕ x1x4 ⊕ x2x4 ⊕369

x0x2x4 ⊕ x0x1x2x4 ⊕ x3x4 ⊕ x1x3x4 ⊕ x0x1x3x4 ⊕ x0x2x3x4 ⊕ x1x2x3x4 ⊕ x5 ⊕ x0x5 ⊕ x0x1x5 ⊕ x2x5 ⊕370

x1x2x5 ⊕ x0x1x2x5 ⊕ x0x3x5 ⊕ x1x3x5 ⊕ x2x3x5 ⊕ x0x2x3x5 ⊕ x0x1x2x3x5 ⊕ x4x5 ⊕ x1x4x5 ⊕ x0x1x4x5 ⊕371

x0x2x4x5 ⊕ x1x2x4x5 ⊕ x3x4x5 ⊕ x0x3x4x5 ⊕ x0x1x3x4x5 ⊕ x2x3x4x5 ⊕ x1x2x3x4x5 ⊕ x0x1x2x3x4x5 = 0372

x0 ⊕ x0x1 ⊕ x2 ⊕ x1x2 ⊕ x0x1x2 ⊕ x0x3 ⊕ x1x3 ⊕ x2x3 ⊕ x0x2x3 ⊕ x0x1x2x3 ⊕ x4 ⊕ x1x4 ⊕ x0x1x4 ⊕373

x0x2x4 ⊕ x1x2x4 ⊕ x3x4 ⊕ x0x3x4 ⊕ x0x1x3x4 ⊕ x2x3x4 ⊕ x1x2x3x4 ⊕ x0x1x2x3x4 ⊕ x0x5 ⊕ x1x5 ⊕ x2x5 ⊕374

x0x2x5 ⊕ x0x1x2x5 ⊕ x3x5 ⊕ x1x3x5 ⊕ x0x1x3x5 ⊕ x0x2x3x5 ⊕ x1x2x3x5 ⊕ x4x5 ⊕ x0x4x5 ⊕ x0x1x4x5 ⊕375

x2x4x5 ⊕ x1x2x4x5 ⊕ x0x1x2x4x5 ⊕ x0x3x4x5 ⊕ x1x3x4x5 ⊕ x2x3x4x5 ⊕ x0x2x3x4x5 ⊕ x0x1x2x3x4x5 = 0376

The equations generated by retrodictive execution of the unoptimized 4x mod 21 starting from observed377

result 1 and unknown x. The circuit consists of 36,400 cx-gates, 38,200 ccx-gates, and 4,000 cccx-gates.378

There are only three equations but each equation is exponentially large:379

1 ⊕ x0 ⊕ x1 ⊕ x2 ⊕ x0x2 ⊕ x0x1x2 ⊕ x3 ⊕ x1x3 ⊕ x0x1x3 ⊕ x0x2x3 ⊕ x1x2x3 ⊕ x4 ⊕ x0x4 ⊕ x0x1x4 ⊕380

x2x4 ⊕ x1x2x4 ⊕ x0x1x2x4 ⊕ x0x3x4 ⊕ x1x3x4 ⊕ x2x3x4 ⊕ x0x2x3x4 ⊕ x0x1x2x3x4 ⊕ x5 ⊕ x1x5 ⊕ x0x1x5 ⊕381

x0x2x5 ⊕ x1x2x5 ⊕ x3x5 ⊕ x0x3x5 ⊕ x0x1x3x5 ⊕ x2x3x5 ⊕ x1x2x3x5 ⊕ x0x1x2x3x5 ⊕ x0x4x5 ⊕ x1x4x5 ⊕382

x2x4x5 ⊕ x0x2x4x5 ⊕ x0x1x2x4x5 ⊕ x3x4x5 ⊕ x1x3x4x5 ⊕ x0x1x3x4x5 ⊕ x0x2x3x4x5 ⊕ x1x2x3x4x5 ⊕ x6 ⊕383

x0x6⊕ x0x1x6⊕ x2x6⊕ x1x2x6⊕ x0x1x2x6⊕ x0x3x6⊕ x1x3x6⊕ x2x3x6⊕ x0x2x3x6⊕ x0x1x2x3x6⊕ x4x6⊕384

x1x4x6 ⊕ x0x1x4x6 ⊕ x0x2x4x6 ⊕ x1x2x4x6 ⊕ x3x4x6 ⊕ x0x3x4x6 ⊕ x0x1x3x4x6 ⊕ x2x3x4x6 ⊕ x1x2x3x4x6 ⊕385

x0x1x2x3x4x6 ⊕ x0x5x6 ⊕ x1x5x6 ⊕ x2x5x6 ⊕ x0x2x5x6 ⊕ x0x1x2x5x6 ⊕ x3x5x6 ⊕ x1x3x5x6 ⊕ x0x1x3x5x6 ⊕386

x0x2x3x5x6 ⊕ x1x2x3x5x6 ⊕ x4x5x6 ⊕ x0x4x5x6 ⊕ x0x1x4x5x6 ⊕ x2x4x5x6 ⊕ x1x2x4x5x6 ⊕ x0x1x2x4x5x6 ⊕387

x0x3x4x5x6⊕x1x3x4x5x6⊕x2x3x4x5x6⊕x0x2x3x4x5x6⊕x0x1x2x3x4x5x6⊕x7⊕x1x7⊕x0x1x7⊕x0x2x7⊕388

x1x2x7 ⊕ x3x7 ⊕ x0x3x7 ⊕ x0x1x3x7 ⊕ x2x3x7 ⊕ x1x2x3x7 ⊕ x0x1x2x3x7 ⊕ x0x4x7 ⊕ x1x4x7 ⊕ x2x4x7 ⊕389

x0x2x4x7 ⊕ x0x1x2x4x7 ⊕ x3x4x7 ⊕ x1x3x4x7 ⊕ x0x1x3x4x7 ⊕ x0x2x3x4x7 ⊕ x1x2x3x4x7 ⊕ x5x7 ⊕ x0x5x7 ⊕390

x0x1x5x7⊕x2x5x7⊕x1x2x5x7⊕x0x1x2x5x7⊕x0x3x5x7⊕x1x3x5x7⊕x2x3x5x7⊕x0x2x3x5x7⊕x0x1x2x3x5x7⊕391

x4x5x7 ⊕ x1x4x5x7 ⊕ x0x1x4x5x7 ⊕ x0x2x4x5x7 ⊕ x1x2x4x5x7 ⊕ x3x4x5x7 ⊕ x0x3x4x5x7 ⊕ x0x1x3x4x5x7 ⊕392

x2x3x4x5x7 ⊕ x1x2x3x4x5x7 ⊕ x0x1x2x3x4x5x7 ⊕ x0x6x7 ⊕ x1x6x7 ⊕ x2x6x7 ⊕ x0x2x6x7 ⊕ x0x1x2x6x7 ⊕393

x3x6x7⊕x1x3x6x7⊕x0x1x3x6x7⊕x0x2x3x6x7⊕x1x2x3x6x7⊕x4x6x7⊕x0x4x6x7⊕x0x1x4x6x7⊕x2x4x6x7⊕394

x1x2x4x6x7⊕x0x1x2x4x6x7⊕x0x3x4x6x7⊕x1x3x4x6x7⊕x2x3x4x6x7⊕x0x2x3x4x6x7⊕x0x1x2x3x4x6x7⊕395

x5x6x7 ⊕ x1x5x6x7 ⊕ x0x1x5x6x7 ⊕ x0x2x5x6x7 ⊕ x1x2x5x6x7 ⊕ x3x5x6x7 ⊕ x0x3x5x6x7 ⊕ x0x1x3x5x6x7 ⊕396

x2x3x5x6x7⊕x1x2x3x5x6x7⊕x0x1x2x3x5x6x7⊕x0x4x5x6x7⊕x1x4x5x6x7⊕x2x4x5x6x7⊕x0x2x4x5x6x7⊕397

x0x1x2x4x5x6x7 ⊕ x3x4x5x6x7 ⊕ x1x3x4x5x6x7 ⊕ x0x1x3x4x5x6x7 ⊕ x0x2x3x4x5x6x7 ⊕ x1x2x3x4x5x6x7 ⊕398

x8⊕x0x8⊕x0x1x8⊕x2x8⊕x1x2x8⊕x0x1x2x8⊕x0x3x8⊕x1x3x8⊕x2x3x8⊕x0x2x3x8⊕x0x1x2x3x8⊕x4x8⊕399

x1x4x8 ⊕ x0x1x4x8 ⊕ x0x2x4x8 ⊕ x1x2x4x8 ⊕ x3x4x8 ⊕ x0x3x4x8 ⊕ x0x1x3x4x8 ⊕ x2x3x4x8 ⊕ x1x2x3x4x8 ⊕400

x0x1x2x3x4x8 ⊕ x0x5x8 ⊕ x1x5x8 ⊕ x2x5x8 ⊕ x0x2x5x8 ⊕ x0x1x2x5x8 ⊕ x3x5x8 ⊕ x1x3x5x8 ⊕ x0x1x3x5x8 ⊕401

x0x2x3x5x8 ⊕ x1x2x3x5x8 ⊕ x4x5x8 ⊕ x0x4x5x8 ⊕ x0x1x4x5x8 ⊕ x2x4x5x8 ⊕ x1x2x4x5x8 ⊕ x0x1x2x4x5x8 ⊕402

x0x3x4x5x8 ⊕ x1x3x4x5x8 ⊕ x2x3x4x5x8 ⊕ x0x2x3x4x5x8 ⊕ x0x1x2x3x4x5x8 ⊕ x6x8 ⊕ x1x6x8 ⊕ x0x1x6x8 ⊕403

x0x2x6x8 ⊕ x1x2x6x8 ⊕ x3x6x8 ⊕ x0x3x6x8 ⊕ x0x1x3x6x8 ⊕ x2x3x6x8 ⊕ x1x2x3x6x8 ⊕ x0x1x2x3x6x8 ⊕404

x0x4x6x8⊕x1x4x6x8⊕x2x4x6x8⊕x0x2x4x6x8⊕x0x1x2x4x6x8⊕x3x4x6x8⊕x1x3x4x6x8⊕x0x1x3x4x6x8⊕405

x0x2x3x4x6x8⊕x1x2x3x4x6x8⊕x5x6x8⊕x0x5x6x8⊕x0x1x5x6x8⊕x2x5x6x8⊕x1x2x5x6x8⊕x0x1x2x5x6x8⊕406

x0x3x5x6x8 ⊕ x1x3x5x6x8 ⊕ x2x3x5x6x8 ⊕ x0x2x3x5x6x8 ⊕ x0x1x2x3x5x6x8 ⊕ x4x5x6x8 ⊕ x1x4x5x6x8 ⊕407
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x0x1x4x5x6x8⊕x0x2x4x5x6x8⊕x1x2x4x5x6x8⊕x3x4x5x6x8⊕x0x3x4x5x6x8⊕x0x1x3x4x5x6x8⊕x2x3x4x5x6x8⊕408

x1x2x3x4x5x6x8 ⊕ x0x1x2x3x4x5x6x8 ⊕ x0x7x8 ⊕ x1x7x8 ⊕ x2x7x8 ⊕ x0x2x7x8 ⊕ x0x1x2x7x8 ⊕ x3x7x8 ⊕409

x1x3x7x8 ⊕ x0x1x3x7x8 ⊕ x0x2x3x7x8 ⊕ x1x2x3x7x8 ⊕ x4x7x8 ⊕ x0x4x7x8 ⊕ x0x1x4x7x8 ⊕ x2x4x7x8 ⊕410

x1x2x4x7x8⊕x0x1x2x4x7x8⊕x0x3x4x7x8⊕x1x3x4x7x8⊕x2x3x4x7x8⊕x0x2x3x4x7x8⊕x0x1x2x3x4x7x8⊕411

x5x7x8 ⊕ x1x5x7x8 ⊕ x0x1x5x7x8 ⊕ x0x2x5x7x8 ⊕ x1x2x5x7x8 ⊕ x3x5x7x8 ⊕ x0x3x5x7x8 ⊕ x0x1x3x5x7x8 ⊕412

x2x3x5x7x8⊕x1x2x3x5x7x8⊕x0x1x2x3x5x7x8⊕x0x4x5x7x8⊕x1x4x5x7x8⊕x2x4x5x7x8⊕x0x2x4x5x7x8⊕413

x0x1x2x4x5x7x8 ⊕ x3x4x5x7x8 ⊕ x1x3x4x5x7x8 ⊕ x0x1x3x4x5x7x8 ⊕ x0x2x3x4x5x7x8 ⊕ x1x2x3x4x5x7x8 ⊕414

x6x7x8 ⊕ x0x6x7x8 ⊕ x0x1x6x7x8 ⊕ x2x6x7x8 ⊕ x1x2x6x7x8 ⊕ x0x1x2x6x7x8 ⊕ x0x3x6x7x8 ⊕ x1x3x6x7x8 ⊕415

x2x3x6x7x8⊕x0x2x3x6x7x8⊕x0x1x2x3x6x7x8⊕x4x6x7x8⊕x1x4x6x7x8⊕x0x1x4x6x7x8⊕x0x2x4x6x7x8⊕416

x1x2x4x6x7x8⊕x3x4x6x7x8⊕x0x3x4x6x7x8⊕x0x1x3x4x6x7x8⊕x2x3x4x6x7x8⊕x1x2x3x4x6x7x8⊕x0x1x2x3x4x6x7x8⊕417

x0x5x6x7x8⊕x1x5x6x7x8⊕x2x5x6x7x8⊕x0x2x5x6x7x8⊕x0x1x2x5x6x7x8⊕x3x5x6x7x8⊕x1x3x5x6x7x8⊕418

x0x1x3x5x6x7x8 ⊕ x0x2x3x5x6x7x8 ⊕ x1x2x3x5x6x7x8 ⊕ x4x5x6x7x8 ⊕ x0x4x5x6x7x8 ⊕ x0x1x4x5x6x7x8 ⊕419

x2x4x5x6x7x8⊕x1x2x4x5x6x7x8⊕x0x1x2x4x5x6x7x8⊕x0x3x4x5x6x7x8⊕x1x3x4x5x6x7x8⊕x2x3x4x5x6x7x8⊕420

x0x2x3x4x5x6x7x8 ⊕ x0x1x2x3x4x5x6x7x8 ⊕ x9 ⊕ x1x9 ⊕ x0x1x9 ⊕ x0x2x9 ⊕ x1x2x9 ⊕ x3x9 ⊕ x0x3x9 ⊕421

x0x1x3x9 ⊕ x2x3x9 ⊕ x1x2x3x9 ⊕ x0x1x2x3x9 ⊕ x0x4x9 ⊕ x1x4x9 ⊕ x2x4x9 ⊕ x0x2x4x9 ⊕ x0x1x2x4x9 ⊕422

x3x4x9 ⊕ x1x3x4x9 ⊕ x0x1x3x4x9 ⊕ x0x2x3x4x9 ⊕ x1x2x3x4x9 ⊕ x5x9 ⊕ x0x5x9 ⊕ x0x1x5x9 ⊕ x2x5x9 ⊕423

x1x2x5x9 ⊕ x0x1x2x5x9 ⊕ x0x3x5x9 ⊕ x1x3x5x9 ⊕ x2x3x5x9 ⊕ x0x2x3x5x9 ⊕ x0x1x2x3x5x9 ⊕ x4x5x9 ⊕424

x1x4x5x9⊕x0x1x4x5x9⊕x0x2x4x5x9⊕x1x2x4x5x9⊕x3x4x5x9⊕x0x3x4x5x9⊕x0x1x3x4x5x9⊕x2x3x4x5x9⊕425

x1x2x3x4x5x9⊕x0x1x2x3x4x5x9⊕x0x6x9⊕x1x6x9⊕x2x6x9⊕x0x2x6x9⊕x0x1x2x6x9⊕x3x6x9⊕x1x3x6x9⊕426

x0x1x3x6x9 ⊕ x0x2x3x6x9 ⊕ x1x2x3x6x9 ⊕ x4x6x9 ⊕ x0x4x6x9 ⊕ x0x1x4x6x9 ⊕ x2x4x6x9 ⊕ x1x2x4x6x9 ⊕427

x0x1x2x4x6x9 ⊕ x0x3x4x6x9 ⊕ x1x3x4x6x9 ⊕ x2x3x4x6x9 ⊕ x0x2x3x4x6x9 ⊕ x0x1x2x3x4x6x9 ⊕ x5x6x9 ⊕428

x1x5x6x9⊕x0x1x5x6x9⊕x0x2x5x6x9⊕x1x2x5x6x9⊕x3x5x6x9⊕x0x3x5x6x9⊕x0x1x3x5x6x9⊕x2x3x5x6x9⊕429

x1x2x3x5x6x9⊕x0x1x2x3x5x6x9⊕x0x4x5x6x9⊕x1x4x5x6x9⊕x2x4x5x6x9⊕x0x2x4x5x6x9⊕x0x1x2x4x5x6x9⊕430

x3x4x5x6x9 ⊕ x1x3x4x5x6x9 ⊕ x0x1x3x4x5x6x9 ⊕ x0x2x3x4x5x6x9 ⊕ x1x2x3x4x5x6x9 ⊕ x7x9 ⊕ x0x7x9 ⊕431

x0x1x7x9⊕x2x7x9⊕x1x2x7x9⊕x0x1x2x7x9⊕x0x3x7x9⊕x1x3x7x9⊕x2x3x7x9⊕x0x2x3x7x9⊕x0x1x2x3x7x9⊕432

x4x7x9 ⊕ x1x4x7x9 ⊕ x0x1x4x7x9 ⊕ x0x2x4x7x9 ⊕ x1x2x4x7x9 ⊕ x3x4x7x9 ⊕ x0x3x4x7x9 ⊕ x0x1x3x4x7x9 ⊕433

x2x3x4x7x9⊕x1x2x3x4x7x9⊕x0x1x2x3x4x7x9⊕x0x5x7x9⊕x1x5x7x9⊕x2x5x7x9⊕x0x2x5x7x9⊕x0x1x2x5x7x9⊕434

x3x5x7x9⊕x1x3x5x7x9⊕x0x1x3x5x7x9⊕x0x2x3x5x7x9⊕x1x2x3x5x7x9⊕x4x5x7x9⊕x0x4x5x7x9⊕x0x1x4x5x7x9⊕435

x2x4x5x7x9⊕x1x2x4x5x7x9⊕x0x1x2x4x5x7x9⊕x0x3x4x5x7x9⊕x1x3x4x5x7x9⊕x2x3x4x5x7x9⊕x0x2x3x4x5x7x9⊕436

x0x1x2x3x4x5x7x9⊕x6x7x9⊕x1x6x7x9⊕x0x1x6x7x9⊕x0x2x6x7x9⊕x1x2x6x7x9⊕x3x6x7x9⊕x0x3x6x7x9⊕437

x0x1x3x6x7x9⊕x2x3x6x7x9⊕x1x2x3x6x7x9⊕x0x1x2x3x6x7x9⊕x0x4x6x7x9⊕x1x4x6x7x9⊕x2x4x6x7x9⊕438

x0x2x4x6x7x9 ⊕ x0x1x2x4x6x7x9 ⊕ x3x4x6x7x9 ⊕ x1x3x4x6x7x9 ⊕ x0x1x3x4x6x7x9 ⊕ x0x2x3x4x6x7x9 ⊕439

x1x2x3x4x6x7x9⊕x5x6x7x9⊕x0x5x6x7x9⊕x0x1x5x6x7x9⊕x2x5x6x7x9⊕x1x2x5x6x7x9⊕x0x1x2x5x6x7x9⊕440

x0x3x5x6x7x9 ⊕ x1x3x5x6x7x9 ⊕ x2x3x5x6x7x9 ⊕ x0x2x3x5x6x7x9 ⊕ x0x1x2x3x5x6x7x9 ⊕ x4x5x6x7x9 ⊕441

x1x4x5x6x7x9⊕x0x1x4x5x6x7x9⊕x0x2x4x5x6x7x9⊕x1x2x4x5x6x7x9⊕x3x4x5x6x7x9⊕x0x3x4x5x6x7x9⊕442

x0x1x3x4x5x6x7x9 ⊕ x2x3x4x5x6x7x9 ⊕ x1x2x3x4x5x6x7x9 ⊕ x0x1x2x3x4x5x6x7x9 ⊕ x0x8x9 ⊕ x1x8x9 ⊕443

x2x8x9⊕x0x2x8x9⊕x0x1x2x8x9⊕x3x8x9⊕x1x3x8x9⊕x0x1x3x8x9⊕x0x2x3x8x9⊕x1x2x3x8x9⊕x4x8x9⊕444

x0x4x8x9⊕x0x1x4x8x9⊕x2x4x8x9⊕x1x2x4x8x9⊕x0x1x2x4x8x9⊕x0x3x4x8x9⊕x1x3x4x8x9⊕x2x3x4x8x9⊕445

x0x2x3x4x8x9⊕x0x1x2x3x4x8x9⊕x5x8x9⊕x1x5x8x9⊕x0x1x5x8x9⊕x0x2x5x8x9⊕x1x2x5x8x9⊕x3x5x8x9⊕446

x0x3x5x8x9⊕x0x1x3x5x8x9⊕x2x3x5x8x9⊕x1x2x3x5x8x9⊕x0x1x2x3x5x8x9⊕x0x4x5x8x9⊕x1x4x5x8x9⊕447

x2x4x5x8x9⊕x0x2x4x5x8x9⊕x0x1x2x4x5x8x9⊕x3x4x5x8x9⊕x1x3x4x5x8x9⊕x0x1x3x4x5x8x9⊕x0x2x3x4x5x8x9⊕448

x1x2x3x4x5x8x9⊕x6x8x9⊕x0x6x8x9⊕x0x1x6x8x9⊕x2x6x8x9⊕x1x2x6x8x9⊕x0x1x2x6x8x9⊕x0x3x6x8x9⊕449

x1x3x6x8x9 ⊕ x2x3x6x8x9 ⊕ x0x2x3x6x8x9 ⊕ x0x1x2x3x6x8x9 ⊕ x4x6x8x9 ⊕ x1x4x6x8x9 ⊕ x0x1x4x6x8x9 ⊕450

x0x2x4x6x8x9⊕x1x2x4x6x8x9⊕x3x4x6x8x9⊕x0x3x4x6x8x9⊕x0x1x3x4x6x8x9⊕x2x3x4x6x8x9⊕x1x2x3x4x6x8x9⊕451

x0x1x2x3x4x6x8x9⊕x0x5x6x8x9⊕x1x5x6x8x9⊕x2x5x6x8x9⊕x0x2x5x6x8x9⊕x0x1x2x5x6x8x9⊕x3x5x6x8x9⊕452

x1x3x5x6x8x9 ⊕ x0x1x3x5x6x8x9 ⊕ x0x2x3x5x6x8x9 ⊕ x1x2x3x5x6x8x9 ⊕ x4x5x6x8x9 ⊕ x0x4x5x6x8x9 ⊕453

x0x1x4x5x6x8x9⊕x2x4x5x6x8x9⊕x1x2x4x5x6x8x9⊕x0x1x2x4x5x6x8x9⊕x0x3x4x5x6x8x9⊕x1x3x4x5x6x8x9⊕454

x2x3x4x5x6x8x9⊕x0x2x3x4x5x6x8x9⊕x0x1x2x3x4x5x6x8x9⊕x7x8x9⊕x1x7x8x9⊕x0x1x7x8x9⊕x0x2x7x8x9⊕455

x1x2x7x8x9 ⊕ x3x7x8x9 ⊕ x0x3x7x8x9 ⊕ x0x1x3x7x8x9 ⊕ x2x3x7x8x9 ⊕ x1x2x3x7x8x9 ⊕ x0x1x2x3x7x8x9 ⊕456

x0x4x7x8x9⊕x1x4x7x8x9⊕x2x4x7x8x9⊕x0x2x4x7x8x9⊕x0x1x2x4x7x8x9⊕x3x4x7x8x9⊕x1x3x4x7x8x9⊕457

x0x1x3x4x7x8x9⊕x0x2x3x4x7x8x9⊕x1x2x3x4x7x8x9⊕x5x7x8x9⊕x0x5x7x8x9⊕x0x1x5x7x8x9⊕x2x5x7x8x9⊕458
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x1x2x5x7x8x9 ⊕ x0x1x2x5x7x8x9 ⊕ x0x3x5x7x8x9 ⊕ x1x3x5x7x8x9 ⊕ x2x3x5x7x8x9 ⊕ x0x2x3x5x7x8x9 ⊕459

x0x1x2x3x5x7x8x9⊕x4x5x7x8x9⊕x1x4x5x7x8x9⊕x0x1x4x5x7x8x9⊕x0x2x4x5x7x8x9⊕x1x2x4x5x7x8x9⊕460

x3x4x5x7x8x9⊕x0x3x4x5x7x8x9⊕x0x1x3x4x5x7x8x9⊕x2x3x4x5x7x8x9⊕x1x2x3x4x5x7x8x9⊕x0x1x2x3x4x5x7x8x9⊕461

x0x6x7x8x9⊕x1x6x7x8x9⊕x2x6x7x8x9⊕x0x2x6x7x8x9⊕x0x1x2x6x7x8x9⊕x3x6x7x8x9⊕x1x3x6x7x8x9⊕462

x0x1x3x6x7x8x9 ⊕ x0x2x3x6x7x8x9 ⊕ x1x2x3x6x7x8x9 ⊕ x4x6x7x8x9 ⊕ x0x4x6x7x8x9 ⊕ x0x1x4x6x7x8x9 ⊕463

x2x4x6x7x8x9⊕x1x2x4x6x7x8x9⊕x0x1x2x4x6x7x8x9⊕x0x3x4x6x7x8x9⊕x1x3x4x6x7x8x9⊕x2x3x4x6x7x8x9⊕464

x0x2x3x4x6x7x8x9⊕x0x1x2x3x4x6x7x8x9⊕x5x6x7x8x9⊕x1x5x6x7x8x9⊕x0x1x5x6x7x8x9⊕x0x2x5x6x7x8x9⊕465

x1x2x5x6x7x8x9⊕x3x5x6x7x8x9⊕x0x3x5x6x7x8x9⊕x0x1x3x5x6x7x8x9⊕x2x3x5x6x7x8x9⊕x1x2x3x5x6x7x8x9⊕466

x0x1x2x3x5x6x7x8x9⊕x0x4x5x6x7x8x9⊕x1x4x5x6x7x8x9⊕x2x4x5x6x7x8x9⊕x0x2x4x5x6x7x8x9⊕x0x1x2x4x5x6x7x8x9⊕467

x3x4x5x6x7x8x9⊕x1x3x4x5x6x7x8x9⊕x0x1x3x4x5x6x7x8x9⊕x0x2x3x4x5x6x7x8x9⊕x1x2x3x4x5x6x7x8x9 =468
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x1 ⊕ x0x1 ⊕ x0x2 ⊕ x1x2 ⊕ x3 ⊕ x0x3 ⊕ x0x1x3 ⊕ x2x3 ⊕ x1x2x3 ⊕ x0x1x2x3 ⊕ x0x4 ⊕ x1x4 ⊕ x2x4 ⊕470

x0x2x4 ⊕ x0x1x2x4 ⊕ x3x4 ⊕ x1x3x4 ⊕ x0x1x3x4 ⊕ x0x2x3x4 ⊕ x1x2x3x4 ⊕ x5 ⊕ x0x5 ⊕ x0x1x5 ⊕ x2x5 ⊕471

x1x2x5 ⊕ x0x1x2x5 ⊕ x0x3x5 ⊕ x1x3x5 ⊕ x2x3x5 ⊕ x0x2x3x5 ⊕ x0x1x2x3x5 ⊕ x4x5 ⊕ x1x4x5 ⊕ x0x1x4x5 ⊕472

x0x2x4x5 ⊕ x1x2x4x5 ⊕ x3x4x5 ⊕ x0x3x4x5 ⊕ x0x1x3x4x5 ⊕ x2x3x4x5 ⊕ x1x2x3x4x5 ⊕ x0x1x2x3x4x5 ⊕473

x0x6 ⊕ x1x6 ⊕ x2x6 ⊕ x0x2x6 ⊕ x0x1x2x6 ⊕ x3x6 ⊕ x1x3x6 ⊕ x0x1x3x6 ⊕ x0x2x3x6 ⊕ x1x2x3x6 ⊕ x4x6 ⊕474

x0x4x6 ⊕ x0x1x4x6 ⊕ x2x4x6 ⊕ x1x2x4x6 ⊕ x0x1x2x4x6 ⊕ x0x3x4x6 ⊕ x1x3x4x6 ⊕ x2x3x4x6 ⊕ x0x2x3x4x6 ⊕475

x0x1x2x3x4x6 ⊕ x5x6 ⊕ x1x5x6 ⊕ x0x1x5x6 ⊕ x0x2x5x6 ⊕ x1x2x5x6 ⊕ x3x5x6 ⊕ x0x3x5x6 ⊕ x0x1x3x5x6 ⊕476

x2x3x5x6⊕x1x2x3x5x6⊕x0x1x2x3x5x6⊕x0x4x5x6⊕x1x4x5x6⊕x2x4x5x6⊕x0x2x4x5x6⊕x0x1x2x4x5x6⊕477
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x1x2x3x4x6x7x8x9 ⊕ x5x6x7x8x9 ⊕ x0x5x6x7x8x9 ⊕ x0x1x5x6x7x8x9 ⊕ x2x5x6x7x8x9 ⊕ x1x2x5x6x7x8x9 ⊕555

x0x1x2x5x6x7x8x9⊕x0x3x5x6x7x8x9⊕x1x3x5x6x7x8x9⊕x2x3x5x6x7x8x9⊕x0x2x3x5x6x7x8x9⊕x0x1x2x3x5x6x7x8x9⊕556

x4x5x6x7x8x9⊕x1x4x5x6x7x8x9⊕x0x1x4x5x6x7x8x9⊕x0x2x4x5x6x7x8x9⊕x1x2x4x5x6x7x8x9⊕x3x4x5x6x7x8x9⊕557

x0x3x4x5x6x7x8x9⊕x0x1x3x4x5x6x7x8x9⊕x2x3x4x5x6x7x8x9⊕x1x2x3x4x5x6x7x8x9⊕x0x1x2x3x4x5x6x7x8x9 =558

0559

x0 ⊕ x0x1 ⊕ x2 ⊕ x1x2 ⊕ x0x1x2 ⊕ x0x3 ⊕ x1x3 ⊕ x2x3 ⊕ x0x2x3 ⊕ x0x1x2x3 ⊕ x4 ⊕ x1x4 ⊕ x0x1x4 ⊕560
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x0x2x4 ⊕ x1x2x4 ⊕ x3x4 ⊕ x0x3x4 ⊕ x0x1x3x4 ⊕ x2x3x4 ⊕ x1x2x3x4 ⊕ x0x1x2x3x4 ⊕ x0x5 ⊕ x1x5 ⊕ x2x5 ⊕561

x0x2x5⊕x0x1x2x5⊕x3x5⊕x1x3x5⊕x0x1x3x5⊕x0x2x3x5⊕x1x2x3x5⊕x4x5⊕x0x4x5⊕x0x1x4x5⊕x2x4x5⊕562

x1x2x4x5 ⊕ x0x1x2x4x5 ⊕ x0x3x4x5 ⊕ x1x3x4x5 ⊕ x2x3x4x5 ⊕ x0x2x3x4x5 ⊕ x0x1x2x3x4x5 ⊕ x6 ⊕ x1x6 ⊕563

x0x1x6⊕x0x2x6⊕x1x2x6⊕x3x6⊕x0x3x6⊕x0x1x3x6⊕x2x3x6⊕x1x2x3x6⊕x0x1x2x3x6⊕x0x4x6⊕x1x4x6⊕564

x2x4x6 ⊕ x0x2x4x6 ⊕ x0x1x2x4x6 ⊕ x3x4x6 ⊕ x1x3x4x6 ⊕ x0x1x3x4x6 ⊕ x0x2x3x4x6 ⊕ x1x2x3x4x6 ⊕ x5x6 ⊕565

x0x5x6 ⊕ x0x1x5x6 ⊕ x2x5x6 ⊕ x1x2x5x6 ⊕ x0x1x2x5x6 ⊕ x0x3x5x6 ⊕ x1x3x5x6 ⊕ x2x3x5x6 ⊕ x0x2x3x5x6 ⊕566

x0x1x2x3x5x6 ⊕ x4x5x6 ⊕ x1x4x5x6 ⊕ x0x1x4x5x6 ⊕ x0x2x4x5x6 ⊕ x1x2x4x5x6 ⊕ x3x4x5x6 ⊕ x0x3x4x5x6 ⊕567

x0x1x3x4x5x6⊕x2x3x4x5x6⊕x1x2x3x4x5x6⊕x0x1x2x3x4x5x6⊕x0x7⊕x1x7⊕x2x7⊕x0x2x7⊕x0x1x2x7⊕568

x3x7 ⊕ x1x3x7 ⊕ x0x1x3x7 ⊕ x0x2x3x7 ⊕ x1x2x3x7 ⊕ x4x7 ⊕ x0x4x7 ⊕ x0x1x4x7 ⊕ x2x4x7 ⊕ x1x2x4x7 ⊕569

x0x1x2x4x7⊕x0x3x4x7⊕x1x3x4x7⊕x2x3x4x7⊕x0x2x3x4x7⊕x0x1x2x3x4x7⊕x5x7⊕x1x5x7⊕x0x1x5x7⊕570

x0x2x5x7 ⊕ x1x2x5x7 ⊕ x3x5x7 ⊕ x0x3x5x7 ⊕ x0x1x3x5x7 ⊕ x2x3x5x7 ⊕ x1x2x3x5x7 ⊕ x0x1x2x3x5x7 ⊕571

x0x4x5x7⊕x1x4x5x7⊕x2x4x5x7⊕x0x2x4x5x7⊕x0x1x2x4x5x7⊕x3x4x5x7⊕x1x3x4x5x7⊕x0x1x3x4x5x7⊕572

x0x2x3x4x5x7⊕x1x2x3x4x5x7⊕x6x7⊕x0x6x7⊕x0x1x6x7⊕x2x6x7⊕x1x2x6x7⊕x0x1x2x6x7⊕x0x3x6x7⊕573

x1x3x6x7 ⊕ x2x3x6x7 ⊕ x0x2x3x6x7 ⊕ x0x1x2x3x6x7 ⊕ x4x6x7 ⊕ x1x4x6x7 ⊕ x0x1x4x6x7 ⊕ x0x2x4x6x7 ⊕574

x1x2x4x6x7 ⊕ x3x4x6x7 ⊕ x0x3x4x6x7 ⊕ x0x1x3x4x6x7 ⊕ x2x3x4x6x7 ⊕ x1x2x3x4x6x7 ⊕ x0x1x2x3x4x6x7 ⊕575

x0x5x6x7⊕x1x5x6x7⊕x2x5x6x7⊕x0x2x5x6x7⊕x0x1x2x5x6x7⊕x3x5x6x7⊕x1x3x5x6x7⊕x0x1x3x5x6x7⊕576

x0x2x3x5x6x7 ⊕ x1x2x3x5x6x7 ⊕ x4x5x6x7 ⊕ x0x4x5x6x7 ⊕ x0x1x4x5x6x7 ⊕ x2x4x5x6x7 ⊕ x1x2x4x5x6x7 ⊕577

x0x1x2x4x5x6x7⊕x0x3x4x5x6x7⊕x1x3x4x5x6x7⊕x2x3x4x5x6x7⊕x0x2x3x4x5x6x7⊕x0x1x2x3x4x5x6x7⊕578

x8 ⊕ x1x8 ⊕ x0x1x8 ⊕ x0x2x8 ⊕ x1x2x8 ⊕ x3x8 ⊕ x0x3x8 ⊕ x0x1x3x8 ⊕ x2x3x8 ⊕ x1x2x3x8 ⊕ x0x1x2x3x8 ⊕579

x0x4x8 ⊕ x1x4x8 ⊕ x2x4x8 ⊕ x0x2x4x8 ⊕ x0x1x2x4x8 ⊕ x3x4x8 ⊕ x1x3x4x8 ⊕ x0x1x3x4x8 ⊕ x0x2x3x4x8 ⊕580

x1x2x3x4x8 ⊕ x5x8 ⊕ x0x5x8 ⊕ x0x1x5x8 ⊕ x2x5x8 ⊕ x1x2x5x8 ⊕ x0x1x2x5x8 ⊕ x0x3x5x8 ⊕ x1x3x5x8 ⊕581

x2x3x5x8 ⊕ x0x2x3x5x8 ⊕ x0x1x2x3x5x8 ⊕ x4x5x8 ⊕ x1x4x5x8 ⊕ x0x1x4x5x8 ⊕ x0x2x4x5x8 ⊕ x1x2x4x5x8 ⊕582

x3x4x5x8⊕x0x3x4x5x8⊕x0x1x3x4x5x8⊕x2x3x4x5x8⊕x1x2x3x4x5x8⊕x0x1x2x3x4x5x8⊕x0x6x8⊕x1x6x8⊕583

x2x6x8⊕x0x2x6x8⊕x0x1x2x6x8⊕x3x6x8⊕x1x3x6x8⊕x0x1x3x6x8⊕x0x2x3x6x8⊕x1x2x3x6x8⊕x4x6x8⊕584

x0x4x6x8⊕x0x1x4x6x8⊕x2x4x6x8⊕x1x2x4x6x8⊕x0x1x2x4x6x8⊕x0x3x4x6x8⊕x1x3x4x6x8⊕x2x3x4x6x8⊕585

x0x2x3x4x6x8⊕x0x1x2x3x4x6x8⊕x5x6x8⊕x1x5x6x8⊕x0x1x5x6x8⊕x0x2x5x6x8⊕x1x2x5x6x8⊕x3x5x6x8⊕586

x0x3x5x6x8⊕x0x1x3x5x6x8⊕x2x3x5x6x8⊕x1x2x3x5x6x8⊕x0x1x2x3x5x6x8⊕x0x4x5x6x8⊕x1x4x5x6x8⊕587

x2x4x5x6x8⊕x0x2x4x5x6x8⊕x0x1x2x4x5x6x8⊕x3x4x5x6x8⊕x1x3x4x5x6x8⊕x0x1x3x4x5x6x8⊕x0x2x3x4x5x6x8⊕588

x1x2x3x4x5x6x8 ⊕ x7x8 ⊕ x0x7x8 ⊕ x0x1x7x8 ⊕ x2x7x8 ⊕ x1x2x7x8 ⊕ x0x1x2x7x8 ⊕ x0x3x7x8 ⊕ x1x3x7x8 ⊕589

x2x3x7x8 ⊕ x0x2x3x7x8 ⊕ x0x1x2x3x7x8 ⊕ x4x7x8 ⊕ x1x4x7x8 ⊕ x0x1x4x7x8 ⊕ x0x2x4x7x8 ⊕ x1x2x4x7x8 ⊕590

x3x4x7x8 ⊕ x0x3x4x7x8 ⊕ x0x1x3x4x7x8 ⊕ x2x3x4x7x8 ⊕ x1x2x3x4x7x8 ⊕ x0x1x2x3x4x7x8 ⊕ x0x5x7x8 ⊕591

x1x5x7x8⊕x2x5x7x8⊕x0x2x5x7x8⊕x0x1x2x5x7x8⊕x3x5x7x8⊕x1x3x5x7x8⊕x0x1x3x5x7x8⊕x0x2x3x5x7x8⊕592

x1x2x3x5x7x8⊕x4x5x7x8⊕x0x4x5x7x8⊕x0x1x4x5x7x8⊕x2x4x5x7x8⊕x1x2x4x5x7x8⊕x0x1x2x4x5x7x8⊕593

x0x3x4x5x7x8⊕x1x3x4x5x7x8⊕x2x3x4x5x7x8⊕x0x2x3x4x5x7x8⊕x0x1x2x3x4x5x7x8⊕x6x7x8⊕x1x6x7x8⊕594

x0x1x6x7x8⊕x0x2x6x7x8⊕x1x2x6x7x8⊕x3x6x7x8⊕x0x3x6x7x8⊕x0x1x3x6x7x8⊕x2x3x6x7x8⊕x1x2x3x6x7x8⊕595

x0x1x2x3x6x7x8⊕x0x4x6x7x8⊕x1x4x6x7x8⊕x2x4x6x7x8⊕x0x2x4x6x7x8⊕x0x1x2x4x6x7x8⊕x3x4x6x7x8⊕596

x1x3x4x6x7x8⊕x0x1x3x4x6x7x8⊕x0x2x3x4x6x7x8⊕x1x2x3x4x6x7x8⊕x5x6x7x8⊕x0x5x6x7x8⊕x0x1x5x6x7x8⊕597

x2x5x6x7x8⊕x1x2x5x6x7x8⊕x0x1x2x5x6x7x8⊕x0x3x5x6x7x8⊕x1x3x5x6x7x8⊕x2x3x5x6x7x8⊕x0x2x3x5x6x7x8⊕598

x0x1x2x3x5x6x7x8⊕x4x5x6x7x8⊕x1x4x5x6x7x8⊕x0x1x4x5x6x7x8⊕x0x2x4x5x6x7x8⊕x1x2x4x5x6x7x8⊕599

x3x4x5x6x7x8⊕x0x3x4x5x6x7x8⊕x0x1x3x4x5x6x7x8⊕x2x3x4x5x6x7x8⊕x1x2x3x4x5x6x7x8⊕x0x1x2x3x4x5x6x7x8⊕600

x0x9 ⊕ x1x9 ⊕ x2x9 ⊕ x0x2x9 ⊕ x0x1x2x9 ⊕ x3x9 ⊕ x1x3x9 ⊕ x0x1x3x9 ⊕ x0x2x3x9 ⊕ x1x2x3x9 ⊕ x4x9 ⊕601

x0x4x9 ⊕ x0x1x4x9 ⊕ x2x4x9 ⊕ x1x2x4x9 ⊕ x0x1x2x4x9 ⊕ x0x3x4x9 ⊕ x1x3x4x9 ⊕ x2x3x4x9 ⊕ x0x2x3x4x9 ⊕602

x0x1x2x3x4x9 ⊕ x5x9 ⊕ x1x5x9 ⊕ x0x1x5x9 ⊕ x0x2x5x9 ⊕ x1x2x5x9 ⊕ x3x5x9 ⊕ x0x3x5x9 ⊕ x0x1x3x5x9 ⊕603

x2x3x5x9⊕x1x2x3x5x9⊕x0x1x2x3x5x9⊕x0x4x5x9⊕x1x4x5x9⊕x2x4x5x9⊕x0x2x4x5x9⊕x0x1x2x4x5x9⊕604

x3x4x5x9 ⊕ x1x3x4x5x9 ⊕ x0x1x3x4x5x9 ⊕ x0x2x3x4x5x9 ⊕ x1x2x3x4x5x9 ⊕ x6x9 ⊕ x0x6x9 ⊕ x0x1x6x9 ⊕605

x2x6x9⊕x1x2x6x9⊕x0x1x2x6x9⊕x0x3x6x9⊕x1x3x6x9⊕x2x3x6x9⊕x0x2x3x6x9⊕x0x1x2x3x6x9⊕x4x6x9⊕606

x1x4x6x9⊕x0x1x4x6x9⊕x0x2x4x6x9⊕x1x2x4x6x9⊕x3x4x6x9⊕x0x3x4x6x9⊕x0x1x3x4x6x9⊕x2x3x4x6x9⊕607

x1x2x3x4x6x9⊕x0x1x2x3x4x6x9⊕x0x5x6x9⊕x1x5x6x9⊕x2x5x6x9⊕x0x2x5x6x9⊕x0x1x2x5x6x9⊕x3x5x6x9⊕608

x1x3x5x6x9 ⊕ x0x1x3x5x6x9 ⊕ x0x2x3x5x6x9 ⊕ x1x2x3x5x6x9 ⊕ x4x5x6x9 ⊕ x0x4x5x6x9 ⊕ x0x1x4x5x6x9 ⊕609

x2x4x5x6x9⊕x1x2x4x5x6x9⊕x0x1x2x4x5x6x9⊕x0x3x4x5x6x9⊕x1x3x4x5x6x9⊕x2x3x4x5x6x9⊕x0x2x3x4x5x6x9⊕610

x0x1x2x3x4x5x6x9⊕x7x9⊕x1x7x9⊕x0x1x7x9⊕x0x2x7x9⊕x1x2x7x9⊕x3x7x9⊕x0x3x7x9⊕x0x1x3x7x9⊕611
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x2x3x7x9⊕x1x2x3x7x9⊕x0x1x2x3x7x9⊕x0x4x7x9⊕x1x4x7x9⊕x2x4x7x9⊕x0x2x4x7x9⊕x0x1x2x4x7x9⊕612

x3x4x7x9⊕x1x3x4x7x9⊕x0x1x3x4x7x9⊕x0x2x3x4x7x9⊕x1x2x3x4x7x9⊕x5x7x9⊕x0x5x7x9⊕x0x1x5x7x9⊕613

x2x5x7x9⊕x1x2x5x7x9⊕x0x1x2x5x7x9⊕x0x3x5x7x9⊕x1x3x5x7x9⊕x2x3x5x7x9⊕x0x2x3x5x7x9⊕x0x1x2x3x5x7x9⊕614

x4x5x7x9 ⊕ x1x4x5x7x9 ⊕ x0x1x4x5x7x9 ⊕ x0x2x4x5x7x9 ⊕ x1x2x4x5x7x9 ⊕ x3x4x5x7x9 ⊕ x0x3x4x5x7x9 ⊕615

x0x1x3x4x5x7x9⊕x2x3x4x5x7x9⊕x1x2x3x4x5x7x9⊕x0x1x2x3x4x5x7x9⊕x0x6x7x9⊕x1x6x7x9⊕x2x6x7x9⊕616

x0x2x6x7x9 ⊕ x0x1x2x6x7x9 ⊕ x3x6x7x9 ⊕ x1x3x6x7x9 ⊕ x0x1x3x6x7x9 ⊕ x0x2x3x6x7x9 ⊕ x1x2x3x6x7x9 ⊕617

x4x6x7x9⊕x0x4x6x7x9⊕x0x1x4x6x7x9⊕x2x4x6x7x9⊕x1x2x4x6x7x9⊕x0x1x2x4x6x7x9⊕x0x3x4x6x7x9⊕618

x1x3x4x6x7x9⊕x2x3x4x6x7x9⊕x0x2x3x4x6x7x9⊕x0x1x2x3x4x6x7x9⊕x5x6x7x9⊕x1x5x6x7x9⊕x0x1x5x6x7x9⊕619

x0x2x5x6x7x9⊕x1x2x5x6x7x9⊕x3x5x6x7x9⊕x0x3x5x6x7x9⊕x0x1x3x5x6x7x9⊕x2x3x5x6x7x9⊕x1x2x3x5x6x7x9⊕620

x0x1x2x3x5x6x7x9⊕x0x4x5x6x7x9⊕x1x4x5x6x7x9⊕x2x4x5x6x7x9⊕x0x2x4x5x6x7x9⊕x0x1x2x4x5x6x7x9⊕621

x3x4x5x6x7x9 ⊕ x1x3x4x5x6x7x9 ⊕ x0x1x3x4x5x6x7x9 ⊕ x0x2x3x4x5x6x7x9 ⊕ x1x2x3x4x5x6x7x9 ⊕ x8x9 ⊕622

x0x8x9 ⊕ x0x1x8x9 ⊕ x2x8x9 ⊕ x1x2x8x9 ⊕ x0x1x2x8x9 ⊕ x0x3x8x9 ⊕ x1x3x8x9 ⊕ x2x3x8x9 ⊕ x0x2x3x8x9 ⊕623

x0x1x2x3x8x9 ⊕ x4x8x9 ⊕ x1x4x8x9 ⊕ x0x1x4x8x9 ⊕ x0x2x4x8x9 ⊕ x1x2x4x8x9 ⊕ x3x4x8x9 ⊕ x0x3x4x8x9 ⊕624

x0x1x3x4x8x9⊕x2x3x4x8x9⊕x1x2x3x4x8x9⊕x0x1x2x3x4x8x9⊕x0x5x8x9⊕x1x5x8x9⊕x2x5x8x9⊕x0x2x5x8x9⊕625

x0x1x2x5x8x9 ⊕ x3x5x8x9 ⊕ x1x3x5x8x9 ⊕ x0x1x3x5x8x9 ⊕ x0x2x3x5x8x9 ⊕ x1x2x3x5x8x9 ⊕ x4x5x8x9 ⊕626

x0x4x5x8x9⊕x0x1x4x5x8x9⊕x2x4x5x8x9⊕x1x2x4x5x8x9⊕x0x1x2x4x5x8x9⊕x0x3x4x5x8x9⊕x1x3x4x5x8x9⊕627

x2x3x4x5x8x9 ⊕ x0x2x3x4x5x8x9 ⊕ x0x1x2x3x4x5x8x9 ⊕ x6x8x9 ⊕ x1x6x8x9 ⊕ x0x1x6x8x9 ⊕ x0x2x6x8x9 ⊕628

x1x2x6x8x9 ⊕ x3x6x8x9 ⊕ x0x3x6x8x9 ⊕ x0x1x3x6x8x9 ⊕ x2x3x6x8x9 ⊕ x1x2x3x6x8x9 ⊕ x0x1x2x3x6x8x9 ⊕629

x0x4x6x8x9⊕x1x4x6x8x9⊕x2x4x6x8x9⊕x0x2x4x6x8x9⊕x0x1x2x4x6x8x9⊕x3x4x6x8x9⊕x1x3x4x6x8x9⊕630

x0x1x3x4x6x8x9⊕x0x2x3x4x6x8x9⊕x1x2x3x4x6x8x9⊕x5x6x8x9⊕x0x5x6x8x9⊕x0x1x5x6x8x9⊕x2x5x6x8x9⊕631

x1x2x5x6x8x9 ⊕ x0x1x2x5x6x8x9 ⊕ x0x3x5x6x8x9 ⊕ x1x3x5x6x8x9 ⊕ x2x3x5x6x8x9 ⊕ x0x2x3x5x6x8x9 ⊕632

x0x1x2x3x5x6x8x9⊕x4x5x6x8x9⊕x1x4x5x6x8x9⊕x0x1x4x5x6x8x9⊕x0x2x4x5x6x8x9⊕x1x2x4x5x6x8x9⊕633

x3x4x5x6x8x9⊕x0x3x4x5x6x8x9⊕x0x1x3x4x5x6x8x9⊕x2x3x4x5x6x8x9⊕x1x2x3x4x5x6x8x9⊕x0x1x2x3x4x5x6x8x9⊕634

x0x7x8x9⊕x1x7x8x9⊕x2x7x8x9⊕x0x2x7x8x9⊕x0x1x2x7x8x9⊕x3x7x8x9⊕x1x3x7x8x9⊕x0x1x3x7x8x9⊕635

x0x2x3x7x8x9 ⊕ x1x2x3x7x8x9 ⊕ x4x7x8x9 ⊕ x0x4x7x8x9 ⊕ x0x1x4x7x8x9 ⊕ x2x4x7x8x9 ⊕ x1x2x4x7x8x9 ⊕636

x0x1x2x4x7x8x9⊕x0x3x4x7x8x9⊕x1x3x4x7x8x9⊕x2x3x4x7x8x9⊕x0x2x3x4x7x8x9⊕x0x1x2x3x4x7x8x9⊕637

x5x7x8x9 ⊕ x1x5x7x8x9 ⊕ x0x1x5x7x8x9 ⊕ x0x2x5x7x8x9 ⊕ x1x2x5x7x8x9 ⊕ x3x5x7x8x9 ⊕ x0x3x5x7x8x9 ⊕638

x0x1x3x5x7x8x9⊕x2x3x5x7x8x9⊕x1x2x3x5x7x8x9⊕x0x1x2x3x5x7x8x9⊕x0x4x5x7x8x9⊕x1x4x5x7x8x9⊕639

x2x4x5x7x8x9⊕x0x2x4x5x7x8x9⊕x0x1x2x4x5x7x8x9⊕x3x4x5x7x8x9⊕x1x3x4x5x7x8x9⊕x0x1x3x4x5x7x8x9⊕640

x0x2x3x4x5x7x8x9⊕x1x2x3x4x5x7x8x9⊕x6x7x8x9⊕x0x6x7x8x9⊕x0x1x6x7x8x9⊕x2x6x7x8x9⊕x1x2x6x7x8x9⊕641

x0x1x2x6x7x8x9⊕x0x3x6x7x8x9⊕x1x3x6x7x8x9⊕x2x3x6x7x8x9⊕x0x2x3x6x7x8x9⊕x0x1x2x3x6x7x8x9⊕642

x4x6x7x8x9 ⊕ x1x4x6x7x8x9 ⊕ x0x1x4x6x7x8x9 ⊕ x0x2x4x6x7x8x9 ⊕ x1x2x4x6x7x8x9 ⊕ x3x4x6x7x8x9 ⊕643

x0x3x4x6x7x8x9⊕x0x1x3x4x6x7x8x9⊕x2x3x4x6x7x8x9⊕x1x2x3x4x6x7x8x9⊕x0x1x2x3x4x6x7x8x9⊕x0x5x6x7x8x9⊕644

x1x5x6x7x8x9⊕x2x5x6x7x8x9⊕x0x2x5x6x7x8x9⊕x0x1x2x5x6x7x8x9⊕x3x5x6x7x8x9⊕x1x3x5x6x7x8x9⊕645

x0x1x3x5x6x7x8x9⊕x0x2x3x5x6x7x8x9⊕x1x2x3x5x6x7x8x9⊕x4x5x6x7x8x9⊕x0x4x5x6x7x8x9⊕x0x1x4x5x6x7x8x9⊕646

x2x4x5x6x7x8x9 ⊕ x1x2x4x5x6x7x8x9 ⊕ x0x1x2x4x5x6x7x8x9 ⊕ x0x3x4x5x6x7x8x9 ⊕ x1x3x4x5x6x7x8x9 ⊕647

x2x3x4x5x6x7x8x9 ⊕ x0x2x3x4x5x6x7x8x9 ⊕ x0x1x2x3x4x5x6x7x8x9 = 0648
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