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AN EFFICIENT AND SIMPLE ALGORITHM FOR

SOLVING FRACTIONAL ORDER DIFFERENTIAL

EQUATIONS

Pablo Pérez 1, Carlos Acosta2

Abstract

It is presents and discuss an algorithm to generate the numerical solution
of fractional differential equations in the form: Dα

∗
x(t) = f(t, x(t)), x(0) =

x0, with α ∈ R+, where Dα
∗
x(t) is the derivative of order α in the sense of

Caputo of the function x(t). The algorithm is based on a variable change
that suppresses the fractional integral kernel that enables us to establish a
simple first order quadrature for the operator of fractional integration. We
extend the result to a wider class of fractional differential equations, and
conclude the article with numerical examples that show the effectiveness
and convenience of the application of our algorithm.

MSC 2010 : Primary 26A33; Secondary 34A08, 34K37, 65Q10, 65R10

Key Words and Phrases: Fractional Calculus; fractional differential
equations; quadrature; numerical solution; application.

1. Introduction

Fractional calculus is a theory of integrals and derivatives of an arbitrary
order (real or complex ) that has had substantial advances in its application
to science, engineering, and economics in recent years. For example Sabatier
and Agrawual [25] have a collection of fractional calculus publications in
physics and engineering, Hilfer [14] demonstrates various applications in
physics, Baleanu [1] shows applications of fractional calculus in nanotech-
nology, and Jiao, Chen and Podlubny [15] have various applications and
their simulations with fractional calculus.



2 Pablo J. Pérez C.

Fractional calculus presents many operational difficulties such the im-
possibility to find analytical solutions to the majority of homogenous differ-
ential equations of fractional order. As an answer to these difficulties, many
research works have dedicated their efforts to achieve numerical solutions
with a high convergence with analytical solutions; for example, in [4, 9, 20]
numerical techniques, descomposition methodsn to solve fractional differen-
tial equations, and in [12] a treatment of numerical methods for fractional
calculus, the most important at this publication.

Nowadays numerous algorithms are employed to produce numerical so-
lutions to fractional differential equations, but the majority of them are very
demanding in their implementation. A knowledgeable reader may be aware
of the short memory principle, used by Podlubmy [23], it is time-consuming
in its implementation and requires restrictive assumptions, the Fractional

Adams – Bashforth – Moulton Method used by Diethelm [9, 11], it is a pre-
dictor – corrector that requires various stages, it increases the difficulty of
implementation and computation time, and lastly we mention the algorithm
showed by Odibat and Momani [22] which is efficient but also involves an
extensive structure that requires great care in its implementation.

This study, will present the concept of scale transformation proposed by
Shantanu Das [5] and treated independently by Demirci and Ozalp [6], that
consist in a variable change that that transfoms the initial value problem of
fractional order (Cauchy type problem) into an integral equation of integer
order, which allows to suppress the kernel of the fractional integral and also
the memory that it provides to the integral, achieving an algorithm that is
simple in its implementation and efficient to produce results and determine
its order of convergence. This research conclude making good use of the
work of Diethelm [9] on multi-term differential equations to extend the use
of the algorithm to fractional differential equations more general.

2. Basic Definitions

The following general concepts of fractional calculus are introduced. For
the function f ∈ L1(a, b).

Definition 2.1. The Riemann-Liouville integral operator of order
α > 0 of a function f ∈ L1(a, b) is defined as

Iαf(t) =
1

Γ(α)

∫ t

a
(t− τ)α−1f(τ)dτ, t > a, (2.1)

where Γ is Euler’s gamma function.
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Definition 2.2. The Riemann-Liouville differential operator of order
α > 0 of a function f ∈ L1(a, b) is defined as

Dαf(t) =
1

Γ(n− α)

dn

dtn

∫ t

a
(t− τ)n−α−1f(τ)dτ, t > a, (2.2)

where n = [α] + 1 and [α] is the greatest integer of α.

Definition 2.3. The Caputo differential operator of order α > 0 of a
function f ∈ L1(a, b) is defined as

Dα
∗
f(t) =

1

Γ(n− α)

∫ t

a
(t− τ)n−α−1fn(τ)dτ, t > a, (2.3)

where n = [α] + 1 and [α] is the greatest integer of α.

Some properties of these operators for f ∈ C[0,∞) , α, β ≥ 0, t > 0,
are as follows:

(1) Dα
∗
(Iβf(t)) = f(t),

(2) Iα(Dβ
∗
f(t)) = f(t),

(3) Dα
∗
tβ =

Γ(α+ β)

Γ(α+ β + 1)
tα+β .

Additional properties and restrictions can be found in [16, 23].

3. The Problem

The initial value problem of fractional order or Cauchy type problem
{

Dα
∗
x(t) = f(t, x(t)), t ∈ [0, T ]

x(0) = x0,
(3.1)

where T > 0, f ∈ C([0, T ]×R,R) and α > 0, is equivalent to the Volterra
integral equation of the second type of fractional order with a weakly sin-
gular kernel

x(t) = x0 +
1

Γ(α)

∫ t

0
(t− τ)α−1f(τ, x(τ))dτ, t ∈ [0, T ], (3.2)

as it was demonstrated in Theorem 3.1 of [16] and in [23]. Using this
classic result we propose the solution to problem (3.1) through the following
theorem.

Theorem 3.1. Let α ∈ R+, n = −[−α], G an open subset of R and
f : [0, T ]×G→ R, with f ∈ C([0, T ]×R,R). If x(t) is a solution to problem
(3.1), and x ∈ L(a, b), then
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x(t) = x0+
1

Γ(α+ 1)

∫ tα

0
f [t−(tα−s)1/α, x(t−(tα−s)1/α)]ds, ∀t > 0 (3.3)

P r o o f. From the hypothesis and Theorem 3.1 of [16], problem (3.1)
is equivalent to the Volterra integral equation

x(t) = x0 +
1

Γ(α)

∫ t

0
(t− τ)α−1f(τ, x(τ))dτ. (3.4)

Let v(t) = (t− τ)α such that v(0) = tα, v(t) = 0 and

−
dv

α
= (t− τ)α−1dτ. (3.5)

When this variable enters in (3.2) the integral equation becomes

x(t) = x0 +
1

Γ(α+ 1)

∫ tα

0
f [t− v1/α, x(t− v1/α)]dv. (3.6)

Now, let v(s) = tα − s, so v(0) = tα y v(tα) = 0; with this substitution it
rewrites x(t) as

x(t) = x0 +
1

Γ(α+ 1)

∫ tα

0
f [t− (tα − s)1/α, x(t− (tα − s)1/α)]ds. (3.7)

Taken z(s) = x(t−(tα−s)1/α), it follows that z(tα) = x(t) and z(0) = x(0),
these allows to rewrite (3.7) in terms of z as follows

z(tα) = z(0) +
1

Γ(α+ 1)

∫ tα

0
gt[s, z(s)]ds.

If θ = tα, it has the expectiing result and since the integral depends on α,
it is a whole integer order. ✷

The existence and uniqueness of the solutions to the initial value prob-
lems that are studying have been amply demonstrated in [16, Section 3.2.2].

4. The Algorithm

Begin with Theorem 3.1 it gets obtained an iterative outline of numeri-
cal solutions to fractional differential equations such as (3.1), more precisely,
of the equation (3.7), defined by the discretization

x(tn+1) = x0 +
1

Γ(α+ 1)

∫ tαn+1

0
f [tn+1 − (tαn+1 − s)1/α,

x(tn+1 − (tαn+1 − s)1/α)]ds, 0 < n ≤ N, (4.1)
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For 0 ≤ n ≤ N with N ∈ Z+ fixed and ∆t = T
N+1 step size in t. However,

it is still necessary to discretize s to develop the right side of (4.1) in terms
of the discretization of t only.

Then, for each 0 ≤ n ≤ N it deduces in detail a discretization in s that
makes use of it already done for t.

As ∆t =
T

N + 1
for n = N , it haves T = tn+1 thus

tn+1 = (n+ 1)∆t (4.2)

For other hand let’s consider

(tαn+1 − sk,n)
1/α = k∆t = tk, 0 ≤ k ≤ n+ 1 (4.3)

with which

tn+1 − tk = [(n+ 1)− k]∆t = tn+1−k (4.4)

also

sk,n = tαn+1 − kα(∆t)α (4.5)

by (4.2) and (4.5), it haves to

sk,n = (n+ 1)α(∆t)α − kα(∆t)α = [(n+ 1)α − kα](∆t)α (4.6)

Now be ∆sk = sk−1.n − sk,n with this

∆sk = [(n+1)α−(k−1)α](∆t)α−[(n+1)α−kα](∆t)α = [kα−(k−1)α](∆t)α.
(4.7)

With all of the above, it is in a position to write a quadrature of rect-
angular composite type for the integral present in (4.1), and in this part it
obtains the approximation of the solution of (3.1) as

x(tn+1) = x0 +
1

Γ(α+ 1)

n+1
∑

k=1

∫ sk−1,n

sk,n

f(tn+1 − (tαn+1 − s)1/α,

x(tn+1 − (tαn+1 − s)1/α))ds

≈ x0 +
1

Γ(α+ 1)

n+1
∑

k=1

f(tn+1 − (tαn+1 − sk,n)
1/α,

x(tn+1 − (tαn+1 − sk,n)
1/α))∆sk

= x0 +
1

Γ(α+ 1)

n+1
∑

k=1

f(tn+1−k, x(tn+1−k))∆sk, (4.8)



6 Pablo J. Pérez C.

In summary, it proposes as numerical solution for the initial value problem
of fractional order (3.1) the algorithm given by

xn+1 = x0 +
1

Γ(α+ 1)

n+1
∑

k=1

f [tn+1−k, x(tn+1−k)][k
α − (k − 1)α](∆t)α,

(4.9)

0 ≤ n ≤ N.

This algorithm is a simple but powerful tool that allows to approximate,
in an explicit manner, the value of a function in a given moment, from the
knowledge of the value of this function in earlier moments, which is to say,
achieving an algorithm with memory for the solution to Cauchy Problems,
that once implemented can change the function to the right side of (3.1) and
indicate the order α of the derivative and the quality of the approximation
that is wanted, dependent on directly of n. Now it proposes a result to
show the order of convergence of the algorithm showed before.

Theorem 4.1. Let f ∈ C([0, T ] × R,R) and x(t) ∈ C1[0, T ] the
solution to (3.1). If f is Lipschitzian with respect to its two variables, ie if
there are constants ξ, ψ ∈ R+ for which

|f(t1, x)− f(t2, x)| ≤ ξ|t1 − t2| ∀x ∈ R, t1, t2 ∈ [0, T ]

and

|f(t, x1)− f(t, x2)| ≤ ψ|x1 − x2| ∀x1, x2 ∈ R, t ∈ [0, T ],

then the order of the error of the algorithm (4.9) is 1.

P r o o f. It begins showing that for f by satisfies the two properties
stated in the Theorem, that is

|f(t1, x1)− f(t2, x2)| = |f(t1, x1)− f(t2, x1) + f(t2, x1)− f(t2, x2)|

≤ |f(t1, x1)− f(t2, x1)|+ |f(t2, x1)− f(t2, x2)|

≤ ξ|t1 − t2|+ ψ|x1 − x2| ∀t1, t2 ∈ [0, T ]. (4.10)

x1, x2 ∈ R

Now, for 0 ≤ n ≤ N , the difference between the proposed solution and its
approximation is

Er = |x(tn+1)− xn+1| (4.11)

In this way, using Theorem 3.1 and (4.9),
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Er =
1

Γ(α+ 1)

∣

∣

∣

∣

∣

n+1
∑

k=1

∫ sk−1,n

sk,n

f(tn+1 − (tαn+1 − s)1/α, x(tn+1

− (tαn+1 − s)1/α))ds −
n+1
∑

k=1

f(tn+1−k, x(tn+1−k))∆sk

∣

∣

∣

∣

∣

=
1

Γ(α+ 1)

∣

∣

∣

∣

∣

n+1
∑

k=1

∫ sk−1,n

sk,n

[

f(tn+1 − (tαn+1 − s)1/α, x(tn+1

−(tαn+1 − s)1/α))− f(tn+1−k, x(tn+1−k))
]

ds

∣

∣

∣

∣

∣

≤
1

Γ(α+ 1)

n+1
∑

k=1

∫ sk−1,n

sk,n

∣

∣

∣
f(tn+1 − (tαn+1 − s)1/α, x(tn+1

−(tαn+1 − s)1/α))− f(tn+1−k, x(tn+1−k))
∣

∣

∣
ds

Then, using (4.10) and the Mean Value Theorem applied to the x function,

Er ≤
{ξ + ψ||x′||∞}

Γ(α+ 1)

n+1
∑

k=1

∫ sk−1,n

sk,n

|tn+1 − (tαn+1 − s)1/α − tn+1−k|

=
{ξ + ψ||x′||∞}

Γ(α+ 1)

n+1
∑

k=1

∫ sk−1,n

sk,n

[tk − (tαn+1 − s)1/α]ds

≤
{ξ + ψ||x′||∞}

Γ(α+ 1)

n+1
∑

k=1

∫ sk−1,n

sk,n

[tk − (tαn+1 − sk−1,n)
1/α]ds
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So by (4.2) and (4.3),

Er ≤
{ξ + ψ||x′||∞}

Γ(α+ 1)

n+1
∑

k=1

∫ sk−1,n

sk,n

(tk − tk−1)ds

=
{ξ + ψ||x′||∞}∆t

Γ(α+ 1)

n+1
∑

k=1

∆sk

=
{ξ + ψ||x′||∞}∆t

Γ(α+ 1)

n+1
∑

k=1

[kα − (k − 1)α](∆t)α

=
{ξ + ψ||x′||∞}∆t

Γ(α+ 1)
(n+ 1)α(∆t)α

≤
{ξ + ψ||x′||∞}∆t

Γ(α+ 1)
(N + 1)α(∆t)α

=
{ξ + ψ||x′||∞}Tα

Γ(α+ 1)
∆t

= Cα∆t, (4.12)

Where

Cα =
{ξ + ψ||x′||∞}Tα

Γ(α+ 1)

is a constant that depends only on α.

In summary, the order of convergence of the algorithm is 1.

Er = O(∆t) (4.13)

✷

5. Extension of the Algorithm and Multi-Term Cauchy

TyProblems

Let’s consider a more general type of differential equation of arbitrary
order that contains more than one differential operator it can be of whole
number order or fractional order; these equations are called multi-term frac-

tional differential equations and they have the form

F (t, x(t), Dβ1

∗0x(t), D
β2

∗0x(t), . . . , D
βn

∗0 x(t)) = 0 (5.1)

with 0 < β1 < β2 < · · · < βn, βi ∈ Q, i ∈ {1, . . . , n}, n ∈ Z+, and the
function F .

Some classic examples of the application of differential equations with
more than one differential fractional operator are: Bagley-Torvik’s Equation
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[10, 19, 26], Babenko’s Equation [23, Section 8.3.3], Koeller’s Equation [17]
and Basset’s Equation [2, 3, 18, 21].

For instance equation (5.1) has an explicit solution for the higher order
derivative, which is this form

Dβn
∗
x(t) = F (t, x(t), Dβ1

∗0x(t), . . . , D
βn−1

∗0 x(t)) (5.2)

with the initial conditions

x(j)(0) = x
(j)
0 j = 0, 1, . . . , ⌈βn⌉ − 1. (5.3)

The intention is to rewrite the multi-term differential equation (5.2) - (5.3),
as a system of fractional differential equations, where each differential equa-
tion has a unique differential operator. In this sense, Diethelm [9, Chapter
8] and in other works [7, 8, 10], has demonstrated how to do this. Further-
more, all the considerations that the reader must make are clearly presented
by Diethelm in [9, Theorem 8.9].

The existence and uniqueness of continuous solutions to the initial value
problem (5.2) - (5.3) is determined for each system of equations [16, Theo-
rem 3.3], and the uniqueness of the continuous solutions of the system (5.2)
- (5.3) is guaranteed by [9, Theorem 8.11].

6. Numerical Examples

Giving evidence of the capacity of the algorithm, it will implement three
examples in Matlab 2012a and some of them will be contrasted with classic
results in the related literature.

Example 6.1. A classic example of the application of fractional cal-
culus is the fractional relaxation Dα

∗
x(t) + bx(t) = f(t) with x(0) = x0, a

particular case that is studied by Podlubny [24]

Dαx(t) + x(t) = 1; x(0) = 0, x′(0) = 0, t ∈ [0, 25]. (6.1)

The analytical solution to this problem is in terms of the Mittag-Leffler
function for two parameters

Eα,β(t) =

∞
∑

k=0

tk

Γ(αk + β)
, ℜ(α) > 0, β, t ∈ C, (6.2)

as is given by

x(t) = tαEα,α+1(−t
α)

Now, it is implemented a numerical solution of this particular case of the
relaxation equation with algorithm (4.9), and the result is shown in Figure
1(a). The analytical solution x(t) = tαEα,α+1(−t

α) is not plotted because of
its proximity to the numerical solution and the two can not be distinguished
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from one another, and thus, Figure 1(b) shows the difference between these
two solutions for α = 1.8 and a step size of 0.001.

0 2 4 6 8 10 12 14 16 18 20 22 24
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

t

x
(t
)

numerical solution n=200

(a) Numerical solution of Dαx(t)+x(t) =
1; x(0) = 0, x′(0) = 0

0 2 4 6 8 10 12 14 16 18 20 22 24
−8

−6

−4

−2

0

2

4

6
·10−3

t

x
a
(t
)
−
x
n
(t
)

xa(t): analytical solution; xn(t): numerical solution

(b) Difference between x(t) =
tαEα,α+1(−tα) and the numerical
solution for step size 0.001

Figure 1. Numerical solution of (6.1) for α = 1.8

To show the convergence of the numerical solution generated by the
algorithm with the analytical solution, it records in the second column of
Table 1 the standard errors calculated from the vectors of the analytical
and numerical solutions for the derivative of order α = 1.8. In this specific
problem f(t, x) = 1 − x(t), which is clearly Lipschitzian with respect to
x, but not with respect to t. The order of convergence of the algorithm
continues being 1, it is valued in the obtained numerical results in the last
column of Table 1 listed by order of convergence for their corresponding
step size. The data in column 3 reaffirms that the order of convergence of
the algorithm is aforementioned in the Theorem 4.1.

N Error on α = 1.8 Order of convergence
10 3.0514e-02
20 1.5186e-02 1.0067
40 7.5775e-03 1.0030
80 3.7849e-03 1.0015
160 1.8914e-03 1.0008
320 9.4530e-04 1.0006
640 5.5073e-04 1.0000

Table 1. Relative error and order of convergence for α = 1.8.
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Example 6.2. Now consider the following specific problem:

Dα
∗
x(t) =

3628800

Γ(11− α)
t10−α − 5

Γ(6 + α/2)

Γ(6− α/2)
t5−α/2 + (t5 −

5

2
tα/2)3

− x(t)3/2 + 25
Γ(α+ 1)

4
(6.3)

with initial conditions x(0) = 0, x′(0) = 0, for t ∈ [0, 1] and t ∈ [0, 5], whose
analytical solutions

x(t) = t10 − 5t5+α/2 +
25

4
tα (6.4)

This equation is extremely useful for the purposes, owing to the admittance
of fractional derivatives of many orders α, in such a way that it can see if
the order of the derivative has a bearing on the order of convergence of the
method.
Although in Figure 2 the solutions for α = 1/2 are shown and one can
generate solutions for all α in which the Γ function is defined, it can be seen
in Table 2. Figure 2(a) shows that our algorithm is capable of capturing the
subtleties in the solutions and Figure 2(b) demonstrates that the algorithm
maintains the convergence in considerably bigger intervals and for very fast
growing functions. See the Table 2; in the upper part that the rate of

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

t

x
(t
)

Analytical solution
Numerical solution. n = 200

(a) Numerical solution with α = 0.5
y 0 ≤ t ≤ 1

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
·107

t

x
(t
)

Analytical solution
Numerical solution. n = 200

(b) Numerical solution with α = 0.5
and 0 ≤ t ≤ 5

Figure 2. Numerical solution of the equation proposed for α = 1/2

convergence increases with a reduction in step size and, the columns in
this part of the table indicate that the order of the derivative affects the
convergence of the numerical method in a way that is difficult to specify.
Now, in the columns of the lower part of Table 2 the dependence on α of
the order of convergence can be observed as is shown at the columns, it can
see that the order of convergence depends also on the step size.
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relative error – Example 2 – for the cited α
Value of N α = 0.25 α = 0.75 α = 1.25 α = 2.25 α = 2.75

10 1.0374e-01 1.1143e-01 1.3272e-01 1.9492e-01 2.2853e-01
20 5.1134e-02 5.5041e-02 6.7743e-02 1.0119e-01 1.1915e-01
40 2.4805e-02 2.7148e-02 3.4232e-02 5.1541e-02 6.0832e-02
80 1.1970e-02 1.3427e-02 1.7210e-02 2.6008e-02 3.0734e-02
160 5.7768e-03 6.6624e-03 8.6294e-03 1.3064e-02 1.5447e-02
320 2.7947e-03 3.3144e-03 4.3211e-03 6.5467e-03 7.7436e-03
640 1.3565e-03 1.6519e-03 2.1622e-03 3.2771e-03 3.8768e-03
Numerical estimation of the order of convergence for the cited α

Value of N α = 0.25 α = 0.75 α = 1.25 α = 2.25 α = 2.75
10
20 1.0207 1.0176 9.7019e-01 9.4583e-01 9.3959e-01
40 1.0437 1.0197 9.8474e-01 9.7327e-01 9.6988e-01
80 1.0512 1.0157 9.9211e-01 9.8675e-01 9.8499e-01
160 1.0511 1.0110 9.9589e-01 9.9341e-01 9.9251e-01
320 1.0476 1.0073 9.9786e-01 9.9671e-01 9.9626e-01
640 1.0428 1.0046 9.9889e-01 9.9836e-01 9.9813e-01

Table 2. Relative error and order of convergence

On the other hand, it is easy to see that the function f(t, x) of this
example fulfills the conditions of Lipschitz for x, though not for t in any
rectangle which contains a non-empty intersection with the straight line
t = 0. In despite of numerical elimination it can affirm that the order of
convergence of the numerical method depends on two parameters, the order
of the derivative and the step size, and that this order of convergence is 1
under a quadrature of rectangular type.

The algorithm (4.9) developed in this study was obtained from rect-
angular quadrature and can be implemented with sturdier quadrature, for
example: the equation (6.3) is implemented in the Simpson’s quadrature
with n = 640, and it shows numérically that convergence order is affected
by the order of the derivative through (4.9). In the Figure 3 see that for
0 < α ≤ 3 and increase of 0.01, that the convergence order vary with the
order of the derivarive for α < 1, but it reaches a limit value 2 for α > 1.
In α = 1 it presents a singularity related to the convegence order for a
Simpson quadrature of integer order. In this ejercise gets the error when it
is implemented (4.9) under the Simpson quadrature and it is of the order
e-006. So the proof of the convergence order of the algorithm (4.9) with
other different quadrature’s to the rectangular is a base to future researches.

Example 6.3. A classic model, which is also a particular case of multi-
term equation (5.2), is Basset’s problem, which covers many applications
of flux in geophysics and engineering. This problem has to do with the
dynamics of a sphere immersed in an uncompressible viscous fluid. Apart
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Figure 3. Numerical order of convegence of the algorithm (4.9)

under Simpson’s quadrature wich 0 ≤ α ≤ 3

from the force of gravity, Basset introduces into the study the dynamics
of the particle, an additional hydrodynamic force related to the history of
relative acceleration in the sphere known as Basset’s Forcet [21], which is
interpreted as a fractional derivative of order 1/2 of the velocity of the
particles relative to the fluid.

Basset’s model is presented in the following differential equation

D1
∗
x(t) + aDα

∗
x(t) + x(t) = 1, t ∈ [0, 20], (6.5)

where a := βα is a dimensionless constant related to Basset’s Force, that
contains thees parameters

λ :=
ρp
ρf

β =
9

1 + 2λ
,

where ρf and ρp are the relative densities of the fluid and the particle
respectively, discussed in detail in [21].
Treating this particular case, it takes α = 1/2 and the relations of the
particle-fluid density: λ = 0.5 ; λ = 2; λ = 10 and λ = 100. According
to what is suggested in [9, Theorem 8.9], for the equation (6.5) it defines
x(t) := x1(t) and writes

D0.2
∗
x1(t) = x2(t)

D0.3
∗
x2(t) = x3(t) (6.6)

D0.5
∗
x3(t) = −x1(t)− ax2(t) + 1

with the initial conditions x1(0) = x2(0) = x3(0) = 0. The results for
the value of λ mentioned above implemented with the algorithm (4.9) are
shown in Figure 4 Basset’s equation has a generalization treated by Chunna
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Figure 4. Numerical solution to Basset’s model

Zhao et al. [27], in which they model the process of students’ cognition in
a course and in which intervene a large quantity of factors and data.

7. Conclusions

The objective of this study was to present a numerical schema that
allows to obtain numerical solutions to linear and non-linear fractional order
differential equations, which was achieved by means of a proposed algorithm
in (4.9). This algorithm is based on a variable change that permits the
elimination of the kernels of the fractional integral, achieving in this manner
a simple quadrature for the Riemann-Liouville integral operator .

The prior algorithm is applied in a direct manner, without the need for
linearization, perturbation or restrictive assumptions. This high speed of
convergence, its robustness, and its good order of convergence that can be
guaranteed under reasonable hypotheses.

The extension of (4.9) to multi-term fractional differential equations
makes the study of a much vaster number of phenomena possible and gen-
erates a considerably greater number of applications by itself, but requires
transformation in these equations.

This research does not present any type of conflict of interest.
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