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New MDS Self-Dual Codes From Two Disjoint Subsets *

Yuting Cao - Shixin Zhu

Abstract In recent years, some new classes of MDS self-dual codes were construed. The method
is to obtain new structure by generalized GRS codes. In this paper, our idea is to construct
MDS self-dual codes of length n where is composed with two subgroups of Fj. In particular,
these two subgroups do not intersect. Several classes of new g-ary MDS self-dual codes under
specific conditions are given by considering the interval of s, t.

Keywords MDS self-dual codes - Generalized Reed-Solomon codes

1 Introduction

MDS codes are a special class of codes that satisfies the Singleton constraint and have a strong
error correction capability. Especially when the code length is not too long, its performance
is very close to the theoretical value. In addition, it has a good algebraic structure and is
easy to construct. Since MDS codes can reach the singleton bound, they are easier to be
encoded and decoded. Therefore, they have been applied to communication systems. On the
other hand, scholars found various applications of self-dual codes in cryptography [10] and
combinatorics [13]. Therefore, it is natural to consider the intersection of these two types of
codes, i.e., MDS self-dual codes. In the past 20 years, many construction methods for MDS self-
dual codes and complementary MDS self-dual codes have been given, and these construction
methods can be broadly classified into the following three categories according to the tools
used. (1) code-based constructions using known classical codes, i.e., stable codes, algebraic
geometric codes, classical self-dual linear or symmetric codes and generalized RS codes, etc.;
(2) combinatorics-based constructions; (3) algebraic-based constructions. In this paper, based
on the generalized Reed-Solomon codes, we combine the knowledge of coding theory, finite fields
and recent algebra to give MDS self-dual codes with new parameters under specific conditions.
These constructions add new lengths of codes. Since the parameters of self-dual codes are
completely determined by the code length n, construct more MDS self-dual codes of different
code lengths over different finite fields or finite rings is an interest problem.

Let F, be the finite field with ¢ elements where ¢ is a prime power. A linear code C over
Fy, represented as [n, k,d],, is a [, linear subspace of F' having dimension & and minimum
distance d. We call C' a maximum distance separable (MDS) code when the parameters can
attain the Singleton bound, i.e., d = n — k + 1. For a linear code C, we will use C* to denote
the dual of C in the Euclidean inner product. A linear code C is called self-dual if C = C*+.
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1.1 The well-known results

MDS self-dual codes constructed based on orthogonal designs [1,2] are usually given by the
construction of generating matrices over small fields to obtain MDS self-dual codes over large
finite fields. Guenda used cyclic codes and negative cyclic codes to construct MDS self-dual
codes in [4]. Jin and Xing first proposed a systematic approach to constructing MDS self-dual
codes with GRS codes in [19]. In recent years, GRS codes are one with the most popular
means of building MDS self-dual codes. In [7], MDS self-dual codes over finite fields of even
characteristic with any possible parameters have been discovered. Yan [3] and Grassl et al. [14]
used generalized RS codes and extended generalized RS codes to build new MDS self-dual
codes, and the method was extended to GRS codes with general length. Fang et al. [8] and
Lebed et al. [9] used F,* and its two disjoint multiplicative subgroups to build a family of new
MDS self-dual codes. In [8], Zhang and Feng proposed a number of new constructions of MDS
Euclidean self-dual codes via cyclotomy. In [18], Sok showed some explicit compositions of MDS
Euclidean self-dual codes via rational function fields.

1.2 Our results

In our work, we obtain a few new results regarding MDS self-dual codes over finite fields via
GRS codes. Some of the consequences of this paper generalize the results in [5,9,19].

2 Preliminaries

In this section, we will recall the basic knowledge about generalized Reed-Solomon (GRS) codes.
Relevant computational formulas are also cited.

Let Fj, be the finite filed where ¢ is a prime power. For n nonzero elements v; of F, and n
distinct elements a; of Fy, the GRS codes associated with v; and a; are defined as follows:

GRS, (a@,0) = {(v1f (a1),...,onf (an)) : f(z) € Fylz] and deg(f(z)) <k —1}.

It is well known that GRSk (@, ¥) is a g-ary [n,k,n — k + 1] MDS code.
Let n(z) be the quadratic character of Fy. Let QR, be the set of all squares in F,. When

r is a square in Fy, then n(z) = 1. When z is a non-square in F, then n(z) = —1. Le.,
| L,z e QR,
o ={ 17 40n,

For any subset A C F,, we denote the polynomial f4(x) over Fy as

For any element a € A, we denote



Table 1 The known results of MDS self-dual codes

q n even Reference
q even n<gq [14]
q odd n=q+1 [14]
q odd (n=1)](g-1),nl-n)=1 (3]
g odd (n=2)](¢g-1),n2-n)=1 (3]
q = 3(mod 4) n =0(mod 4),(n—1) | (¢ —1) [9]
q = 1(mod 4) (n=1)1(¢—-1) (9]
q = 1(mod 4) n=2p",1<m [7]
q = 1(mod 4) n=p +1,1<m [7]
q=r? n<r [15]
g=r%q= 3(mod 4) n = 2tr, for any t < %1 [15]
q=r> n=tr,event, 1 <t<r [3]
q=r> n=tr+1,oddt, 1<t<r [3]
q=r? n=tm,1<t< WM, even L— [11]
n =tm+ 1, even tm and
2
= —1 11
=" 1St§r77m\q—1, [11]
ged(r — 1,m)
n =tm + 2, odd tm and
2
= -1 11
=" 1§t§T77m\Q*1» [
ged(r — 1,m)
g=r°¢=3(mod 4) n—1=p™|q—1,p=3(mod 4), odd m [4]
g=r°r=1(mod 4), odd s n—1=p™|q—1,p=1(mod 4), odd m [4]
=7r° oddr,s>2 n=Ilr+1,odd,l|r—1,n()=1 [3]
g=r°,0oddr,s>2 n=Ilr+1l,oddl,l—1|r—1,nl—-1)=-1 [3]
g=r°,0oddr,s>2 n=Ir,evenl, 2l |r—1 [3]
g=r°,0oddr,s>2 n=Ilr,evenl,l—1|r—1,n(1-1)=1 [3]
q = p®, odd prime p n=p +1,7|k [3]
q = p®, odd prime p n=2p° 1<e [3]
= p™, odd prime p n=2tp°, 2t | p—1,e<m,even qg—1]2¢t [11]
= p™, even m, odd prime p n:2trl,r:ps,s|%,Ogtg%,lgtg%l [7]
i s m
n=02t+1)r +1,r=p ,s|5 and
g =p"", even m, odd prime p m r—1 m (7]
o<t<Z1<t< or,l=2 =0
s 2 s
g =7p"™ = 1(mod 4) n=p'+1,0<1<m [7]
n=s(r—1)+t(r+1),1<s< and
g=r2r=1(mod 4) 1 [9]
1<t< , even s
n=s(r—1)+t(r+1),1<s< and
g=r2?r=3(mod 4) o1 [9]
1<t< , odd s
2
1 _
n=s2 +tq ,a = 2(mod 4), even s and
g =727 = 1(mod 4) e @ b [19]
1< 1<t —
ged(a,b)” — T ged(a,b)
—1 —1 1)b
n=sd +tq7,b52(mod 4), odd (T2+7)52 and
q =727 = 3(mod 4) e a b “ [19]
1<s< 1<t —
~ 7 gcd(a,b)’ T T gcd(a,b)




Table 2 Our new MDS self-dual codes

q n even Reference
1 —1 1
n:sT;_ —&-trb ,bg,T;— odd, b; = 2(mod 4) and
q = 7?1 = 1(mod4) 17“_ 1 2 , _‘_i Theorem 3.1
1<s< 1<t < , s even, t odd
2 1
1 -1 -1
n:sr;_ —&-trb ,bhrb odd, by = 2(mod 4) and
q =727 =3(mod 4) 17° 1 2 , +21 Theorem 3.5
1<s< , 1<t < ,t =0(mod 4)
bo b1
—1 1
n=sl +t(r—1),bg, Tt odd, b; = 0(mod 4) and
q=r7%r=3(mod 4) lb a1 Theorem 3.8
1§s§51,1§t§ ;5 0dd, £ even
1

Lemma 2.1. [17] Let A = {a1,a2,...,a,} be a subset of F,, where n is an even integer. If
n(da(a)) are the same for all a € A, then there exists a q-ary MDS self-dual code of length n.

Lemma 2.2. [8] (1) Let A be a subset of F,, then for any a € A,

da(a) = fa(a),

where f'y(a) is the derivative of fa(a).
(2) Let A1 and Ag be disjoint subsets of Fy, A= A1 U Ay, then for a € A,

_ 4 1(a')f 2(&),@ € Al
d4(a) = { San(a)fa (a)a € As

Lemma 2.3. [8] Let g € GF(q) be a primitive n-th root of unity. Let n and q be integers
satisfying n | ¢ — 1. We have

(1) 112, (9 — ¢7) = g =g7'n,

(2) x™ — 4™ = H1§z‘§n (x — vgz), for any vy € Fy,.

3 Construction of MDS self-dual codes

In this section, for ¢ = 72, we construct a concatenation using two disjoint multiplicative

subgroups A and B of Fy, in order to get the new length of g-ary MDS self-dual codes. Let a

be an integer with a | ¢ — 1. We mark it as a = bybs, where by = ged(a,r + 1), bs = m,
then bg | (r — 1)%11. It follows that ged (bQ, ’;1) = ged (%’ 7';11> = 1, hence by|(r + 1) and

ba|(r — 1).

Theorem 3.1. Let g = r? with v an odd prime power and r = 1(mod 4). Assume by and Tbtl

are odd with by = 2(mod 4), then a = 2(mod 4). Let n = sr;;l + t’“b—;l where 1 < s < "b_; and

1<t< %11. There exists a q-ary MDS self-dual code of length n, if s is even and t is odd.




Proof. Let n = sr;gl —&-t’"b;l with by, b, 7 satisfying above condition. Let A and B be subgroups
of Ff. Assume 0 is a primitive element of F} Assume A = (), B = ($3) are subgroups of Fy,
where a = 01(""1) and B = °2"+1) € QR,. Let A = 0% ¢ QR,. Then, define

s—1 t—1
D= (U 5%) UlUr*s
i=0 3=0

Since by (r — 1),by(r + 1) are even and a = 2(mod 4), then o = §10=1 g = gb2(r+1) are
entries of QR, and A = 0z ¢ QR,. We have BIANATIB=g forany0<i<s—-1,0<j <
t — 1. So we get the union D of two disjoint subsets.

Firstly, we are ready to prove that 8°,...,3° ! are the representatives of s distinct cosets
of the subgroup A in F;. If not, there exist 0 <i; < iy < s — 1 such that " A = 3" A, for the

subgroup A. Hence, there exists 1 < h < %11 such that 8"~ % = ol ie.,
gr2r D =i)=bi(r=Dh — 1 = ¢ — 1 | by(r + 1) (i1 — i) — by (r — 1)h.
Since by (r — 1)h < ¢ — 1,

. . r—1|(r+1),. .
bl(T—l) bg(T+1)(21—22):> ( ) ( )(21—22).
ba by
Since i1 —ip <s—1< (Tb_;), there is a contradiction here.
Then, we can also prove that A', \3,... A?*~1 are the representatives of ¢ distinct cosets of

the subgroup B in F;. Otherwise, there exist 0 < j; < jo < ¢—1 such that A*1+1B = X221,

for the subgroup B. Hence, there exists 1 < m < Tb_; such that A201772) = g™ je.,

galii—jz)=b2(r+1)m _ | qg—1]a(j —j2) = ba(r+1)m.
Since bo(r+ 1)m < g —1,

ba(r+1) |a(j1 — j2) = (T;;l) (j1 = j2) -

Since j1 —jo <t—1< (T;U, there is a contradiction here. Note that

follows that [D| =n = s5= + 71 is even.
Next, we calculate 6p (A2 7137). By Lemma 2.2, for 0 <i<t—1and 1 <j < %t

5D ()\2i+1ﬁj) _ 5)\2i+1B ()\Qi'Hﬂj) f[ﬁhA ()\%—Hﬁj)

r—1

o and s are even, it

)

r—1 r—1
— ﬁ ()\2i+16j _ )\2i+16v) . tl:[l ﬁ ()\Qi—&-lﬁj _ )\2l+16v)
v=1,v#j 1=0,l#iv=1
r+1
s—1 by
H H (>\2i+1/8] 5hau)
h=0u=1
r—1 ; r—1 . -1 . r—1 r—1
=L /\(21+1)( 1) g H (A(21+1) =L A(zz+1)ﬁ)
2 1=0,15i



i1)r=1 ,
Since 8 € QR, and Tb;l is even, we have \ZD 5 . g—i. % € QR,.

So we should consider

H ( (2i+1)2=2 )\(2l+1)%) and H ( )\2z+1ﬂ] bt — B b1 )
1=0,1

Let w = [0 s ()\(2¢+1)% _ )\(21+1)%)7 then
r—1

(A@”l)%?)m - (9%)“1 =1, ke, (AEE) 2 e

Therefor,

_ (2i+1)by (r—1) _(2l41)by (r—1)
= II (9 5 _9 2 )
1=0,l%#i

w1 — g )= PR QM) (1) (1) -2

Thus,
rEL (1) — 2L (2(¢—1) (s4+1)+4(t—1)—28) +k(r+1)

w=072
for some integer k. If ¢ is odd and b; = 2(mod 4), we have w € QRy.

. - i r
For Z;E (()\(21+1)53) by _ 5h btl), we have

(@it seaeen \ T by \ " .
H 0 201 b1 — (8 EFT CQRq.

h=0

By the above results, we have

n (5D (Biaj)) — 7 (/\ (2z+1))

Then we calculate dp (ﬁiozj) for0<i< < . By Lemma 2.2,
5D (Biaj) = 66%4 (Bia]) f)\2h+1B (B'aj)
5 - T t—1
— H (ﬁlaj /BL U H H 510é‘] /Bl ’U) . H (ﬂlaj )\2h+15u>
v=1,v#j 1=0,l#iv=1 u=1h=0
_ ﬁi(rbtl_l) r+1 1:[ ( r;rll) . o (ajrb;; _ )\(2h+1)rb—21) '
h=0

by 1=0,1i

r—1
b2

. (52 , =1 [ (
It is easy to find that 5\ *1 ~a? € QRy, then we let v’ =[], (a b2m — )\
Note that

JESRNAS b =1 \ 971 ) NG e
(a bz) =6 %2 =1, ie., (a]bz) =a 72,

1)r+1 _ (ea(z;;;rl))qfl “ 1 e, (A(2h+1)"§21)r _ @t

(A(2h+1) =

6



We have

t—1

Lr—1 r—1
w/r _ H (a—]ﬁ _ )\_(2h+1) 2 ) ,

h=0

w1 = g7t (b1 ta i )

Thus,

. t('r~+1)_w_b7+k(7+1)

for some integer k. If by = 2(mod 4), we have v’ € QR,.

jr+l

Similarly, for Hls;ol,l# (ﬁi o — B ) we have

s—1 . — ib (7 )\ 7L oy \ T
I1 (52%11 ) H (( e > _ (azbfl ) € F* C QR,.
1=0,14 =0,1

By the above results, we can obtain

1 (00 (P 37)) = () = -1

By Lemma 2.1, there exists a g-ary MDS self-dual code of length n. O

Remark 3.2. When r = 1(mod 4). The lengths of the MDS self-dual codes we construct are
not in [9] when t is odd. Compared with the Theorem 1 in [19], we obtain new MDS self-dual
codes of dzﬁerent lengths, by extending the range of s,t from 1 < s < T“ 1<t < 5 )
1<s<55,1<t< T+1 Specifically, when s is even, we obtain a new class of MDS self-dual
codes of length n whzch are not present in [ [19], Theorem 1].

Example 3.3. Let r = 25,q = 252,by = 26 and by = 3. If s = 2,t = 1, by Theorem 3.1, there
exists a MDS self-dual code of length n = 10. At this point, the length we obtain is not in Table
1.

Example 3.4. Let r = 25, = 252, by = 2 and by = 1. If s = 18,t = 13, by Theorem 3.1,
there exists a MDS self-dual code of length n = 546. At this point, the length we obtain is not
in Table 1. It is worth noting that when r = 25, we can obtain 120 new MDS self-dual codes.

Theorem 3.5. Let ¢ = r? with r an odd prime power and r = 3(mod 4). Assume b, and %
are odd with by = 2(mod 4), then a = 2(mod 4). Letn = 37’;;1 +t7"b_21, where 1 < s < ”b_; and
1<t< %11. There exists a q-ary MDS self-dual code of length n, if t = 0(mod 4).

Proof. By the above construction, we have r +1 = 0(mod 4),7 — 1 = 2(mod 4). For 1 < s <
Tb;l and 1 <t < T;gl, let n = srbtl +trl;1. Assume A = (a), B = () are subgroups of F,
where v = 01"~V and g = 2"tV € QR,. Let ¢ = 0% ¢ QR,. Define

F= (Ul §2i+1A> U U o’B

i=0 =0

It is easy to find that (¥ ANa/B = @ if a = 2(mod 4).
Firstly, we could prove that (!, CS , (%71 are the representatives of 5 distinct cosets of

the subgroup A in Fy, i Slmllarly, we can also prove that o®,...,a!~! are the

7



representatives of ¢ distinct cosets of the subgroup B in F q* Lif1 <t < ’";E L Tt follows that n is
even when by is odd and ¢ is even.

Next, we are ready to calculate dp (a'f37) < . By Lemma 2.2,
(SF (Oziﬁj) = 6aiB (aiﬁj) fc2h+1A (O/;Bj)
t—1
_ ai( = ) r— 1 B ( (= 1)1 (r;Ql)l)
1=0,1£i
. Sﬁ (ﬂ (03 <(T+1)b<12h+1>) '
h=0

. i(r=1_1 .
Since 3, € QR,, we have o/( b2 ) <77 € QR,.
(r—1)i (r—1)1

Suppose that p = Hf;é’l# (a b2 —q b2 ), we have

p= 9(r+1)2(t—1) _ bl(};—l) (i(t—2) t(t 1>)+k(r+1)

for some integer k. Since by, % are odd and t = 0(mod 4), p € QR,.

. 7‘+1 41 _ Jb (7+1) ( )
Since p' = [Tz (8770 = ¢V ) = N2 ((9 ) - (GW)TH) € Fr,

then p/ € QR,. By the above results, we have

r—1

n(6r ('B7)) = n( 5 )=—1.

Then, we calculate §r (C%Haj) for0<i<s—land1<j< %11. By Lemma 2.2,

51:* (C2i+104j) = 5421‘+1A (<2i+10¢j) fahB (<2i+104j)
1

s—

1 (2i+1)(r+1) (214+1) (r41)
<(21+1)( ) . T;‘ ca 7l ( 5y —¢ )
1 1=0.1%i
t—1
i (e o),
h=0

. 2i41) L )
Since 8, € QR,, we have C( D5 -%-a 7€ QR,.
@it 1) (r+1) @I+1)(r+1)

@ity | (2U+1)bg
Slnceg_Hlo#z(g by —¢ by ) HlOl#(( 3 2)+1—(972 2)+1>6
, then g € QR,.

r—1 e
Suppose that ¢’ = t ! ((Cz”loﬂ) - ahﬁl). When ¢ = 0(mod 4), we have

(r+1)t  tby(2i+1) . (r—1) t(t—1)(r—1)
/ - 7jtb1 71)1 +k}(’l‘+1) *
g =07 2 b2 2b2 € F CQRy,

for some integer k. By the above results, we have
n (0 ((*H1al)) = (@) = -1,

By Lemma 2.1, there exists a g-ary MDS self-dual code of length n. O
8



Remark 3.6. When r = 3(mod 4). The MDS self-dual codes we construct is confirmed not to
exist in [9]. Specifically, when (T;rl)b 2 is odd, we obtain a new class of MDS self-dual codes of
length n which are not present in [ [19], Theorem 2].

Example 3.7. Let r =19,¢q =192,b; =5 and by = 2. If s = 9,t = 4, by Theorem 3.5, there
exists a MDS self-dual code of length n = 72. At this point, the length of our construction is
not in Table 1. It is worth noting that when v = 19, we can obtain 61 new MDS self-dual codes.

r+1

Theorem 3.8. Let g = r? with r an odd prime power and r = 3(mod 4). Assume ,ba are

odd, then by = 0(mod 4). Let n = s4— Ly t(r—1) where 1 < s < “oand1<t< T“. There
exists a q-ary MDS self-dual code of length n, if t is even and s is odd

Proof. By the above construction, for 1 < s < %1 and 1 <t < T;;l, let n = s% +t(r—1).
Assume A = (a), B = (f) are subgroups of Fyy, where a = 0% and B = "' € QR,. Let
v = 0" ¢ QR,. Define

s—1 t—1
T = (U 72”1A> UlUeB
i=0 j=0

It is easy to find that v?T'ANa/B = @. Since qb—_ll and r — 1 are even, it follows that

n= sqb—_ll +t(r —1) is even, i.e., |T| is even.

Firstly, we can prove that v!,..., 2! are the representatives of s distinct cosets of the
subgroup A in Fy if 1 < s < b Similarly, we can also prove that o®,a2,...,a'"! are the
representatives of ¢ distinct cosets of the subgroup B in F,if 1 <t < (TH)

Next, we are ready to calculate o (’yz”loﬂ) for 0 <4 < . By Lemma
2.2,

(ST (’)/22+1Oéj) = 6,),2i+1A (’}/214_104]) fah ( 21+10¢J)
%41 1y g—1 R (a=1)(2it1) (=1 it1)
— 7( i+1) (L= —1) | ol (’)’ b1 -~ n )
by ,
1=0,1i
t—1
. H ((,y2i+1aj)r_1 _ ah(r—l)) .
h=0

i1y a=l ,
Since ﬂ ,a € QR,, we have 'y(QZH) T qul -a77 € QR,.
( (2i41) 42 _7(21+1)<‘1;11>

Suppose that v = Hl 0.1 ), we have

(rD)(s=1) _ 2bo(r+1) (/. N, s(s—D) .
v=0 2 b (D (s D+ i) k(r41) Fr CQR,

for some integer k.

Suppose that v/ = Z_:lo ((72”104]')7“71 - ozh(rfl)), when t is even, we have

r+1)t . . t(t—1
o = 0 b2 (2 1) —bitj—by L k(r 1) o F* C QR,

for some integer k. By the above results, we have

n (5T (,y2i+1aj)) =1 (7—(2i+1)) -1



Then we calculate dp (oﬂﬂj) for0<i<t—land1<j<r—1. ByLemma 2.2,

5T (Oéiﬂj) = 6aiB (aiﬂj) f,y2h+1A (aiﬂj)
t—1 s—1
— Q2 (1) 5 H (ai(rfl) _ al(rfl)) . H (61"’1%11 _ 7(2h+1)%) .
1=0,l5i h=0
Since 8, a € QR,, we have a'"=2) . (r — 1) - 77 € QR,,.
Suppose that g = Hf;&l# (i~ — o!("=1)) When b; is even, we have

(r+1)(t—1) . t(t—1)
g= offbl(z(t72)+7)+k(r+l) € F' C QR,,

Lg—1 g—1
for some integer k. Suppose that g’ = Z;}) (,BJT — 'y(%ﬂ)T). When s, b, and lell are
odd, we have
g = 95(’“;”Jb+11((r+1)js+52b2)+k(r+1)
for some integer k. Thus,
n(g)=-1L
By the above results, o
(o7 (0'8)) = -1,
By Lemma 2.1, there exists a g-ary MDS self-dual code of length n. O

Remark 3.9. When r = 3(mod 4). The length of the MDS self-dual codes is the form of
ki(r+1)+kao(r —1) in [9]. By calculating, we obtain a new class of g-ary MDS self-dual codes
of length n = k(r — 1), where k is odd. Compared with [19], n = sq—;l + t%, the condition of
construction in [ [19], Theorem 2] is not met when a =r + 1 = 0(mod 4) and b = 0(mod 4).

Example 3.10. Let r = 19,q = 19%2,by = 4. If s = 1,t = 4, by Theorem 3.8, there exists
a MDS self-dual code of length n = 162. At this point, the length we obtain is not in Table

1. It is worth noting that when r = 19, we can obtain 2 new MDS self-dual codes of length
n = {126,162}.

4 Conclusion

In this paper, we extend the construction methods of [5,9,19]. On the basis of two different mul-
tiplicative subgroups of Fj and generalized RS codes we obtain some new MDS self dual codes
over finite fields of odd characteristics. The crucial aspect of our construction is the selection of
appropriate mutually disjoint subgroups and specific parameters such that their corresponding
GRS codes are Euclidean MDS self-dual codes. We continue the previous approach and prove
that further extensions to obtain codes of additional lengths are possible. The direction of
future studies remains to find more new Euclidean self-dual codes.
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