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Abstract. We present methods for analysing hierarchical and overlapping community structure and spreading 6 

phenomena on complex networks. Different models can be developed for describing static connectivity or 7 

dynamical processes on a network topology. In this study, classical network connectivity and influence spreading 8 

models are used as examples for network models. Analysis of results is based on a probability matrix describing 9 

interactions between all pairs of nodes in the network. One popular research area has been detecting communities 10 

and their structure in complex networks. The community detection method of this study is based on optimising a 11 

quality function calculated from the probability matrix. The same method is proposed for detecting underlying 12 

groups of nodes that are building blocks of different sub-communities in network structure. We present different 13 

quantitative measures for comparing and ranking solutions of the community detection algorithm. These measures 14 

describe properties of sub-communities: strength of a community, probability of formation and robustness of 15 

composition. We illustrate the community detection methods with two small network topologies. In case of network 16 

spreading models, time development of spreading in the network can be studied. Two different temporal spreading 17 

distributions demonstrate the methods with three real-world social networks of different sizes. The Poisson 18 

distribution describes a random response time and the e-mail forwarding distribution describes a process of 19 

receiving and forwarding messages. 20 

Keywords: Complex networks, Community detection, Influence spreading model, Network connectivity, 21 

Probability matrix, E-mail forwarding process. 22 

1 Introduction 23 

Network science studies a wide range of properties and phenomena on complex networks [1]. Applications are on 24 

social networks, biomedical networks, technical networks and many other fields. Some practical examples of research 25 
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questions are studying more realistic community detection methods, investigating processes on networks, and defining 26 

different quantitative measures for comparing and ranking network structures and processes. In this paper we propose 27 

one methodology for studying both community structure and temporal spreading on complex networks. 28 

In many complex systems, dependencies can be modelled with networks consisting of nodes and links [2]. Nodes 29 

can have different roles as central influencers or mediators depending on their location in the network structure. Links 30 

and nodes can have attributes that describe their static or dynamical properties. These networks are complex because 31 

nodes typically are connected in a complex way in network topology and complex phenomena like phase transitions 32 

and different sub-structures can emerge [3]. Community detection methods have been developed in order to 33 

understand formation of groups in social networks or for categorising sub-systems in technological and biological 34 

networks. Community detection methods can be based on spreading models or static network models. 35 

Brief general introductions to community detection methods and processes on networks are provided in Sections 36 

‘Community detection methods’ and ‘Processes on complex networks’. Standard centrality and betweenness measures 37 

are introduced in Section ‘Centrality measures’ together with some comments on some less commonly used centrality 38 

measures related to the definitions of centrality proposed in this paper. Two example network models, an influence 39 

spreading model and the classical network connectivity model, are introduced in Section ‘Example network models’. 40 

Rest of the paper has two main Sections ‘Structure in complex networks’ and ‘Modelling temporal spreading on 41 

networks’. Section ‘Structure in complex networks’ is divided into three sub-sections ‘Community detection method’, 42 

‘Influence spreading model’, and results in ‘Detected communities and their structure’. Results include discussion 43 

about sensitivity to model parameter values, quantitative measures for ranking communities according to their 44 

strength, probability of formation and robustness of composition. A new method is proposed for discovering 45 

underlying groups of nodes (building blocks) that are usually found together in community structures. The main 46 

conclusions are presented in the last section. 47 

1.1 Community detection methods 48 

Community detection is one of the most important applications of modelling complex networks. A great number of 49 

different community detection methods and algorithms have been published in the literature [4]. One problem with 50 

various approaches is the lack of a commonly accepted definition of a community. On the other hand, one definition 51 

for all possible purposes may not be possible because of different empirical data available and requirements in 52 
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applications. A more realistic approach would be first to categorise and define more general concepts of complex 53 

networks, such as types of networks, processes, function rules and interactions. In many cases, the concept of a 54 

community is not defined exactly, instead the used method and algorithm define the concept implicitly. In this way, 55 

the number of definitions of a community will increase along with the number of methods and new versions of 56 

algorithms. Mathematical methods and algorithms for detecting communities in complex network topologies have 57 

been reviewed and presented in [4, 5, 6, 7]. 58 

Modularity maximisation, classical graph partitioning, spectral graph partitioning and several information theoretic 59 

methods are examples in the wide context of community detection methods [1, 2]. The classical graph partitioning is 60 

the problem of dividing the nodes of a network into a given number of non-overlapping groups of given sizes such 61 

that the number of links between groups is minimised. Modularity measures the strength of division of a network into 62 

modules. One definition of a community is a locally dense connected sub-graph in a network [1]. Modularity has been 63 

defined as the fraction of links falling within the given groups minus the expected fraction if links were distributed at 64 

random. In order to compute the numerical value of modularity, each link is cut into two halves, called stubs. The 65 

expected number of links is computed by rewiring stubs randomly with any other stub in the network, except itself, 66 

but allowing self-loops when a stub is rewired to another stub from the same node. Mathematically, modularity can 67 

be expressed as 68 

𝑀 = 12𝑚 ∑ (𝐴𝑣𝑤 − 𝑘𝑣𝑘𝑤2𝑚 ) 𝑠𝑣𝑠𝑤 + 12𝑣𝑤 . (1) 

In Eq. (1) 𝑣 and 𝑤 are nodes in the network, 2𝑚 is the number of stubs in the network, 𝑘𝑣 is the node degree of node 69 𝑣, 𝐴𝑣𝑤 = 1 means that there is a link between nodes 𝑣 and 𝑤, and 𝐴𝑣𝑤 = 0 means that there is no link between the 70 

two nodes. Matrix 𝐴 is called the adjacency matrix. Membership variable 𝑠𝑣  indicates if node 𝑣 belongs to a 71 

community: 𝑠𝑣 = 1 if node 𝑣 belongs to community 1, and 𝑠𝑣 = −1 if node 𝑣 belongs to community 2. [2] 72 

Equation (1) holds for partitioning into two modules but it can be generalised for partitioning into a desired number 73 

of modules. In matrix terms Eq. (1) is 74 

𝑀 = 14𝑚 𝑠𝑇𝐵𝑠, 75 
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where 𝐵𝑣𝑤 = 𝐴𝑣𝑤 − 𝑘𝑣𝑘𝑤2𝑚   is called the modularity matrix. The equation for 𝑀 is similar in form to an expression used 76 

in spectral partitioning of graphs for the cut size of a network in terms of the graph Laplacian. This similarity can be 77 

used for deriving a spectral algorithm for community detection. The eigenvector corresponding to the largest 78 

eigenvalue of the modularity matrix assigns nodes to communities according to the signs of the vector elements. [2] 79 

The Louvain algorithm [8] and Infomap [9] are two fast algorithms for community detection that have been briefly 80 

described in [1]. These algorithms have gained popularity because of their suitability for identifying communities in 81 

very large networks. Both algorithms optimise a quality function. For the Louvain algorithm the quality function is 82 

modularity and for Infomap an entropy-based measure. In the Louvain algorithm modularity is optimised by local 83 

changes of the modularity measure and communities are obtained by aggregating the modules to build larger 84 

communities. Infomap compresses the information about a random walker exploring the graph. [1] 85 

Stochastic blockmodels have been used as a method for detecting community structure in networks and also for 86 

generating synthetic benchmark networks [10]. Many community detection methods discover also hierarchical and 87 

overlapping sub-communities in complex networks [11]. 88 

 89 

1.2 Processes on complex networks 90 

In a dynamical system, state of the system changes over time according to some given rules [3]. Dynamical processes 91 

on complex networks has growing interest because of its wide scope of applications. Epidemic spreading in 92 

populations [12], influence spreading in social networks [13] and the flow of traffic on roads are important practical 93 

applications [3]. Standard approaches of studying dynamical processes on networks rely on simulations because 94 

analytical mathematical expressions are not available or they are very complicated. However, remarkable research has 95 

been conducted in percolation theory where analytical solutions exist for some network topologies. These methods 96 

are not directly applicable for modelling detailed topology of empirical networks. [2] 97 

By definition, processes on networks have a time dependency. Two examples of processes on networks are 98 

spreading on network structure and changing network topology [14]. Spreading processes start from a node or a set 99 

of nodes in the network and propagate between nodes via links in the network structure. Also, the network topology 100 

may change during the spreading process. Changes in network structure and changes in link and node attribute values 101 

are common in many applications. For example, virus spreading in computer networks or in human social networks, 102 

are slowed down with virus protection software or vaccination programs in human population. 103 
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Spreading processes on networks cover a variety of situations because processes can depend on states of other 104 

nodes or links in the network. For example, virus spreading may not be possible or it is only partial in case nodes are 105 

immunised as a result of a previous contamination [12]. Another example is when information or rumours are spread 106 

more actively when heard first time compared to later versions of the same information. In social systems many 107 

overlapping processes are simultaneously influencing our beliefs and opinions [15]. 108 

 109 

1.3 Centrality measures 110 

Nodes in a network can have different roles as central influencers, mediators or peripheral nodes. Degree is the 111 

simplest closeness centrality measure. Degree centrality of a node is defined as the number of nodes connected to it. 112 

It is a local measure and does not take into account node’s position in the network. Closeness centrality of a node 113 

measures how central or influential the node is in respect to other nodes. Betweenness centrality measures the role of 114 

a node as a proxy between other nodes in the network. Closeness and betweenness centrality measures have many 115 

variants and they depend on the research question of a particular application. Mathematical theories provide more 116 

centrality measures such as the eigenvector centrality. In-centrality and out-centrality can be defined both for directed 117 

and undirected networks. Normally, betweenness of a node is not defined for inward and outward directions. Review 118 

article [16] presents definitions and descriptions of the most commonly used eight centrality measures. Many other 119 

centrality measures and their variants have been proposed in the literature. 120 

Standard closeness centrality is based on the inverse sum of the shortest distances to the other nodes of the network. 121 

Distance in the network is defined as the minimum number of links needed to move from one node to another. 122 

𝐶𝑖 (𝑐𝑙𝑜𝑠1) = (∑ 𝑑𝑖,𝑗𝑁
𝑗=1 )−1. 123 

A normalised version can be obtained by multiplying the formula by 𝑁 − 1 where 𝑁 is the number of nodes in the 124 

network. The factor 𝑁 − 1 is justified because the distance from a node to itself is zero. 125 

If the network is not connected, some of the distances are infinite and the closeness centrality of all nodes becomes 126 

zero. An alternative definition avoids this by defining another version of the closeness centrality measure as 127 

𝐶𝑖 (𝑐𝑙𝑜𝑠2) = 1𝑁 − 1 ∑ 𝑑𝑖,𝑗−1𝑁
𝑗=1𝑗≠𝑖

 128 
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Betweenness centrality measures the ability to mediate influence between nodes in a network. Standard 129 

betweenness centrality of a node is based on counting how often it falls on connecting paths between pairs of nodes. 130 

Nodes having high betweenness centrality values can control the flow of information. The standard betweenness 131 

measure for node 𝑖 is defined as 132 

𝐶𝑖 (𝑏𝑒𝑡𝑤) = 1(𝑁 − 1)(𝑁 − 2) ∑ 𝜎𝑠,𝑡(𝑖)𝜎𝑠,𝑡 .𝑁
𝑠,𝑡=1𝑠≠𝑡≠𝑖

 133 

The sum is taken over all node pairs excluding node 𝑖. The number of shortest paths from source node 𝑠 to target node 134 𝑡 is denoted by 𝜎𝑠𝑑  and 𝜎𝑠𝑑(𝑖) denotes the number of paths that include node 𝑖. The definition is valid for both directed 135 

and undirected networks and it measures the average fraction of shortest paths that cross a node. 136 

In addition to the standard measures, many other definitions have been proposed in the literature. Some of them are 137 

related to the centrality and betweenness measures proposed in Section ‘Influence spreading model’ of this paper. One 138 

of the centrality measures is the Katz centrality measure [17]. The Katz centrality measure generalises the degree 139 

centrality and the closeness centrality by taking into account not only the immediate neighbours or not only the shortest 140 

paths from a node to other nodes. The Katz centrality is defined as 141 

𝐶𝑖(𝐾𝑎𝑡𝑧) = ∑ ∑ 𝛼𝑘(𝐴𝑘)𝑗𝑖𝑁
𝑗=1 .∞

𝑘=1  142 

The power of adjacency matrix 𝐴 accounts for the number of paths of length 𝑘 between every pair of nodes. A decay 143 

parameter 𝛼 < 1 is introduced to weight the contributions of nodes at increasing path lengths. 144 

Eigenvector centrality is a measure which depends recursively on the centralities of node’s neighbours. Katz 145 

centrality, hubs and authorities centrality and PageRank are variants of eigenvector centrality. The basic eigenvector 146 

centrality measure is used only for undirected networks whereas the three variants are also appropriate for directed 147 

networks. Hubs and authorities centrality assigns to each node two different measures both for sending and receiving 148 

influence. For undirected networks this definition coincides with the basic eigenvector centrality and the distinction 149 

between hubs and authorities disappears. [16] 150 

 151 
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1.4 Example network models 152 

We use two network models to demonstrate the community detection method of Section ‘Community detection 153 

method’: the classical network connectivity model [18] and the influence spreading model proposed in [19, 20, 21]. 154 

The influence spreading model and the network connectivity model have been designed for different application areas. 155 

The primary use of the influence spreading model is for behaviour and opinion spreading and the connectivity model 156 

is commonly used for modelling communication networks. 157 

Temporal spreading is only possible, by definition, in network spreading models. This is the reason why we present 158 

a method for modelling temporal distributions for the influence spreading model and not for the network connectivity 159 

model. Next, we present briefly the main features of the two models. Here, we give an general idea of the influence 160 

spreading model. More detailed descriptions are in Section ‘Influence spreading model’ and in [16]. The network 161 

connectivity model is included in this paper mostly for comparison purposes and more details of the model can be 162 

found in text books or research articles [18]. 163 

1.4.1 Influence spreading model 164 

Influence spreading models are designed for describing complex social interactions in social network structure [12, 165 

25]. These interactions propagate via connections, or paths, between people. We assume that information content can 166 

change and ways of social influence are developing during the spreading process. We allow repeated attempts of 167 

influence from a source node to target nodes via all alternative paths. This includes also loops, but not self-loops, 168 

where one node can occur several times on a path. Social influence and spreading of beliefs can be modelled with 169 

these kind of processes. In the process of spreading information and news, loops are less probable. 170 

Other features of the model are: weighted links and nodes, directed links, and the possibility of using different 171 

forms of temporal survival distributions as a function of the number of links between a source node and a target node. 172 

All the parameters have real-world interpretations. Link and node weights are interpreted as spreading probabilities 173 

of forwarding influence between neighbouring nodes and over a node, respectively. Spreading probabilities between 174 

all pairs of nodes in a network can be calculated from node and link weighting values and the temporal survival 175 

distribution function. [20] 176 

The influence spreading model used in this paper has been presented previously in [19, 20, 21]. The model has 177 

analytical expressions for spreading probabilities via different paths from a source node to target nodes in the network 178 
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topology. In this version of the model, the rate of spreading is assumed to be independent of the state of the network 179 

and its elements. To avoid double counting effects, common paths at their beginning from one source node to a target 180 

node are taken into account by applying probability theory. In other respects, different paths are assumed to be 181 

independent. As a result, in case paths join or cross later, the spreading process is not affected. 182 

We illustrate the model with an example of combining two paths of lengths 𝐿1 and 𝐿2 with a common path of length 183 𝐿3. The probability of spreading via the two paths as a function of time 𝑇 is 184 

𝐶𝑠,𝑡 = 𝑃𝐿1(𝑇) + 𝑃𝐿2(𝑇) − 𝑃𝐿1(𝑇)𝑃𝐿2(𝑇)𝑃𝐿3(𝑇) . 185 

The probability value of spreading via the two paths form source node 𝑠 to target node 𝑡 is denoted by 𝐶𝑠,𝑡. Probabilities 186 𝑃𝐿i , 𝑖 = 1,2,3 contain the relevant link and node weighs on the paths and the numerical values of a temporal survival 187 

distribution function. Later, in our numerical calculations we use limiting values of time 𝑇 approaching infinity. This 188 

describes equilibrium of a network as the final sate of spreading. [20] 189 

An important property of a process is the possibility of loops. If recurrent visits on a node are allowed, one node 190 

can be visited several times during the process. In this paper, we assume that loops are allowed. In the algorithm, it is 191 

also possible to set the maximum number of visits 𝑉 = 1, … , 𝐿, where 𝐿 is of the maximum path length of computing. 192 

1.4.2 Network connectivity model 193 

The classical network connectivity model is designed for describing reliability of communication networks [18]. If 194 

the reliability values between all neighbouring pairs of nodes in the network are known, reliability values between any 195 

pairs of nodes in the network can be computed. Reliability is identified with the probability of an operational 196 

connection in a time unit. From the general reliability theory [18] the reliability of network V is 197 

𝑟(𝑉) = ∑ ∏(1 − 𝑝𝑒)𝑒∉𝑆 ∏ 𝑝𝑒𝑒∈𝑆𝑆∈𝑂 , 198 

where 𝑆 is a set of links where the network is connected, and 𝑂 is the set of all connected states of the network. Links 199 

are denoted by 𝑒 and the probability of an operational link is denoted by p𝑒. If the probabilities p𝑒 are equal, 200 

𝑟(𝑉) = 1 − ∏ (∑(−1)ℎ−𝑠 (𝑁𝐿 − 𝑠𝑁𝐿 − ℎ) 𝐻𝑆ℎ
𝑠=0 ) 𝑝𝑒ℎ𝑁𝐿

ℎ=1 , 201 
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where H𝑠 is the sum of indicator functions when the number of broken links is 𝑠. The above equations are polynomials 202 

of the order of the number of links N𝐿 in the network. In this form, the equations describe reliability of the entire 203 

network. In our case we apply the results for pairs of nodes by only taking the relevant terms in the summations. 204 

2 Structure in complex networks 205 

In this section, we present methods for studying structure in complex networks with the help of network models and 206 

a community detection method. The primary network model in this study is the influence spreading model presented 207 

in [20]. The community detection model is also presented in [20]. Demonstrations of the model are for the equilibrium 208 

state with time approaching infinity and temporal spreading distributions are not presented in this section. Hierarchical 209 

and overlapping sub-communities are detected and they are illustrated as hierarchical graphs. We propose several 210 

quality measures for ranking the detected divisions and sub-communities. Calculations with different model 211 

parameters and link weights with random components support the assumption that justified conclusions can be made 212 

from the results despite the fact that link weight values are difficult to estimate for real-world social networks. In 213 

addition, the methodology can be used for discovering building blocks for communities and sub-communities. 214 

Building blocks are groups of nodes that are usually found together. The method of detecting building blocks is not 215 

restricted to the community detection method of Section ‘Community detection method’. 216 

2.1 Community detection method 217 

In this paper, we take an approach, where instead of performing community detection based on the adjacency matrix 218 

of a graph, an influence matrix is first constructed that contains information about a social influence process over the 219 

paths of a graph [20]. An element 𝐶𝑣𝑤 of the influence matrix 𝐶 accounts for interactions over all the paths from 220 

source node 𝑣 to target node 𝑤. In order to study local interactions in the network, maximum path length can be set 221 

in the algorithm. In addition, we take into account that interactions in communities can mean different things 222 

depending on the processes that are supposed to operate on a network. This is demonstrated by substituting the social 223 

influence matrix with the network connectivity matrix known from the classical communication theory [18]. 224 
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 225 

Fig. 1. General procedure of using different network models and community detection models. Information from 226 

network models are mediated with a probability matrix describing influence or connectivity between all node pairs in 227 

the network. 228 

 229 

In the community detection algorithm a sum of rows and columns of matrix 𝐶 is used as the quality function. Rows 230 

and columns are included in the sum that correspond to node pairs in the community, and node pairs not in the 231 

community. This measure is different from the modularity 𝑀 of Eq. (1). Typically, a node has higher influence on 232 

neighbouring nodes compared to nodes that are far away in the network topology. Influence is also increasing with 233 

the number of alternative paths between nodes. Most community detection methods consider only the local influence 234 

among nodes in network structure. More accurate results can be obtained when longer path lengths are included in the 235 

model and calculations. In order to balance between the increasing number of alternative paths and distance between 236 

a source node and a target node, weighting factors are used to describe probabilities of influence via links between 237 

two neighbouring nodes in the network. In static connectivity models the probability of functioning connection plays 238 

the role of interaction. Weighting factors for links or nodes, or both, together with the network topology are the main 239 
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input data for network models. In dynamical models, spreading time distribution and time dependency of node and 240 

link attribute values describe influence spreading and changing network structure. 241 

The community detection method separates the network model and the community detection model. This means 242 

that the same community detection algorithm can be used with different network models. We present two examples 243 

of network models: a network connectivity model [18] and an influence spreading model [20]. In both cases, we use 244 

the same community detection algorithm. In these two examples, interactions between nodes are described as 245 

spreading probabilities or probabilities of functioning connections. Technically, interactions between pairs of nodes 246 

in the network are expressed in a 𝑁 × 𝑁 –dimensional probability matrix 𝐶 where 𝑁 is the number of nodes in the 247 

network. Matrix 𝐶 contains computed values for all pairs of nodes in the network, not just for neighbouring nodes. 248 

The method detects many kinds of structures in topological complex networks: non-overlapping, overlapping and 249 

hierarchical community structure. As a special case, communities consisting of two or more distinct sub-communities 250 

that have no direct contact, can be discovered. 251 

The method is based on searching local maxima of a community influence measure computed from the probability 252 

matrix elements 𝐶𝑠,𝑡 , 𝑠, 𝑡 = 1, … , 𝑁. Our basic model has the following form for the community influence measure: 253 

𝑃 = ∑ 𝐶𝑠,𝑡𝑠,𝑡∈𝑉 + ∑ 𝐶𝑠,𝑡𝑠,𝑡∈(1−𝑉)  (2) 

In Eq. (2) the first summation is over the pairs of nodes in a subset 𝑉 of nodes in the network and the second summation 254 

is over the remaining partition (1 − 𝑉) of nodes. Cross terms are ignored in this version of the model because they 255 

describe interactions between the two partitions of the division and are not directly involved in the internal cohesion 256 

of the partitions (sub-communities). 257 

The simplest method to search local maxima of the community influence measure is to start from a random division 258 

of the network and move one node, at a time, from one side to the other. If the numerical value of 𝑃 increases, continue 259 

with the next node, or if the value does not increase, return the node back and continue with the next node. This 260 

procedure is continued until moving any of the nodes does not increase the value of the community influence measure. 261 

The first random division will crucially impact the set of local maxima that can be found. More local maxima are 262 

searched by starting from a new random division of the network. This is repeated until no more local maxima are 263 

found in a reasonable number of trials. Finally, an understanding of the landscape of local maxima can be achieved. 264 
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The method assumes that the network is divided into two communities. However the model provides many 265 

solutions for the local maxima of Eq. (2). Communities with high rankings according to the value of 𝑃 in Eq. (2) are 266 

candidates for the split of the original community in real-life. Note that this may not be the most probable solution of 267 

the community formation process. Later, in Sections ‘Zachary’s karate club social network’ and ‘Les Misérables 268 

network’ we present results for two community measures: the strength 𝑃 in Eq. (2) of the split into two communities 269 

and a statistical measure describing the probability of community formation. In addition, a third measure for robustness 270 

of composition of sub-communities is proposed. 271 

In practice, real-world social networks often split into two partitions, although later more sub-communities can 272 

build up. However, this kind of community formation is a special case of the basic model. If the original network is 273 

first divided into 𝐴 and 𝐵, and later 𝐵 is divided into 𝐵1 and 𝐵2, usually divisions (𝐴 ∪ 𝐵1) ∪ 𝐵2 and (𝐴 ∪ 𝐵2) ∪ 𝐵1 274 

are also local maxima of Eq. (2). To be precise, interactions between nodes in one sub-community include also 275 

interactions mediated via paths through other communities. In the model, these paths are included whenever both the 276 

source node and the target node are inside one community.  277 

2.2 Influence spreading model 278 

In this section, we present the methodology of modelling influence spreading. Influence spreading in a network of 279 

people is modelled with nodes describing individuals and links describing connections between neighbouring nodes. 280 

Typically, multiple paths between a pair of nodes exist with possible common parts. The mathematical model 281 

considers all paths between all node pairs of a network. From this information we construct the influence spreading 282 

matrix, or the probability matrix, that describes influence spreading from source nodes to all other nodes in the 283 

network. Because of the complex structure of networks, the spreading probability from node 𝐴 to node 𝐵 is not equal 284 

to the probability from node 𝐵 to node 𝐴. The influence spreading matric is not symmetric, expect in the rare case of 285 

a symmetric network topology. One consequence of this is that peripheral nodes that are locally densely connected 286 

can have a considerable effect on other parts of the network. Influence spreading accumulates momentum locally at 287 

early phases of the process, and later starts a more intensive spreading. [20] 288 

Here, we give an idea how the model can be programmed with a computing language. A more detailed pseudo 289 

algorithm has been presented in [20]. The algorithm goes through all paths form a source node to a target node. For 290 

every path the probability of spreading is computed by multiplying all the link and node weights along the path. We 291 
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denote this factor by 𝑊𝐿 where 𝐿 is the path length (number of links along the path). The interpretation of the link 292 

weight is the probability of spreading influence via the link and the interpretation of the node weight is the probability 293 

of spreading influence over the node in a time unit. The maximum length of processing paths in computations can be 294 

limited by a parameter. Good values of the parameter can be estimated by monitoring accuracy of calculations and 295 

computing times as a function of 𝐿 in 𝑊𝐿. 296 

In spreading processes we have to consider also the temporal distribution of spreading as a function of the path 297 

length. We denote the probability of temporal spreading at least via 𝐿 links as a function of time 𝑇 by 𝑆𝐿(𝑇). 298 

Mathematically, the probability is the survival function 𝑆𝐿(𝑇) = 1 − 𝐹𝐿(𝑇) where 𝐹𝐿(𝑇) is the distribution function 299 

of the temporal spreading probability. However, in this section, we consider only equilibrium states for time 𝑇 300 

approaching infinity. Finally, in a finite network and assuming that node and link weights are not zero, the spreading 301 

has reached all nodes. We have for every 𝐿 302 

lim𝑇→∞ 𝑆𝐿(𝑇) = 1. 303 

We write an iterative formula for calculating spreading probabilities between nodes in the network. We consider paths 304 

between two nodes in the network: a source node and a target node. Paths from source node 𝑠 to target node 𝑡 are 305 

combined iteratively in the descending order of common path lengths at the beginning of their paths. 306 

𝑃𝑖,𝐿𝑖,2 = 𝑃𝑖,𝐿i,1 + 𝑃𝑖−1,𝐿i−1,2 − 𝑃𝑖,𝐿i,1𝑃𝑖−1,𝐿i−1,2𝑊𝐿i,3 , 𝑖 = 1, … , 𝑁𝐿 − 1. (3) 

The path length 𝐿i,2 in iteration 𝑖 is 𝐿𝑖,2 = 𝐿𝑖,𝑚𝑖𝑛(𝐿𝑖,1,𝐿𝑖−1,2) and the common path length of 𝐿i,1 and 𝐿i−1,2 is denoted 307 

by 𝐿i,3. The number of different paths from the source node to the target node is denoted by 𝑁L. The iteration starts 308 

with two paths with 𝑃1,𝐿1,1 = 𝑊𝐿1,1  and 𝑃0,𝐿0,2 = 𝑊𝐿0,2 having the longest common path length 𝐿1,3. If there are more 309 

than two with the same common path length, these paths can be processed in any order. In later steps of iteration, 310 

combined paths are processed in the same way as the original paths of the network. A numerical example in [20] 311 

illustrates the algorithm in practice. The probability of influence spreading between the two nodes is the final result 312 

of the algorithm after all the paths have been processed. Denoting the source node by 𝑠 and the target node by 𝑡 we 313 

have 314 

𝐶𝑠,𝑡 = 𝑃𝑁𝐿−1,L𝑁𝐿−1,2. 315 
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In the last step of the iteration the length of the last combined path is 𝐿𝑁𝐿−1,2. 316 

Un-normalised out-centrality and in-centrality measures for nodes 𝑠 and 𝑡 can be defined as 317 

𝐶𝑠(𝑜𝑢𝑡) = ∑ 𝐶𝑠,𝑡𝑁
𝑡=1  

(4) 

 318 

𝐶𝑡(𝑖𝑛) = ∑ 𝐶𝑠,𝑡𝑁
𝑠=1 . (5) 

Normalised versions of these centrality measures can be obtained by dividing the expressions by 𝑁 or 𝑁 − 1 319 

depending on whether the diagonal elements of influence matrix 𝐶 are set to one or zero. The corresponding 320 

betweenness centrality measure for node 𝑛 can be defined as 321 

𝑏𝑛 = 𝐶 − 𝐵𝑛𝐶 , (6) 

where 322 

𝐶 = ∑ 𝐶𝑠,𝑡𝑁
𝑠,𝑡=1  323 

and 𝐵𝑛 is calculated similarly to 𝐶 with node 𝑛 removed from the network 324 

𝐵𝑛 = ∑ 𝐶𝑠,𝑡𝑁
𝑠,𝑡=1𝑛∉𝑉 . 325 

2.3 Detected communities and their structure 326 

We use two small networks to compare results of the network connectivity and the influence spreading model. We 327 

compare the results of the community detection method presented in Section ‘Community detection method’ Fig. 2 328 

shows the general arrangement of our investigations. Two network topologies demonstrate the methods: the Zachary’s 329 

karate club social network and the Les Misérables network. These networks have been used as example networks in 330 

several studies in the literature [22, 23]. 331 

The two network models have different application areas, definitions and parameterisations. However, for the two 332 

example network topologies, the most important communities and their sub-communities are close to each other. More 333 

differences appear in weaker communities and in structure. The fact that the same community detection algorithm 334 
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provides reasonable results for different network models suggests that the method is generally useful for community 335 

detection in various applications. On the other hand, detailed features of the community detection method are 336 

important because sub-structures are also discovered. The community detection method is not limited to particular 337 

network characteristics: directed, weighted, time dependent, and layered networks can be analysed. 338 

The network connectivity model describes connectivity between pairs of nodes in the network. This is calculated 339 

by considering all possible paths between a source node and a target node. We use the same parameter value for 340 

describing an operational link between all two neighbouring nodes and utilise the second formula of 𝑟(𝑉) in Sect. 3. 341 

In social networks low weighting factors are used for describing probabilities of social influence [21]. Although we 342 

apply the network model designed for physical communication network modelling, we use low values for link weights 343 

as in the modelling of influence spreading. 344 

The main focus of this paper is in the methodology and this is why simple social networks, the Zachary’s karate 345 

club and the Les Misérables networks are used to demonstrate the method. In addition, we show very detailed results 346 

provided by the model in order to demonstrate the granularity and different aspects of the model. However, these 347 

results are not analysed in detail because such low-level empirical information is not available. Usually the model 348 

predicts the strongest communities accurately but weaker structures are more sensitive to network models and 349 

parameter values. 350 

 351 

 352 

 353 
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Fig. 2. Two network models and a community detection model are used to demonstrate the methodology. 354 

2.3.1 Zachary’s karate club social network 355 

W. W. Zachary observed 34 members of a karate club over a period of two years [22]. During the study a disagreement 356 

developed between the administrator of the club and the club’s instructor. The instructor started a new club, taking 16 357 

members of the original club with him. The karate club social network is pictured in Fig. 3 where line 1 indicates the 358 

two partitions after the split of the club with the exception of node 9 who joined the other club. The instructor is node 359 

1 and the administrator is node 34. 360 

2.3.1.1 Community structure 361 

Zachary’s karate club is a social network where we assume that low link weights describe the probability of social 362 

influence. In addition, only one community, where all nodes of the network are in one community, is detected with 363 

high parameter values. This is not an interesting case in our study. Connectivity and influence spreading probabilities 364 

describe different phenomena but they can have some common interpretation in social networks. In fact, the two 365 

models with the link weight value of 0.05 predict similar rankings for the seven strongest divisions. The compositions 366 

of the seven divisions are listed in Table 1. Table 1 gives both partitions of the divisions but sometimes we show only 367 

the partition with less nodes in order to simplify notations.  368 

Figure 4 shows the hierarchical structure of the fourteen communities in Fig. 3 and in Table 1. Note that each split 369 

has two partitions. Ten different four level structures are detected in the network under communities id2_29, id3_24 370 

and id5_24. These can be verified as, for example, community id1_18: {9-10, 15-16, 19, 21, 23-34} and community 371 

id6_19: {5-7, 9-11, 15-17, 19, 21, 23-24, 27-28, 30-31, 33-34} are sub-communities of community id2_29: {1-4, 8-372 

10, 12-16, 18-34}. Two more levels exist below community id1_18 and community id6_19. Colours in Table 3 373 

indicate the two partitions for each seven divisions. 374 
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 375 

 376 

Fig. 3. Zachary’s karate club network with divisions indicating detected communities. Divisions 1-7 correspond to 377 

lines in Tables 1-3. The additional division 9 is detected in a sensitivity test where link weights have a small random 378 

component (see Fig. 8). 379 

 380 

Table 1. The connectivity and influence spreading models with weights 0.05 predict the same rankings for the seven 381 

divisions in Fig. 3. Compositions of the split into two partitions and the number of nodes in each partition are 382 

shown. 383 

Divisions in Figs. 3 and 4 from connectivity and influence spreading models (𝒑, 𝒘𝑳 = 𝟎. 𝟎𝟓) 

id # Nodes # Nodes 

id1 16 1-8 11-14 17-18 20 22 18 9-10 15-16 19 21 23-34 

id2 5 5-7 11 17 29 1-4 8-10 12-16 18-34 

id3 10 15-16 19 21 23-24 27 30 33-34 24 1-14 17-18 20 22 25-26 28-29 31-32 
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id4 14 9-10 15-16 19 21 23-24 27-28 30-31 33-34 20 1-8 11-14 17-18 20 22 25-26 29 32 

id5 10 1-2 4 8 12-14 18 20 22 24 3 5-7 9-11 15-17 19 21 23-34 

id6 15 1-4,8,12-14,18,20,22,25-26,29,32 19 5-7 9-11 15-17 19 21 23-24 27-28 30-31 33-34 

id7 15 5-7,11,15-17,19,21,23-24,27,30,33-34 19 1-4 8-10 12-14 18 20 22 25-26 28-29 31-32 

 384 

 385 

Fig. 4. Hierarchical structure of karate club sub-communities. Seven divisions 𝑖𝑑1, … , 𝑖𝑑7 detected by the 386 

community detection algorithm are indicated by colours (compositions of the 14 communities and sub-communities 387 

are listed in Table 1). 388 

 389 

Next, we present results of the Zachary’s karate club network from the two network models. In Table 2, columns 390 

‘A0.05’ and ‘A0.1’ are from the network connectivity model and the other five columns are from the influence 391 

spreading model. Nine different solutions for communities are detected. This are lines 1-9 in Tables 2 and 3. 392 

The numerical values of the community influence measure of Eq. (2) from the two network models for the nine 393 

detected divisions are shown in the left part of Table 2. The corresponding values of statistical community measures 394 

are shown on the middle part of the table. The statistical values are probabilities to split into the two communities. 395 

These results are simulated by starting from random initial configurations. The second division in line 2 has the highest 396 



19 

 

community measure of Eq. (2) for ‘A0.05’ for the network connectivity model and four influence spreading model 397 

calculations with different model parameters. 398 

Table 3 shows the nodes included in the communities. For example, the second line indicates that nodes {5, 6, 7, 399 

11 and 17} and {1, 2, 3, 4, 8, 9, 10, 12, ..., 16, 18, …, 34} are members of the two detected communities. The last two 400 

columns show that the number of nodes in the communities are 5 and 29. Note, that computer runs ‘A0.1’ and ‘P0.1’ 401 

have not found the second community, as can be seen also in Table 3 with the second and the fourth zero in ‘1010111’. 402 

Less communities are found with higher link weights and it is even possible that the strongest community calculated 403 

with lower link weights is not found or a new combination of nodes emerges. Comparing lines 1 and 9 in Table 3 404 

reveals that the only difference is node 3 moving to the larger partition. This configuration is the only one detected 405 

with the higher weight value of 𝑤𝐿 = 0.1 in the influence spreading model. 406 

Three columns in Table 2 show calculations from the influence spreading model with three different parameters: 407 

‘PT0.1’ with the time of spreading 𝑇 = 0.1, ‘L0.1’ with the limited path length 𝐿 = 1 (𝑤𝐿 = 0.1), and ‘VL0.05’ with 408 

the limited number of visits 𝑉 = 1 (𝑤𝐿 = 0.05) on a node during the influence spreading. These results agree with 409 

the basic calculations of ‘A0.05’ and ‘P0.05’. It is possible that these results are different in other more complex 410 

network topologies or network configurations. 411 
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Table 2. The values of the community influence measure of Eq. (2) from the two network models for the nine detected 412 

divisions are shown in the left part of the table. The corresponding values of the statistical community measures are 413 

shown in the middle part of the table. Columns ‘A0.05’ and ‘A0.1’ show the results from the network connectivity 414 

model with connectivity probabilities 𝑝 = 0.05 and 𝑝 = 0.1 between neighbouring nodes. Columns ‘P0.05’ and ‘P0.1’ 415 

shows the results from the influence spreading model with influence spreading probabilities 𝑤𝐿 = 0.05 and 𝑤𝐿 = 0.1. 416 

The next column ‘PT0.1’ shows the results during the spreading process at time 𝑇 = 0.1 (𝑤𝐿 = 1.0) (all the other 417 

columns show results for time approaching infinity 𝑇 → ∞). Column ‘L0.1’ shows the results with the limited path 418 

length 𝐿 = 1 (𝑤𝐿 = 0.1). Column ‘VL0.05’ shows the results with the limited number of visits 𝑉 = 1 on a node during 419 

the influence spreading process (𝑤𝐿 = 0.05, 𝐿 = 1). Numerical values in left, middle and right parts of the table are 420 

for strength (Eq. (2)), statistical and robustness measures of the nine divisions on lines 1-9. Robustness of communities 421 

is discussed in Section ‘Robustness of community structure’. 422 

 423 

Table 3. Nodes in communities corresponding to lines in Table 2. For example, line 2 means that nodes 5, 6, 7, 11, 424 

and 17 are members of the first partition. In the next column‘1010111’ indicates that the division in line 2 is found in 425 

computer runs ‘A0.05’, ‘P0.05’, ‘PT0.1’ ‘L0.1’, and ‘VL0.05’. The last two columns show the number of nodes in the 426 

two partitions of the network. 427 

id Nodes Found in runs N1 N2 

1 

2 

3 

4 

5 

1111111100111100110101000000000000 

0000111000100000100000000000000000 

0000000000000011001010110010010011 

0000000011000011001010110011011011 

1101000100011100010101000000000000 

1110111 

1010111 

1010111 

1110111 

1010111 

16 

  5 

10 

14 

10 

18 

29 

24               

20 

24 

Strength (Community Measure) Statistical Community Measure Robustness of Community

id A0.05 A0.1 P0.05 P0.1 PT0.1 L0.1 VL0.05 id A0.05 A0.1 P0.05 P0.1 PT0.1 L0.1 VL0.05 id A0.05 A0.1 P0.05 P0.1 PT0.1 L0.1 VL0.05

1 9.18 24.90 9.42 17.20 21.29 8.76 1 12.96 % 10.03 % 13.11 % 14.20 % 14.93 % 14.74 % 1 14.46 34.31 14.79 27.50 33.50 14.25

2 10.35 10.62 19.24 23.89 9.72 2 10.69 % 10.29 % 10.79 % 10.65 % 11.08 % 2 19.14 19.61 35.63 43.89 18.05

3 8.69 8.91 16.23 20.04 8.25 3 4.65 % 5.13 % 5.22 % 5.27 % 4.72 % 3 12.50 12.76 23.61 28.49 12.19

4 8.72 23.58 8.94 16.33 20.12 8.32 4 2.58 % 0.35 % 2.71 % 3.15 % 2.00 % 3.89 % 4 12.61 29.05 12.88 24.00 28.83 12.48

5 8.58 8.79 16.04 19.70 8.16 5 1.68 % 1.64 % 1.87 % 1.78 % 2.20 % 5 12.06 12.27 22.84 27.14 11.84

6 8.03 21.46 8.22 15.03 18.34 7.67 6 0.38 % 0.09 % 0.37 % 0.41 % 0.31 % 0.43 % 6 9.87 20.56 10.00 18.81 21.69 9.89

7 7.94 8.12 14.84 18.10 7.56 7 0.40 % 0.45 % 0.48 % 0.42 % 0.48 % 7 9.49 9.61 18.03 20.72 9.43

8 24.78 8 0.12 % 8 33.86

9 29.27 9 8.83 % 9 37.67
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6 

7 

8 

9 

1111000100011100010101001100100100 

0000111000100011101010110010010011 

1101111100111000110001000000000000 

1101111100111100110101000000000000 

1110111 

1010111 

0100000 

0001000 

15 

15 

13 

15 

19 

19 

21 

19 

 428 

2.3.1.2 Centrality and betweenness results 429 

Figure 5 shows the closeness centrality values of Eq. (4) from the influence spreading model for the 34 nodes of the 430 

karate club network. Bars in the figure are for the link weights 0.05 and 0.1. In general, closeness centrality values are 431 

higher for higher link weights but some nodes gain some relative advantage, for example, nodes 1, 2, 3, 4, 8, 9, 14, 432 

20, 24 and 28-34. These nodes are in central positions (not peripheral) in Fig. 3. Consequently, higher link weight 433 

values can strengthen communities in central positions of networks. Degree is a measure of interactions between a 434 

node’s closest neighbours. For example, nodes 9, 14 and 20 have low degrees but relatively high closeness centrality 435 

values. In the network of Fig. 3 these nodes are in central positions. In addition, their betweenness values of Eq. (6) 436 

with link weights 0.1 are relatively high. Betweenness curve with link weights 0.05 is not included in the figure 437 

because it behaves similarly to the degree curve. 438 

 439 

 440 

Fig. 5. Closeness centrality values of Eq. (4) for the 34 karate club members for the influence spreading model with 441 

link weights 0.05 and 0.1 are shown with bars. Betweenness centrality values of Eq. (6) for the influence spreading 442 

model are shown for link weights 0.1. Node degree values divided by 4 are shown for comparison. 443 
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2.3.1.3 Robustness of community structure 444 

Next, we investigate robustness of communities and sub-communities. Robustness for a node belonging to a 445 

community is defined as the change of community measure of Eq. (2) when the node is moved from its own partition 446 

to the second partition of the division. Because the change in the sum of Eq. (2) is always non-positive, we define the 447 

robustness measure as the negative value of change in Eq. (2). Analysing robustness is a method to find nodes who 448 

most easily change sides of the main division, division 1 in this case, or other sub-divisions of the network. Strength 449 

of divisions and probabilities of division from a random initial state have been presented in Table 2. In the right part 450 

of Table 2 robustness values have been shown for the seven computer runs and nine divisions of the karate club 451 

network. In this case, strength in the left part of Table 2 has the same ranking of divisions 1-9 as robustness. As 452 

strength and robustness are closely related quantities, this kind of results can be expected. However, rankings of the 453 

three different community measures can be different due to complex structure of networks. Table 4 shows one example 454 

where strength and robustness are not in the same order for the three divisions found in 100 runs with random uniform 455 

link weight distribution. 456 

The case of P0.1 from Table 2 has been selected for more detailed analysis because only one division is found with 457 

the link weight value of 0.1 in the influence spreading model. The only difference between divisions 1 and 9 in Table 458 

2 is node 3 (line 9 of Table 3 and line 2 of Table 4). Node 3 in division 1 has moved to the second partition when 459 

higher link weights are used. In other words, the second partition has more attraction towards node 3. Sensitivity 460 

analysis of 100 computer runs with random uniform link weight distribution shows that division 1 with nodes {1-8, 461 

11-14, 17-18, 20, 22} on line 1 in Table 1 also appears in 52 runs. Two weaker divisions in Table 4 are found in 28 462 

and 22 runs. 463 

Figure 6 shows average robustness values for the link weight value of 0.1 (P0.1) and the results of the sensitivity 464 

analysis of 100 computer runs (P0.1 𝑈(0.1,0.01)). The robustness values for nodes are un-weighted average values 465 

over all divisions where the node is a member. In addition, the results for the network connectivity model with 466 

probability values 0.1 and the influence spreading model with link weight values 0.05 are shown. Note, that the results 467 

are presented for nodes of the network and not for divisions. 468 

Robustness is primarily a measure for studying a node’s commitment to its communities but it can be calculated 469 

for an individual node as average over all its sub-communities as in Fig. 6. The results in Fig. 6 can be analysed for 470 

every node of the network but some observations can be made easily. Nodes 1, 33 and 34 are the most robust nodes 471 
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and also nodes 2, 4, 24 and 30 are robust members of their communities. Difference between the network models and 472 

parameter values can be analysed node by node. For example, nodes 33 and 34 are relatively more robust members of 473 

their community in the influence spreading model than in the connectivity model. Both network models give similar 474 

results for the robustness of node 1. Comparing the results of the influence spreading model with link weights 0.05 475 

(P0.05) and 0.1 (P0.1) show similar behaviour. However, it is not so clear from the sensitivity analysis of random link 476 

weights in Fig. 6. This is one indication that the sensitivity analysis is useful before detailed conclusions can be made. 477 

Nodes 3, 10 and 20 are examples of loosely bound nodes of their communities thus having low robustness values. 478 

These nodes appear in several communities and they jump more easily from one community to another when changing 479 

model parameter values or network models. Node 3 is one example of this behaviour as discussed earlier. Nodes with 480 

low robustness values have high betweenness values if they are in gateway like positions. This is true for node 3 as 481 

can be seen from Fig. 5 but it is not true for node 10, for example. Betweenness and robustness are two different 482 

concepts although they are related and correlated in usual network topologies. 483 

Figure 7 goes even deeper in investigating the robustness of communities and their structure. Robustness for 484 

selected nodes in the karate club network is shown in Fig. 7 for the seven divisions of Table 2. We study the same 485 

case of P0.05 as before. Interesting conclusions can be made about nodes which have high betweenness and low 486 

robustness values such as nodes 3 and 9. Node 9 is the one who joined the second partition including node 1. From 487 

Fig. 7 we can see that crossing any borders of divisions 1, 4 and 7 are easy for node 9 to change the side. It would 488 

have been even easier for node 3 to change side because crossing the border of division 1 has a low influence on the 489 

strength of the division. 490 

Results of a sensitivity analysis of 100 computer runs for the influence spreading model with uniformly distributed 491 

random link weights between 0.04 and 0.06 are shown in Fig. 8. Altogether 17 divisions are detected and they are 492 

listed in the table. Strength, statistics and robustness measures are shown as bars and the number runs where the 493 

divisions are found are shown as dots. Statistical and robustness measures are low for divisions 6 and 7. The 494 

interpretation is that the probability of formation is low and also their robustness is weak. These two measures are 495 

correlated but Fig. 8 illustrates that some divisions can have a low probability of formation but a high robustness 496 

value. Division 9 is a good example of a robust division. This composition is uncovered by the sensitivity analysis 497 

and we have added this division in Fig. 3 with a dotted line. This is the same split as division 1 with one exception of 498 



24 

 

node 3. This finding is in good agreement with our previous discussion about node 3. Note that division 9 is detected 499 

with higher link weights 0.1 in Table 2 as the only optimal solution of Eq. (2).  500 

 501 

Table 4. Three divisions found in 100 computer runs of P0.1 with random uniform distribution 𝑈(0.1,0.01) link 502 

weights. The last column shows the number runs where the divisions are found. 503 

Nodes (First partition of the division) Strength Statistics Robustness Count 

1-8,11-14,17-18,20,22 28.99 9.00 37.61 52 

1-2,4-8,11-14,17-18,20,22 28.81 9.07 37.70 28 

 9-10,15-16,19,21,23-24,27-28,30-31,33-34 27.27 0.24 31.38 22 

 504 

 505 

Fig. 6. Robustness values of the 34 karate club members for the influence spreading model with link weights 0.05 506 

(P0.05) and 0.1 (P0.1). Robustness values for the network connection model with probability 0.1 of functioning link 507 

(A0.1). For comparison, P0.1 is computed also for uniformly distributed random link weights 𝑈(0.1,0.01). 508 

 509 

Fig. 7. Robustness values of selected members of the karate club network for P0.05 in Fig. 6. Values are shown for 510 

the seven strongest divisions. 511 

 512 
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 513 

Fig. 8. Results of a sensitivity analysis from 100 computer runs of the karate club network. The influence spreading 514 

model is used with random uniformly distributed 𝑈(0.05, 0.01) link weights. Figure illustrates the values of strength, 515 

statistical measure, robustness measure and the number of runs where the 17 divisions in the table are detected. 516 

2.3.2 Les Misérables network 517 

Les Misérables is a French novel by Victor Hugo published in 1862. The social network of fictitious characters in the 518 

novel have been studied widely in in the community detection literature. Recently the Les Misérables network has 519 

been used to study consistency of optimal community structure and an idea that sub-communities correspond to 520 

arrangements of a set of underlying building blocks [23]. An information theoretic method was used to discover 521 

building blocks from the social network of Les Misérables. Those results can be compared with the findings of this 522 

study. 523 

The Les Misérables social network consists of 77 nodes illustrated in Figs. 9 and 10. Figure 9 shows 11 highly 524 

ranked divisions from the 201 divisions found in 100 computer runs. The influence spreading model was used with 525 

uniformly distributed random link weights between [0.04, 0.06]. Ranking of the 11 divisions is the same for strength 526 

of divisions and for probability of formation and very close to the ranking of robustness measure. Figure 11 shows 527 

values of the community measures for 50 highly ranked divisions where the 11 divisions of Fig. 9 are the first 11 528 

values.  529 

We propose a new method for discovering building blocks from a network by using borders between divisions 530 

provided by a community detection method. Figure 10 shows the corresponding results in [23]. Building blocks 531 

discovered in this study are very similar. One difference is that the building block of seven nodes {40, 50, 52, …, 56} 532 

1 1-8,11-14,17-18,20,22

2 5-7,11,17

3 15-16,19,21,23-24,27,30,33-34

4 9-10,15-16,19,21,23-24,27-28,30-31,33-34

5 1-2,4,8,12-14,18,20,22

6 1-4,8,12-14,18,20,22,25-26,29,32

7 5-7,11,15-17,19,21,23-24,27,30,33-34

8 1-4,8,12-14,18,20,22

9 1-2,4-8,11-14,17-18,20,22

10 10,15-16,19,21,23-30,32-34

11 5-7,9,11,15-17,19,21,23-24,27,30-31,33-34

12 9,15-16,19,21,23-24,27-28,30-31,33-34

13 9,15-16,19,21,23-24,27,30-31,33-34

14 15-16,19,21,23-30,32-34

15 1-4,8-10,12-14,18,20,22,31

16 1-2,4-8,11-13,17-18,22

17 5-7,10-11,15-17,19,21,23-24,27-28,30,33-34
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is not detected in [23]. In Figure 9 this group of nodes is separated by several boundaries and it can be regarded as a 533 

building block. There are other minor differences, for example, nodes {29, 34, 46} are not grouped with nodes {11, 534 

14, 15, 16, 33} in the model of this study. Central nodes like 12, 28, 49 and 56 are also members of sub-communities 535 

in Fig. 9. 536 

Fig. 11 illustrates the community measure values of strength of division, probability of formation (Statistics), 537 

robustness of composition and the number computer runs (Count) where the divisions are detected. Compositions of 538 

the most highly ranked divisions 1-11 are the corresponding lines in Table 5. Also some divisions 39-46 have good 539 

community measure values except that they are only detected in 65% of runs. These divisions are like division 9 in 540 

Fig. 8 of the karate club network. 541 

Figure 12 illustrates hierarchical structure of the Les Misérables network. We have included only half of the sub-542 

communities detected in the influence spreading model with link weights 0.05. The complete graph of all hierarchical 543 

relationships is similar but larger. In Table 5 smaller partitions (sub-communities) are on the left and the graph in Fig. 544 

12 shows partitions having node 1 as a member. Figure 12 can be compared with Fig. 4 with the complete hierarchical 545 

structure of the karate club network of 34 nodes. Only 6 of the 11 most highly ranked divisions 1, 2, 3, 4, 5 and 8 are 546 

detected with link weights 0.05. On the other hand, divisions 12-32, 37 and 49 are found. This is an indication that 547 

more sub-communities can be detected by varying link weights. 548 

In Fig. 13 robustness of nodes in the Les Misérables network are presented for link weights 0.03 and uniformly 549 

distributed random link weights between [0.06, 0.08]. Results are similar except that nodes 17-24 have relatively 550 

higher robustness values for lower link weights 0.03. Figure 14 compares closeness centrality, betweenness centrality 551 

and robustness of nodes in the Les Misérables network for link weights 0.01. Nodes 12, 28, 49 and 56 are examples 552 

of nodes with relatively high betweenness compared to centrality. Robustness of nodes 17-23, 35-39, 58-67 and 77 is 553 

relatively high when compared with closeness and betweenness centrality values. These nodes are members of 554 

peripheral sub-communities in Fig. 9. Fig. 15 shows a detailed view about the average information of robustness in 555 

Fig. 14 for seven strong divisions. Fig. 7 is the corresponding figure for the karate club network. 556 

 557 
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 558 

Fig. 9. 11 strong divisions of the Les Misérables network. Borders of the divisions show building blocks of community 559 

structure. 560 

 561 

Fig. 10. Building blocks of the Les Misérables network discovered in [23]. 562 
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 563 

Fig. 11. Values of the community measures for the Les Misérables network. Compositions of the divisions are listed 564 

in Table 5. Fifty highly ranked divisions of the 201 division detected in 100 computer runs with uniformly 565 𝑈(0.05, 0.01) distributed random link weights are shown in the figure. 566 

 567 
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 568 

 569 

Fig. 12. Hierarchical structure of 29 sub-communities of the Les Misérables network (only half of the hierarchical 570 

structure is shown). Divisions indicated by id-numbers are listed in Table 5 with bold ids. Results are for the influence 571 

spreading model with link weights 0.05. Sizes of sub-communities are also displayed in the graph. 572 

 573 

Table 5. Fifty highly ranked divisions out of the 201 detected divisions in 100 computer runs of the Les Misérables 574 

network in the influence spreading model with uniformly distributed random link weights 𝑈(0.05, 0.1). 575 

id # Nodes # Nodes 

1 7 17-23 70 1-16,24-77 

2 15 1-2,5-10,17-23 62 3-4,11-16,24-77 

3 8 1-2,5-10 69 3-4,11-77 

4 25 1-2,5-10,47-49,58-68,74-75,77 52 3-4,11-46,50-57,69-73,76 

5 12 58-68,77 65 1-57,69-76 
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6 26 17-23,47-49,56-68,74-75,77 51 1-16,24-46,50-55,69-73,76 

7 35 1-10,30,35-39,47-49,56-68,74-75,77 42 11-29,31-34,40-46,50-55,69-73,76 

8 17 47-49,58-68,74-75,77 60 1-46,50-57,69-73,76 

9 32 17-23,40,47-50,52-68,74-75,77 45 1-16,24-39,41-46,51,69-73,76 

10 29 13,17-29,31-32,34,41-44,46,51,69-73,76 48 1-12,14-16,30,33,35-40,45,47-50,52-68,74-75,77 

11 31 30,35-40,47-50,52-68,74-75,77 46 1-29,31-34,41-46,51,69-73,76 

12 27 1-2,5-10,17-23,58-68,77 50 3-4,11-16,24-57,69-76 

13 35 11-16,24-39,41-46,51,69-73,76 42 1-10,17-23,40,47-50,52-68,74-75,77 

14 19 17-23,58-68,77 58 1-16,24-57,69-76 

15 20 1-2,5-10,58-68,77 57 3-4,11-57,69-76 

16 37 3-4,11-16,24-39,41-46,51,69-73,76 40 1-2,5-10,17-23,40,47-50,52-68,74-75,77 

17 36 3-4,11-12,14-16,29-30,33,35-39,45-49,56-68,74-75,77 41 1-2,5-10,13,17-28,31-32,34,40-44,50-55,69-73,76 

18 22 35-39,47-49,58-68,74-75,77 55 1-34,40-46,50-57,69-73,76 

19 37 1-10,13,17-28,31-32,34,41-44,51,69-73,76 40 11-12,14-16,29-30,33,35-40,45-50,52-68,74-75,77 

20 30 1-2,5-10,35-39,47-49,58-68,74-75,77 47 3-4,11-34,40-46,50-57,69-73,76 

21 36 11-29,31-34,41-46,51,69-73,76 41 1-10,30,35-40,47-50,52-68,74-75,77 

22 25 17-23,47-49,56,58-68,74-75,77 52 1-16,24-46,50-55,57,69-73,76 

23 33 1-2,5-10,17-23,47-49,56,58-68,74-75,77 44 3-4,11-16,24-46,50-55,57,69-73,76 

24 35 3-4,11-16,25-29,32-34,40-46,50-55,69-73,76 42 1-2,5-10,17-24,30-31,35-39,47-49,56-68,74-75,77 

25 32 13,17-28,31-32,40-44,50-55,69-73,76 45 1-12,14-16,29-30,33-39,45-49,56-68,74-75,77 

26 25 17-26,30-31,35-39,41-43,69-72,76 52 1-16,27-29,32-34,40,44-68,73-75,77 

27 33 25-26,28,40-43,47-49,51,53,56-72,74-77 44 1-24,27,29-39,44-46,50,52,54-55,73 

28 33 1-10,35-39,47-49,56,58-68,74-75,77 44 11-34,40-46,50-55,57,69-73,76 

29 37 1-16,25-29,32-34,41-46,51,69-73,76 40 17-24,30-31,35-40,47-50,52-68,74-75,77 

30 30 35-40,47-50,52-68,74-75,77 47 1-34,41-46,51,69-73,76 

31 33 11-16,25-29,32-34,40-46,50-55,69-73,76 44 1-10,17-24,30-31,35-39,47-49,56-68,74-75,77 

32 33 17-24,30,35-39,47-49,56-68,74-75,77 44 1-16,25-29,31-34,40-46,50-55,69-73,76 
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33 38 11-12,14-16,30,33,35-40,45,47-50,52-68,74-75,77 39 1-10,13,17-29,31-32,34,41-44,46,51,69-73,76 

34 35 1-10,42,47-49,56-72,74-77 42 11-41,43-46,50-55,73 

35 37 3-4,11-12,14-16,29-30,33-39,45-49,56-68,74-75,77 40 1-2,5-10,13,17-28,31-32,40-44,50-55,69-73,76 

36 33 1-2,5-10,42,47-49,56-72,74-77 44 3-4,11-41,43-46,50-55,73 

37 27 13,17-26,30-32,35-39,41-43,69-72,76 50 1-12,14-16,27-29,33-34,40,44-68,73-75,77 

38 33 1-2,5-10,17-26,30-31,35-39,41-43,69-72,76 44 3-4,11-16,27-29,32-34,40,44-68,73-75,77 

39 36 1-10,17-23,47-49,56-68,74-75,77 41 11-16,24-46,50-55,69-73,76 

40 14 1-2,5-10,18-23 63 3-4,11-17,24-77 

41 6 18-23 71 1-17,24-77 

42 25 42,47-49,56-72,74-77 52 1-41,43-46,50-55,73 

43 37 11-34,41-46,51,69-73,76 40 1-10,35-40,47-50,52-68,74-75,77 

44 36 3-4,11-24,27,29-39,44-46,50,52,54-55,73 41 1-2,5-10,25-26,28,40-43,47-49,51,53,56-72,74-77 

45 38 17-23,30,35-40,47-50,52-68,74-75,77 39 1-16,24-29,31-34,41-46,51,69-73,76 

46 36 11-16,24-29,31-34,40-46,50-55,57,69-73,76 41 1-10,17-23,30,35-39,47-49,56,58-68,74-75,77 

47 28 13,17-26,28,30-32,35-39,41-43,69-72,76 49 1-12,14-16,27,29,33-34,40,44-68,73-75,77 

48 28 11-16,25-29,31-34,41-46,51,69-73,76 49 1-10,17-24,30,35-40,47-50,52-68,74-75,77 

49 28 3-4,11-12,14-16,25-29,32-34,41-46,51,69-73,76 49 1-2,5-10,13,17-24,30-31,35-40,47-50,52-68,74-75,77 

50 30 25-26,40-43,47-49,56-72,74-77 47 1-24,27-39,44-46,50-55,73 

 576 

 577 
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Fig. 13. Robustness values of nodes in the Les Misérables network from the influence spreading model with link 578 

weights 0.03 and uniformly distributed random link weights between [0.06, 0.08]. 579 

 580 

 581 

 582 

Fig. 14. Closeness and betweenness centrality measures compared with the robustness measure values of nodes in the 583 

Les Misérables network. The influence spreading model is used with link weights 0.01. Detailed composition of 584 

robustness values are shown in Fig. 15. 585 

 586 

 587 

Fig. 15. Robustness values of nodes for seven strong divisions in the Les Misérables network. Corresponding average 588 

values of robustness are shown in Fig. 14. 589 

 590 
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3 Modelling temporal spreading on networks 591 

We assumed in Section ‘Influence spreading model’ that social networks are in equilibrium state. In the influence 592 

spreading model this is accomplished by letting time 𝑇 approach infinity. This was an appropriate assumption for 593 

community detection in situations where social influence has been spreading a long time in the network. In the 594 

following sections, we demonstrate how time dependent spreading phenomena can be studied with the model. All 595 

centrality and community measures of previous sections can be calculated as functions of time. Community structure 596 

is also time dependent. Table 2 shows that similar results for low time values with high link weights and high time 597 

values with low link values can be expected. However, in complex network topology there is no simple relation 598 

between spreading time and link weights. Also, ranking of sub-communities can change as a function of time. [20] 599 

The focus of Section ‘Structure in complex networks’ is more structural whereas in this section we study also 600 

temporal development. The structural view takes into account topology of the network with link and node weights, 601 

and the temporal view studies also time dependent development of spreading processes. Both of the views are built 602 

on network topology with node and link weights but in Section ‘Structure in complex networks’ we have eliminated 603 

the time variable by investigating only equilibrium states of networks. In the model, link and node weights along a 604 

path of length 𝐿 are multiplied together and denoted by 𝑊𝐿, and survival functions describing temporal spreading over 605 𝐿 links are denoted by 𝑆𝐿(𝑇). Both structural and temporal aspects can be studied by combining these two factors as 606 𝑊𝐿𝑆𝐿(𝑇). This holds for a single path between two nodes. The main idea of the spreading model is in the technique 607 

of combining multiple paths between node pairs in a network. The method has been presented in Section ‘Influence 608 

spreading model’ and in more detail in [20]. 609 

Two different probabilistic distributions are used as examples: the Poisson distribution and the e-mail forwarding 610 

distribution. The definition of an e-mail forwarding distribution is provided as a computer algorithm. We demonstrate 611 

the model with three empirical social networks: Zachary’s karate club [22], a Facebook network [24], and Enron e-612 

mail network [24]. These networks represent small, intermediate and large social networks. The network topology of 613 

the Zachary’s karate club social network with 34 nodes is pictured in Fig. 3. The Facebook network has 4039 nodes 614 

and the Enron e-mail network has 36692 nodes. 615 

Low parameter values for link weights are used for describing influence spreading [20]. Link weights are assumed 616 

to be low for one event of an influence attempt because, in a normal social context, the probability of convincing a 617 
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person to change his or her opinion is low. For larger networks the influence is expected to be even lower because of 618 

less cohesion with more different social groups. 619 

3.1 Poisson and e-mail forwarding survival distribution functions 620 

We study models for time dependency of spreading processes on complex networks [14]. Spreading dynamics and 621 

diffusion on networks have studied for example in [15, 25, 26]. In his study, two different temporal spreading 622 

distributions demonstrate the modelling with three real-world social networks. The Poisson distribution describes 623 

random response time and the e-mail forwarding distribution describes the process of receiving and forwarding 624 

messages. Spreading processes are modelled on constant topological network structure. The examples show that the 625 

Poisson temporal distribution is more efficient for spreading at low time values for short path lengths and the situation 626 

is reversed for high time values and longer path lengths. 627 

In this context, temporal probability distributions describe spreading probabilities starting from a source node via 628 

links to other nodes in the network. Survival distribution function 𝑆𝐿(𝑇) provides the probability of temporal spreading 629 

via 𝐿 links at time 𝑇. Function 𝑆𝐿(𝑇) is expressed in terms of probability distribution function 𝐹𝐿(𝑇) as 𝑆𝐿(𝑇) = 1 −630 𝐹𝐿(𝑇). 631 

The Poisson distribution is a discrete probability distribution that expresses the probability of given number of 632 

events occurring in a fixed interval of time if these events occur with a known constant rate and independently of the 633 

time since the last event. In this context, the Poisson process describes a process where spreading via successive links 634 

occurs randomly as a function of time. For the Poisson distribution 𝑆𝐿(𝑇) is 635 

𝑆𝐿(𝑇) = 1 − ∑ 𝑒−𝜆𝑇 𝜆𝑇𝑧!𝐿−1
𝑧=0 , (𝑆0 = 1). 636 

Figure 16 shows Poisson distribution survival functions for path lengths 𝐿 = 1, … , 20 and time values 𝑇 = 1, … , 10. 637 

The e-mail forwarding distribution describes a typical process of receiving and forwarding e-mails or messages. In 638 

the model, the source node sends one e-mail in a time unit and all other nodes in the network check their mail boxes 639 

once in a time unit and forward the received e-mail if they had received it before the checking time, or the e-mail stays 640 

in the mail box waiting for the next time unit. Nodes send messages and check their mail boxes independently in 641 
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uniformly distributed random time points. The program code describing the process of receiving an e-mail message 642 

once in a time unit and forwarding it once in a time unit is shown below. 643 

The two survival distribution functions have different characteristics at short path lengths and at long path lengths. 644 

At time 𝑇 = 1 the Poisson probability of reaching nodes at path lengths 1-6 is high compared to the e-mail forwarding 645 

probability. Roles are changed with higher path lengths. For example, at time 𝑇 = 10 the spreading probability over 646 

path length 𝐿 = 20 for the Poisson distribution is 53 % and for e-mail forwarding 94 %. 647 

 648 

! Survival function S is a function of time t and path length l 

S=0 

S(1,1)=1.0 

do t=1,iT     ! time 

  if (t>1) then 

    do l=1,iL ! path length 

      S(t,l)=S(t-1,l) 

    end do 

  end if 

  do jl=1,iL 

    l=iL+1-jl 

    do i2=1,l-1 

      S(t,l)=S(t,l)+S(t,l-i2)/factorial(i2)-S(t,l)*S(t,l-i2)/factorial(i2) 

    end do 

  end do 

  if (t==1) then 

    do l=1,iL-1 

      S(t,l)=S(t,l+1) 

    end do 

  end if 

  S(1,iL)=1/factorial(iL) 
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end do 

 649 

 650 

 651 

Fig. 16. Survival distribution functions for the Poisson and e-mail forwarding distribution functions as a function of 652 

path length for time values 𝑇 = 1, … ,10. The event rate parameter value of 𝜆 = 2 for the Poisson distribution has been 653 

used to get comparable results with these path lengths. 654 

 655 

Figure 17 shows differences between Poisson and e-mail forwarding survival distribution functions. Curves in Fig. 656 

17 show clearly that Poisson processes dominate e-mail forwarding processes at low time values and short path lengths 657 

of 𝐿 ≤10. Conversely, at high time values and longer path lengths of 𝐿 > 10 e-mail forwarding processes dominate. 658 
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Note, that the point on the X-axis, where the roles exchange, depends on the value of Poisson distribution’s event rate 659 

parameter 𝜆. 660 

These kind of process characteristics can have intricate impacts on how spreading processes perform on complex 661 

network topology. At low path lengths the degree of a source node determines how the spreading process starts. The 662 

model suggests that Poisson processes are efficient for spreading to neighbouring nodes. On the other hand, spreading 663 

processes to distant nodes at high path lengths can get advantage from using e-mail type of delivery methods. 664 

 665 

 666 

Fig. 17. Difference between Poisson and E-mail forwarding survival distribution functions as a function of path length 667 

for time values 𝑇 = 1, … , 10. 668 

3.2 Spreading on three empirical social networks 669 

Spreading results of three empirical social networks of the Zachary’s karate club network, the Facebook networks and 670 

the Enron e-mail network are presented in this section. 671 

Figure 18 shows spreading results for the karate club network with two different link weights 𝑤 = 0.05 and 𝑤 =672 0.005. Results are presented for the e-mail forwarding distribution and Poisson distribution with the event rate 673 

parameter value of 𝜆 = 2. For both link weights the Poisson spreading process is more effective than the e-mail 674 

forwarding process for time values 𝑇 < 1.5. For time 𝑇 > 1.5 the situation is reversed. For higher link weights (𝑤 =675 
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 0.05) the spreading process is accelerating for later time values, and for lower values (𝑤 = 0.005) the process is 676 

more linear until the usual saturation effects take over. 677 

The expected number of influenced nodes is shown on Y-axes of the figures. This is computed by taking one node, 678 

at a time, in the network and assuming that the spreading process is initiated with probability 1.0 at time 𝑇 = 0 from 679 

that node. Figs. 18 and 19 show average results over all source nodes in the network. For example, the influence of 680 

the Poisson process has spread, on average, to 7.2 nodes with the link weights of 𝑤 = 0.05 at time 𝑇 = 1. 681 

Figure 19 shows the expected number of influenced nodes when spreading is initiated from one of nodes 1-34 682 

(indicated in the figure) for the Poisson distribution 𝑤 = 0.05. The results agree with the actual situation in the karate 683 

club. The instructor of the club is node 1 and the administrator is node 34. In the same figure, the numerical values 684 

for the Poisson distribution 𝑤 = 0.005 are show as circles. The expected values of the number of influenced nodes 685 

are very low for 𝑤 = 0.005. 686 

Rankings for 𝑤 = 0.005 are very close to the corresponding rankings for 𝑤 = 0.05, but they are not exactly the 687 

same. For example, node 27 has a higher ranking for 𝑤 = 0.05 than for 𝑤 = 0.005. Node 17 has a relatively higher 688 

number of influenced nodes for 𝑤 = 0.005. These are both peripheral nodes but they have different accessibility to 689 

central nodes. Node 27 has a link to central node 34 but node 17 has only connections to other peripheral nodes. Node 690 

17 has not as much advantage of more active nodes (𝑤 = 0.05) than node 27. We can see from Fig. 19 that nodes 8, 691 

9, 14, 20 have particularly favourable locations in the network. In fact, they have short distances to the most central 692 

nodes 1, 33 or 34, and have gateway roles between other nodes in the network. This is a transient phenomenon, because 693 

at later time points, influence has propagated more evenly to all nodes in the network. 694 

 695 
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 696 

Fig. 18. Spreading in the Zachary’s karate club network for the e-mail forwarding process and the Poisson process. 697 

Y-axis on the left (right) shows the expected number (normalised) of influenced nodes for 𝑤 = 0.5 (𝑤 = 0.05). 698 

 699 

 700 

Fig. 19. Spreading from individual nodes 1-34 to other nodes (including the node itself) for the equilibrium state when 701 

time approaches infinity. Expected number (normalised) of influenced nodes for 𝑤 = 0.05 on the left Y-axis and for 702 𝑤 = 0.005 on the right. Numerical values for 𝑤 = 0.05 are shown as bars and for 𝑤 = 0.005 as circles. 703 

 704 
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The Facebook [24] and Enron networks [24] are examples of larger empirical networks. Figure 20 shows spreading 705 

results for these networks with two different link weights 𝑤 = 0.005 and 𝑤 = 0.0005. The results are for total sums 706 

from all source nodes because normalised values would be very small. Normalised values can be calculated by 707 

dividing the results by the number of nodes in the network. The same phenomenon of crossing curves at time 𝑇 = 1.5 708 

can be seen for both link weights. Again, the Poisson distribution with the event rate parameter value of 𝜆 = 2 is 709 

efficient at the beginning of the spreading process and vice versa at later time points. At time 𝑇 = 3 (𝑤 = 0.005) the 710 

e-mail forwarding distribution has reached about 400 nodes more in the Facebook network. With lower link weights 711 (𝑤 = 0.0005) the difference is less because of weaker spreading power. 712 

 713 

 714 

Fig. 20.  Spreading in the Facebook and Enron networks for the Poisson process and the e-mail forwarding process. 715 

Y-axis on the left (right) shows the expected number (un-normalised) of influenced nodes for the Facebook network 716 

(Enron network). 717 

4 Conclusions 718 

We propose a general methodology for analysing complex networks. Models of this paper can be used to study 719 

community or module structure and temporal spreading in social, biological and technological networks. The 720 
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community detection method is based separating the network model from the community detection model. Different 721 

network models can be used to provide input for the community detection algorithm. We demonstrate this by the 722 

standard network connectivity model and an influence spreading model. Different temporal distributions can be 723 

incorporated into the spreading model simply by using a desired probabilistic survival distribution function. 724 

Communities and sub-communities are identified by local maxima of a quality function that measures the internal 725 

strength of two partitions in the network. The quality function used in this study is the sum of probability matrix 726 

element values describing interactions between pairs of nodes in both of the two partitions. Cross terms are not 727 

included but the model allows influence via paths that go through the other partition. Weak interactions between nodes 728 

produce more solutions than strongly connected networks. By varying link weights it is possible to get understanding 729 

of the landscape of local maxima and to identify structure in networks. As a new application we propose that the 730 

community detection method of this study can be used as a tool for discovering underlying groups of nodes that are 731 

usually found together in community structures. Communities and sub-communities correspond to different 732 

combinations of these building blocks. 733 

We present different approaches for measuring and ranking communities. This is an important topic because the 734 

method usually gives several solutions and highly ranked solutions are candidates for real-life communities. Three 735 

different quality measures are presented for the strength of a community, for the probability of formation of a 736 

community and for the robustness of a community. These measures are correlated but they represent different views 737 

of evaluating communities. 738 

We demonstrate the use of temporal spreading distributions with the Poisson distribution and an e-mail forwarding 739 

distribution. The e-mail forwarding distribution is defined with a program code. The Poisson distribution is more 740 

efficient for spreading at low time values with short path lengths and the situation is reversed for higher time values 741 

and longer path lengths. The exact time value where the crossing occurs depends on the event rate parameter value of 742 

the Poisson distribution. 743 
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Figures

Figure 1

General procedure of using different network models and community detection models. Information from
network models are mediated with a probability matrix describing in�uence or connectivity between all
node pairs in the network.



Figure 2

Two network models and a community detection model are used to demonstrate the methodology.



Figure 3

Zachary’s karate club network with divisions indicating detected communities. Divisions 1-7 correspond
to lines in Tables 1-3. The additional division 9 is detected in a sensitivity test where link weights have a
small random component (see Fig. 8).



Figure 4

Hierarchical structure of karate club sub-communities. Seven divisions id1,…,id7 detected by the
community detection algorithm are indicated by colours (compositions of the 14 communities and sub-
communities are listed in Table 1).



Figure 5

Closeness centrality values of Eq. (4) for the 34 karate club members for the in�uence spreading model
with link weights 0.05 and 0.1 are shown with bars. Betweenness centrality values of Eq. (6) for the
in�uence spreading model are shown for link weights 0.1. Node degree values divided by 4 are shown for
comparison.

Figure 6

Robustness values of the 34 karate club members for the in�uence spreading model with link weights
0.05 (P0.05) and 0.1 (P0.1). Robustness values for the network connection model with probability 0.1 of
functioning link (A0.1). For comparison, P0.1 is computed also for uniformly distributed random link
weights U(0.1,0.01).



Figure 7

Robustness values of selected members of the karate club network for P0.05 in Fig. 6. Values are shown
for the seven strongest divisions.

Figure 8



Results of a sensitivity analysis from 100 computer runs of the karate club network. The in�uence
spreading model is used with random uniformly distributed U(0.05,0.01) link weights. Figure illustrates
the values of strength, statistical measure, robustness measure and the number of runs where the 17
divisions in the table are detected.

Figure 9

11 strong divisions of the Les Misérables network. Borders of the divisions show building blocks of
community structure.



Figure 10

Building blocks of the Les Misérables network discovered in [23].



Figure 11

Values of the community measures for the Les Misérables network. Compositions of the divisions are
listed in Table 5. Fifty highly ranked divisions of the 201 division detected in 100 computer runs with
uniformly U(0.05,0.01) distributed random link weights are shown in the �gure.



Figure 12

Hierarchical structure of 29 sub-communities of the Les Misérables network (only half of the hierarchical
structure is shown). Divisions indicated by id-numbers are listed in Table 5 with bold ids. Results are for
the in�uence spreading model with link weights 0.05. Sizes of sub-communities are also displayed in the
graph.

Figure 13



. Robustness values of nodes in the Les Misérables network from the in�uence spreading model with link
weights 0.03 and uniformly distributed random link weights between [0.06, 0.08].

Figure 14

Closeness and betweenness centrality measures compared with the robustness measure values of nodes
in the Les Misérables network. The in�uence spreading model is used with link weights 0.01. Detailed
composition of robustness values are shown in Fig. 15.

Figure 15

Robustness values of nodes for seven strong divisions in the Les Misérables network. Corresponding
average values of robustness are shown in Fig. 14.



Figure 16

Survival distribution functions for the Poisson and e-mail forwarding distribution functions as a function
of path length for time values T=1,…,10. The event rate parameter value of λ=2 for the Poisson
distribution has been used to get comparable results with these path lengths.



Figure 17

Difference between Poisson and E-mail forwarding survival distribution functions as a function of path
length for time values T=1,…,10.



Figure 18

Spreading in the Zachary’s karate club network for the e-mail forwarding process and the Poisson
process. Y-axis on the left (right) shows the expected number (normalised) of in�uenced nodes for w=0.5
(w=0.05).



Figure 19

Spreading from individual nodes 1-34 to other nodes (including the node itself) for the equilibrium state
when time approaches in�nity. Expected number (normalised) of in�uenced nodes for w=0.05 on the left
Y-axis and for w=0.005 on the right. Numerical values for w=0.05 are shown as bars and for w=0.005 as
circles.



Figure 20

Spreading in the Facebook and Enron networks for the Poisson process and the e-mail forwarding
process. Y-axis on the left (right) shows the expected number (un-normalised) of in�uenced nodes for the
Facebook network (Enron network).
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