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Abstract

In this paper, one kind of Gauss-Seidel type monotone iterative solution and its sta-
bility for a class of nonlinear convection reaction-diffusion problems with functional
reaction terms and nonlocal boundary conditions are studied by the upper and low-
er solutions method and monotone iterative technique. Using the monotone iterative
method, the maximal and minimal solutions, the existence and uniqueness, compatible
convergence and stability analysis of the solutions are presented together. Finally, the
effectiveness and applicability of the Gauss-Seidel type monotone iterative algorithm
are verified by a simple model.
Keywords: Gauss-Seidel type monotone iterations; nonlocal boundary value problems;
nonlinear functional convection reaction-diffusion equations; upper-lower solutions

1 Introduction

In this present, we are interested in Gauss-Seidel type monotone iterative solu-

tions and their stability for a class of nonlinear nonlocal functional convection

reaction-diffusion boundary value problems











ut −∇ · (D(x, t)∇u) + vvv(x, t) · ∇u = f(x, t, u, q ∗ u) in Q,

α(x, t)uν + β(x, t)u = g(x, t, u) on ∂Q,

u(x, 0) = ϕ(x) in Ω,

(1.1)

where Q := Ω × (0,∞), ∂Q := ∂Ω × (0,∞), in which Ω is a connected, bound-

ed domain in R
d (d ∈ N

+) with smooth boundary ∂Ω, and f(x, t, u, v) is a C1

nonlinear functional of (u, v) for (u, v) in a subset of R2, in which v := q ∗ u

(q ∗ u)(x, t) =

∫

Ω

q(x, x′, t)u(x′, t)dx′, (x, t) ∈ Q. (1.2)

vvv(x, t) · ∇u = v1ux1
+ · · ·+ vduxd

, and uν denotes the outward normal derivative

of u on ∂Q. It is assumed that vvv(x, t), α(x, t), β(x, t), f(x, t, u, v), and g(x, t, u)

are all continuous functions of (x, t) in their respective domains, D(x, t) is strictly

positive and continuous on Q := Ω× (0,∞), the kernel q(x, x′, t) in (1.2) is con-

tinuous in x, t, piecewise continuous in x′, and possesses the following properties

q(x, x′, t) ≥ 0 and

∫

Ω

q(x, x′, t)dx′ ≤ 1, (x, x′, t) ∈ Ω×Q. (1.3)

Now we can use, for the convenience of discussion
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Lu :=ut −∇ · (D(x, t)∇u) + vvv(x, t) · ∇u,

Bu :=α(x, t)uν + β(x, t)u.

Then problems (1.1) becomes











Lu = f(x, t, u, q ∗ u) in Q,

Bu = g(x, t, u) on ∂Q,

u(x, 0) = ϕ(x) in Ω.

(1.4)

Problems similar to the above nonlinear nonlocal functional reaction-diffusion (R-D) boundary value prob-

lems (BVPs) arise in many fields of science and engineering, especially in physics as well as in chemistry or

biology, and have been received extensive attentions during the past several decades, partly due to their inter-

esting features and rich variety of properties of their solutions (for example [1–7]). As is known to us all, the

evaluations of dynamics quantities are, general, governed by the similar problems, and the processes of R-D,

diffusion, reaction and convection each plays essential roles in the dynamics of many systems, and much of the

developed theory in the earlier years can be found (see [7–11] and the references therein). However, most of

the main concerns in the literature were the existence and uniqueness of the solutions, the qualitative property

of the solutions, asymptotic behavior of the solutions and stability or instability of steady-state solutions. In

recent years, using the upper and lower solutions method and its related monotone iterative technology to

explore the positive solution of the similar problems are also a hot topic (for example [11–21]). Study on

finite difference numerical solution of (1.1), the corresponding discrete problem is usually formulated as a

system of nonlinear algebraic equations. For such a system, a major concern is to obtain reliable and efficient

computational algorithms for computing its solution. A fruitful approach is to method of upper and lower

solutions coupled with its associated monotone iterative technique. By using an upper and a lower solution

as the initial iterations, this method produces two sequences that converge monotonically from above and

below, respectively, to the extremal value solutions of the given nonlinear system. Consequently, this leads to

a monotone computational algorithm and it has been applied to different nonlinear problems ( [3, 9, 22–29]),

but the function f discussed there is f(x, t, u) or f(x, t) and others, which rarely involves f(x, t, q ∗ u). On

the numerical solutions of the problem (1.1), what we are concerned about is to obtain a reliable and efficient

computational algorithm to solve the solution of the corresponding discrete system. The results presented in

this paper are mainly to give the maximal and minimal solutions by constructing one kind of Gauss-Seidel

type monotone iterative algorithm which applies to the computations of finite difference solutions, and study

the iterative solutions’ compatible convergence and stability for the problem (1.1) under consideration.

The remaining plan of this paper is organized into the following four sections: In section 2, the discrete

form of problem (1.1) is derived by finite difference method. Different from the Picard iteration, a kind of

Gauss-Seidel type monotone iteration scheme will be proposed to compute of problem (1.1). In section 3,

The maximal and minimal solutions and the existence and uniqueness of the Gauss-Seidel type iteration are

given. In section 4, the compatible convergence and stability of Gauss-Seidel type monotone iterative solution

sequences are discussed in order to ensure the existence and uniqueness of the solution. As an application

of the Gauss-Seidel monotone iterative scheme proposed in this paper, section 5 demonstrates the numerical

simulation of a simple logistic R-D problem with known analytical solution, and shows the application of upper

and lower solution technology.
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2 Construction of a Gauss-Seidel type monotone iteration

In order to give one kind of Gauss-Seidel monotone iteration of problem (1.1), it is necessary to discrete

problem (1.1) or (1.4). We now use a backward Euler implicit finite difference approximation scheme similar

to parabolic BVP (cf. [16,29]) and arrange the grid points in the usual fashion. Here, let i = (i1, . . . , iν)

be a multiple index with iν = 0, 1, . . . ,Mν , and let xi = (xi1 , . . . , xid) be an arbitrary mesh point in Ω̄,

where ν = 1, . . . , d and Mν is the total number of mesh points in the xν-direction. Using ui,n := u(xi, tn),

qi,i′,n := q(xi, xi′ , tn) and approximating the integral

(q ∗ u)(xi, tn) :=

∫

Ω

q(xi, x
′, tn)u(x

′, tn)dx
′ (2.1)

by the finite sum

(q ∗ uuu)i,n :=

M1
∑

i1=1

· · ·

Md
∑

id=1

ρiν qi,iν,nuiν ,n (i ∈ Λ̄, n ∈ N
+), (2.2)

where uuu represents the function u(xi, tn) for all (xi, tn) ∈ Λ̄ := Λ ∪ ∂Λ, n ∈ N
+, in which Λ is the set of mesh

points in Q, ∂Λ is the set of mesh points on ∂Q, and {ρiν} is a set of quadrature weights that possess the

following properties

0 ≤ ρiν ≤ 1,

M1
∑

i1=1

· · ·

Md
∑

id=1

ρiν = 1 and

M1
∑

i1=1

· · ·

Md
∑

id=1

ρiν qi,iν,n ≤ 1 (2.3)

for i ∈ Λ̄, n ∈ N
+. The above properties are possessed by the most of the commonly used quadrature rules

(cf. [30]). Thus the resulting discrete problem (1.4) becomes a linear algebra problem as follows










L[ui,n] = fi,n(ui,n, (q ∗ uuu)i,n), i ∈ Λ,

B[ui,n] = gi,n(ui,n), i ∈ ∂Λ,

ui,0 = ϕi,0, i ∈ Λ,

(2.4)

where ui,n := u(xi, tn), fi,n(ui,n, (q ∗ uuu)i,n) := f(xi, tn, ui,n, (q ∗ u)i,n) and gi,n(ui,n) := g(xi, tn, ui,n). When

no confusion arises we write i ∈ Λ (resp., i ∈ ∂Λ) instead of xi ∈ Λ (resp., xi ∈ ∂Λ). To develop a monotone

iterative scheme for (2.4), it is more convenient to express it in vector form that we define

uuun = (u1,n, · · · , uM,n)
T ,

Fi,n(ui,n, (q ∗ uuu)i,n) = fi,n(ui,n, (q ∗ uuu)i,n) + γi,ngi,n(ui,n),

Fn(uuun, (q ∗ uuu)i,n) = (F1,n(u1,n, (q ∗ uuu)1,n), · · · , FM,n(uM,n, (q ∗ uuu)M,n))
T ,

i ∈ Λ̄, n ∈ N
+,

whereM = M1M2 · · ·Md is the total number of points in Λ̄, (·)T denotes a column vector, and γi,n is associated

with the spatial mesh width hi and the coefficients of L and B (see [3]). the function gi,n(ui,n) is defined to be

zero at most of the interior mesh points, and it can be nonzero only at the boundary mesh points and possibly

at the neighboring boundary points. Then problem (2.4) can be expressed in vector form
{

(I + knAn)uuun = uuun−1 + knFn(uuun, (q ∗ uuu)n), n ∈ N
+,

uuu0 = ϕϕϕ.
(2.5)

where An is an M ×M block matrix which is associated with the operators L and B, kn = tn − tn−1 is the

time increment in the t-direction, and ϕϕϕ = (ϕ1, · · · , ϕM )T . It is noted from (2.2) that (q ∗uuu)n can be rewritten

as

(q ∗ uuu)n = Qnuuun with Qn = (ρivqi,iv,n). (2.6)
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Since our concerned is mainly with the mathematical structure of the finite difference system (2.4), the

detailed derivation of (2.5) will not be given here (for examples to see [3, 26]). It is clear from (2.1) and (2.3)

that Qn is a nonnegative matrix and the sum of the elements of each row of Qn is bounded by one.

It is known to all that various assumptions in previous literature have been made on reaction term

f(x, t, u, q ∗ u) (over there q ∗ u = 0, t, or (x, t)) such as monotonicity, positivity, convexity, concavity, or

boundedness, etc., but these assumptions can be relaxed considerably (if not altogether) by using the mono-

tone iteration (ref. [15, 31, 32]). Here and in what follows, we will construct the monotone sequences by using

the upper and lower solutions defined below.

Definition 2.1 Let F (uuun, vvvn) be nondecreasing in vvvn for (uuun, vvvn) ∈ U × V. Then the two vectors ǔuun, ûuun in

R
M are called a pair of upper and lower solutions of (2.5), respectively, if

{

(I + knAn)ǔuun ≥ ǔuun−1 + knFn(ǔuun, (q ∗ ǔuu)n), n ∈ N
+,

ǔuu0 ≥ ϕϕϕ,
(2.7)

and ûuun satisfies the above inequalities in reversed order. The pair of upper and lower solutions are called

ordered if ǔuun ≥ ûuun. The sets U,V are given by

U :=
{

uuun ∈ R
M ; ǔuun ≥ uuun ≥ ûuun

}

, V :=
{

vvvn ∈ R
M ; (q ∗ ǔuu)n ≥ vvvn ≥ (q ∗ ûuu)n

}

and the inequality above is in the componentwise sense.

Based on problem (2.5), we propose the following hypotheses (H):

(i) The matrix An := (a
(n)
ij ) is irreducible and its elements a

(n)
ij possess the following properties

a
(n)
ii > 0, a

(n)
ij ≤ 0 (j 6= i) and

M
∑

j=1

a
(n)
ij ≥ 0, (i = 1, . . . ,M). (2.8)

(ii) The function Fn(uuu,vvv) is a C1-function of uuu and vvv, and is nondecreasing in vvv for (uuu,vvv) in a subset U×V.

Remark 2.1 It is well-known that under the hypothesis H-(i), An is a monotone matrix as well as an M -

matrix, and if the strict inequality in (2.8) holds for at least one i, then A−1
n exists and a positive matrix

(cf. [31, 33]). The condition in H-(ii) is also satified if f(u, v) is a C1-function of (u, v).

What we need to do now is how to construct a kind of Gauss-Seidel type monotone iteration to develop the

algorithm for the solution of the problem (1.1) under consideration. One supposes that, in addition, a pair of

ordered upper and lower solutions ǔuun, ûuun exist. Let κi,n be any nonnegative function satisfying the following

inequality

κi,n ≥ max
{

−
∂Fi,n

∂ui,n

−
∂Fi,n

∂vi,n
Qn : ûi,n ≤ ui,n ≤ ǔi,n, v̂i,n ≤ vi,n ≤ v̌i,n

}

(2.9)

for i ∈ Λ̄, in which Fi,n := Fi,n(ui,n, vi,n), ǔi,n and ûi,n are, respectively, the components of ǔuun and ûuun. Clearly,

the property of κi,n implies that ΓΓΓn is nonnegative and

Fi,n(u
′

i,n, vi,n)− Fi,n(u
′′

i,n, vi,n) ≤ κi,n(u
′′

i,n − u′

i,n)

for u′

i,n, u
′′

i,n satisfying ûi,n ≤ u′

i,n ≤ u′′

i,n ≤ ǔi,n, v̂i,n ≤ vi,n ≤ v̌i,n. In vector form, the relation (2.9) gives that

for every vvvn ∈ V

ΓΓΓnuuu
′′

n + Fn(uuu
′′

n, vvvn) ≥ ΓΓΓnuuu
′

n + Fn(uuu
′

n, vvvn) (2.10)
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whenever ûuun ≤ uuu′

n ≤ uuu′′

n ≤ ǔuun. Now we use An = Dn − Un − Ln and define matrices Gn and ΓΓΓn by

Gn = I + kn(Dn − Ln +ΓΓΓn),

ΓΓΓn = diag(κ1,n, · · · , κM,n),
n ∈ N

+, (2.11)

here Dn,Un and Ln are, respectively, the diagonal, upper-off-diagonal and lower-off-diagonal matrices of An.

Then problem (2.5) can be written as

{

Gnuuun = uuun−1 + kn((Un +ΓΓΓn)uuun + Fn(uuun, (q ∗ uuu)n)), n ∈ N
+,

uuu0 = ϕϕϕ.
(2.12)

Different from Picard type monotone iteration, we want to construct a kind of Gauss-Seidel type monotone

iteration below, which makes it more convenient to use in practical computation. Since, by the hypothesis

(H), the diagonal elements of Dn are positive and all the elements of Un and Ln are nonnegative, the inverse

matrix G−1
n of matrix Gn exists and is positive (cf. [31,33,34]). This ensures that we can construct the following

monotone iteration which is called a kind of Gauss-Seidel type monotone iteration:

{

Gnuuu
(m)
n = uuu

(m−1)
n−1 + kn{(Un +ΓΓΓn)uuu

(m−1)
n + Fn(uuu

(m−1)
n , (q ∗ uuu)

(m−1)
n )},

uuu
(m)
0 = ϕϕϕ

m,n ∈ N
+ (2.13)

for any initial iteration uuu
(0)
n . It is now clear that there is at least one diagonal element of ΓΓΓn should be chosen

positive if the hypothesis condition (H)-(i) holds for all i. Therefore, the sequence {uuu
(m)
n } is well-defined and

can be computed more easily using the Gauss-Seidel type monotone iteration just given now (cf. [3,35]), which

will be described in the next section.

3 Maximal and minimal solutions of the Gauss-Seidel type iteration

To derive the maximal and minimal solutions of the Gauss-Seidel type monotone iterations in this section,

denoting the sequence by {ūuu
(m)
n } if ūuu

(0)
n = ǔuun and by {uuu

(m)
n } if uuu

(0)
n = ûuun, and referring to them as maximal

and minimal sequences, respectively, we then get the following monotone property.

Theorem 3.1 Let the hypothesis (H) hold, and let F (uuun, vvvn) be nondecreasing in vvvn for (uuun, vvvn) ∈ U×V. If

ǔuun, ûuun are a pair of ordered upper and lower solutions of (2.12). Then the sequences {ūuu
(m)
n }, {uuu

(m)
n } given by

(2.13) possess the following monotone property

ûuun ≤ uuu(m)
n ≤ uuu(m+1)

n ≤ · · · ≤ ūuu(m+1)
n ≤ ūuu(m)

n ≤ ǔuun, m, n ∈ N
+. (3.1)

Moreover, for each m, ūuu
(m)
n and uuu

(m)
n are, respectively, the ordered upper and lower solutions.

Proof Considering the Gauss-Seidel type iteration process (2.13) and using (2.11), (2.7), the vector www
(0)
n :=

ūuu
(0)
n − ūuu

(1)
n = ǔuun − ūuu

(1)
n satisfies the relation











Gnwww
(0)
n = {I + kn(Dn − Ln +ΓΓΓn)}ǔuun − {ǔuun−1 + kn((Un +ΓΓΓn)ǔuun + Fn(ǔuun, (q ∗ ǔuu)n))}

= (I + knAn)ǔuun − {ǔuun−1 + Fn(ǔuun, (q ∗ ǔuu)n)} ≥ 0, n ∈ N
+,

www
(0)
0 = ǔuu0 −ϕϕϕ ≥ 0.

This ensures, in view of that the positive property of G−1
n , that www

(0)
n ≥ 0 and leads to ūuu

(0)
n ≥ ūuu

(1)
n for all

n ∈ N
+. Meanwhile, a similar argument gives uuu

(1)
n ≥ uuu

(0)
n and ūuu

(1)
n ≥ uuu

(1)
n . Assume, by induction, that
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uuu
(m+1)
n ≤ uuu

(m)
n ≤ ūuu

(m)
n ≤ ūuu

(m−1)
n for some m > 1, n ∈ N. We then by (2.10), (2.13), www

(m)
n := ūuu

(m)
n − ūuu

(m+1)
n

satisfies the following relation










Gnwww
(m)
n = www

(m−1)
n−1 + kn{(Un +ΓΓΓn)www

(m−1)
n + Fn(ūuu

(m−1)
n , (q ∗ ūuu)

(m−1)
n )− Fn(ūuu

(m)
n , (q ∗ ūuu)

(m)
n )}

≥ www
(m−1)
n−1 ≥ 0,

www
(m)
0 = ūuu

(m)
0 − ūuu

(m+1)
0 ≥ 0,

which yields the inequality ūuu
(m)
n ≥ ūuu

(m+1)
n . A similar argument gives uuu

(m+1)
n ≥ uuu

(m)
n and ūuu

(m+1)
n ≥ uuu

(m+1)
n .

This proves the monotone property (3.1). �

Remark 3.1 Under the conditions of Theorem 3.1, we see, meanwhile, the limits

lim
m→∞

ūuu(m)
n = ūuun, lim

m→∞

uuu(m)
n = uuun (3.2)

exist and satisfy the inequality relation uuun ≤ ūuun for all n ∈ N
+.

Now a result is easily derived from the Remark 3.1 as follows.

Theorem 3.2 Let the assumptions in Theorem 3.1 be satisfied. Then {ūuu
(m)
n } and {uuu

(m)
n } converge to the

maximal solution ūuun and the minimal solution uuun of (2.12), respectively. Moreover,

ûuun ≤ uuu(m)
n ≤ uuu(m+1)

n ≤ · · · ≤ uuun ≤ ūuun ≤ · · · ≤ ūuu(m+1)
n ≤ ūuu(m)

n ≤ ǔuun, n ∈ N
+, (3.3)

for m ∈ N
+. If u∗

n is a solution in U, then uuun ≤ u∗

n ≤ ūuun.

Proof It is clear by letting m → ∞ in (3.1) and using the definition of Gn in (2.11) that the limits ūuun and uuun

in (3.2) are both solutions of the Gauss-Seidel type monotone iteration (2.12).

In order to show the maximal and minimal property of ūuun and uuun, we first observe that if uuun is a solution

of (2.13) in U, then by Definition 2.1, it is an upper solution as well as a lower solution. Considering uuun, ûuun as

a pair of upper and lower solutions, the above argument yields ūuun ≥ uuun. Similarly the consideration of ǔuun,uuun

as a pair of upper and lower solutions leads to uuun ≥ uuun. This proves the maximal and minimal property of ūuun

and uuun, and (3.3) holds.

Now the remaining is to prove the solution u∗

n satisfies uuun ≤ u∗

n ≤ ūuun. In fact, if uuu∗

n is a solution of the

problem (2.12) in U, then it is an upper solution as well as a lower solution. Considering the pair of uuu∗

n, ûuun

as the ordered upper and lower solutions, by the argumentation of Theorem 3.1 gives uuu∗

n ≥ uuun. The same

reasoning with the pair of ūuun,uuu
∗

n as the ordered upper and lower solutions leads to ūuun ≥ uuu∗

n. This proves

uuun ≤ uuu∗

n ≤ ūuun. �

Remark 3.2 The maximal and minimal solutions ūuun, uuun in Theorem 3.2 are usually different, and problem

(2.12) may have multiple solutions.

Here and in what follows on the monotone convergence properties of the maximal and minimal sequences

and the uniqueness of solution will be discussed. To do this, define

κ∗

n = max
{

−
∂Fi,n

∂u
(ui,j , vi,j)−

∂Fi,n

∂v
(ui,j , vi,j) : ûi,j ≤ ui,j ≤ ǔi,j

}

, i = 1, 2, · · · ,M, j ≥ n (3.4)

and Jacobi diagonal matrices

Fu(uuun, vvvn) = diag
( ∂F1

∂u1,n
(u1,n, v1,n), · · · ,

∂FM

∂uM,n

(uM,n, vM,n)
)

,

Fv(uuun, vvvn) = diag
( ∂F1

∂v1,n
(u1,n, v1,n), · · · ,

∂FM

∂vM,n

(uM,n, vM,n)
)

,

(3.5)
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where uuun = (u1,n, · · · , uM,n) ∈ U, vvvn = (v1,n, · · · , vM,n) ∈ V. Also, for the sake of showing the uniqueness of

solutions, one uses

mn = max
{∂Fi

∂u
(ui,n, vi,n); (ui,n, vi,n) ∈ U×V, i = 0, 1, · · · ,M

}

,

Mn = max
{
∣

∣

∣

∂Fi

∂v
(ui,n, vi,n)

∣

∣

∣
; (ui,n, vi,n) ∈ U×V, i = 0, 1, · · · ,M

}

.

(3.6)

We are now in a position to give the convergence results of the upper and lower solution sequences and the

uniqueness of solutions of (2.12) or on of problem (1.1) which under consideration in the first beginning.

Theorem 3.3 Let the hypothesis (H) hold, and let kn(mn+Mn) < 1 (n ∈ N
+). If ǔuun, ûuun are a pair of ordered

upper and lower solutions of (2.12). Then there exists a unique solution uuu∗

n of problem (2.12) or problem (1.1)

such that uuu∗

n ∈ U. Moreover, uuu∗

n satisfies the following inequality

ûuun ≤ uuu(m)
n ≤ uuu(m+1)

n ≤ · · · ≤ uuu∗

n ≤ · · · ≤ ūuu(m+1)
n ≤ ūuu(m)

n ≤ ǔuun, m, n ∈ N
+. (3.7)

Proof By Theorem 3.2, the upper and lower solution sequences {ūuu
(m)
n } and {uuu

(m)
n } converge monotonically to

the maximal solution ūuun and the minimal solution uuun, respectively, and ūuun,uuun satisfy (2.12).

Let wwwn = ūuun − uuun, we then see, from the mean-value theorem, that

(I + kn(Dn − Un − Ln))wwwn = kn(Fu(ξξξn, ηηηn)wwwn + Fv(ξξξn, ηηηn)(q ∗wwwn))

= kn(Fu(ξξξn, ηηηn) + Fv(ξξξn, ηηηn)Qn)wwwn,
(3.8)

where (ξξξn, ηηηn) is an intermediate value in U×V and Qn is similar to that in (2.6). Set

Sn := I + kn[Dn − Un − Ln − Fu(ξξξn, ηηηn)− Fv(ξξξn, ηηηn)Qn],

the relation (3.8) is then equivalent to Snwwwn = 0 for n ∈ N
+. Now we prove that wwwn = 0 (n ∈ N

+) as follows.

Let Sn := (sij), i, j = 1, 2, · · · ,M . Then by (3.8), uuun ∈ (ûuun, ǔuun) and uuun+1 ∈ (ûuun+1, ǔuun+1), we easily see

from (3.4) and (3.5), together with the hypothesis (H) and the condition kn(mn +Mn) < 1 that the inverse

matrix S−1
n of the matrix Sn exists and is a positive matrix (cf. [33,36]). Thus wwwn = 0, that is, ūuun = uuun =: uuu∗

n

which the existence of the solution is gotten.

As for the unique property of the solutions, since uuu∗

0 := uuu0 = ϕ with uuu0 ≤ uuu∗

0 ≤ ūuu0, Theorem 3.2 ensures

that the sequences {uuu
(m)
1 }, {ūuu

(m)
1 } converge monotonically to their respective limits uuu1 and ūuu1 and that satisfy

(2.12) when n = 1, and the above argument for n = 1 shows that uuu1 = ūuu1 which the common value is the

unique solution of (2.12) as n = 1 and is denoted by uuu∗

1. Knowing the solution uuu∗

1 with uuu1 ≤ uuu∗

1 ≤ ūuu1, the

same reasoning shows that the sequences {uuu
(m)
2 }, {ūuu

(m)
2 } converge monotonically to a unique solution uuu∗

2 with

uuu2 ≤ uuu∗

2 ≤ ūuu2. Continuing the same process leads to the uniqueness of the solution of Theorem 3.3. �

Remark 3.3 From the proof of Theorem 3.3 we see that the condition kn(mn +Mn) < 1 for the reversibility

of guarantee matrix Sn can be replaced by

det
(

I + kn[Dn − Un − Ln − Fu(ξξξn, ηηηn)− Fv(ξξξn, ηηηn)Qn]
)

6= 0, (ξξξn, ηηηn) ∈ U×V. (3.9)

Thus one gets

Theorem 3.4 Let the hypothesis (H) and (3.9) hold. If ǔuun, ûuun are a pair of ordered upper and lower solutions

of (2.12). Then the conclusion of Theorem 3.3 holds.
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4 Stability analysis of the Gauss-Seidel type monotone iteration

algorithm

In order to ensure the consistency between the previously proposed Gauss Seidel monotone iterative algorithm

and the original reaction-diffusion problem, this section focuses on the stability analysis between the monotone

iterative algorithm and the original reaction-diffusion problem. Now the compatible convergence will be

discussed first in following subsection 4.1.

4.1 Compatible convergence

To study the compatible convergence, i.e., the convergence of the mini-max solutions of problem (2.12) to the

corresponding mini-max solutions of problem (1.1) as the mesh size decreases to zero. We assume that a pair

of ordered upper and lower solutions ǔ := ǔ(x, t), û := û(x, t) of problem (1.1) exist, and that for any ε > 0

there exists δ > 0 such that for every (xi, tn) ∈ Λ̄,

|ǔ(xi, tn)− ǔi,n| < ε, |û(xi, tn)− ûi,n| < ε, as kn + |h|2 < δ, (4.1)

where kn = tn− tn−1 is the time increment in the t-direction and h is the spatial mesh width in the meshing of

domain. If we assume that kn/|h|
2 remains finite as kn → 0 and |h| → 0, and denote by {u(x, t), ū(x, t)} and

{ui,n, ūi,n} the respective mini-max solutions of (1.1) and (2.12), in which ūi,0 := ū(xi, 0) and ui,0 := u(xi, 0).

Then the compatible convergency is derived as follows.

Theorem 4.1 Let the hypotheses (H) and condition (4.1) hold, and {ǔ(x, t), û(x, t)}, {ǔi,n, ûi,n} be pairs of

ordered upper and lower solutions of (1.1) and (2.12), respectively. Then ūi,n and ui,n converge to ū(x, t) and

u(x, t) on Λ̄, respectively, as kn + |h|2 tends to 0.

Proof Consider the following problem

{

Gnwwwn = wwwn−1 + kn((Un +ΓΓΓn)wwwn + Fn(wwwn, (q ∗wwwn))), n ∈ N
+,

www0 = uuu0.
(4.2)

Denoting by ǔuun and ûuun the ordered upper and lower solutions sequences of (4.2), then problem (4.2) has a

unique solution wwwn from the existence uniqueness theorem for initial-value problems. It is clear that from

the unique property of the solution that wwwn = ūuun if uuu0 = ūuu0 and wwwn = uuun if uuu0 = uuu0 since ūuun if uuun satisfy

(4.2). Similarly, by considering w := w(x, t) as the solution of the problem (1.1) with the initial condition

u(x, 0) := w0(x), the same reasoning shows that w(x, t) = ū(x, t) if w(x, 0) = ū(x, 0) and w(x, t) = u(x, t) if

w(x, 0) = u(x, 0). As for the convergence of ūi,n to w̄(x, t) and wi,n to u(x, t) are directly from the convergence

theorem in [28] for parabolic initial-value problems. �

4.2 Stability analysis

Since the rounding error and possible initial error of Gauss-Seidel type monotone iteration may lead to the

error accumulation between the true solution and the mth iteration of the computation. Thus we have to

discuss the stability on the computed mth iteration and the theoretical mth iteration. To do this problems, it

suffices to consider the problem (2.12) for n = 1, 2, . . . , S. Denote by {vvv
(m)
n }, {vvv(m)

n } the computed min-max

sequences, respectively, and consider (vvv
(m)
n ,uuu

(m)
n ,uuun) as either (vvv

(m)
n ,uuu(m)

n ,uuun) or (vvv
(m)
n ,uuu

(m)
n ,uuun). In order to

avoid complexity we assume that An = A is independent of n, Dn = aI, i.e., the diagonal elements a
(n)
ii of A
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are equal to a for all i, and choose kn = k, κi,n = κ for all (i, n). This implies that Γn = κI and the matrix

Gn in (2.11) is independent of n. The above assumption can be satisfied if the coefficients of L and B are all

independent of t.

Now we let εεε
(m)
n be the error of the computed mth iteration vvv

(m)
n such that vvv

(m)
n satisfies the equality

Gnvvv
(m)
n = vvv

(m−1)
n−1 + k{(U +ΓΓΓ)vvv(m−1)

n + Fn(vvv
(m−1)
n , (q ∗ vvv)(m−1)

n )}+ εεε(m)
n , (4.3)

and let exist a constant vector εεε∗ = (ε∗, · · · , ε∗) ∈ R
d such that

|εεε(m)
n | ≤ |εεε∗| := |ε∗|+ · · ·+ |ε∗|, m ∈ N

+, n = 1, 2, · · · , S. (4.4)

Setting rn = (1 + k(a + κ + σn − ε))/(1 + k(κ + a)) and using a method similar to [29], we then have the

estimates of the Gauss-Seidel type monotone iterative errors as follows.

Theorem 4.2 Let the hypothesis (H) hold, and let uuu
(m)
n , vvv

(m)
n be the theoretical and computed iterations

obtained from (2.13), and |vvv
(0)
n − uuu

(0)
n | ≤ |εεε

(0)
n |. Assume that An = A, kn = k, κi,n = κ,Dn = aI. Then there

exists a norm in R
d such that

‖vvv(m)
n − uuu(m)

n ‖ ≤ (1 + rn + r2n + · · ·+ rmn )‖εεε∗‖. (4.5)

If, in addition, σn ≤ 0, then rn < 1 and

lim
m→∞

‖vvv(m)
n − uuun‖ ≤ (1− rn)

−1‖εεε∗‖, n = 1, 2, · · · , S. (4.6)

Proof Since vvv
(m)
n satisfies (4.3), a subtraction of (2.13) from (4.3) shows that the vector εεε

(m)
n := vvv

(m)
n − uuu

(m)
n

satisfies the following equality

Gnεεε
(m)
n = εεε

(m−1)
n−1 + k{(U +ΓΓΓ)εεε(m−1)

n + Fn(vvv
(m−1)
n , (q ∗ vvv)(m−1)

n )− Fn(uuu
(m−1)
n , (q ∗ uuu)(m−1)

n )}+ εεε(m)
n .

Now by using the mean-value theorem the above equality becomes

Gnεεε
(m)
n =εεε

(m−1)
n−1 + k(U +ΓΓΓ)εεε(m−1)

n + k{
∂Fn

∂u
(ξξξ(m−1)

n , (q ∗ ξξξ)(m−1)
n )

+
∂Fn

∂v
(ξξξ(m−1)

n , (q ∗ ξξξ)(m−1)
n )Qn}εεε

(m−1)
n + εεε(m)

n ,

where v := (q ∗ uuu)
(m−1)
n , ξξξ(m−1)

n and (q ∗ ξξξ)
(m−1)
n are, respectively, intermediate values between vvv

(m−1)
n and

uuu
(m−1)
n and between (q ∗ vvv)

(m−1)
n and (q ∗ uuu)

(m−1)
n . Set

σn := max
{∂Fi,n

∂u
+

∂Fi,n

∂v
Qn : ûi,n ≤ ui,n ≤ ǔi,n, v̂i,n ≤ vi,n ≤ v̌i,n

}

, i = 1, 2, · · · ,M,

where Fi,n = Fi,n(ui,n, vi,n). Since κ+ σn ≥ 0, by the nonnegative property of G−1,Γ, and U , one gets

|εεε(m)
n | ≤ G−1

(

|εεε
(m−1)
n−1 |+ k|U + (κ+ σn)I||εεε

(m−1)
n |+ |εεε(m)

n |
)

.

It is known that

ρ(G−1) ≤ d−1, ρ(G−1U) ≤ ad−1,
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where ρ(G−1) is the spectral radius of G−1 (cf. [28]), and d = 1+ k(a+ κ). By (2.11) and the hypothesis (H),

ρ(G−1) ≤ d−1 ≤ 1. This implies that for a sufficiently small ε > 0 there exists a matrix norm and vector norm

‖ · ‖ in R
d independent of n, such that (cf. [37, 38])

‖εεε(m)
n ‖ ≤ d−1

(

‖εεε
(m−1)
n−1 ‖+ k(a+ κ+ σn − ε)‖εεε(m−1)

n ‖+ ‖εεε∗‖
)

= d−1
(

‖εεε
(m−1)
n−1 ‖+ bn‖εεε

(m−1)
n ‖

)

+ ‖εεε∗‖,
(4.7)

where bn := k(a+κ+σn− ε) is used. It is clear from (4.4), (4.7) and the hypothesis |εεε
(0)
n | ≤ |εεε

(0)
n | ≤ ‖εεε∗‖ that

‖εεε(1)n ‖ ≤ d−1
(

‖εεε
(0)
n−1‖+ bn‖εεε

(0)
n ‖

)

+ ‖εεε∗‖ ≤ (rn + 1)‖εεε∗‖,

‖εεε(2)n ‖ ≤ d−1
(

‖εεε
(1)
n−1‖+ bn‖εεε

(1)
n ‖

)

+ ‖εεε∗‖ ≤ (r2n + rn + 1)‖εεε∗‖,

· · · · · · ,

‖εεε(m)
n ‖ ≤ (rmn + · · ·+ r2n + rn + 1)‖εεε∗‖

that the estimates (4.5) holds, here rn = (1 + k(a + κ + σn − ε))/(1 + k(κ + a)) is used. It is obvious that

rn < 1 if σn ≤ 0. Since also

‖vvv(m)
n − uuun‖ ≤ ‖vvv(m)

n − uuu(m)
n ‖+ ‖uuu(m)

n − uuun‖. (4.8)

Thus the inequalities (4.6) follows from (4.5) and the convergence of uuu
(m)
n to uuun. The proof is completed. �

5 Numerical simulation

This section aims to simulate the effectiveness and applicability of the Gauss-Seidel type monotone iterative

algorithm introduced in section 2. We now consider a simple model involving Michael-Menton type arising

from the enzyme-substrate reactions model (cf. [32]) as shown below.










ut − uxx = −u+ 2 exp(−t), (x, t) ∈ (0, 1)× (0, 1),

u(0, t) = u(1, t) = 0, t ∈ (0, 1),

u(x, 0) = x(1− x), x ∈ (0, 1).

(5.1)

It is obvious that problem (5.1) is a special case of (1.1) with Ω = (0, 1), D = 1, vvv = 0, α = 0, β = 1,

q(x, x′, t) = 0, f(x, t, u, q ∗ u) = −u + 2 exp(−t) and g(x, t, u) = 0. The function u(x, t) = x(1 − x) exp(−t)

is an analytic solution of (5.1). Using Gn in (2.11) and selecting a constant step length h = kn = 0.05 in the

spatial and time directions, when the initial iteration is the upper solution or the lower solution (see [2]), the

monotonic sequence of Gauss-Seidel type iteration governed by (2.13) can be computed by Thomas algorithm,

but it can be easily computed with Matlab here. It is clear that ǔuu = ūuu0 = (2, 2, · · · , 2)T , ûuu = uuu0 = (0, · · · , 0)T

are a pair of ordered upper and lower solutions, and the function κi,n in (2.9) may be chosen as κi,n = 1.

Now by uuu
(0)
n = ūuu0 and uuu

(0)
n = uuu0 as the respective initial iteration in the iteration process (2.13), we can

easily compute the Gauss-Seidel type monotone iteration values of the upper and lower solution sequences at

t ∈ [0, 1].

For example, the iterative data lists and iterative solution curves of the upper and lower solution sequences

at t = 0.05 drawn by Gauss-Seidel type monotone iterative algorithm are shown in Tab.1 and Fig.1, respectively.

From the table and figure, we can see that for the upper solution sequences and the lower solution sequences,

the number of iterations when t = 0.05 is 13, and it is observed that in each case, the first few iterations give

a relatively good approximation of the true solution.
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Tab.1: Values of the upper-lower solutions at t = 0.05 Fig.1: Curves of the lower-upper solution sequences at t = 0.05
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