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Abstract

We investigate the single-photon transport properties in a hybrid waveguide quantum electrodynamics

system, in which a one-dimensional waveguide is simultaneously coupled to a cavity and a driven Λ-type

three-level atom. The cavity and the atom are also coupled to each other. We show that when the waveguide

is coupled to the cavity and the atom at the same point, double electromagnetically induced transparency

(EIT) can be observed from the system. The physical mechanism of the double EIT effect has been given by

setting up the eigenstate structure for the whole system. When the waveguide is coupled to the cavity and

the atom at different points, we demonstrate that the single-photon transmission spectra can be effectively

controlled by adjusting the relative separation between the cavity and the atom. Moreover, this non-zero

relative separation can lead to the occurrence of the controllable nonreciprocal scattering effect. These

results have potential applications in realization of photonic coherent control.

PACS numbers:
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I. INTRODUCTION

Single photons are considered as one of ideal carriers for quantum information, therefore, how

to obtain the ability to control and manipulate single photon transport in quantum information pro-

cessing has been an important issue. Recently, controllable single-photon transport schemes based

on the coupling between a one-dimensional (1D) waveguide and emitters, known as waveguide

quantum electrodynamics (QED), have been investigated widely both in theory [1-25] and exper-

iment [26-37]. In waveguide QED systems, the emitters serving as quantum nodes, can act as

either perfect mirrors reflecting optical fields, or transparency mediums allowing photons to trans-

mit. Many quantum systems can be regarded as the emitters, such as two- or multi-level atoms,

quantum dots and cavities containing an atom. The waveguide serves as a quantum channel, which

can guide photons to transport along the selected directions. In addition, due to the controllable

light-matter interaction, many interesting quantum effects have been revealed in the waveguide

QED systems, such as dressed or bound states [38-43], single-photon device [1,2,8-10], many

body physics [44,45] and long-range quantum information transfer [46-50].

Compared with various waveguide QED systems, the system combining a cavity QED or a

hybrid optomechanics with waveguide has shown more advantages in the aspect of controlling

single-photon transport [13,18,22-24]. For example, the nonreciprocal scattering effect have been

realized in a 1D waveguide coupled to a cavity QED system [24]. Yang et al. investigated the

properties of the single-photon routing in a system composed of two waveguides and two coupled

cavities interacting with a two-level system. They showed that the single-photon scattering depend

strongly on the phase difference between the coupling constants, and the routing properties can

be switched on or off by modulating the phase difference [23]. Qiao studied the single-photon

transport in a 1D waveguide side coupled to a quadratic optomechanical system. They observed

Rabi-splitting-like or an electromagnetically induced transparency (EIT)-like phenomenon from

the single-photon transmission spectra [18]. Therefore, studying transport properties in hybrid

waveguide QED systems are very interesting and useful.

Motivated by those important works mentioned above, in the present work, we investigate

theoretically the single-photon transport in a 1D waveguide coupled to a cavity-EIT system [51], in

which a cavity contains a Λ-type three-level atom. As shown in Fig. 1, depending on the available

physical realization, the cavity and the three-level atom can couple to this waveguide at one or

two different points. Here, we analyze the photon transmission spectra under the two different
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cases. Our numerical results show that when the cavity and the atom locate at the same point

of the waveguide, an analogous double EIT can be observed from the single-photon spectra. The

effects of parameters like the atom-waveguide, the atom-cavity and the cavity-waveguide coupling

strengths as well as the detuning between the atom and the cavity on the transmission behavior are

studied with more detail; when they locate at different points of the waveguide, the transmission

properties can be effectively modified by the relative separation x0 between the cavity and the

three-level atom. Moreover, under this non-zero relative separation condition, the time-reversal

symmetry is naturally broken, which leads to a controllable nonreciprocal scattering.

The paper is organized as follows: in section II, we present the theoretical model and derive

the transmission amplitude of the single-photon. In section III, the properties of the single-photon

transmission are discussed in more detail under the two different conditions x0 = 0 and x0 ̸= 0. In

section IV, for the case of x0 ̸= 0, we demonstrate that the nonreciprocity scattering effect can be

achieved. Finally, we conclude our work in section V.

II. MODEL

 0x = 0
x    x=

  

 g
 f

 e

g f

 J Ω

FIG. 1: Schematic configuration of the coupling system. A cavity and a Λ-type three-level atom are coupled

to a 1D waveguide at the points x = 0 and x = x0 through the coupling strengths g and f , respectively. They

are also directly coupled to each other through the coupling strength J.

The system we considered is illustrated in Fig. 1, where a 1D waveguide is coupled to a cavity

and a Λ-type three-level atom simultaneously with corresponding coupling strengths g and f . The
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cavity and the atom are also coupled to each other through the coupling strength J. The position

of the cavity and the emitter are located at x = 0 and x = x0, respectively. Note that the cavity

and the three-level atom serve as two quantum nodes, which can be equivalently replaced by other

quantum setups, such as whispering gallery mode resonators, solid spins, or transmon qubits, etc.

As shown in Fig. 1, the atom is characterized by the excited state |e⟩, metastable state | f ⟩ and

ground state |g⟩. The Hamiltonian of the whole system can be written as H = Hw+Hae+V . Here,

Hw describes the propagation of the photon in the waveguide, which can be expressed as

Hw =
∫

dx{−iυgc
†
R(x)

dcR(x)

dx
+ iυgc

†
L(x)

dcL(x)

dx
}, (1)

where υg is the group velocity of the photons. c
†
R(x) (cR(x)) and c

†
L(x) (cL(x)) are the bosonic

creation (annihilation) operators of the right- and left-going photons at position x, respectively.

The second term Hae denotes the Hamiltonian of the cavity-atom system,

Hae = ωaa†a+ωe|e⟩⟨e|+ω f | f ⟩⟨ f |+Ω(σe f e−iωdt +σ f eeiωdt)+ J(aσeg +a†σge), (2)

where a and a† are the photon creation and annihilation operators of the single mode cavity with

frequency ωa. σe f = (σ f e)
† is the transition operator between states |e⟩ and | f ⟩. ωe and ω f are

the frequencies of the states |e⟩ and | f ⟩, respectively. The classical control field with strength Ω

and frequency ωd is used to induce the transition between |e⟩ and | f ⟩. In the rotating frame, Hae

can be written as the time independent form

H̃ae = ωaa†a+ωe|e⟩⟨e|+δ | f ⟩⟨ f |+Ω(σ f e +σe f )+ J(aσeg +a†σge), (3)

with δ = ω f +ωd .

The third term V in Hamiltonian H represents the waveguide-cavity and the waveguide-atom

interactions. The detailed expressions are described as follows:

V = g

∫

dxδ (x){[c†
R(x)+ c

†
L(x)]a+H.c.}+ f

∫

dxδ (x− x0){[c†
R(x)+ c

†
L(x)]σge +H.c.}. (4)

In the single-excitation subspace, the eigenstate of the system can be written as

|Ek⟩=
∫

dx[φR(x)c
†
R(x)+φL(x)c

†
L(x)]|ø,0a,g⟩+µa|ø,1a,g⟩+µe|ø,0a,e⟩+µ f |ø,0a, f ⟩, (5)

where |ø,ma,n⟩ (m = 0,1;n = e,g, f ) represents that the waveguide is in the vacuum state while

the cavity and atom are in the states |ma⟩ and |n⟩, respectively. φR(x) and φL(x) are the single-

photon wave function of the right-going and left-going modes in the waveguide. µa, µe and µ f
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are the excitation amplitudes of the cavity field, the three-level atom in the excited state |e⟩ and

metastable state | f ⟩, respectively. Solving the stationary Schrödinger equation H|Ek⟩= E|Ek⟩, the

series of coupled equations can be obtained as follows:

−iυg
dφR(x)

dx
+gµaδ (x)+ f µeδ (x− x0) = EφR(x), (6)

iυg
dφL(x)

dx
+gµaδ (x)+ f µeδ (x− x0) = EφL(x), (7)

ωeµe +Ωµ f + Jµa + f [φR(x0)+φL(x0)] = Eµe, (8)

ωaµa + Jµe +g[φR(0)+φL(0)] = Eµe, (9)

δ µ f +Ωµe = Eµ f . (10)

We now consider the transport behavior when a single photon with wave vector k is incident

from the left side of the waveguide. In this case, the wave functions φR(x) and φL(x) can be written

as

φR(x) = eikx{θ(−x)+A[θ(x)−θ(x− x0)]+ tθ(x− x0)}, (11)

φL(x) = e−ikx{rθ(−x)+B[θ(x)−θ(x− x0)]}, (12)

with

θ(x) =























1 x > 0

0 x = 0.

1
2

x < 0

(13)

Here, the photon propagates from the regime of x < 0, which will experience reflection and trans-

mission when it arrives at the connecting point x = 0 and x = x0, respectively. We use r (B) and A

(t) to represent the reflection and transmission coefficients of the photon at x = 0 (x = x0). θ(x)

shown in Eq. (13) is a step function. Combing Eqs. (6-10) with Eqs. (11-13), we obtain the

transmission amplitude t as

t =
υ2

g (J
2 −∆e∆a)+2υgJg f sin(kx0)

υ2
g (J

2 −∆e∆a)− iυg( f 2∆a +g2∆e)−2i f geikx0( f gsin(kx0)+ Jυg)
, (14)

in which ∆e = ∆− Ω2

∆ f
, ∆ = E −ωe, ∆a = E −ωa and ∆ f = E − δ . Based on Eq. (14), if we set

Ω = 0 and ωe = ωa, the three-level atom is equivalent to a two-level emitter, then we can recover

the results given in Ref. [24].
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III. SINGLE-PHOTON TRANSMISSION
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FIG. 2: The transmission rate T as a function of ∆ with ωe = ωa = υg, δ = 0.5υg, ωd = 0.5υg.

Other parameters are set as follows: {g, f ,J,Ω = 0.3,0.0,0.0,0.0}υg, {g, f ,J,Ω = 0.0,0.4,0.0,0.5}υg,

{g, f ,J,Ω = 0.3,0.0,0.1,0.5}υg, {g, f ,J,Ω = 0.3,0.4,0.1,0.5}υg and {g, f ,J,Ω = 0.3,0.8,0.1,0.5}υg for

(a), (b), (c), (d) and (e), respectively.

In this section, we first study the single-photon transmission properties under the situation of

x0 = 0, which means that the waveguide are coupled to the cavity and the atom at the same point.

Then, the result shown in Eq. (14) turns out to be

t =
υ2

g (J
2 −∆e∆a)

υ2
g (J

2 −∆e∆a)− iυg( f 2∆a +g2∆e)−2iυgg f J
. (15)

The transmission rate T = |t|2 are plotted as a function of the detuning ∆ between the incident

photon and the atom. This hybrid waveguide QED system can be detached into two kinds of

simpler models, that is, the waveguide is only coupled to the cavity or the three-level atom. For the

waveguide-cavity coupling case, as shown in Fig. 2(a), when the incident photon is resonant with

the cavity, the perfect reflection (T = 0) can be induced by the destructive quantum interference

between the incoming photon and the reemitted photon by the cavity. Here, we have set ωe =

ωa, thus ∆ can also represent the detuning between the waveguide and the cavity. The same

phenomenon can be observed if the cavity is replaced by a two-level emitter. For the waveguide-

atom coupling case, as shown in Fig. 2(b), there is a transparency window located at ∆ = 0.
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This phenomenon is similar with the traditional EIT. Here, the waveguide serves as a bath for the

atom. Under the two-photon resonance condition ∆ = ∆ f , the control field applied to the three-

level atom can induce the transition between the states | f ⟩ ↔ |e⟩, leading to two dressed states

|±⟩ = 1√
2
(|e⟩ ± | f ⟩) with energies shifted by ±Ω, which effectively decay to the same ground

state. This would result in a transparency window in the transmission spectra. In Fig. 2(c-e), we

investigate more complicate case in which the waveguide is simultaneously coupled to the cavity

and the atom at the same point. It’s shown that the transmission spectra are characterized by double

EIT. Moreover, by tuning the additional coupling strength f between the waveguide and the atom,

the position and the width of the two transmission peaks can be effectively adjusted; while, the

location of the three absorption dips keep unchanged.

−1.5 −1 −0.5 0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

1

∆/υ
g

T

(a)

 

 

J=0.2

J=0.5

J=0.8

−1 −0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

∆/υ
g

T

(b)

 

 

g=0.2

g=0.6

g=1.0

FIG. 3: The transmission rate T as a function of ∆ for different (a) the cavity-atom coupling strength

J and (b) the waveguide-cavity coupling strength g. Here, we set {g, f ,Ω = 0.3,0.4,0.5}υg, { f ,J,Ω =

0.4,0.1,0.5}υg for (a) and (b), respectively. Other parameters are the same as that in Fig. 2.

Obviously, the cavity-atom and the waveguide-cavity coupling strengths are also important

factors affecting the single-photon transmission properties. Figure 3 shows the transmission rate

against the detuning ∆ with different J and g. It’s shown that with increasing of J and g, the

symmetry of the transmission spectra can be broken. Moreover, by comparing Fig. 3(a) and Fig.

3(b), we find that except for the absorption dip located at ∆ = 0, the position of the other two

absorption dips are shifted for different J, but are unchanged for different g. Meanwhile, the two

transparency windows shown in Fig. 3(a) and Fig. 3(b) can be effectively adjusted by changing J

and g.
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FIG. 4: (a) The energy-level diagram of the cavity-atom system in the single-excitation subspace; (b) the

dressed energy structure of the cavity-atom system.

The phenomena mentioned above can be explained by using the energy level diagram of the

cavity-atom system shown in Fig. 4. As shown in Fig. 4(a), the photon in waveguide will induce

the transition between the states |0,g⟩ and |1,g⟩ or between the states |0,g⟩ and the two dressed

states |0,±⟩ through the waveguide-cavity or atom coupling, while the transitions between |1,g⟩
and |0,±⟩ can be induced by the direct cavity-atom coupling. In this cavity-EIT system, the

Hamiltonian H̃ae can be rewritten in the new basis {|1,g⟩, |0,±⟩}, which yields the following

three eigenstates

|ψ±⟩= ℵ±[|1,g⟩+ J√
2J(

√
Ω2 + J2 ∓Ω)

|0,+⟩− J√
2J(

√
Ω2 + J2 ±Ω)

|0,−⟩],

|ψ0⟩= ℵ0[|1,g⟩− J√
2Ω

(|0,+⟩+ |0,−⟩)],
(16)

where ℵ0,± are the normalization factors. The corresponding eigenvalues are ω±=ωe±
√

J2 +Ω2

and ω0 = ωe, respectively. Similar to the cavity EIT system, these eigenstates compose an anhar-

monic ladder structure as shown in Fig. 4(b). When the incident photon is absorbed into this

cavity-atom system, the three transitions from |0,g⟩ to |ψ±⟩ and |ψ0⟩ can be induced. Then, the

absorbed photon will be reemitted through the interaction between the cavity-atom system and the

waveguide, and propagates to the left and right sides of the waveguide. Whenever the incident

photon is resonant with the three-dressed states in the single-excitation subspace, the destructive

interference between directly transmitted photon and this right-going reemitted photons can lead

to perfect reflection. According to our theoretical analysis, the complete reflection (T=0) should

occur at ∆ = ±
√

J2 +Ω2 and ∆ = 0, respectively. This agrees well with our numerical results

shown in Fig. 2(c-e) and Fig. 3.
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FIG. 5: The transmission rate T as a function of ∆ for different detunings between the cavity and the atom.

Other parameters are the same as that in Fig. 2.

It’s worthy to indicate that the three eigenvalues are obtained under the condition ωe = ωa = δ

or ∆ = ∆a = ∆ f . In general cases, the expression of the eigenvalues depends not only on the

cavity-atom coupling strength J and the Rabi frequency of the driving field Ω, but also on the two

detuings between the atom and the cavity or the driving field. The effect of the detuing between

the cavity and the atom on the transmission rate is explored in Fig. 5. It’s clearly shown that for

ωe < ωa (ωe > ωa), the position of the three absorption dips and the two transmission peaks move

towards to the negative (positive) direction along the ∆ axis. More interestingly, if we tune the

cavity-atom detuning from resonance (ωe = ωa) to 0.4υg (ωe = 0.6ωa), the two absorption dips

located at ∆ ∼ 0.5 υg and ∆ = 0 can convert to two transmission peaks (see the blue solid and the

red dot-dashed curves). Thus, the single-photon switch from absorption to transmission can be

realized by controlling the cavity-atom detuning. Similar conclusion can be obtained by changing

ωd , therefore, we wouldn’t discuss the non-resonant driving case, i.e., δ ̸= ωe.

In the following parts, we focus on the case x0 ̸= 0. For convenience, we still set ωe = ωa = δ ,

based on Eq. (14), the complete reflection occurs when

E = ωe, E± =±
√

υg(J2 +Ω2)+2g f J sin(kx0)

υg

. (17)

Note that the term kx0 in Eq. (17) functions like the accumulated phase as the travelling photon
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moves from one coupling point to the other. The modification of the relative position x0 on the

single-photon transmission is investigated in Fig. 6. As shown in Fig. 6(a), the degree of the

transparency denoted by the height of the two peaks become small by changing x0. In order

to reveal more information about the effect of the relative position on the transmission, we plot

T as a function of the detuning ∆ and x0 in Fig. 6(b). As shown in Fig. 6(b), the transmission

spectra are characterized by three narrow transmission valleys (T ≃ 0) and two transmission peaks

between them. Depending on different x0, the width of the three absorption valleys can be slightly

modulated and the height of the two peaks can be enhanced or suppressed. This position-dependent

effect can be explained based on Eq. (17), in which E± is not exactly equal to the corresponding

dressed state energy ω± of the Hamiltonian H̃ae. As shown in Eq. (17), E± has been slightly

modulated by x0. As a result, the photon transmission shows a phase modulation in the terms of

x0.
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FIG. 6: (a) The transmission rate T as a function of ∆ for different x0. The blue solid, red dot-dashed and

olive dashed curves correspond to x0 = 0, x0 = 1 and x0 = 2, respectively; (b) The transmission rate T as a

function of E and x0. The parameters are set as {g, f ,J,Ω = 0.3,0.4,0.1,0.5}υg. Other parameters are the

same as that in Fig. 2.
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IV. NONRECIPROCAL BEHAVIOR OF THE SYSTEM
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FIG. 7: The transmission rate T L→R and T R→L as a function of ∆/υg for different ωe. Here, we set

{g, f ,J,Ω = 0.8,0.8,0.1,0.5}υg and x0 = 0.3. Other parameters are the same as that in Fig. 2. The blue

solid and red dot-dashed curves represent the transmission rates T L→R and T R→L, respectively.

Due to the potential applications in quantum information processing, the nonreciprocal trans-

mission has been widely studied in waveguide QED systems. For example, Ref. [24] reported

that when a 1D waveguide is coupled to a two-level emitter-cavity interacting system, by control-

ling the phase difference between the emitter and the cavity, the nonreciprocal phenomenon can

be realized. It’s natural to ask when we use a Λ-type three-level emitter instead of the two-level

emitter in the above system and ignore the effect of the phase difference on the transmission spec-

tra, whether such kind of nonreciprocal behavior can still be obtained. In order to answer this

question, we plot the single photon transmission rate T L→R and T R→L as a function of E/υg in

Fig. 7. Here, T L→R (T R→L) describes the transmission rate when the incident photons propagate

from left (right) to right (left). The transmission rate T R→L can be calculated by defining a new

transmission amplitude t ′. The expression of t ′ can be obtained by changing x0 in Eq. (14) to −x0,

which gives

t ′ =
υ2

g (J
2 −∆e∆a)−2υgJg f sin(kx0)

υ2
g (J

2 −∆e∆a)− iυg( f 2∆a +g2∆e)+2i f ge−ikx0( f gsin(kx0)− Jυg)
. (18)

Figure 7 clearly shows that for both resonant and non-resonant cases, T L→R can be larger or

smaller than T R→L depending on different incident photon frequency.
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FIG. 8: The isolation rate I as a function of x0 for different ∆. Here, we consider the resonance case

ωe = ωa = δ =υg. Other parameters are the same as that in Fig. 7.

In addition, as we mentioned above, the transmission rate can be affected by the relative dis-

tance x0. Therefore, the nonreciprocal scattering effect can also be controlled by adjusting x0. In

order to clearly present how the incident photon frequency and x0 affect the nonreciprocal behavior

of the system, we define the isolation ratio I as

I(dB) =−10log
TR→L

TL→R

10 , (19)

which is plotted as a function of x0 in Fig. 8. It’s shown that when ∆ = 0.4υg and ∆ = 0.55υg, the

absolute values of isolation ratio can reach as high as |I|= 67 dB and |I|= 58 dB at x0 ≃ 0.64 and

x0 ≃ 0.22, respectively. Therefore, a controllable single-photon nonreciprocal transmission can be

achieved in our system. The physical reason behind the single-photon nonreciprocal transmission

is that when we rewrite the Hamiltonian in the momentum space and change i to -i, the expression

of the Hamiltonian cannot keep the original form. In other words, when the cavity and the emitter

is located at different points of the waveguide, the time-reversal symmetry cannot maintain, which

leads to the single-photon nonreciprocal transmission. It’s worthy to point out that only when the

coupling strength g and f are strong, the nonreciprocal effect is obvious. This is different from

the two-level emitter case as shown in Ref. [24], in which the nonreciprocal scattering behavior is

strong even g and f are weak.
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V. CONCLUSION

In conclusion, we investigated the single-photon scattering in a 1D waveguide which is simul-

taneously coupled to a single cavity and a driven Λ-type three-level atom. The atom acts as a

quantum node and is directly coupled the cavity as well. We showed that when the waveguide is

coupled to the cavity-atom system at the same point, the double EIT phenomenon can be observed

from the single-photon transmission spectra. In order to give an explicit explanation of the double

EIT, we set up the eigenstate structure for the system. Moreover, the effects of the waveguide-

cavity or atom, the cavity-emitter coupling strengths, and the detuning between the cavity and

the atom on the singe photon properties are discussed in more detail. When the waveguide is

coupled to the cavity and the atom at different points, we demonstrate that the properties of the

single-photon transmission present position-modulated effect. In particular, we have shown that

the controllable nonreciprocal scattering can be realized by adjusting the incident photon frequen-

cy and the relative separation x0 between the cavity and the atom. These results can be applied to

realize photonic coherent control in waveguide systems.
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