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Abstract

A study on the shear model uncertainty and structural reliability of ultra high-

performance fibre reinforced concrete (UHPFRC) beams with stirrups is pre-

sented. Model factors for the shear models given in the JSCE, AFGC and

ACI 544 standards are characterised by comparison to non-linear finite element

analyses (NLFEA). In comparison to other shear basic parameters, a notable

negative correlation between model factors and product of the shear reinforce-

ment ratio and strength (ρwfywm) is observed and therefore, care should be

taken with respect to this variable when deriving partial resistance factors for

UHPFRC beams with stirrups. When combined with stochastic descriptions of

the remaining parameters that describe these analytical models, reliability val-

ues for beams designed to the JSCE and AFGC specifications are found to fall

9%, and 22%, below the target values of these standards, while reliability values

for the ACI 544 agree with the target value specified for this standard, implying

that the partial resistance factor specified for the ACI 544 is appropriate and in

harmony with its presently characterised model factor.

Keywords: Ultra high-performance fibre reinforced concrete; Structural

reliability; UHPFRC shear models; NLFEA; Model uncertainty.

Nomenclature

The list of symbols used in this paper is given in Table 1
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1. Introduction

The addition of more than 1% volume fraction of steel fibres present in ul-

tra high-performance fibre reinforced concrete (UHPFRC) increases the shear

capacity of UHPFRC beams via a mechanism of shear force transfer to fibres

along the critical diagonal shear crack. Incorporation of shear strength contri-

bution provided by steel fibers still remains a key question for the shear design

of UHPFRC beams [1].

The need to account for shear strength contribution of steel fibres has stimu-

lated interest in developing analytical models for calculating the shear capacity

of UHPFRC sections. For example, some studies [2, 3, 4] suggest extension

of conventional concrete shear strength prediction models based on truss-arch,

strut-and-tie, truss and modified compression field theories to UHPFRC and

propose to account for fiber contribution via direct tensile strength of UHPFRC,

by assuming that fibres and the concrete matrix are a homogeneous mix.

It is worth noting that current structural standards on UHPFRC, notably

the Japenese Society of Civil Engineers (JSCE) [5], the Association Francaise de

Génie Civil (AFGC) [6] and the American Concrete Institute (ACI) 544 [7] stan-

dards, also provide shear capacity prediction models based on the overarching

assumption of a homogeneous fibre and concrete matrix.

To understand the fibre contribution to the shear capacity of UHPFRC

beams, experimental [8, 9, 10] and numerical [11, 12, 13] studies compared the

experimentally predicted shear capacity to the shear capacity prediction models

in the current UHPFRC structural codes. Notable differences between exper-

imental and current shear models in predicting shear capacity is indicated in

these experimental and numerical studies.

This discrepancy would be attributed to the limitations in current shear

models to capture uncertainties arising from the inherent randomness and lack

of knowledge concerning fiber content, shape, dimensions, orientation and em-

bendment length in the matrix, into the estimated post-cracking tensile strength

[12]. Therefore, the extent to which the shear resistance factors stipulated in
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current UHPFRC structural codes provide the required levels of safety still need

rigorous assessment and comparison based on lifetime reliability targets [14].

Key to a reasonable reliability-based assessment, is the statistical character-

isation of model uncertainty. According to the Probabilistic Model Code by the

Joint Committee on Structural Safety [15], model uncertainty captures the ran-

dom effects and simplifications in mathematical relations on which the model is

built in order to convey uncertainties related to the models being assessed.

Motivated by the relatively small experimental database of UHPFRC beams

tested to fail in shear, this work considers a methodology similar to the approach

previously followed by the authors [16], to quantify and statistically characterise

model uncertainty in shear resistance prediction models of the JSCE, AFGC and

ACI 544, by comparison to non-linear finite element analyses (NLFEA).

With model uncertainty quantified in the respective shear models, the reliability-

based shear limit state verification of UHPFRC beams with stirrups designed

using each of the analytical models is then considered, with the overall aim of

evaluating the level of safety provided by the candidate models when used for

design.

2. Existing models for predicting shear capacity of UHPFRC mem-

bers

The shear capacity of UHPFRC beams with stirrups is typically computed

as a sum of the shear resistance contribution of the cement matrix Vc, shear re-

inforcement Vs, and steel fibers Vf such that the overall nominal shear resistance

VR is given by,

VR = Vc + Vs + Vf . (1)

The approach taken in estimating each of the contributions as prescribed in

the current UHPFRC structural design codes, notably, the AFGC [6], the JSCE

[5], and the ACI 544 [7] is presented in the following sections.

A review of these models indicate that the AFGC and the JSCE models

account for the shear strength contribution by steel fibres separately from the
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contribution of the cement matrix whereas the ACI544 model accounts for the

contribution by the cement matrix and the steel fibres in a single expression

via the splitting tensile strength of UHPFRC. In addition, unlike the JSCE and

ACI544, the AFGC provides two different tensile material models for UHPFRC

specimens exhibiting strain hardening and softening behaviours, respectively

(see Figure 1).

2.1. AFGC model

The AFGC design guidelines [6] provides the following analytical expressions

to estimate the shear resistance contributions of the cement matrix, shear re-

inforcements, and steel fibers for UHPFRC beams containing at least 2% fibre

volume fraction.

Vc = 0.24 · bw · z
√

fc (2)

Vs =
Aw

s
zfyw cot θ. (3)

Vf =
S · fv
tanβu

(4)

fv =
1

K

1

wlim

∫ wlim

0

σ(w)dw (5)

wlim = max(wu, 0.3 mm) (6)

wu = dc · ϵu (7)

dc =
2

3
h. (8)

The material model used in the AFGC is illustrated in Figure 1. The symbols

used are given in Table 1
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2.2. JSCE model

In a similar manner, the following equations are stipulated by the Japanese

Society of Civil Engineers [5]:

Vc = βd · βp · βn · fvc · bw · d (9)

fvc = 0.20 3

√

fc

βd = min(1.5, 4

√

1/d)

βp = min(1.5, 3

√

100ρl)

βn = min (2.0, 1 +Mo/Md)

Vs =
Aw

s
fywz (sinαs + cosαs) (10)

Vf =
fvbwz

tanβu

(11)

where the symbols in the equations are given in Table 1 and the material model

used by the JSCE standard is illustrated in Figure 1.

2.3. ACI 544 model

Unlike the other models, the ACI 544 [7] extends the shear strength model for

fibre reinforced concrete (FRC) proposed by Sharma [17] to estimate the shear

capacity of UHPFRC beams without stirrups. Therefore, the shear capacity of

UHPFRC beams due to contribution of the cement matrix and steel fibres is

computed using a single expression,

VFRC = Vc + Vf =
2

3
ft

(

d

a

)0.25

bwd (12)

while the contribution of the transverse reinforcements to shear strength is es-

timated using Equation.

Vs =
Aw

s
zfyw cot θ (13)

As before, the material model used by the ACI544 is illustrated in Figure 1;

The list of symbols used are summarised in Table 1
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3. Materials and methods

3.1. Finite element modelling

In this work, NLFEA is used to describe model uncertainty in the existing

analytical models for predicting the shear capacity of UHPFRC beams. The

development and validation of the present NLFEA model is described in this

section before it is used to develop a database for describing model uncertainty.

NLFEA with concrete damage plasticity (CDP) as implemented in Abaqus

[18] was carried out to numerically analyse the shear dominated failure in UH-

PFRC beams. A similar approach was previously used by the authors to model

and analyse UHPFRC failing in flexure [16]. In addition, A recent study [19] fo-

cusing on the numerical analysis of UHPFRC beams in shear followed a similar

approach. Ten different beams with different steel fibre dosage, Df , longitudi-

nal reinforcement ratio, ρl, shear-span to effective depth ratio a/d, and stirrup

spacing s, were considered following the experimental work of Ahmad et. al

[20]. Their experimental program considered five test series (A to E) and for

each test series, two beams were fabricated, one with 1% (e.g. A-1 in test series

A) and the other with 2% (e.g. A-2 in test series A ) steel fibre volume fraction.

The other parameters varied in each test series is the shear and longitudinal

reinforcement ratio (see configuration of test beams in Figure 2) and the shear-

span to effective depth ratio which was set at 1.8 for test series A to C and 2.6

for test series D and E.

3.1.1. Discretisation

The UHPFRC was represented using a mesh of eight-noded linear 3D brick

solid element with reduced integration (C3D8R) based on their capability to

simulate the physical behaviour of UHPFRC beams [19] with possible non-

linearities emanating from the plastic behaviour of UHPFRC under shear load-

ing. Longitudinal and shear reinforcement bars were schematised with two-

noded linear 3D truss elements (T3D2). To avoid stress concentrations and to

simulate the experimental setup of shear tests, supports and loading points were
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provided with 50×100×150 mm steel plates, which were also schematised with

C3D8R element types.

To simulate the four-point bending experimental setup in [20], the model

was constrained by roller and pin boundary conditions at the the left and right

supports, respectively (see Figure 4). Displacement boundary conditions were

applied at the loading plates with respect to the required a/d ratio.

The tie constraint was used to define the contact interaction of the UHPFRC

beam with the four steel plates while embedded region interaction property was

used for the steel reinforcing bar-UHPFRC interaction, for both transverse and

longitudinal reinforcements (see Figure 4). After a careful mesh convergence

study and taking into account node compatibility, a mesh size of 25 mm was

found to be adequate for the UHPFRC matrix, steel plates, longitudinal and

transverse steel reinforcement bars.

3.1.2. Material properties

The elastic parameters of the UHPFRC beams as reported in [20] were repli-

cated in the Abaqus software package (See Table 2). The CDP model available

in Abaqus is used to model the plastic and fracture behaviour of UHPFRC.

The Abaqus CDP model is based on the concept of isotropic damage elasticity

in conjunction with isotropic compressive and tensile plasticity [18]. CDP pa-

rameters used in this work are given in Table 2 and these are adapted from a

previous study [21] that calibrated CDP plasticity parameters for UHPFRC.

The compressive behaviour of UHPFRC for beams was established using

the modified Kent-Park model [22] as defined in Equations while the tensile

behaviour was defined using a model with four-linear curves proposed by Zhang

et.al [23] (see Figure 3). The list of symbols in the models is explained in Table

1.

3.1.3. Validation of NLFEA models

The NLFEA models of the ten beams evaluated in this study are now vali-

dated against their experimental counter-parts as tested and reported by Ahmad
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et. al [20]. The validation was done by comparing the experimental and NLFEA

predicted shear load–deflection capacity.

The shear load-deflection curves for the beams are shown in Figure 5. In

terms of starting stiffness, peak load, and corresponding displacement, a lot of

agreement can clearly be noted. In comparison to the analytical models, the

shear load capacities of the beams obtained using NLFEA are larger and have

superior agreement across all ten beams considered. When compared to test

results, a significant conservative bias in the analytical models in predicting the

shear capacity can be noted.

3.1.4. Comparison of NLFEA to other test beams

Before the present NLFEA model is used in the next section to calibrate

model factors, it is imperative that it is validated against a dataset of available

experimental test results for stirrup-reinforced UHPFRC beams tested under

shear failure. In order to compare the present NLFEA predictions and test

results of beams with different geometry, the experimental results and NLFEA

predicted shear capacities were normalised by the beam’s cross section geometry

(i.e. Vr,NLFEA/bh and Vr,exp/bh, respectively). The a/d ratio and material

properties were appropriately adjusted in the NLFEA models. Table 3 shows a

comparison between normalised experimental, NLFEA and analytical predicted

shear capacities.

It can be noted that the NLFEA predictions were in superior agreement with

experimental results compared to the analytical models. Therefore, the present

NLFEA paradigm may now be used to generate a wide database of UHPFRC

beams for a better assessment of model uncertainty in the analytical models of

JSCE, AFGC and ACI544 standards.

3.2. Calibration of model uncertainty

3.2.1. Compilation of NLFEA database

The NLFEA model developed and validated in Section 3.1 is now used as a

baseline to generate a database of 500 UHPFRC beams with a range of param-
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eters via Abaqus scripting. The different parameters under consideration are

generated stochastically via latin hypercube sampling (LHS) of a multivariate

uniform probability distribution.

A uniform distribution was used to allow a selection of parameters over a

wide range of possible values so that the model factors to be calibrated are

applicable over a broad scope of parameter values (Table 4). The generated

sample was fed into an Abaqus script, which generated 500 Abaqus input files

for each parameter set.

This database of 500 UHPFRC beams contained sets of parameter values

whose values or combination of values yielded systems of non-linear equations

whose convergence could not be guaranteed for the entire step. A careful analysis

of the beams that did not converge revealed unrealistic parameter combinations.

Therefore, the initial database was filtered out and the beams that did not

converge were removed from the database.

A total of 362 UHPFRC beams with realistic parameter combinations was

obtained and following from previous studies ([24, 25]) a database of this size is

considered adequate for the assessment of model factor. The range of parameter

values for the original and filtered databases are provided in Table 4. The

number of beams (n) in the filtered database are plotted against the considered

basic shear parameters to give an overview of their frequency representation

(Figure 6).

It can be observed that after accounting for the parameter combinations

that are unrealistic, the frequency distribution in some of the parameters is no

longer perfectly uniformly distributed.

3.2.2. Quantification of model uncertainty

In general, the present shear capacity predictive models are described using

approximating models. As a result of approximations, there is a degree of bias

and error in the shear capacity predictions, which are represented by the use

of model factors that account for bias and incorporate the error in their overall

uncertainty [15, 26, 27, 25].
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Resistance model uncertainty is typically calibrated by comparison of model

predictions to results reported on physical tests [24]. However, if limited ex-

perimental data is available, robust FE predictions (which accurately track test

results) may be used as an alternative [16] and model uncertainty (also referred

to as model factor) θv of each of the analytical models would then be calibrated

via Equation (14),

VR,FEM = θv · VR,m (14)

where Vr,FEM and Vr,m is the shear resistance estimated by the FEM and

analytical models, respectively, and m ∈ {JSCE,AFGC,ACI544}.

Using the database developed in Section 3.2.1, model factors in the JSCE,

AFGC, and ACI 544 are respectively calibrated using Equation 14.

3.3. Structural reliability

During the last three decades, structural reliability has been extensively

used in structural engineering [16, 28, 29] to provide a measure of the safety

level of structures. In addition, the strong reliability basis of current pro-

visions in structural codes of practice (e.g EN1990:2002 [30]) cannot be ig-

nored. Depending on consequences of failure and considering the ultimate limit

state of shear, these standards identify lifetime target reliability indices (βt) in

the range βt ≈ 3.3 − 4.7, corresponding to failure probabilities in the range

pf ≈ 10−3 − 10−5. Partial factors specified in limit state design standards are

typically calibrated by comparison as quantile ratios relative to these reliability

targets[31].

3.3.1. Limit state function

In this study the reliability of UHPFRC beams with stirrups was considered.

The starting point for structural reliability analysis is the definition of a perfor-

mance function. The performance function describes a set of conditions under

which a structural member would achieve certain performance limits, generally

associated with failure conditions of the structural member.
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In this work, failure of UHPFRC beams is defined when the applied shear

force VE exceeds the shear capacity VR of the UHPFRC beam. Therefore, the

performance function g also known as the limit state function is defined as

follows,

g = θV VR − θEVE (15)

where VE is the load effect, θV is the model uncertainty in the analytical models,

θE is the uncertainty in the load effect and failure is defined for such conditions

that render g < 0.

3.3.2. Stochastic parameters

When conducting reliability analysis, physical parameters in the perfor-

mance function deemed to be stochastic needs to be described as random vari-

ables. This is achieved by specifying for each stochastic parameter, an appropri-

ate probability distribution, a mean value and a coefficient of variation. Table

5 presents the statistics of each of the parameters considered stochastic in this

study.

Generally, it is convenient to combine stochastic parameters in each of the

resistance and load variables (including model uncertainty variables) into an

N -dimensional random vector X ∈ RN described probabilistically by a joint

probability density function (PDF) fX(x), a mean vector and covariance ma-

trix. For the sake of simplicity, the random variables in X are assumed to be

statistically independent so that the product rule can apply when establishing

the statistical properties of the joint PDF.

3.3.3. Reliability methods

The structural reliability of member is usually expressed in terms of its

probability of failure pf , mathematically computed as

pf =

∫

Ωf

fX(x)dx (16)

where Ωf = {X : g(X) ≤ 0} is the failure domain.
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If the joint PDF fX is known, the integral in Equation (16) can computed

via Monte Carlo simulation (MCS) and estimated by the First Order Reliabil-

ity Method (FORM). Extensive details regarding FORM and MCS are widely

discussed in a number of texts [32, 33] and a previous work by the authors [16]

gave salient details on the two methods.

Once the probability of failure is computed, the obtained failure probabil-

ity is then converted into its standard normal equivalent (also known as the

reliability index β) via [34].

β = −Φ
−1(pf ) (17)

where Φ is the standard normal cumulative density function.

4. Results and discussion

4.1. Assessment of model uncertainty

Model factors were calibrated in the JSCE, AFGC, and ACI544 models using

Equation (14). The computed model factors were subjected to Grubb’s test for

outliers to test and detect for outliers in the model factor samples. Detected

samples were removed from the model factor samples, and only samples without

outliers were used for the statistical characterisation for the model factors.

A statistical analysis of the model factors obtained for each of the analytical

models is now presented. In particular, the mean µ, coefficient of variation CoV

and probability distribution are characterised. In addition, trends in the model

factor’s mean and variance, and influence of test uncertainty on the assessed

model factors is discussed.

The statistical properties of model factors for the filtered database are given

in Table 6, with frequency distributions given in Figure 7. It can be noted all the

models slightly over-estimate the shear load capacity. In addition, the AFGC

model seems to be more robust about its mean value (smallest CoV ) than the

JSCE and ACI 544 models.

In order to reveal the consistency of each model factor with variation in shear

strength basic variables, a simple sensitivity and regression analysis proposed in
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[35] is conducted. Trends in each of the model factors with respect to the shear

parameters are assessed via Pearson’s rank coefficient (r) [35].

The Pearson’s rank correlation coefficient matrix is presented in Table 7,

discerning the sensitivity of the model factor on the shear basic parameters.

It can be seen that there was a notable correlation between the model factors

under consideration and shear reinforcement quantity-strength ρwfywm.

Figures 8 shows scatter plots of the model factors with respect to the most

important parameter ρwfywm, as revealed by sensitivity analysis. Linear models

with negative slope, fit to this relationship had relative significant coefficients of

determination in comparison to what has been previously reported on normal

strength concrete [24, 25].

It can be noted that the shear models under consideration have relatively

lower biases but their higher variability indicates the need for the more compre-

hensive shear models with an increased level of approximation.

Following recommendations from the probabilistic model code by the Joint

Committee on Structural Safety [15] and by a previous work by the authors

[16], the model factors were statistically characterised assuming a Lognormal

distribution. Frequency distribution analysis of the model factors confirmed the

use of the lognormal distribution (Figure 7).

The uncertainty in NLFEA models used to simulate four-point bending shear

tests has an influence on the assessed model factors. The effect of errors in such

numerical paradigms on the model factors needs to be assessed. Based on a

previous study [36], uncertainty in NLFEA models for less demanding four-point

bending shear tests is characterised by a mean value of 1.0 and a coefficients of

variation of less 0.1.

Coefficients of variation of the model factors (Table 6) obtained in this work

are more than 0.1 and based on recommendations in [27], the effect of test

(NLFEA in this case) uncertainty is ignored.

According to [27], the effect on model factors of structure specific conditions

such as boundary conditions, loading conditions, moisture conditions, and size

effects among others are usually informed via characterisation of test (NLFEA
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in this case) uncertainty. Since NLFEA uncertainty proved to be of less effect

on model factors, ideal structure specific conditions assumed in this study will

have less effect on the derived model factors.

4.2. Reliability analysis

With the model factor calibrated and statistically assessed, the structural

reliability of stirrup-reinforced UHPFRC beams under the ultimate limit state

(ULS) of shear can now be conducted to assess the performance of each of the

analytical models when used for design.

The previously used ten UHPFRC beams of Ahmad et. al [20] are considered

in this analysis with characteristic imposed loads adjusted for each beam to be

shear-critical. That is, the characteristic load needed to obtain each beam via

shear limit states design is determined, after which the corresponding mean

load is obtained using the an assumed coefficient of variation of 0.25. With the

beams being critical in shear, the flexural limit state is violated. The JSCE and

ACI544 specify a partial resistance factor of γR = 1.3 while the AFGC stipulate

a partial resistance factor of γR = 1.5.

Using the parameters for loading, geometry, material properties, and model

factors detailed in Table 6, and Table 5 , respectively, Monte Carlo-based re-

liability analyses are performed for each of the ten beams, using the AFGC,

JSCE, and ACI544 models to determine the shear capacity of a given beam.

FORM analysis is also used to estimate the reliability indices and to determine

its suitability for the reliability problem considered in this work.

The results are detailed Figure 9 for each of the shear models, applied to

each of the beams. France is part of the Eurocode member countries and thus

the 50-year target reliability index that would govern AFGC provisions is 3.8

[30], while a target safety level of 3.5 stipulated by the American Society of Civil

Engineers (ASCE) governs the ACI544 provisions [37]. The basis for structural

design of buildings and public works in Japan are based on reliability principles

[38]. Despite not explicitly stating what the target reliability index is, reference

is made to the ISO 2395 [26] and EN1990 [30] technical standards. Therefore,
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it is assumed in this work that the target reliability index in Japan is set at 3.8.

In comparison to the target value of 3.8, the reliability indices obtained

by the JSCE, and AFGC fall below this target by 9% and 22%, respectively,

suggesting that the use of the partial resistance factors from AFGC and JSCE

is not appropriate. However, the reliability indices for ACI 544 exceed the

American target value of 3.5 by a small margin (3%).

Furthermore, in all analyses considered, FORM was observed to give very

similar reliability results to Monte Carlo, with a difference of somewhat 2%,

indicating that the first order approximation of the shear limit state surface,

assumed by FORM is valid. Therefore, FORM can be used to derive partial

resistance factors for the UHPFRC shear provisions considered in this work.

5. Conclusions

A study on calibration of model factors and reliability-based shear limit

state verification of ultra high performance fibre reinforced concrete (UHPFRC)

beams with stirrups has been presented. Model factors in the shear models of

the AFGC, JSCE and ACI544 were characterised and assessed by comparison

to NLFEA model predictions. Comparison to deterministic experimental pre-

dictions revealed NLFEA to be superior to the considered shear models, with

NLFEA uncertainty being within bounds of test uncertainty.

In order to assess and characterise the model factors for shear models given in

the JSCE, AFGC and ACI 544 standards, a database of 336 NLFEA UHPFRC

beams failing in shear was compiled.

In comparison to other shear basic parameters, a significantly higher nega-

tive correlation between model factors and ρwfywm was observed, implying the

need to consider reliability differentiation with respect to this variable in the

calibration of partial resistance factors to be considered by future studies.

It was further noted that the reliability indices obtained by the JSCE, and

AFGC fall below their reliability target (3.8) by 9% and 22%, respectively,

suggesting that the use of the partial resistance factors from AFGC and JSCE
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is not appropriate. However, the reliability indices for ACI 544 exceed the

American target value of 3.5 by a small margin (3%).

The results of the present study are only generally applicable to shear veri-

fication of UHPFRC beams with stirrups. Application of UHPFRC would typi-

cally not require the use of stirrups due to expected thin webs and cross-sections.

Consideration of shear failure of UHPFRC beams without stirrups, within the

context of uncertainty quantification remain to be considered in future studies.

Previous studies by the authors [16] [50] addressed analytical design models

for UHPFRC in flexure and the current study has addressed the ultimate limit

state of shear. Future studies on model factor assessment and reliability analysis

of UHPFRC should consider other limit states like fatigue, cracking, deflection,

vibration. Derivation of partial resistance factors for the respective analytical

shear models remains an avenue to be considered by future studies.
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[24] P. T. Miroslav Sýkora, Milan Holický, M. Prieto, Uncertainties in resistance

models for sound and corrosion-damaged RC structures according to EN

1992-1-1, Material and Structures 48 (2015) 3415–3430. doi:https://doi.

org/10.1617/s11527-014-0409-1.

[25] O. B. Olalusi, C. Viljoen, Model uncertainties and bias in shear strength

predictions of slender stirrup reinforced concrete beams, Structural Con-

crete 21 (2020) 316–332. doi:https://doi.org/10.1002/suco.201800273.

[26] ISO, ISO 2394:2015 - General Principles on Reliability for Structures,

International Organization for Standardization (2015).
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Table 1: List of symbols used in this paper

Symbol Description

bw Width of the beam section;

h Total height of the beam section

d Effective depth of the beam section

z Distance from the location of the compressive stress resultant to centroid of tensile steel

fc 28-day characteristic compressive strength of UHPFRC

Aw Area of transverse reinforcements (stirrups)

fyw Yield strength of stirrups

s Spacing of the stirrups

θ Angle between compression struts and the beam’s longitudinal axis

S Effective area of the fiber on the inclined shear cracking plane, usually estimated as S = 0.9bwz

fv Average nominal tensile strength of UHPFRC in the direction normal to the diagonal tensile crack

βu Angle of the compression struts generally taken to be at-least 30o ([6], Clause 7.3,3)

β Reliability index

K Coefficient accounting for the general effect of fiber orientation, usually taken to be 1.25

σ(w) Experimental characteristic post-cracking stress corresponding to a crack opening width w

wu Ultimate crack opening width

ϵu Ultimate strain typically taken as 0.003 for UHPFRC.

ρl Longitudinal steel reinforcement ratio

Mo Bending moment necessary to cancel stress due to axial

Md Design bending moment on the beam’s cross cross-section

αs Angle of the stirrups to the beam’s longitudinal axis

ft Splitting tensile strength of UHPFRC

a/d Effective span to effective depth ratio

σc Compressive stress of the concrete

Kf ′

c Peak compressive stress of concrete

ϵc Compressive strain of the concrete

εo Peak compressive strain of concrete

Z Ratio of the residual strength to the peak stress normalised by the difference peak strain and proof strain

Ec Elastic modulus of concrete

ε20 Beginning strain point of the residual strength 0.2Kf ′

c
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Table 2: General, elastic, and concrete damage plasticity input parameters for steel and

concrete employed in the NLFEA models. Adapted from [19]

I. General parameters

UHPFRC mass density (kg/m3) 2400

Steel mass density (kg/m3) 7850

II. Elastic parameters

UHPFRC elastic modulus (GPa) 47

UHPFRC poisson’s ratio 0.19

steel elastic modulus (GPa) 200

UHPFRC poisson’s ratio 0.3

III. CDP parameters

Dilation angle Eccentricity fb0/fc0 K Viscosity parameter

36 0.1 1.16 0.667 0

IV. Plastic parameters fibre volume fraction

1% 2%

UHPFRC compressive strength (MPa) 138 150

UHPFRC peak tensile strength (MPa) 7.0 7.8

Steel yield strength (MPa) 430 430
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Table 3: Comparison of current NLFEA model with UHPFRC beams from other shear experimental protocols

Ref. Specimen ID bw(mm) h (mm) Vexp(kN) Vexp/bwh VNLFEA/b
′

wh
′ VJSCE/bwh VAFGC/bwh VACI544/bwh Vexp/VNLFEA

[9] SB2 150 290 512.60 11.78 11.89 10.34 9.91 5.64 0.99

[9] SB3 150 290 512.60 11.78 11.68 11.52 11.03 6.28 1.01

[9] SB4 150 290 512.60 11.78 11.70 13.86 13.28 7.56 1.01

[40] UHPFRC-A-PC-NS 65 380 430.00 17.41 17.93 15.14 14.50 8.26 0.97

[40] UHPFRC-A-PC-NS-(2) 65 380 431.00 17.45 17.27 15.17 14.54 8.28 1.01

[40] UHPFRC-B-PC-NS 65 380 507.00 20.53 20.73 17.85 16.55 9.74 0.99

[40] UHPFRC-A-PC-WS 65 380 544.00 22.02 21.36 18.66 17.31 10.18 1.03

[40] UHPFRC-B- PC-WS 65 380 629.50 25.49 25.46 22.16 20.55 12.09 1.00

[40] UHPFRC-A-RC-NS 65 380 454.50 18.40 17.85 16.00 15.33 8.73 1.03

[40] UHPFRC-B-RC-NS 65 380 447.50 18.12 17.76 16.03 15.36 8.75 1.02

[40] UHPFRC-A-RC-WS 65 380 541.00 21.90 22.34 19.05 18.25 10.39 0.98

[40] UHPFRC-B-RC-WS 65 380 520.50 21.07 20.86 18.32 16.99 10.00 1.01

[40] UHPFRC-A-NF-RC-NS 65 380 180.50 7.31 7.23 5.62 5.21 3.07 1.01

[40] UHPFRC-B-OF-RC-NS 65 380 248.50 10.06 9.96 7.74 7.18 4.22 1.01

[41] NF-S 75 250 97.81 5.22 5.16 4.01 3.72 2.19 1.01

[42] B1 60 350 540.00 25.71 25.46 19.78 25.57 10.79 1.01

[42] B2 60 350 578.00 27.52 27.25 21.17 24.05 11.55 1.01

[42] B15 60 350 443.00 21.10 20.67 16.23 20.10 8.85 1.02

[42] B26 60 350 516.00 24.57 24.55 18.90 23.57 10.31 1.00

[42] B17 60 350 446.00 21.24 21.22 16.34 18.62 8.91 1.00

[42] B36 60 350 445.00 21.19 20.98 16.30 18.86 8.89 1.01

[42] B28 60 350 398.00 18.95 18.91 14.58 13.52 7.95 1.00

[43] ST-I-2-0.74 40 120 97.00 20.21 20.17 15.54 14.41 8.48 1.00

[43] ST-I-2-1.11 40 120 109.00 22.71 22.66 17.47 16.20 9.53 1.00

mean - 72.50 333 422.57 18.48 18.38 15.32 15.61 8.36 1.01

Standard deviation - 30.82 75.04 156.29 5.92 5.89 4.59 5.51 2.50 0.01

Cov - 0.43 0.23 0.37 0.32 0.32 0.30 0.35 0.30 0.01
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Table 4: Parameter ranges of the UHPFRC beam in the original and filtered databases

Parameter Original database, n = 500 Filtered database, n = 362

min max min max

bw (mm) 150 150 150 150

h (mm) 225 225 225 225

d (mm) 182.5 182.5 182.5 182.5

lspan(mm) 2000 2000 2000 2000

a/d (-) 1.8 2.6 1.8 2.6

ρl (%) 0.1 10 0.5 4

ρwfywm (MPa) 0.12 50 0.36 45

fcwm (MPa) 120 250 120 250

ftm (MPa) 0 45 3.0 35

fywm (MPa) 100 1000 180 825
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Table 5: Statistical information for material and geometrical parameters used in reliability

analysis of the UHPFRC beams

Parameter unit Distribution Char. Mean COV Reference

ρl mm2 Normal ρl 1.021ρl 0.0125 [44]

ρw mm2 Normal ρw 1.021ρw 0.0125 [44]

fy MPa Lognormal fy 1.15fy 0.083 [45]

fyw MPa Lognormal fyw 1.15fyw 0.083 [45]

ft MPa Lognormal ft 1.64ft 0.3 [46]

fc MPa Lognormal fc 1.10fc 0.06 [46]

h mm Normal h 1.032h 0.02 [47]

b mm Normal b 1.016b 0.01 [45]

c′ mm Gamma c′ 1.01c′ 0.03 [47]

Q kN Gumbel Q 0.682Q 0.25 [48]

KE Lognormal 1.01 0.1 [49]

Table 6: Statistical sample characteristics of model factors

n µ CoV

JSCE 343 1.28 0.47

AFGC 350 1.1 0.27

ACI 544 339 1.32 0.53

Table 7: Pearson rank correlation matrix between shear design parameters and model factors

JSCE AFGC ACI544

pwfywm −0.451 −0.466 −0.444

fcm 0.021 0.023 0.016

ρl 0.007 0.002 0.009

ftm 0.059 0.029 0.086

fym −0.059 −0.074 −0.054
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Figure 1: Material models for the considered analytical models of UHPFRC: JSCE [5] (Top

left), AFGC [6] (Top right), and ACI544 [7] (bottom)
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fiber content was calculated taking density of steel fibers as 
490 lb/ft  (7850 kg/m ).

As shown in Table 1, 10 UHPC beam specimens were 
considered to study the effects of four variables. All beam 
specimens had a rectangular cross section with a width 
of 5.91 in. (150 mm), depth of 8.86 in. (225 mm), and a 
length of 6.562 ft (2000 mm). While for normal concrete, 
ACI 318-1419 does not take into consideration the size 
effect on the shear strength of RC beams with effective 
depth below 15.75 in. (400 mm), the size effect on the shear 
strength of reinforced concrete (RC) beams without stirrups 
is widely reported in the literature. A decrease in the shear 
capacity of RC beams is reported with an increase in the 
effective depth of the beams.20,21 Aziz and Ali
the shear capacity of beams made using UHPC significantly 
decreases with an increase in the depth of the beam from 
7.09 to 9.45 in. (180 to 240 mm). No significant reduction 
in shear capacity was observed for the UHPC beams having 
depths greater than 9.45 in. (240 mm). In the present study, 
an effective depth of 7.09 in. (180 mm) was adopted consid
ering the experimental constraints. Further, the depths of 
real-life UHPC beams, unlike the normal concrete beams, 
are kept smaller due to very high strength of the UHPC.

In all beam specimens, 0.59 in. (15 mm) diameter 
PSB1080 steel bars, conforming to ASTM A722/A722M 
specifications, were used as passive longitudinal reinforce
ments. In addition, two-legged stirrups, made with No. 3 that 
is 0.40 in. (10 mm) diameter Grade 60 steel bars conforming 
to ASTM A615, were used as shear reinforcement in all 
beam specimens. Two samples from each reinforcing bar 
type were tested in direct uniaxial tension. The yield and 
ultimate strengths of the PSB1080 bars were 206.0 and 
232.1 ksi (1420 and 1600 MPa), respectively, while those 
for Grade 60 bars were 60.9 and 72.5 ksi (420 and 500 MPa), 
respectively. Figure 1 shows the details of the beam speci

mens, which were divided into five series, designated as A 
to E (Table 1).

For casting of the UHPC beams, longitudinal reinforcing 
bars and shear stirrups were tied together and strain gauges 
were attached to them, as shown in Fig. 2. UHPC ingredients 
were mixed in a twin-shaft batch mixer. First, cement and 
microsilica were mixed for 5 minutes. A water-diluted hyper
plasticizer and fine dune sand were then added gradually to 
the mixture while the mixing process continued. Once a 
flowing consistency was attained, the steel fibers were gradu
ally added until a homogeneous mixture was obtained. After 
mixing, the concrete mixture was poured into plastic buckets 
and covered with plastic sheets to prevent drying out of the 
surface. The method of placing fresh UHPC in molds affects 
the orientation and dispersion of steel fibers. Even though 
the orientation of the fibers does not affect first cracking 
strength, it affects the ultimate tensile strength in bending, 
as the fiber reinforcements tend to align with the direction of 
flow during casting. Therefore, casting of concrete for each 
beam specimen was done by pouring the fresh concrete only 
at one extreme end of the form and allowing the concrete 
to flow and fill the rest of the form under its own weight, 

Quantity, lb/ft

 = 1.0%  = 2.0%

56.2 (900) 56.2 (900)

13.7 (220) 13.7 (220)

Water 10.1 (162) 10.1 (162)

Hyperplasticizer 2.5 (40) 2.5 (40)

Steel fibers 4.9 (79) 9.8 (157)

64.3 (1030) 62.7 (1005)

Figure 2: Configuration of the beams and the different test series of Ahmad et.al [20]
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Figure 3: Stress-strain materials models for UHPFRC used in defining the CDP model in

Abaqus: (a) Compressive model according to the modified Kent-Park Model [22] and (b)

Tensile model according to Zhang et. al Model [23]. Accordingly, the plastic parts of the

curves with inelastic strains are defined in Abaqus with the yield strain normalised to zero so

that all elastic strains are subtracted from the total strain [18]
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(b) Loading and boundary condition configuration
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Figure 4: (a) A wire-frame model showing longitudinal and transverse reinforcements and

(b) A shaded model showing the loading and boundary condition profile
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Figure 5: Shear load-deflection curves for the NLFEA models (solid green) for each of the

experimental beams (solid black) of Ahmad et al. [20]. The horizontal dotted lines are the

analytically predicted shear capacities of the beam.
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Figure 6: Characteristics of the filtered database (a) ρwfywm (b) fcm (c) ρl (d) ftm (e) fywm.
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Figure 7: Frequency distributions of model factor values determined via Equation (14). Red

lines indicate Lognormal distributions corresponding to the moments determined for the model

factor values
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Figure 8: Scatter plots with regression trend lines representing the variation of θV with respect

to ρwfywm in the JSCE (left), AFGC (center), and ACI 544 (right) models, respectively.
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Figure 9: Reliability indices of the ten UHPFRC beams of Ahmad et.al [20]
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