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Abstract In this paper, contraction theory is applied

to design the trajectory tracking controller for a fully-

actuated 6-degree-of-freedom (6-DOF) autonomous un-

derwater vehicle (AUV). First, assuming that all sys-

tem parameters are known, an ideal controller is given.

Then, to deal with the parameter uncertainties, an adap-

tive controller is proposed. Combined with the adaptive

law, the estimated values of the parameters converge to

their real values without requiring the persistent excita-

tion (PE) condition to be satisfied, that is, the param-

eter identification is realized. Exponential convergence

of the system is analyzed in the framework of contrac-

tion theory. The concepts of partial contraction, virtual

system and modular properties reduce the difficulty of

system design and analysis. The numerical simulation

results show the effectiveness of the proposed method.
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1 Introduction

With the development and utilization of the ocean, the

influence of AUVs is increasing day by day. At present,
AUVs are being used in a variety of disciplines, includ-
ing oceanographic mapping, environmental monitoring,

rescue, scientific research, military and so on [1,2]. Im-

proving the intelligence and efficiency is one of the main

objectives of developing AUVs system. Therefore, pre-

sentation of advanced controllers is hotspots in the re-

search of AUVs. Many methods for AUVs control have
been developed, such as PID control [3,4], backstepping
control [5,6], adaptive control [7–10], sliding mode con-

trol (SMC) [11–13], model predictive control (MPC)

[14,15], active disturbance rejection control (ADRC)

[16,17], etc. These methods are used to address the var-

ious challenges faced by AUVs control, such as model

uncertainties, parameter uncertainties, external distur-

bances and so on. This paper mainly focuses on the

parameter uncertainties.

The uncertainties of model parameters, especially

various hydrodynamic coefficients, pose a great chal-

lenge to the control of AUVs. How to obtain the hy-

drodynamic coefficients accurately is also one of cur-

rent researches of AUVs. From the perspective of hy-
drodynamics, there are several methods for obtaining
hydrodynamic coefficients of marine structures, such as

potential theory [18–20], model tests [21,22], Computa-

tional Fluid Dynamics (CFD) [23–25] and so on. How-

ever, the application of potential theory is limited to

simple structures, and thus is incapable of dealing with

AUVs with increasingly complex shapes. Model test

is considered to be a feasible method, but it is time-

consuming and costly. In recent years, with the rapid

improvement of computing power, the development of

CFD is advancing by leaps and bounds. CFD method is
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not limited by the shape of the structure, and the cost

is not so expensive compared with the model test, but

its effectiveness needs to be further verified. As a result,

it is not easy to obtain the hydrodynamic coefficients

accurately through hydrodynamics methods.

From the perspective of control, the problem of pa-

rameter uncertainties can be solved by a reasonable

control algorithm. Adaptive control, as we all know,

is one of the control methods that can effectively cope

with parameter uncertainties [26]. Therefore, it is widely

used in AUVs. In [7], two adaptive algorithms, orig-

inally designed for manipulators, were applied to the

control of AUVs and a comparative analysis was con-

ducted. [8] and [9] proposed a new adaptive algorithm,

in which the dynamic equation of AUVs was linearly

parameterized through making reasonable assumptions

and selecting appropriate parameters. [27] designed an
adaptive controller for an underactuated AUV and 24
parameters need to be estimated on-line. [28] proposed
an adaptive trajectory tracking controller for a 4-DOF

AUV and the estimated values of unknown parameters

remained bounded. In the above literatures, many pa-

rameters need to be estimated online, which undoubt-

edly increases the computational burden To avoid this
problem, the controller designed in [29] required only
model of gravity and buoyancy and did not need any

knowledge of inertia matrix, coriolis and centripetal

forces as well as hydrodynamic damping. Therefore,

only two parameters need to be updated. [30] proposed

a simple adaptive controller based on dynamic surface

control technique, with only three parameters to up-
date.

In addition, adaptive control without regression ma-

trix is extensively utilized to circumvent the limitations
of model structures. Therefore, state errors and virtual
variables are widely used to construct the adaptive al-

gorithm. In [31], the virtual velocities were constructed

and their errors were used to stabilize the sway er-

ror for an underactuated AUV. In [32], the adaptive

fault-tolerant controller was proposed based on the slid-

ing mode variable, which was constructed by state er-

rors and their derivatives. Model parameters are not

required for the controller. [10] designed an adaptive
algorithm by combining the desired state, state error
and their derivatives in a linear manner. A simple 3D
trajectory tracking experiment was used to verify its

reliability.

Although many of the existing AUVs control meth-

ods do not depend on model parameters, accurate model

parameters help to understand the properties of the sys-

tem in order to design a simpler and more efficient con-

troller. However, in the preceding AUVs adaptive con-

trol, the estimated values of parameters only remained

bounded and did not converge to their real value, there-

fore the idea of parameter identification via adaptive
law was ignored. One of goals of this paper is to make
a breakthrough on the subject.

Contraction theory [33] is a powerful tool for non-

linear system analysis and design. Unlike the Lyapunov
method, which focuses on the stability of the equilib-

rium point, contraction theory studies the convergence

between the adjacent trajectories of the system [34–36],

which gives contraction theory significant advantages

in dealing with tracking control problems. Futhermore,

the concepts of partial contraction, virtual system and

modular properties [37] provide great convenience for

the design and analysis of control system. After more

than 20 years of development, contraction theory has
blossomed and fruited in numerous disciplines [38–44].

In the field of marine vehicles, nonlinear observer
based on contraction theory was applied to estimate the
position and velocity of AUVs [38,45,46]. [39] proposed
a diffusion-based trajectory observer based on contrac-

tion theory for underwate vehicle navigation, which was

able to reconstruct the trajectory according to the mea-

surements of groy-Doppler and acoustic positioning sys-

tem in the presence of noises. In [47,48], incremental
stability of AUV’s system were discussed based on con-
traction theory, and the speed stabilization controller
and trajectory tracking controller were designed using

the backstepping method. [49,50] analyzed the track-

ing problems in a port-Hamiltonian framework rather

than the traditional Euler-Lagrangian paradigm, and

designed a horizontal trajectory tracking controller for
an open-frame underwater unmanned vehilce (UUV)
based on contraction theory. In addition, [51,52] de-

signed a globally contracting controller for ship regula-

tion and dynamic positioning using only position mea-

surements. The state observer based on contraction the-

ory was used to estimate the ship’s speed and slowly

changing environmental disturbance.

Although contraction theory is a powerful tool, its

applications in AUVs is still sporadic, and the AUVs
model has been greatly simplified in the existing re-
search . In addition, as mentioned above, the parame-
ter identification through adaptive law is often ignored

in the adaptive tracking control. This paper focuses on

the trajectory tracking control of a 6-DOF AUV, and

proposes a new adaptive controller to deal with param-

eter uncertainty in the framework of contraction theory.

And the main contributions are as follows:

(i) Contraction theory is applied to design and an-

alyze the trajectory tracking controller of AUVs. With

the help of partial contraction, virtual system and mod-

ular properties, the difficulty of control system design

and analysis is greatly simplified.



Title Suppressed Due to Excessive Length 3

(ii) A new adaptive controller is proposed. Com-

bined with the existing adaptive law, the adaptive con-
troller not only completes the control objective of tra-
jectory tracking, but also realizes the identification of

AUV system parameters without satisfying the PE con-

dition, which provides a new method for obtaining the

parameters of AUVs system.

The remainder of this work is arranged in the fol-

lowing manner. Section 2 gives the necessary prelim-

inaries on contraction theory. Section 3 establishes a

fully-actuated 6-DOF AUV model and its properties

useful for the design of controller are also introduced.

The ideal controller and adaptive controller are derived

in Section 4, and their exponential convergence proper-

ties are analyzed with the framework of contraction the-

ory. Section 5 shows the simualtion results and analyses

the performance of the controllers. At last, concluding
remarks are drawn in section 6.

2 Contraction theory

This section gives a brief introduction to contraction

theory. Generally, a system is called contracting if its

initial conditions or instantaneous disturbances are for-

gotten exponentially, that is, all trajectories starting

from different initial states eventually converge together
exponentially [33].

For a given system:

ẋ = f(x, t) (1)

where x is the n-dimensional vector corresponding the

state fo the system, t is time, and f(x, t) is a nonlinear
vector field. Assuming f(x, t) is continuously differen-

tiable and forward complete.

One of the main features of contraction theory is
to use the concept of virtual displacement δx of the

state x which are infinitesimal displacements at fixed
time. The so-called virtual dynamics are introduced by
calculating the first variation of (1):

δẋ = J(x, t)δx (2)

with J(x, t) = ∂f
∂t (x, t) is the Jacobian. In a convex

set X ⊆ R
n with respect to the metric M(x, t) =

PT (x, t)P(x, t) that is a invertible positive definite ma-
trix, where P(x, t) is a n× n invertible matrix. if there
exists some λ > 0 such that ∀x ∈ X and t ≥ t0

Ṁ(x, t)+J
T (x, t)M(x, t)+M(x, t)J(x, t) ≤ −2λM(x, t) (3)

then, the system (1) is called contracting, f(x, t) is

called a contracting function. This condition (3) is equiv-

alent to that the symmetric part of the generalized Ja-

cobian JG(x, t) = (Ṗ+PJ(x, t))P−1 is uniformly nega-

tive definite, that is, JG(x, t) ≤ −λI, ∀x ∈ X , where I

is the identity matrix with appropriate dimension. The

set X is called the contraction region and λ is the con-
traction rate. Moreover, if X = R

n, the contraction

is global. When λ = 0, the system (1) is said to be

semi-contracting.

The squared length between two neighboring trajec-
tories under the metric M(x, t) is defined as

V = δxTM(x, t)δx

under the condition (3), its time derivative is

V̇ = δxT (Ṁ(x, t) + J
T (x, t)M(x, t) +M(x, t)J(x, t))δx

≤ −2λδxTMδx

Therefore, the distance between any pair of trajectories

under the metric M converges to zero exponentially.

We now briefly recall the basic principles of an ex-

tension of contraction analysis, the so-called partial con-

traction [37].

Theorem 2.1. (Partial contraction) Consider the

following auxiliary system called virtual system

ξ̇ = f̄(ξ,x, t) (4)

associated with the nonlinear system (1) through

f̄(x,x, t) = f(x, t). If the virtual system (4) is contract-

ing with respect to ξ, ∀ξ,x ∈ X , t ≥ t0. Then, all

its particular solutions converge exponentially to each

other and in particular ξ(t) − x(t) � 0 exponentially

from any initial condition in X . The original system

(1) is said to be partially contracting.

In the tracking control problems, the designer may

propose a virtual system which has two particular solu-

tions: the desired trajectory and the actual trajectory.

If the virtual system is contracting, then all its particu-

lar solutions will converge exponentially to each other,

that is, the actual trajectory converges to the desired
trajectory exponentially.

For contraction theory, it is automatically preserved

through a variety of system combinations, such as par-
allel, cascade and feedback combinations. This property
is beneficial to the modular design of control system.

Here, the feedback combination is introduced.
Theorem 2.2. (Contraction of feedback combina-

tion) Let two systems be connected in feedback form

as

ẋ1 = f1(x1,x2, t),

ẋ2 = f2(x1,x2, t).
(5)

Consider the differential dynamics [δxT
1 δx

T
2 ]

T , arranged

as

d

dt

[

δx1

δx2

]

=

[

F1 F12

F21 F2

] [

δx1

δx2

]

(6)
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If the two subsystems are all contracting, that is, in

some region of the state space F1 = ∂f1
∂x1

and F2 = ∂f2
∂x2

are uniformly negative definite, and F12 = ∂f1
∂x2

= −FT
21,

where F21 = ∂f2
∂x1

, then the whole system (5) will be
contracting in that region.

A special case of Theorem 2.2 which allows the

x2−subsystem to be semi-contracting is presented in

the following (Chung and Slotine).
Lemma 2.3 (Semi-contracting) Consider the non-

linear system

ẋ =

[

ẋ1

ẋ2

]

=

[

f1(x1,x2, t)

f2(x1,x2, t)

]

(7)

Let symmetrical part of the Jacobian matrix be given

by

Js =

[

F1s(x1,x2, t) 0

0 F2s(x1,x2, t)

]

(8)

Assume that

F1s(x1,x2, t) ≤ −λ1I, λ1 > 0, (9)

F2s(x1,x2, t) ≤ −λ2I, λ2 ≥ 0. (10)

Then

(1) If λ2 > 0, the system (7) is contracting and all its

trajectories converge exponentially to each other.
(2) If λ2 ≥ 0, the system (7) is semi-contracting and

the trajectories of x1 converge asymptotically to each

other while δx2 remains bounded.

3 AUV modeling

In this section, a fully-actuated 6-DOF AUV model is
established. In general, it is convenient to use two co-
ordinate systems to describe the motion of AUVs, one

is Earth-fixed frame, the other is the body-fixed frame,

as shown in Fig. 1.

Then, the nonlinear dynamics of the AUVs is given
on the basis of the two coordinates. The quantities are

defined according to [53], and the motion of AUVs in
3D space can be described by the following vectors:

η = [ηT
1 ηT

2 ]
T = [x y z φ θ ψ]T

v = [vT
1 vT

2 ]
T = [u v w p q r]T

where η1 = [x y z]T ∈ R3 represents the AUVs position

and η2 = [φ θ ψ]T ∈ R3 represents the attitude param-

eterized in the Euler angle, both of them are expressed

in the Earth-fixed frame. The velocity v = [vT
1 vT

2 ]
T is

composed of the linear velocity v1 = [u v w]T ∈ R3 and
the angular velocity v2 = [p q r]T ∈ R3 of the AUVs

expressed in the body-fixed frame.

Fig. 1 Earth-fixed frame and body-fixed frame for

AUV

Based on the above definitions and descriptions, the

kinematic and dynamic equations for a fully-actuated

AUV can be expressed as [54]:

{

η̇ = J(η2)v (11)

Mv̇ = −C(v)v −D(v)v −G(η2)− τ c + τ (12)

where τ = [τ1 τ2 τ3 τ4 τ5 τ6]
T ∈ R6 is the vector of

control inputs, τ c ∈ R
6 is the external disturbances

caused by ocean current expressed in the body-fixed

frame.
The transformation matrix J(η2) in the kinematic

equation (11) is given as

J(η2) =

[

R(η2) 03×3

03×3 T(η2)

]

(13)

R(η2) =





cψcθ −sψcφ+ cψsθsφ sψsφ+ cψcφsθ

sψcθ cψcφ+ sφsθsψ −cψsφ+ sθsψcφ

−sθ cθsφ cθcφ





(14)

T(η2) =





1 sφtθ cφtθ

0 cφ −sφ
0 sφ/cθ cφ/cθ



 (15)

where c(· ) = cos(· ), s(· ) = sin(· ) and t(· ) = tan(· ).
In the dynamic equation (12), M ∈ R6×6 represents

the inertial matrix, including the added mass, C(v) ∈
R

6×6 is the coriolis and centripetal term includes the

effect of added mass, D(v) ∈ R6×6 is the friction and

hydrodynamic damping matrix.

M = diag(m11, m22, m33, m44, m55, m66) (16)

where m11 = m − Xu̇,m22 = m − Yv̇,m33 = m −
Zẇ,m44 = Ix − Kṗ,m55 = Iy − Mq̇,m66 = Iz − Nṙ.

m is the mass of the AUV, Ix, Iy and Iz are the mo-

ments of inertia about the roll, pitch and yaw rotation,
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respectively. Xu̇, Yv̇, Zẇ,KṖ ,Mq̇, Nṙ are the hydrody-

namic coefficients relative to added mass.

C(v) =

[

03×3 C12

C21 C22

]

(17)

C12 = C21 =





0 m33w −m22v

−m33w 0 m11u
m22v −m11u 0





C22 =





0 m66r −m55q
−m66r 0 m44p

m55q −m44p 0





D(v) = diag(d11|u|, d22|v|, d33|w|, d44|p|, d55|q|, d66|r|) (18)

d11 = −X|u|u, d22 = −Y|v|v, d33 = −Z|w|w, d44 = −K|p|p,
d55 = −M|q|q, d66 = −N|r|r are damping coefficients.

G(η2) ∈ R6 is the gravitational and buoyant (restor-
ing) generalized forces/torques:

G(η2) =















(W −B)sθ
−(W −B)cθsφ
−(W −B)cθcφ

−(ygW − ybB)cθcφ+ (zgW − zbB)cθsφ
(zgW − zbB)sθ + (xgW − xbB)cθcφ
−(xgW − xbB)cθsφ− (ygW − ybB)sθ















(19)

W = mg is the vehicle’s weight, g is the gravity ac-

celeration. B is the buoyancy force. rg = [xg yg zg]
T

and rb = [xb yb zb]
T denote the center of gravity and

the center of buoyancy in the body-fixed frame, respec-

tively.

The disturbances τ c caused by the ocean current

expressed in the Earth-fixed frame is a constant vector
under the assumption that the ocean current is constant
and irrational [9]:

τ c = Φc(η2)Θc (20)

where Θc = [τc1 τc2 τc3 τc4 τc5 τc6]
T ∈ R6, and

Φc(η2) =

[

RT (η2) 03×3

03×3 RT (η2)

]

(21)

Remark 3.1. The matrices M, C(v) and D(v) have

the following properties:

(1) The inertial matrix M ∈ R6×6 satisfies M = MT >
0.

(2)C(v) ∈ R6×6 is a skew-symmetric matrix, i.e.,C(v) =

−CT (v), ∀v ∈ R6.

(3) D(v) ∈ R6×6 satisfies D(v) = DT (v) ≥ 0, ∀v ∈
R

6.

Assumption 3.1. The transformation matrix J(η2) is
invertible, i.e., |θ| ≠ ±π

2 .

Remark 3.2. T(η2) is singular if |θ| = ±π
2 . Therefore,

this phenomenon needs to be avoided. Fortunately, in

practical application, this can be done. First, due to

metacentric restoring forces, AUVs are unlikely to en-

ter the regions of θ = ±π
2 . Then, the desired trajectory

for θ can be chosen that is sufficiently far from the sin-

gularity point.

Assumption 3.3. When the AUV travels in a uniform

and irrational ocean current at low speed, the hydro-
dynamic coefficients remain unchanged or change very

slowly, resulting in Ṁ = 0. In addition, the external
disturbances vector Θc caused by ocean current is con-

stant expressed in the Earth-fixed frame,

According to Assumption 3.3 , by selecting ap-

propriate parameters, the dynamic equation (12) can
be linearly parameterized as:

τ = Φ(η2,v, v̇)Θ (22)

which will be used in the design of adaptive controller.

Where, Θ = [ΘT
1 ΘT

2 ΘT
c ]

T is the system parameters.

Θ1 = [m11 m22 m33 m44 m55 m66 d11 d22 d33 d44 d55 d66]
T ,

Θ2 = [−(W −B) (xGW −xBB) (yGW −yBB) (zGW −
zBB)]T . Φ(η2,v, v̇) = [Φ1 Φ2 Φ3 Φc(η2)] is the regres-

sor matrix.

Φ1 =

















u̇ −vr wq 0 0 0
ur v̇ −wp 0 0 0

−uq vp ẇ 0 0 0

0 −vw wv ṗ −qr rq

uw 0 −wu pr q̇ −rp
−uv vu 0 −pq qp ṙ

















(23)

Φ2 =

















|u|u 0 0 0 0 0
0 |v|v 0 0 0 0

0 0 |w|w 0 0 0

0 0 0 |p|p 0 0

0 0 0 0 |q|q 0

0 0 0 0 0 |r|r

















(24)

Φ3 =

















−sθ 0 0 0

cθsφ 0 0 0

cθcφ 0 0 0

0 0 −cθcφ cθsφ
0 cθcφ 0 sθ
0 −cθsφ −sθ 0

















(25)

Notice that the regression matrix Φ(η2,v, v̇) de-

pends on the attitude η2, the velocity v and the acceler-

ation v̇. For AUVs, the attitude can be obtained by the

inertial navigation system (INS) and the velocity may

be measured by Doppler velocity log (DVL). Although

the acceleration is available through some equipments,

it is very noisy and contains bias, especailly for low

cost sensors . In order to eliminate the dependence on
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acceleration, a filtered version of regression matrix is

defined. Let

τ f = f(s)τ (26)

be the filtered version of τ , where f(s) =
λf

s+λf
is a

linear stable and strictly proper filter, λf > 0 is the
filter gain. Therefore

τ f = Φf (η2,v)Θ (27)

with Φf (η2,v) is the filtered regressor matrix.

4 Controller Design

This section presents the design process of two con-

trollers. First, an ideal state feedback controller assum-

ing the knowledge of parameter vector Θ in (22) is de-

vised. Then, the parameter vector is substituted in a

certainty equivalence fashion by its estimated value to

obtain an adaptive controller. Their exponential con-
vergence properties are proved by contraction theory.

Give a desired trajectory ηd(t) = [xd(t) yd(t) zd(t)

φd(t) θd(t) ψd(t)]
T , each term is uniformly continuous

and bounded, expressed at the Earth-fixed frame. The
control objective is to drive η(t) � ηd(t) exponentially.

4.1 Ideal controller design

First, an ideal state feedback controller is devised under

the assumption that all system parameters are known.
Therefore, an ideal controller is proposed as:

τ = Mv̇r +C(v)vr +D(v)vr +G(η2) + τ c

− JT (η2)(η − ηd)−KD(v− vr) (28)
vr = J−1(η2)η̇r, η̇r = η̇d −Kp(η − ηd) (29)

v̇r = J−1(η2)(η̈r − J̇(η2)vr) (30)

where KD = KT
D > 0 and Kp = KT

p > 0 are control

gains, vr is the reference velocity, J̇
−1

= −J−1J̇J−1

was used in computing v̇r.

Theorem 4.1. Accoding to the definitions of KD and

Kp, the controller defined by (28)-(30) drives [ηT vT ]T

converge to [ηT
d vT

r ]
T exponentially from any initial

conditions.

Proof: the control law (28)-(30) may be rearranged as:






Mv̇r = −C(v)vr −D(v)vr −G(η2)− τ c + τ

+KD(v− vr) + JT (η2)(η − ηd)

η̇d = J(η2)vr +Kp(η − ηd)

(31)

The controller (31) and AUV system (11-12) suggest

the virtual system:






Mξ̇1 = −C(v)ξ1 −D(v)ξ1 −G(η2)− τ c + τ

+KD(v− ξ1) + JT (η2)(η − ξ2)

ξ̇2 = J(η2)ξ1 +Kp(η − ξ2)

(32)

Obviously, the virtual system ξ = [ξT1 ξT2 ]
T has

two particular solutions for any given initial conditions:

ξ = [ηT vT ]T and ξ = [ηT
d vT

r ]
T which correspond to

the AUV system (11-12) and controller system (31),

respectively. The differential dynamics of the virtual
system is given by:

M1δξ̇ = J1δξ (33)

where δξ = [δξT1 δξT2 ]
T , M1 = diag(I6,M) is the met-

ric, J1 is the Jacobian,

J1 =

[

−Kp J(η2)

−JT (η2) −(C(v) +D(v) +KD)

]

(34)

Take M1 as the metric, the squared distance between
any two trajectories under the metric is defined as V1 =

δξTM1δξ, and its time derivative is

V̇1 = 2δξTM1δξ̇ = 2δξTJ1,sδξ (35)

where J1,s = (J1 + JT
1 )/2 is the symmetric part of J1:

J1,s = −
[

Kp 06×6

06×6 (D(v) +KD)

]

≤ −
[

Kp 06×6

06×6 KD

]

< 0 (36)

Here, the properties given in Remark 3.1 and the def-

initions of KP ,KD are used. Therefore, V̇1 ≤ −2λ1V1,

the virtual system is contracting under the metric M1

with the contraction rate λ1 =
min{λmin(KD),λmin(Kp)}

λmax(M1)
,

λmax(·) and λmin(·) denote the maximum and mini-
mum eigenvalue of a matrix, respectively. As a conse-

quence, [ηT vT ]T � [ηT
d vT

r ]
T exponentially from any

initial conditions.

4.2 Adaptive controller design

As mentioned above, it is difficult to accurately obtain

various hydrodynamic coefficients of AUVs, so adaptive
control is needed to deal with parameter uncertainties.
In this subsection, the framework of contraction theory
is used to design an adaptive controller. Towards this

end, the ideal controller (28) can be rewritten according
to (22), as

τ = Φ(η2,v,vr, v̇r)Θ− JT (η2)(η− ηd)−KD(v− vr)

(37)

Applying the principle of certainty equivalence, the

adaptive controller can be obtained by replacing the

system parameter Θ in the ideal controller with its es-

timated value Θ̂(t):

τ = Φ(η2,v,vr, v̇r)Θ̂(t)−JT (η2)(η−ηd)−KD(v−vr)
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(38)

The parameter vector is updated by the adaptive law
in [55]:







































˙̂
Θ(t) = −Γ (ΦT (η2,v,vr, v̇r)(v− vr) +KΘβ(t)) (39)

β̇(t) = −(
1

εm
I+ ΓKΘZ(t))β(t) +

1

εm
ΦT

f (η2,v)ε

−ΓZ(t)ΦT (η2,v,vr, v̇r)(v− vr) (40)

Ż(t) =
1

εm
(ΦT

f (η2,v)Φf (η2,v)− Z(t)) (41)

The initial values of β and Z are both 0. As for the

initial value of Θ̂(t), if there are some prior knowledge

of system parameters, a reasonable initial guess may be

chosen. ε = τ̂ f − τ f , where τ̂ f = Φf (η2,v)Θ̂(t) and
Φf (η2,v) has been given in (27). Γ > 0 and KΘ >

0 are diagonal gain matrices, εm ≥ 0 represents the
memory of the adaptive law.

Definition 4.1. (Sufficient Excitation): The uniformly

bounded regressor Φf (t) = Φf (η2(t),v(t)) ∈ R6×nΘ is

said to be sufficiently exciting if there exist λZ > 0 and

T > 0, such that

∫ t

0

e−(t−τ)/εmΦT
f (τ)Φf (τ)dτ ≥ λZI, ∀t ≥ T (42)

Theorem 4.2. Consider the adaptive controller (38)
with the adaptive law (39-41). According to (41) and
the initial condition Z(0) = 0, Z(t) can be expressed
as:

Z(t) =
1

εm

∫ t

0

e−(t−τ)/εmΦT
f (τ)Φf (τ)dτ ≥ λZI, ∀t ≥ T > 0

(43)

Then from any initial conditions,
(1) if λZ > 0, i.e., Φf (t) is sufficiently exciting, then

[ηT (t) vT (t) Θ̂
T
(t)]T � [ηT

d (t) vT
r (t) ΘT ]T exponen-

tially;
(2) if λZ ≥ 0, then [ηT (t) vT (t)]T � [ηT

d (t) vT
r (t)]

T

asymptotically, and Θ̂(t) is bounded for all t ≥ 0.
Proof: Combining with (29), (37) and (38), the adap-
tive controller may be rearranged as:







η̇d = J(η2)vr +Kp(η − ηd)
Mv̇r = −C(v)vr −D(v)vr −G(η2)− τc +KD(v− vr)

JT (η2)(η − ηd)− Φ(η2,v,vr, v̇r)(Θ̂ −Θ) + τ

(44)

It has been proven that β(t) = Z(t)(Θ̂ − Θ), the

rigorous proof can be found in [55]. Therefore, the adap-

tive law (39) may be rewritten as

Γ−1 ˙̂Θ = −ΦT (η2,v,vr, v̇r)(v−vr)−KΘZ(t)(Θ̂−Θ)

(45)

Then, according to (44-45), the virtual system is obvi-
ously obtained:















ξ̇1 = J(η2)ξ2 +Kp(η − ξ1)

Mξ̇2 = −C(v)ξ2 −D(v)ξ2 −G(η2)− τc +KD(v− ξ2)
+τ + JT (η2)(η − ξ1)− Φ(η2,v,vr, v̇r)(ξ3 −Θ)

Γ−1ξ̇3 = −ΦT (η2,v,vr, v̇r)(v− ξ2)−KΘZ(t)(ξ3 −Θ)

(46)

Notice that ξ = [ξT1 ξT2 ξT3 ]
T in the virtual system (46)

has two particular solutions: ξ1 = [ηT vT ΘT ]T and

ξ2 = [ηT
d vT

r Θ̂
T
]T , corresponding to AUVs system (11-

12) and the adaptive controller (44-45), respectively. It

should be noted that when ξ = ξ1, the first two equa-
tions of the virtual system (46) correspond to (11) and

(12) respectively, meanwhile the third equation obtains

Γ−1Θ̇ = 0, that is, the parameter vector Θ is a con-

stant vector, which is just consistent withAssumption

3.3.

Consider the differential dynamics of the virtual sys-

tem (46):

M2δξ̇ = J2δξ (47)

where δξ = [δξT1 δξT2 δξT3 ]
T , M2 = diag(I6,M,Γ−1),

and

J2 =





−Kp J(η2) 06×6

−JT (η2) −(C(v) +D(v) +KD) −Φ(η2,v,vr, v̇r)
06×6 ΦT (η2,v,vr, v̇r) −KΘZ(t)





(48)

Take M2 as the metric. The squared length between
any two neighboring trajectories under the metric is

defined as V2 = δξTM2δξ, and its time derivative is
given as:

V̇2 = 2δξTM2δξ̇ = 2δξJ2,sδξ̇ (49)

where J2,s = (J2 + JT
2 )/2 is the symmetric part of J2:

J2,s = −









Kp 06×6 06×6

06×6 (D(v) +KD) 06×6

06×6 06×6 KΘZ(t)









≤ −





Kp 06×6 06×6

06×6 KD 06×6

06×6 06×6 KΘZ(t)



 (50)

Therefore, V̇2 ≤ −2λ2V2, the virtual system is contract-

ing under the metricM2 with the contraction rate λ2 =

min{λmin(Kp), λmin(KD), λZλmin(KΘ)}/λmax(M2).

According to Theorem 2.2 and Lemma 2.3, this
virtual system (46) is contracting if λZ > 0 and semi-

contracting if λZ ≥ 0. For the former case, [ηT
d vT

r Θ̂
T
]T

� [ηT vT ΘT ]T exponentially. For the later case, δξ1
and δξ2 tend to zero asymptotically while δξ3 remains
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bounded. This gives that [ηT
d vT

r ]
T

� [ηT vT ]T asymp-

totically, and Θ̂ is bounded for all t ≥ 0.
Definition 4.2. (Persistent Excitation):The regressor

Φf (t) = Φf (η2(t),v(t)) ∈ R6×nΘ is uniformly bounded,

it is said to be persistently exciting if there exist λZ > 0

and T > 0, such that

∫ t+δt

t

e−(t−τ)/εmΦT
f (τ)Φf (τ)dτ ≥ λZI, ∀t ≥ T (51)

Remark 4.1. Sufficient excitation (SE) and persistent
excitation (PE): As pointed out in [55], the SE con-

dition is strictly weaker than the PE condition. A PE
regressor always satisfies the SE condition, while the
inverse is not true for some combinations of the design

parameters.

In most adaptive law, parameter identification, that

is, the estimated values of system parameters converges
to their real values, will only occur when the PE condi-

tion are satisfied. However, as mentioned above, the PE
condition is strictly and difficult to meet. The adaptive
law proposed in [55] relaxes the strict condition of PE

and makes the system identification easier. However, in

[55], the adaptive law is only applied to a one DOF

manipulator, and only three parameters need to be es-

timated. In this paper, the effectiveness of the adaptive

law is further verified by estimating up to 22 parame-
ters on a more complex AUVs system. In addition, the
exponential convergence of the system is analyzed with

the framework of contraction theory, which greatly sim-

plifies the design and analysis difficulty of the control

system.

(a)

Fig. 2 Simulation results of ideal controller, the

comparison between actual trajectory and desired

trajectory

5 Simulation results

Numerical simulations are used in this section to ver-

ify the effectiveness of the approaches proposed in this

paper. There are two sets of simulations. The first sim-

ulation verifies the effectiveness of the ideal controller,

while the second verifies the adaptive controller’s relia-

bility in the presence of parameter uncertainty and the

adaptive law’s capacity to achieve parameter identifica-

tion.

5.1 Simulation of ideal controller

This simulation is used to prove the effectiveness of the

ideal controller. The parameters used in this simulation

can be found in Appendix [56]. The desired trajectory

is a spiral line, which is expressed as:






































xd = 20cos(0.05t)

yd = 20sin(0.05t)

zd = −0.1t

φd = 0

θd = atan( −żd√
ẋd

2+ẏd
2
)

ψd = atan( ẏd

ẋd
)

(52)

The disturbances vector expressed in earth fixed

frame is given as Θc = [−5;−10; 2; 2; 5; 10]. The con-
trol gains of Kp and KD are given as: Kp = 0.1I6,

KD = 500I6. The initial states of AUV are set as

η(0) = [22 2 2 0.1 0 0.1]T and v(0) = 06×1.

(a)

(b)

Fig. 3 Tracking error of ideal controller, (a) position

and attitude error, (·)e = (·)− (·)d; (b) velocity error,

(·)e = (·)− (·)r



Title Suppressed Due to Excessive Length 9

(a)

(b)

Fig. 4 Control inputs of ideal controller: (a) control

forces in surge, sway and heave; (b) control torques in
roll, pitch and yaw

As shown in Fig. 2, the ideal controller drives the
actual trajectory of the AUV closer to the desired tra-

jectory, and the initial error is quickly eliminated, and

then the two trajectories coincide perfectly. Therefore,

the control objective is well realized. The position and

attitude tracking errors are shown in Fig. 3(a). After

about 60s, the AUV has entirely tracked the desired

trajectory and the tracking error in each DOF is zero.

The errors between the actual velocity and the reference

velocity in each DOF are shown in Fig. 3(b). From the

local magnification, it can be observed that the velocity

error quickly converges to zero in less than one second.

The control inputs of ideal controller are displayed
in Fig. 4. Notice that control inputs experience a large

fluctuations at the initial tracking stage to eliminate

the tracking error, and then stabilized with the grad-

ual reduction of the tracking error. In fact, the control

input required at the initial tracking stage is likely to

exceed the maximum thrust or torque that the AUVs

propeller can provide, resulting in actuator saturation.

This problem will be investigated in the future research.

5.2 Simulation of adaptive controller

This part is used to verify the performance of the adap-

tive controller in the presence of parameter uncertain-

ties and the ability of the adaptive law to realize pa-

rameter identification.

The desired trajectory is still a spiral line, which has

been given in (52). The disturbances vector is randomly

given as Θc = [−10;−20; 8; 5; 10; 20]. The simulation

parameters are set as follow: Kp = 0.2I6,KD = 100I6,

Γ = 100I22, KΘ = 500I22, εm = 100 and λf = 1. The

initial state of AUV is set as η(0) = [15 2 2 0.1 0 0.1]T

and v(0) = 06×1. Assuming that there has no prior

knowledge of system parameters, so the initial guess

of system parameters is Θ̂(0) = 022×1. The tracking
results are displayed in Fig. 5, 6 and 7, and the results

of parameter estimation are shown in Fig. 8.

Fig. 5 Simulation results of adaptive, the comparison

between actual trajectory and desired trajectory

(a)

(b)

Fig. 6 Tracking errors of adaptive controller, (a)

position and attitude error; (b) velocity error

As can be seen from Fig. 5, although the system

parameters are unknown, the actual trajectory of AUV
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soon coincides with the desired trajectory, and the adap-

tive controller well realizes the control objective of tra-

jectory tracking. As shown in Fig. 3, the tracking errors

of position, attitude and velocity in Fig. 5 quickly con-

verge to zero after a short fluctuation. The control in-

puts required for adaptive controller are shown in Fig

7. Finally, Fig. 8 shows the results of parameter esti-

mations. It can be seen that for the selected 22 system
parameters, their estimated values eventually converge
to their real values rather than just remain bounded,

and most parameters converge before 30s, and a few

parameters converge around 50s. This once again veri-

fies the effectiveness of the adaptive law and provides a

method for the parameter identification of AUVs sys-

tem under specific working conditions.

(a)

(b)

Fig. 7 Control inuts of adaptive controller, (a) control

forces in surge, sway and heave; (b) control torques in

roll, pitch and yaw

(a)

(b)

(c)

(d)

(e)

(f)
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(g)

(h)

(i)

(j)

(k)

(l)

(m)

(n)

(o)

(p)
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(q)

(r)

(s)

(t)

(u)

(v)

Fig. 8 Results of parameter estimations by adaptive

law

6 Concluding remarks

This paper designs the trajectory tracking controller

for a fully-actuated 6-DOF AUV. First, assuming that

all system parameters are known, the ideal controller is

proposed. Then, an adaptive controller is proposed to

deal with parameter uncertainties. Combined with the
existing adaptive law, the adaptive controller proposed
in this paper not only completes the control objective of
trajectory tracking, but also realizes the identification

of AUV system parameters without satisfying the PE

condition, which provides a new method for obtaining

the parameters of AUVs system. The exponential con-

vergence of these controllers is analyzed with the frame-
work of contraction theory. Different from Lyapunov
method to study the stability of equilibrium point, con-

traction theory studies the convergence between any

two neighboring trajectories of the system, which is

more intuitive for the tracking control problem. In par-

ticular, it can be seen that partial contraction, virtual

system and modular properties of contraction theory
simplify the difficulty of control system design and anal-
ysis to a certain extent.

Of course, the research of this paper still has great

limitations. Firstly, there are up to 22 parameters that
need to be updated online. Although the convergence of
these parameters proves the effectiveness of the adap-

tive law, it also causes a great computational burden.
So, it is necessary to establish a more concise AUV
model to reduce the computational burden. Then, ac-

tuator saturation is ignored in this paper. Finally, from

the simulation results of the adaptive controller, it can

be seen that the convergence of trajectory and param-

eters is not synchronous, and the convergence speed

between different parameters is also different, which is

also noteworthy. Therefore, the next stage of research

will focus on the above three points.
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Appendix

The parameters of Remus AUV used in this paper [56].

Parameter Value Unit
W 300 N

B 308 N

m 30.58 kg
Ix 0.177 kg ·m2

Iy 3.45 kg ·m2

Iz 3.45 kg ·m2

xg 0 m
yg 0 m
zg 0.00196 m
xb -0.0611 m
yb 0 m
zb 0 m
Xu̇ -0.93 kg
Yv̇ -35.5 kg
Zẇ -35.5 kg
Kṗ -0.0704 kg ·m2

Mq̇ -4.88 kg ·m2

Nṙ -4.88 kg ·m2

X|u|u -1.62 kg/m
Y|v|v -131 kg/m
Z|w|w -131 kg/m
K|p|p -0.13 kg ·m2/rad2

M|q|q -188 kg ·m2/rad2

N|r|r -94 kg ·m2/rad2
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