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Abstract 

In this work, machine learning (ML) approach based on polynomial regression was 

explored to analyze the optimal processing parameters and predict the target particle sizes for 

ball milling of alumina ceramics. Data points were experimentally obtained by measuring the 

particle sizes. Prediction interval (PI)-based optimization methods using polynomial regression 

analysis are proposed. As a first step, functional relations between the inputs and the responses 

are derived by applying the regression analysis. Later, based on these relations, objective 

functions to be maximized are defined by desirability approach. Finally, the proposed PI-based 

methods optimize both parameter points and intervals of the target mill for accomplishing user-

specified target responses. The optimization results show that the PI-based point optimization 

methods can select and recommend statistically reliable optimized parameter points even 

though unique solutions for the objective functions do not exist. From the results of 

confirmation experiments, it is established that the optimized parameter points can produce 

desired particle sizes with quality responses quite similar to the target responses.  

Keywords: Alumina; Wet ball mill; Machine learning; Polynomial regression analysis; 

Prediction interval; Parameter optimization. 
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1. Introduction 

Machine learning (ML) methods have accelerated the scientific advancement in recent 

times since they are capable of processing of large amounts of data (big data) and their ability 

to select the optimal processing parameters more precisely. ML methods have been successfully 

applied in various fields including materials science, ceramics, glasses, and biomaterials [1−10]. 

These ML methods demonstrated their efficacy by the way the input data is processed and 

analyzed quantitatively. ML methods are successfully applied for the discovery of high-entropy 

ceramics [11] and alloys [12]. And also, for the prediction of permittivity for microwave 

dielectric ceramics [13], the melting temperature of ultra-high temperature ceramics [14] and 

the bending strength of silicon nitride ceramics [15].  

Reliable, robust and accurate experimental input data is essential for ML since many 

methods are based on supervised learning approaches, in which the models are trained properly 

through the input data. It is also possible to predict the target values with a great accuracy 

through these ML methods and therefore selection of appropriate method is very important. 

Regression models are capable of predicting a continuous output and are generally used to 

predict numerical values based on input data. Regression models are trained by minimizing a 

loss function in a training data set. Regression-based ML methods have been applied 

efficaciously on different materials for the optimization and prediction of various properties 

[2−8]. However, ML methods have been applied very rarely to address the issues in the field 

of ceramics ball milling. 

Ball mill is one of the most popular comminution machines used to produce desired 

reduced particle sizes and particle size distributions (PSDs) of starting powders [16−18]. It has 

been widely applied for fine grinding of materials in various fields including ceramics, mineral 

processing and electronics. Ball milling in general and wet ball milling in particular, is a 
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complex process governed by various processing parameters such as container and ball sizes, 

powder and ball loadings, milling speeds and times, slurry amounts, and so on [19−23]. 

Nevertheless, the quality of produced powders depends on the types and properties of starting 

powders. However, optimizing these processing parameters is absolutely needed in ceramics 

processing to achieve user-specified target values. 

Numerous studies [24−36] have been made to optimize input parameters of ball 

milling processes, however, these studies have several limitations. For instance, most studies 

focused on optimizing milling parameters using only one quality response (mostly particle size, 

d50). If, in addition to the d50, the shape of PSDs is also considered as quality responses, multiple 

response optimization (MRO) problems should be dealt with. The methods based on the main 

effect plots cannot handle the MRO problems in which the trade-off between multiple 

responses should be treated. And also, most studies had little regard to solve such optimization 

problems in ball milling that desired target values for quality responses are set up. Main effect 

plots can maximize or minimize quality responses but cannot minimize the differences between 

the responses and their target values. Moreover, very few studies have attempted to optimize 

both milling parameter points and their intervals. The optimized parameter intervals can help 

to operate the target mill more flexibly by considering process uncertainties caused by 

measurement errors.  

This paper proposes prediction interval (PI)-based optimization methods for 

optimizing a wet ball mill using polynomial regression analysis. The aim of the proposed 

methods is to optimize both parameter points and intervals of the target mill by solving such 

MRO problems that user-specified target values are set up for some quality responses. After 

deriving the regression functions from the collected dataset, establishing reasonable target 

values for particle sizes, and defining objective functions, the proposed PI-based optimization 
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methods were applied for optimizing both parameter points and intervals of the target mill. To 

verify the effectiveness of the optimized parameter points, confirmation experiments were also 

performed several times. Herein, we report on the applicability of polynomial regression-based 

ML approach for ball milling of alumina ceramics. Experimental data points were collected 

systematically via particle size analysis. Using this model, the optimal processing parameters 

can be selected and the target values can be predicted based on the input parameters. In 

particular, a quantitative analysis of the factors affecting the particle size was conducted. 

Although this study focuses on the ball milling of alumina ceramics, the new approach reported 

could be applied for other ceramic materials as well. 

2. Experimental details 

The value of d50 (y1), and the values of width and skewness (y2 and y3) reflecting the 

shape of PSDs are employed as quality responses to assess milled alumina powders. The 

volume percent of slurry (x1), solid content (x2), milling speed (x3), milling time (x4), and ball 

size (x5) are considered as key processing input parameters affecting these responses. 180 data 

samples were prepared, each of which consists of the settings of the five milling parameters 

(inputs) and the measured values of the three responses (outputs). More experimental details 

about the ball milling of alumina and data processing parameters can be found in our recent 

publication [37]. Fig. 1 summarizes the procedure for the proposed PI-based optimization 

methods, which is roughly divided into preliminary and optimization phases. In the preliminary 

phase, first, functional relations ˆ ( )
l

y x , l = 1,..., L, between p inputs (i.e., processing parameters) 

and L outputs (i.e., quality responses) are derived by applying the regression analysis to an 

experimental dataset 1{( ; )}p L n

i i i x y . Second, based on the ˆ ( )
l

y x , importance values of 

p inputs for each output are estimated by Monte Carlo (MC)-based method (Algorithm 1); the 

importance matrix .
L p

imp

I that consists of the estimated importance values can be employed 
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to prioritize processing parameters and to optimize parameter intervals. Third, objective 

functions D(x) to be maximized for solving MRO problems are defined by desirability 

approach. In the optimization phase, first, the proposed point optimization method (Algorithm 

2) is applied to D(x) for obtaining statistically reliable optimized parameter points * *
(1) ( ){ ,..., }

K x x

to be recommended for the users (e.g., process operators and engineers). After that, the 

proposed interval optimization method (Algorithm 3) is used to find upper and lower bound 

vectors * * *
,1 ,[ ,..., ]T

LB LB LB p
x xx  and * * *

,1 ,[ ,..., ]T

UB UB UB p
x xx  that can define parameter intervals

* *
, ,[ , ]

LB j UB j
x x , j = 1,..., p, enclosing an optimized point *

( )k
x

* *
(1) ( ){ ,..., }

K x x . 

3. Polynomial regression analysis 

Second-order polynomial regression analysis has been popularly used to optimize 

processing parameters in various industrial fields including powder processing using ball 

milling [29, 38−44], since it can construct regression models that can appropriately capture the 

nonlinearities contained in such experimental datasets with relatively low model complexity. 

Functional relations between p inputs x1,..., xp and lth output yl (l = 1,..., L) are formulated by 

the regression analysis as follows: 

2
0

1 1

( | )
p p

l l l l

l l l l j j jk j k jj j l

j j k j

y f x x x x     
  

        x β  (1) 

where εl is an error term, 0
l  is an intercept, and l

j
  , l

jk
  , and l

jj
  are regression coefficients 

associated with linear, interaction, and quadratic terms, respectively. More details can be found 

in our recent publication [37] 

The output of the lth regression function in eq. (1) for a new vector xnew = [xnew,1,..., 

xnew,p]T can be calculated as new new new
ˆ ˆˆ ( ) ( )T l T l

l
y  x z x β z β , and its 100(1 − α)% PI, new[ ( ),l

LB
PI x  

new( )]l

UB
PI x , is calculated as 
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1
new new 1 /2 new new

1
new new 1 /2 new new

ˆ( ) ( ) ( ) 1 ( )

ˆ( ) ( ) ( ) 1 ( )

l T T

LB l l

l T T

UB l l

PI y t n p s

PI y t n p s











   

   

x x z Z Z z

x x z Z Z z
 (2) 

where α is significance level for PI, and t1−α/2(n − p') is the 1 − α/2 percentile of the t distribution 

t(n − p'). 

3.1 Monte Carlo (MC)-based method for estimating importance values of inputs 

In this work, MC-based method summarized in Algorithm 1 is used to estimate 

importance values of p inputs xj (j = 1,..., p) for each output yl (l = 1,..., L); this is a modified 

version of the method presented in [45,46]. First of all, after generating N uniform random 

vectors x(1),..., x(N) with p dimensions, these vectors are substituted into the lth regression 

function ˆˆ ( ) ( | )l

l l
y fx x β to obtain N outputs (1) ( ),..., N

l l
y y , and their median yl,med is calculated. 

The random vectors can be partitioned into two sets as follows: larger
l

X  {x(i)| ( )ˆ i

l
y ≥ yl,med, i = 1,..., 

N} and smaller
l

X {x(1),..., x(N)}\ larger
l

X . And then, two empirical cumulative distribution functions 

(ECDFs), larger ( )l

j
F x and smaller ( )l

j
F x for each input xj are estimated based on the jth elements of 

the vectors in larger
l

X and smaller
l

X , respectively. Finally, the total area of the region(s) surrounded 

by the two ECDFs are calculated numerically, and the calculated value is regarded as the 

importance value of xj for yl. Finishing the Algorithm 1, importance matrix imp.
L pI

composed of the estimated importance values are returned. 

4. Optimization of parameter points and intervals 

4.1 Desirability approach 

Desirability approach [47−49] has been commonly employed for defining objective 

functions for MRO problems in which multiple quality responses with different ranges are 

handled. Depending on whether a response yl should be minimized, maximized or as close as 

possible to a target value yl,target, different desirability functions are used, and these functions 
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transform the output value ˆ ( )
l

y x to have the range of 0 to 1. If there are user-specified target 

values for yl, the following is used as its desirability function: 

 

,min

,min

,min ,target

,target ,min

,max

,target ,max

,target ,max

ˆ0                              if  ( )

ˆ ( )
ˆ    if  ( )

ˆ ( )
ˆ ( )

ˆ    if  ( )

0    

l l

s

l l

l l l

l l

l l t

l l

l l l

l l

y y

y y
y y y

y y
d y

y y
y y y

y y



 
    

 
    

x

x
x

x

x
x

,max
ˆ                          if  ( )

l l
y y










  x

  (3) 

where yl,min and yl,max are the lower and upper limits of yl, respectively, both of which can be 

obtained from the observations y1l,..., ynl, yl,target[yl,min, yl,max]is a target value for yl, and s and 

t are design values that determine the shape of eq. (3). If the lth response should be minimized, 

the following desirability function is used: 

 

,min

,max

,min ,max

,max ,min

,max

ˆ1                             if  ( )

ˆ ( )
ˆ ˆ( )     if  ( )

ˆ0                             if  ( )

l l

t

l l

l l l l l

l l

l l

y y

y y
d y y y y

y y

y y



  

     
 

x

x
x x

x

  (4) 

The desirability function used when the response should be maximized is similar to eq. (4), and 

thus omitted due to space constraints. In this paper, both design values of s and t in eqs. (3) and 

(4) are set to 1. 

The following overall desirability D(x), weighted geometric mean of dl(∙), l = 1,..., L, 

are used as objective functions for MRO problems: 

  11
ˆ( ) ( )

lll

w
L w

l ll
D d y




 x x   (5) 

where wl is a weight value assigned to lth response; in this paper, all weight values are set to 1. 
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4.2 PI-based method for optimizing parameter points 

It should be noted that unique solutions do not exist in such MRO problems that some 

quality responses want to be equal to user-specified target values. That is, whenever executing 

optimization algorithms (e.g., quadratic programming and particle swarm optimization (PSO)) 

to maximize D(x), different solutions are discovered each time. It is, therefore, essential to 

decide which of these different solutions to be selected and then recommended for users. 

Among these different solutions, the proposed PI-based point optimization method in 

Algorithm 2 selects statistically significant solutions (i.e., optimized parameter points) based 

on the lengths of their PIs. Here, it is assumed that as the length of PIs for a solution becomes 

shorter, its uncertainty is reduced from a statistical viewpoint. The proposed method is an 

advanced version of the method proposed in [50] so that it can be also applicable for MRO 

problems, and the significance of the different solutions is evaluated in terms of PIs instead of 

confidence intervals. 

In the proposed method, firstly, different solutions *
k

x  , k = 1,..., K, are obtained by 

applying an optimization algorithm to maximize D(x) multiple times. In this work, PSO [51−53] 

was applied to find these solutions. And then, the lengths of L PIs, l

k
PI  *( )l

UB k
PI x *( )l

LB k
PI x , 

l = 1,..., L, associated with the kth solution *
k

x are calculated using eq. (2); the upper and lower 

limits yl,max and yl,min of yl can be used to standardize the values of l

k
PI . Finally, PIk, k = 1,..., K, 

obtained by summing all the standardized values l

k
PI , are sorted in ascending order (i.e., PI(1) 

< PI(2) <L ), and then the K' solutions * *
(1) ( ),...,

K x x with the first K' PIk are returned. 

4.3 PI-based method for optimizing parameter intervals 

To deal with the process uncertainties, in addition to an optimized parameter point x* 

= [ *
1x  ,..., *

p
x  ]T, it is also necessary to obtain statistically meaningful optimized parameter 
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intervals * *
, ,[ , ]

LB j UB j
x x , j = 1,..., p, enclosing the point x*, i.e., *

j
x  * *

, ,[ , ],
LB j UB j

x x j . It is desirable 

that parameter points belonging to the domain restricted by these parameter intervals can 

achieve similar quality responses with those of x* from a statistical view point. 

In the p-dimensional input space, an hyper-rectangle (i.e., orthotope) that is centered 

at x* and has 2p vertices vm
p , m = 1,..., 2p, can be imagined. Fig. 2 shows the example of 

the hyper-rectangle with 8 (= 23) vertices defined in a three-dimensional input space. While 

redefining the hyper-rectangle by increasing the length of its edges gradually, one can discover 

the one defined immediately before any of output values ˆ ( )
l m

y v , l = 1,..., L, start to depart from 

the PIs of x*, *[ ( ),l

LB
PI x *( )]l

UB
PI x , l = 1,..., L. The parameter intervals can be easily obtained 

from the discovered hyper-rectangle. Weight values lj
W (j = 1,..., p, l = 1,..., L) calculated from 

the importance matrix Iimp. can be used to differentially increase the length of edges according 

to their relevant importance values; the larger the importance values, the shorter the length of 

the relevant edges. 

In the proposed PI-based interval optimization method, first, the hyper-rectangle in 

which the length of the edges in parallel with the jth input direction is 2
l lj
W are defined where 

δl is a small positive increment; this can be represented as a Cartesian product of p intervals as 

follows [54]: * *
1[ , ]p

j j l lj j l lj
x W x W    , where × is the Cartesian product operator. Second, the 

2p vertices p

m
v  are organized into the vertex set V = {vm

p  |m = 1,..., 2p}. While 

increasing the length of the edges, the elements of vm that become larger than +1 (or smaller 

than −1) should be replaced by +1 (or −1). The reason for doing this is due to the fact that each 

element of input vector x in the regression functions ˆ ( )
l

y x must be always located in the range 

[−1, 1] by a data standardization, i.e., x[−1, 1]p. Third, after calculating the outputs ˆ ( )
l m

y v , 
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the maximum value of δl that makes all the outputs to be included in the lth PI *[ ( ),l

LB
PI x

*( )]l

UB
PI x is found by grid search. Fourth, after finding the maximum values of δl, max

l
 , for all 

l, the following upper and lower bound vectors l

UB
x and l

LB
x , l = 1,..., L, are defined: 

* max * max
1 1[ ,..., ]l T

UB l l p l lp
x W x W   x and * max * max

1 1[ ,..., ]l T

LB l l p l lp
x W x W   x  (6) 

In eq. (6), all the vector components larger than +1 (or smaller than −1) must be replaced by 

+1 (or −1). Based on l

UB
x and l

LB
x , the L different hyper-rectangles can be defined as follows:

1 , ,[ , ]p l l

j LB j UB j
x x , l = 1,..., L. It is important to note that the L regions occupied by these L hyper-

rectangles can be different from each other. Finally, the upper and lower bound vectors that can 

define the overlap between all the hyper-rectangles are obtained as follows: 

*
,1 ,[min ,...,min ]l l T

UB l UB l UB p
x xx and *

,1 ,[max ,...,max ]l l T

LB l LB l LB p
x xx   (7) 

The vectors *
UB

x  and *
LB

x  consists of the upper and lower bounds of the optimized parameter 

intervals *
,[ ,

LB j
x

*
, ]

UB j
x , j = 1,..., p, for x*, respectively. Note that all the input points belonging 

to the overlap (i.e., x * *[ , ]
LB UB

 x x ) satisfy the following condition: ˆ ( )
l

y x
*[ ( ),l

LB
PI x *( )]l

UB
PI x  

, l . The proposed PI-based interval optimization method explained so far is summarized in 

Algorithm 3. 

5. Results and discussion 

5.1 Results of regression analysis 

To derive regression functions between p = 5 inputs and L = 3 outputs, three full models 

in eq. (1) with p' = 21 regression coefficients are fitted to the 180 data pairs via the method of 

least squares; all the input values should be standardized to belong in the range [−1, 1] in 

advance. And then, statistically significant terms can be identified by testing whether the p-
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values are smaller than 0.1 or not. Table 1 [37] summarizes the identified statistically 

significant linear, interaction, and quadratic terms for each of quality responses; this table 

allows to understand which terms have significant effects on the responses. For example, it is 

obvious that all input parameters but milling speed (x3) affect the d50 (y1) not only linearly but 

also nonlinearly; x3 has only a linear effect on y1. It can also be expected that the elements of 

the parameter pairs (x1, x4), (x1, x5), (x2, x4), and (x4, x5) interact with each other in determining 

the value of y1. 

The reduced models can be obtained by eliminating all the redundant terms except for 

those in Table 1 from the full models. The following regression functions can be derived by 

refitting the reduced models to the data pairs: 

1 1 2 3 4 5
(.0031) (.0013) (.0012) (.0012) (.0014) (.0012)

1 4 1 5 2 4 4 5
(.0016) (.0014) (.0016) (.0016)

2 2
1 2

(.0023) (.0023)

ˆ ( ) .6023 .0046 .0078 .0052 .0216 .0083

.0047 .0040 .0034 .0048

.0056 .0043 .0051

y x x x x x

x x x x x x x x

x x

     

   

  

x

2 2
4 5

(.0024) (.0026)
.0164x x

  (8) 

2 1 2 3 4 5
(.027) (.012) (.012) (.012) (.014) (.012)

2 2
2 3 3 5 4 5

(.014) (.015) (.025) (.027)

ˆ ( ) 1.725 .076 .040 .031 .188 .174

.024 .060 .076 .245

y x x x x x

x x x x x x

     

   

x

   (9) 

3 1 2 4 5
(.0048) (.0019) (.0019) (.0021) (.0018)

1 5 2 5 3 5
(.0022) (.0022) (.0022)

2 2 2 2
2 3 4 5

(.0035) (.0035) (.0037) (.0040)

ˆ ( ) .3245 .0149 .0097 .0420 .0419

.0110 .0056 .0038

.0086 .0066 .0153 .0069

y x x x x

x x x x x x

x x x x

    

  

   

x

   (10) 

where the SEs of the estimated coefficients are presented in parentheses at the bottom of the 

coefficients. Table 2 lists performance indices such as root mean squared error (RMSE), R2, 

adjusted R2, and F-statistic of the full and reduced models. Since the number of coefficients to 

be estimated is decreased when reducing the complexity of the models, the degree of freedom 

for the error term εl (l = 1,..., 3) is increased, and thus the RMSE values can be decreased. In 
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the reduced models, the values of R2 are smaller than those in the full models, but the values 

of adjusted R2 are larger than or equal to those in the full models. This indicates that for the 

given dataset the generalization capabilities of the reduced models are better than the full 

models. In the case of F-statistic, its values have become larger after reducing the number of 

the coefficients, and thus it is valid to say that the reduced models are more statistically 

significant. 

Fig. 3 shows response surfaces and contour plots visualizing the input-output 

relationships of the reduced model 1
ˆ ( )y x in eq. (8); as space is limited, those of 2

ˆ ( )y x and 3
ˆ ( )y x

are not presented here. In Fig. 3, two variables at X and Y axes are relevant to the interaction 

terms in Table 1. By examining these figures carefully, it is possible to qualitatively understand 

how the two variables interact with each other for the response. As shown in Figs. 3 (a) and (e), 

and Figs. 3 (c) and (g), in the early stages of milling (i.e., when x4 ≤ 8 hours), the changes of x1 

and x2 have little effect on y1; when the value of x4 is equal to 24 hours, the value of y1 tends to 

be proportional to the values of x1 and x2. It is also observed that reduction rate in y1 deteriorates 

with increasing the values of x1 and x2. In Figs. 3 (b) and (f), it can be seen that as the value of 

x5 becomes larger, the change of x1 has more effect on the value of y1. Figs. 3 (d) and (h) show 

that the longer the milling time, the larger the performance differences with respect to the d50 

between 3 mm and 10 mm balls. 

To estimate the importance values of the five inputs, N = 50,000 uniform random 

vectors x(i) ~ U[−1, 1]5 are generated and substituted into eqs. (8)-(10). Figs. 4 (a)-(e) show the 

histograms of x1,..., x5 associated with the two sets 1
largerX and 1

smallerX , and Figs. 4 (f)-(j) describe 

the estimated ECDFs 1
larger ( )

j
F x  and 1

smaller ( )
j

F x  , j = 1,..., 5; the histograms and the estimated 

ECDFs relevant to l = 2 and 3 are omitted due to space constraints. Fig. 5 depicts bar graphs 

illustrating the importance values of x1,..., x5 for y1,..., y3 estimated from the ECDFs in Figs. 4 
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(f)-(j). As can be seen in Fig. 5 (a), x4 is the most important parameter for changing the value 

of y1, and followed in order by x5, x2, x3, and x1. Figs. 5 (b) and (c) indicate that x4, x5, and x1 

make the first, second, and third largest contributions in determining the values of y2 and y3; 

the importance values of x2 and x3 for y2 are similar to each other, but x2 is more important 

parameter for y3 than x3. 

5.2 Results of optimization 

After appointing proper desirability function dl(∙), l = 1,..., 3, to each of the functions 

in eqs. (8)-(10), an overall desirability function D(x) used as an objective function can be 

defined by eq. (5). Since some desired target values are set for the value of the d50 (y1), eq. (3) 

is employed for d1(∙); in general, width (y2) and skewness (y3) are required to be minimized, eq. 

(4) is used for d2(∙) and d3(∙). 

Table 3 lists the optimization results of applying Algorithm 2 for maximizing D(x) 

when the following target values were set up for the three responses and the parameter value 

of x5 was constrained to 3 mm: y1,target = 0.58 μm, y2,target = ‘min’, and y3,target = ‘min’. Here, the 

goal is to find the parameter points that can produce the following milled powder: its PSD is 

centered at the desired value of d50, and at the same time, its width and both sides are as narrow 

and symmetrical as possible, respectively. The reason why the ball size (x5) was restricted to 

be 3 mm is that it is a discrete input parameter, and thus its optimized values (e.g., *
5 4.73x  ) 

without the constrained condition cannot be used in practice. In Algorithm 2, the values of α, 

K, and K' are set to 0.01, 100, and 10, respectively. In Table 3, the optimized parameter points 

and their model outputs are summarized in the second to sixth columns and the seventh to ninth 

columns, respectively; the 99% PIs enclosing the outputs are also presented at the bottom of 

them. As listed in the table, the outputs of * *
(1) (10),...,x x are the same or very similar to each other, 

but the optimized parameter values of *
2x and *

3x in *
(1)x and *

(2)x are quite different from those of 
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others; this is due to the fact that since there are infinitely many input points that can achieve 

the target value y1,target = 0.58 μm (see Fig. 3 (e)), optimization algorithms cannot find a unique 

solution. The optimized parameter intervals by Algorithm 3 with α = 0.01 are presented at the 

bottom of the parameter values in *
(1)x and *

(3)x marked with boldface; the upper and lower bound 

vectors *
UB

x and *
LB

x for *
(1)x are [23.55, 70.00, 70.00, 24.00, 4.70]T and [20.00, 55.09, 61.77, 19.12, 

3.00]T, respectively. Fig. 6 shows the contour plots of the regression function 1
ˆ ( )y x at which the 

first solution *
(1)x and the input region defined by its optimum parameter intervals are indicated 

by red asterisks and dashed black lines, respectively. In these plots, it should be noted that the 

model outputs of the input vectors included in the region are very close to y1,target = 0.58 μm. 

This suggests that the optimized intervals allow to know the tolerable setting errors of each 

parameter, and depending on field situations, it is also possible to flexibly adjust its values 

within the region. Table 4 summarizes the results of applying Algorithm 2 to the optimization 

problem with the target values y1,target = 0.60 μm, y2,target = ‘min’, and y3,target = ‘min’, and with 

the equality constraint x5 = 3 mm. As presented in the table, although the values of *
2x and *

4x in

*
(9)x are markedly different from those in others, all the outputs are the same or quite similar. 

The parameter intervals optimized by Algorithm 3 are indicated at the bottom of the parameter 

values in *
(1)x and *

(9)x . 

The productivity of the target mill is directly related with such input parameters as 

solid content (x2), milling speed (x3) and milling time (x4) [55]. The solid content determines 

the amount of produced final powders, and milling speed and time are relevant to the amount 

of electrical energy consumption (i.e., production costs). Among the K' = 10 solutions listed in 

Tables 3 and 4, process operators and engineers can select and use appropriate solutions in 

consideration of the productivity. In Table 3, to satisfy the target values, and at the same time 
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to produce the larger amount of milled powders, *
(1)x or *

(2)x with higher value of x2 can be used. 

The values of x2 in *
(1)x and *

(2)x are about 10 wt% higher than those of others, but all the values 

of x1 and x4 in Table 3 are extremely similar to each other. However, if *
(1)x or *

(2)x is used, the 

container should be rotated with higher milling speed (i.e., *
3x = 70 %), and thus the amount of 

the energy consumption increases. In Table 4, to attain the target values and to reduce 

production time simultaneously, *
(9)x can be used; it can save the time by 3.47 hours compared 

to *
(1)x . However, the value of x2 in *

(9)x is 9.33 wt% lower than that in *
(1)x , and thus the amount 

of produced powders by *
(9)x will be smaller than *

(1)x . 

5.3 Results of confirmation experiments 

To verify the effectiveness of the optimized parameter points, confirmation 

experiments via the same steps as explained in previous section were performed based on *
(1)x

and *
(3)x in Table 3, and *

(1)x and *
(9)x in Table 4. In these experiments, the milling parameters were 

set up in accordance with the optimized points, the final powders were produced, and then their 

three quality responses were measured. Considering the process uncertainties, the same 

experiments were repeated four times for each of the four optimized parameter points. 

Tables 5 and 6 list the measured quality responses from the four milled powders by the 

optimized points *
(1)x  and *

(3)x  in Table 3, respectively; the averaged values of the measured 

responses are also summarized at the last row in each table. Figs. 7 (a) and (b) show the PSDs 

of the four milled powders in Tables 5 and 6, respectively. In Table 5, the measured values of 

d50 from the 1st and 2nd powders are 0.603 μm and 0.604 μm, approximately 0.02 μm lower 

than its target value; their measured values of y2 and y3 are smaller than the model outputs

*
2 (1)

ˆ ( )y x = 1.102 and *
3 (1)

ˆ ( )y x = 0.239, respectively. The measured values of d50 from 3rd and 4th 
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powders are similar with its target value and their values of y2 and y3 are also smaller than the 

model outputs. In Table 6, the differences between the measured values of y1 and its target 

value are less than 0.013 μm, and the smaller values of y2 and y3 than the outputs *
2 (3)

ˆ ( )y x = 

1.106 and *
3 (3)

ˆ ( )y x = 0.245 have been obtained. Since all the measured responses in Tables 5 

and 6 belong to the PIs in Table 3, it can be understood that the procedure in Fig. 1 can achieve 

the statistically reliable results of optimization. The average values of the responses in Tables 

5 and 6 differ in the d50, width, and skewness by 0.01 μm, 0.035, and 0.009, respectively; since

*
(1)x and *

(3)x get the similar measured responses to each other, it seems reasonable to suppose 

that either one can be used to produce the final powder satisfied with the target values. 

Tables 7 and 8 summarize the measured responses of the four powders obtained by *
(1)x

and *
(9)x in Table 4, respectively. It can be confirmed that all the responses are included in the 

PIs in Table 4. The differences in the averaged values of d50, width, and skewness between are 

0.008, 0.007, and 0.003, respectively; these are negligible taking the process uncertainties into 

account. Figs. 8 (a) and (b) present the PSDs relevant to the four powders in Tables 7 and 8, 

respectively. As can be viewed from these figures, the PSDs measured by the four repeated 

experiments are extremely similar in shape; the shape of PSDs shown in each of the figures are 

also quite similar to each other. 

6. Conclusions 

In this study, ML approach based on polynomial regression was introduced to 

quantitatively analyze the optimal processing parameters and predict the target particle sizes 

for ball milling of alumina ceramics. Median particle size, width and skewness of PSDs for 

milled powders were regarded as quality responses. The volume percent of slurry, solid content, 

milling speed, milling time, and ball size were considered as key input parameters to be 
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optimized. PI-based point and interval optimization methods using polynomial regression 

analysis were proposed here. After deriving the functional relations between the inputs and the 

responses, and defining objective functions for solving MRO problems by desirability 

approach, the proposed methods were used to optimize both parameter points and intervals for 

accomplishing user-specified target responses. The optimization results showed that the 

proposed point optimization method can select and recommend statistically reliable optimized 

parameter points even though unique solutions for the objective functions do not exist. These 

results are established by additional confirmation experiments. Finally, although this study 

emphasized on the ball milling of alumina ceramics, the new approach reported herein could 

be applicable for other ceramic materials. 
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Algorithms 

 

 

 

Algorithm 1. MC-based method for estimating importance values of p inputs. 

Input: Regression functions ˆˆ ( ) ( | )l

l l
y fx x β , l = 1,..., L 

 
Iimp. ← L by p empty matrix 
 

Generate N uniform random vectors x(i) p ~ U[−1, 1]p, i = 1,..., N 
for l from 1 to L 

Calculate N output values ( ) ( ) ˆˆ ( | )i i l

l l
y f x β , i = 1,..., N 

(1) ( )
,med

ˆ ˆmedian( ,..., )N

l l l
y y y  

( ) ( )
larger ,med

ˆ{ | , 1,..., }l i i

l l
X y y i N  x , and (1) ( )

smaller larger{ ,..., } \l N l
X X x x  

for j from 1 to p 

Estimate two ECDFs larger ( )l

j
F x and smaller ( )l

j
F x based on the jth elements of 

x(i) in larger
l

X and smaller
l

X , respectively 

Calculate the total area of the region(s) surrounded by the ECDFs 
numerically 
Iimp.(l, j) ← total area 

end for j 
end for l 
return Iimp. 
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Algorithm 2. Proposed PI-based method for optimizing parameter points. 

Input: Regression functions ˆ ( )
l

y x , l = 1,..., L, and objective function D(x) 
 
α ← significant level for PI 
yl,max, yl,min ← upper and lower bounds for lth output yl 
K ← # of repetitions of applying an optimization algorithm to D(x) 
K' ← # of solutions to be recommended (where K' < K) 
 
for k from 1 to K 

Find a solution *
kx using an optimization algorithm to maximize D(x): 

*

[ 1,1]

arg max ( )
p

k
D

 


x

x x  

for l from 1 to L 
Calculate the length of lth PI for *

kx using eq. (4): 
* *( ) ( )l l l

k UB k LB k
PI PI PI x x  

end for l 
end for k 

,max ,min1
( )

L l

k k l ll
PI PI y y


  , k = 1,..., K 

Sort PIk in ascending order, i.e., (1) (2)PI PI L  

return * * *
(1) (2) ( ){ , ,..., }

K x x x  
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Algorithm 3. Proposed PI-based method for optimizing parameter intervals. 

Input: Regression functions ˆ ( )
l

y x , l = 1,..., L, a solution x*, and 

importance matrix imp.
L pI  

 
α ← significant level for PI 
W ← JL×p − Iimp.   //JL×p: L by p matrix of ones 
δl ← 0, l = 1,..., L 
 
for l from 1 to L 

Calculate weights for p inputs: 
lj lj ljj

W W W  , j = 1,..., p   //Wlj: (l, j)th element of W 

Obtain prediction interval * *[ ( ), ( )]l l

LB UB
PI PIx x for x* using eq. (4) 

while * *ˆ ( ) [ ( ), ( )]l l

l m LB UB
y PI PIv x x , m = 1,..., 2p 

δl ← δl + 0.01 
Define the p-dimensional hyper-rectangle: 

* *
1[ , ]p

j j l lj j l lj
x W x W     

Organize the vertices of the hyper-rectangle into the vertex set V: 
{ | 1,...,2 }p p

m
V m  v  

if vmj > 1, m = 1,..., 2p, j = 1,..., p then vmj ← 1 end if 
if vmj < −1, m = 1,..., 2p, j = 1,..., p then vmj ← −1 end if 
Calculate the outputs ˆ ( )

l m
y v for vm, m = 1,..., 2p 

end while 
max
l
 ← δl − 0.01 

* max * max
1 1[ ,..., ]l T

UB l l p l lp
x W x W   x , and * max * max

1 1[ ,..., ]l T

LB l l p l lp
x W x W   x  

if , 1l

UB j
x  , j = 1,..., p then , 1l

UB j
x  end if 

if , 1l

LB j
x   , j = 1,..., p then , 1l

UB j
x  end if 

end for l 
*

,1 ,[min ,...,min ]l l T

UB l UB l UB p
x xx , and *

,1 ,[max ,...,max ]l l T

LB l LB l LB p
x xx  

return *
UB

x and *
LB

x  
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Figures 

 

 

 

 

 

Fig. 1. Procedure for the proposed PI-based optimization methods for optimizing parameter points and intervals. 
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Fig. 2. Example of the hyper-rectangle defined in a three-dimensional input space. 
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Fig. 3. Response surface plots (a-d) and contour plots (e-h) for the reduced model in eq. (10). For convenience of interpretations, the ranges of 
X and Y axes have been recovered from the range [−1, 1] to their original ranges. 

 

(a) (b) (c) (d)

(e) (f) (g) (h)
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Fig. 4. Histograms of x1,..., x5 associated with 1
largerX and 1

smallerX (a-e) and estimated ECDFs 1
larger ( )

j
F x and 1

smaller ( )
j

F x , j = 1,..., 5 (f-j). In Figs. 4 
(a)-(e), for convenience of interpretations, the ranges of X axes have been recovered from the range [−1, 1] to their original ranges. 

 

 

 

(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)
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Fig. 5. Estimated importance values of x1,..., x5 for (a) y1: d50, (b) y2: Width, and (c) y3: Skewness. 

 

 

 

 

 

(a) (b) (c)
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Fig. 6. Contour plots of 1
ˆ ( )y x  with *

(1)x  in Table 3 and the input region defined by its optimized parameter intervals. For convenience of 
interpretations, the ranges of X and Y axes have been recovered from the range [−1, 1] to their original ranges. 
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Fig. 7. PSDs of four milled powders in Tables 5 (a) and 6 (b). 

 

 

 

 

Fig. 8. PSDs of four milled powders in Tables 7 (a) and 8 (b). 
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Tables 

 

 

 

 

Table 1. Statistically significant linear, interaction, and quadratic terms for each of quality 
responses. (Reproduced from our previous work, Ref. [37], copyright with permission from 
Elsevier). 

Quality response 
Statistically significant terms 

Linear Interaction Quadratic 

y1: d50 x1, x2, x3, x4, x5 x1x4, x1x5, x2x4, x4x5 
2 2 2 2
1 2 4 5, , ,x x x x  

y2: Width x1, x2, x3, x4, x5 x2x3, x3x5 
2 2
4 5,x x  

y3: Skewness x1, x2, x4, x5 x1x5, x2x5, x3x5 
2 2 2 2
2 3 4 5, , ,x x x x  

 

 

 

 

 

Table 2. Performance indices of full and reduced models for three responses. 

Performance 
Index 

1
ˆ ( )y x  2

ˆ ( )y x  3
ˆ ( )y x  

Full Reduced Full Reduced Full Reduced 
RMSE 0.0131 0.0131 0.135 0.134 0.0205 0.0202 
R2 0.753 0.742 0.759 0.747 0.867 0.864 
Adjusted R2 0.722 0.722 0.729 0.733 0.851 0.855 
F-statistic 24.3 36.7 25 55.7 51.9 97.1 
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Table 3. (y1,target = 0.58 μm, y2,target = ‘min’, y3,target = ‘min’) Optimized parameter points by Algorithm 2 and their model outputs. The optimized 
parameter intervals by Algorithm 3 are presented at the bottom of the parameter values in *

(1)x and *
(3)x . 

Order Optimized parameter point *
x  Model output 

*
1x  *

2x  *
3x  *

4x  *
5x  *

1
ˆ ( )y x  *

2
ˆ ( )y x  *

3
ˆ ( )y x  

1 
20.03 63.34 70.00 22.74 3.00 0.580 1.102 0.239 

[20.00, 23.55] [55.09, 70.00] [61.77, 70.00] [19.12, 24.00] [3.00, 4.70] [0.544, 0.616] [0.744, 1.460] [0.184, 0.293] 

2 20.11 63.48 70.00 22.94 3.00 0.580 1.102 0.239 
[0.544, 0.616] [0.744, 1.460] [0.184, 0.293] 

3 
20.01 52.83 50.00 23.04 3.00 0.580 1.106 0.245 

[20.00, 23.42] [50.00, 60.83] [50.00, 57.98] [19.53, 24.00] [3.00, 4.65] [0.544, 0.616] [0.746, 1.465] [0.191, 0.300] 

4 20.00 52.81 50.00 23.01 3.00 0.580 1.106 0.245 
[0.544, 0.616] [0.746, 1.465] [0.191, 0.300] 

5 20.00 52.75 50.00 23.00 3.00 0.580 1.105 0.245 
[0.544, 0.616] [0.746, 1.465] [0.191, 0.300] 

6 20.00 52.58 50.00 22.97 3.00 0.580 1.104 0.245 
[0.544, 0.616] [0.745, 1.464] [0.191, 0.300] 

7 20.00 52.58 50.00 22.97 3.00 0.580 1.104 0.245 
[0.544, 0.616] [0.745, 1.464] [0.191, 0.300] 

8 20.00 52.55 50.00 22.97 3.00 0.580 1.104 0.245 
[0.544, 0.616] [0.745, 1.464] [0.191, 0.300] 

9 20.00 52.54 50.00 22.96 3.00 0.580 1.104 0.245 
[0.544, 0.616] [0.745, 1.464] [0.191, 0.300] 

10 20.00 52.43 50.00 22.95 3.00 0.580 1.103 0.246 
[0.544, 0.616] [0.744, 1.463] [0.191, 0.300] 
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Table 4. (y1,target = 0.60 μm, y2,target = ‘min’, y3,target = ‘min’) Optimized parameter points by Algorithm 2 and their model outputs. The optimized 
parameter intervals by Algorithm 3 are presented at the bottom of the parameter values in *

(1)x and *
(9)x . 

Order 
Optimized parameter point x* Model output 

*
1x  *

2x  *
3x  *

4x  *
5x  *

1
ˆ ( )y x  *

2
ˆ ( )y x  *

3
ˆ ( )y x  

1 
22.00 63.40 50.00 20.67 3.00 0.600 1.219 0.252 

[20.00, 26.39] [53.04, 70.00] [50.00, 60.26] [16.00, 24.00] [3.00, 5.00] [0.565, 0.635] [0.863, 1.576] [0.198, 0.306] 

2 21.83 64.15 50.00 20.98 3.00 0.600 1.219 0.252 
[0.565, 0.635] [0.862, 1.576] [0.198, 0.306] 

3 21.73 63.75 50.00 20.62 3.00 0.600 1.218 0.252 
[0.565, 0.635] [0.861, 1.575] [0.198, 0.306] 

4 21.70 63.83 50.00 20.63 3.00 0.600 1.218 0.252 
[0.565, 0.635] [0.861, 1.575] [0.198, 0.306] 

5 21.79 64.35 50.01 21.06 3.00 0.600 1.219 0.252 
[0.565, 0.635] [0.862, 1.576] [0.198, 0.306] 

6 21.79 64.47 50.00 21.15 3.00 0.600 1.219 0.252 
[0.565, 0.635] [0.862, 1.576] [0.198, 0.306] 

7 21.63 62.90 50.00 20.02 3.00 0.600 1.217 0.252 
[0.565, 0.635] [0.860, 1.574] [0.198, 0.307] 

8 21.58 63.59 50.00 20.36 3.00 0.600 1.217 0.252 
[0.565, 0.635] [0.860, 1.574] [0.198, 0.307] 

9 
21.62 54.07 50.00 17.20 3.00 0.600 1.193 0.259 

[20.00, 24.70] [50.00, 61.32] [50.00, 57.18] [13.93, 20.46] [3.00, 4.45] [0.565, 0.635] [0.835, 1.552] [0.205, 0.313] 

10 21.53 63.82 50.00 20.45 3.00 0.600 1.217 0.252 
[0.565, 0.635] [0.860, 1.574] [0.198, 0.307] 
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Table 5. Measured quality responses from four milled powders by *
(1)x in Table 3. 

Index y1: d50 y2: Width y3: Skewness 
1 0.603 0.937 0.207 
2 0.604 1.031 0.226 
3 0.587 1.044 0.237 
4 0.581 0.957 0.219 

Average 0.594 0.992 0.222 
 

 

 

 

 

Table 6. Measured quality responses from four milled powders by *
(3)x in Table 3. 

Index y1: d50 y2: Width y3: Skewness 
1 0.567 0.951 0.217 
2 0.589 1.054 0.237 
3 0.593 1.042 0.230 
4 0.588 1.060 0.239 

Average 0.584 1.027 0.231 
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Table 7. Measured quality responses from four milled powders by *
(1)x in Table 4. 

Index y1: d50 y2: Width y3: Skewness 
1 0.623 1.077 0.243 
2 0.632 1.066 0.240 
3 0.611 1.098 0.249 
4 0.615 1.085 0.244 

Average 0.620 1.082 0.244 
 

 

 

 

 

Table 8. Measured quality responses from four milled powders by *
(9)x in Table 4. 

Index y1: d50 y2: Width y3: Skewness 
1 0.611 1.079 0.241 
2 0.610 1.080 0.244 
3 0.611 1.097 0.251 
4 0.616 1.099 0.253 

Average 0.612 1.089 0.247 
 

 

 

 

 

 

 

 

 


