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Abstract 12 

In traditional slope stability analyses, soil is usually approximated as isotropic. However, naturally 13 

cohesive soil deposits are inherently anisotropic, primarily due to the directional arrangement of soil 14 

particles during their deposition process. In this paper, a generalized anisotropic constitutive model for 15 

c-φ soil is introduced to evaluate the influence of varying shear strength on slope stability. In this model, 16 

the initial strength anisotropy is defined by the variety of friction angles to the direction of principle 17 

stress. This model is utilized by two approaches to estimate the slope stability. Firstly, the upper bound 18 

limit analysis solution for slope stability is developed, and the factor of safety of the slopes are studied. 19 

Secondly, this model is coupled with the finite element method to get insight of the influence of 20 

anisotropy on slope stability. One typic case of slope is studied by numerical analyses. It is found that 21 

the slope stability is largely overestimated when the strength anisotropy is ignored, and the 22 

overestimation, in terms of safety factors, can reach up to 32.9%. The complex interrelations between 23 

degree of anisotropy and evolution of the ensuing safety factor is revealed by a series of parametric study 24 

in terms of different degrees of anisotropy. 25 

 26 

Keywords: Slope stability, Soil anisotropy, Finite element (FE) analysis, Stability, Safety factor, Soil 27 

constitutive laws 28 

1. Introduction  29 

Slope failure has been a major cause of human and material losses, and to this reason it has become 30 

a popular subject for considerable, concerted research[1-4]. Although various modelling details play a 31 

significant role in slope stability analyses, one of the key aspects is the constitutive modelling employed 32 

to describe the mechanical behavior of the soil[5]. A wide gap still exists between research and practice, 33 
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because typical simple constitutive models used in every-day engineering are not fully capable of 34 

describing the complex mechanical behavior of real geomaterials. As such, deformation and safety factor 35 

(Fs) predictions may not meet the accuracy requirements. Although the anisotropic mechanical behavior 36 

of natural soils has been discussed widely, in traditional analyses, following an oversimplification 37 

rationale, soils are most often regarded as isotropic. To recover prediction accuracy for a number of 38 

problems in soil mechanics, slope stability included, the shear anisotropy of soil needs to be explicitly 39 

considered for a more faithful replication of the soil medium[6-9]. 40 

Strength anisotropies of soils are usually classified into two types, the inherent (initial) and induced 41 

ones. The former relates to the influence of soil self-weight and tectonic stresses in the process of natural 42 

deposition, which results into directionally varying shear strength[9,10]. The latter stems from the 43 

rearrangement of particles and the associated change in the void space distribution under external loads[11]. 44 

Generally, in the consolidation direction (usually the vertical), soils exhibit higher shear strength than 45 

that in the other directions. This has been demonstrated by the finding that the triaxial compression 46 

strength is typically higher than the triaxial extensive strength for the same specimens[12,13]. Researchers 47 

intend to describe the strength anisotropy by mathematical approach. Specifically, for c-φ soil, a popular 48 

anisotropic failure criterion is the one considering the microstructure tensor as proposed by Pietruszczak 49 

and Mroz[11] (P-M). Two strength parameters, i.e., cohesion and friction angle, were assumed to vary 50 

within the fabric. Lade[14] proposed a 3D failure criterion for cross anisotropic soils by incorporating the 51 

P-M anisotropic conception to the Lade model[15]. This combined criterion was validated by experimental 52 

results, and any apparent limitations were discussed. Zhong et al[16] studied the influence of parameters 53 

in the P-M anisotropic failure criterion. They demonstrated that when the mean value of microstructure 54 

distribution approaches a special range, the value of normalized strength will fluctuate intensely. From 55 

then on, the P-M theory was adopted and incorporated with many constitutive models to analyze the 56 

mechanical behaviors of anisotropic geomaterials[9,17,18]. It should be noted that the P-M theory is 57 

complicated and the relevant parameters are not easy to measured, thus it is not convenient to be applied 58 

into the practical engineering.  59 

Strength anisotropy of soils has considerable bearing on the limited dependability of many stability 60 

analyses, and the action of slopes accounting for anisotropy is a subject that incentivizes relevant explicit 61 

studies. Many attempts have been made in the last decades to study the effect of strength anisotropy on 62 

slope stability with respect to undrained conditions. Lo[19] studied through undrained compression tests 63 
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specimens with different inclinations to the vertical, whereby the results showed that the influence of 64 

anisotropy on the stability is significant for flat slopes but smaller for steep slopes. Based on the 65 

Casagrande and Carillo’s strength anisotropy concept[20], the slope stability has been studied by Chen[21], 66 

and Al-Karni and Al-Shamrani[22], using the limit analysis and limit equilibrium methods respectively. 67 

Mutual corroborations between the two different methods can enhance output information. For example, 68 

effects of strength anisotropy on the stability number for c-φ soil increase with the decrease in the slope 69 

angle, and this effect gets more pronounced while the friction angle of the soil is greater than 10°. Al-70 

Shamrani[22] indicated that the geometry of the slip surface is only slightly affected by the degree of 71 

anisotropy in the soil cohesion. To satisfactorily describe the slip surface of an undrained slope, some 72 

suggestions proposed that three different laboratory tests, i.e., plane strain compression, plane strain 73 

extension, and simple shear test, should be carried out to reflect the loading condition at the different 74 

location of the slip surface[23,24]. Su and Liao[25] set to get more accuracy with less test datum for slope 75 

stability analyses. They proposed a strength criterion, suitable for plane strain conditions, to analyze the 76 

shear strength of undrained clay along the failure surface, where the anisotropic slope stability problem 77 

can be reduced to isotropic counterparts as a particular case.  78 

Since the directionally varying cohesion can be measured through in-situ test or laboratory test, this 79 

characteristic of soil was discussed broadly in slope stability problems for undrained conditions[26]. 80 

However, the effects of the internal friction angle varying with the loading direction for slope stability 81 

problems, have not been adequately studied[27,28], despite the fact that such effects have been widely 82 

discussed by many researchers for porous media[10,29]. In recent years, the application of hollow cylinder 83 

tests makes it possible to measure the variation of friction angle more accurately, and also enable 84 

validating theoretical anisotropic models (Fig.1)[10,30]. For natural deposited slopes, the directionally 85 

arranged soil particles may cause the strength anisotropy. However, in what extent the varying friction 86 

angles will impact the t slope stability has not been fully studied. In addition, for convenience in practice, 87 

a simply constitutive model where the strength parameters and the anisotropy index can be easily 88 

measured is still needed.  89 

In this paper, a newly proposed general plane-strain, elastic perfectly plastic constitutive model 90 

incorporating initial strength anisotropy is reviewed. Hooke's law pertains in the elastic regime. The yield 91 

criterion, extended from the classical isotropic Mohr-Coulomb yield criterion, takes the initial strength 92 

anisotropy into account. The initial strength anisotropy is considered by the variation of the internal 93 
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friction angle with the direction of the principal stresses and an associated flow rule is utilized. The 94 

strength anisotropy is defined by two parameters, i.e., n and β, which can be measured through hollow 95 

cylinder test. The developed constitutive model is firstly introduced into the limit analysis (LA) method. 96 

The stability factor (γH/c) of slopes are analyzed based on the kinematic theory within the framework of 97 

limit analysis. The effects of anisotropic parameters on the stability factor are evaluated. Further, the 98 

slope safety factor (Fs) is studied as well. For the purpose of comparison, the anisotropic yield criterion 99 

is applied in conjunction with the finite element method (FEM) where a shear strength reduction 100 

approach (SSRA) is used to bring the slopes to the point of failure (limit state). The explicit modified 101 

Euler algorithm with stress corrections[31,32] is applied to integrate the elastic-plastic stress strain 102 

relationship towards calculating the problem stresses. The failure surface and the Fs obtained by the two 103 

methods are compared with each other. The influence of strength anisotropy on critical slip surfaces and 104 

Fs of slopes are scrutinized, and the explicit sensitivity of the modelled anisotropic parameters are 105 

reviewed by FEM.  106 

2. The anisotropic yield criterion  107 

The anisotropic yield criterion employed was first proposed by Yuan et al[28] to describe the friction 108 

angle variation with principal stress orientation. The shape of a resulting yield surface is shown in Fig.1. 109 

Conventionally, throughout this paper, negative stress denotes compression. For coherence, a brief 110 

introduction of the anisotropic criterion derivation follows.  111 

   112 

Fig.1 General yield surface: (a) three dimensional stress space [(σx+σy)/2, (σx-σy)/2, σxy], and (b) the 113 

cross-section in the stress space of [(σx-σy)/2, σxy]  114 
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 115 

Fig.2 Yield surface in the stress space of (a) three dimension; (b) (σx-σy)/2, σxy  116 

Booker and Davis[33] proposed the hypothesis that the anisotropic yield surface of granular materials 117 

can be characterized by the hydrostatic pressure p and the principal stress direction Θ. Yuan et al (2019) 118 

as per Booker and Davis (1972), considered the yield surface in the [(σx-σy)/2, σxy] space as an ellipse 119 

(Fig.2) demonstrating that the anisotropic yield criterion can be explicitly given by  120 

( , , ) ( , ) 0
x y xy

f R F p       ,                    (1) 121 

with  122 

2 21
( ) 4

2
x y xyR      ,                        (1a) 123 

max( , ) ( cot ) sin ( )F p Θ p c Θ    ,                (1b) 124 

1
( )

2
x yp    ,                                (1c) 125 

2
tan(2 )

xy

x y

Θ


 



,                             (1d) 126 

and where, f defines the yield function, R is the distance between the stress point and the origin of 127 

coordinates, c is the soil cohesion, φmax is the maximum peak internal friction angle. n and β are the 128 

anisotropic parameters, n=sinφmin/sinφmax ranging from 0 to 1, with smaller value denoting more 129 

significant anisotropy of soil strength. When n=1, Equation (1) becomes the classical isotropic Mohr-130 

Coulomb yield function. β is the direction angle corresponding to the maximum internal friction angle, 131 

namely, when Θ=β, sinφ= sinφmax. β ranges from 0 to π/4.  132 

Based on the geometry of the ellipse, the variation of friction angles with direction of principal 133 

stress can be defined as  134 

max

2 2 2

sin
sin ( )

(cos(2 2 )) (sin(2 2 ))

n
Θ

n Θ Θ




 




   
        (2) 135 
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For a specific soil with given c, φmax, n, β, the shear strength parameter sinφ variation with the major 136 

length of the ellipse direction Θ, which is shown in Fig. 3, has been previously studied by Yuan et al[10]. 137 

This yield criterion has been validated by both experimental and micro-mechanical evidence, and its 138 

application to boundary value problems has been showcased[10]. 139 

 140 

Fig.3 Validation of the newly proposed anisotropic yield criterion[10]. 141 

3. Upper bound theory and stability factor 142 
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 143 

Fig.4. The failure mechanism for a slope. 144 

3.1 LA and stability factor 145 

The compatible velocity field for an upper-bound solution of slope stability is shown in Fig.4. The 146 

region AOB rotates as a rigid body about the center of rotation O with the materials below the logarithmic 147 

surface AB remaining at rest. The equation for the logarithmic spiral slip surface is given by: 148 

0 0exp[( ) tan ]r r                        (3) 149 

where r0 is the length of chord OA, θ0 is the angle between the chord OA and the horizontal. Note that 150 

for an isotropic material, the internal friction angle is constant; however, in this manuscript, the 151 
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anisotropic soil is discussed, the value of internal friction angle is dependent on the value of Θ, β, and n, 152 

and it can be calculated by Eq.(2). The rate of external work for the region ABO is calculated by the 153 

algebraic summation: 154 

3

0 1 2 3( )W r f f f   &                     (4) 155 

where γ is the soil weight, ω is the rotational angular velocity of the block ABO, f1-f3 are the coefficients 156 

for the calculation of the soil weight work rate, which can be found in the literature[21].  157 

The internal dissipation of energy occurs along the slip surface AB. The total internal dissipation 158 

energy is obtained by the following integration: 159 

 
0

2

0

0( cos ) exp[2( ) tan ] 1
cos 2 tan

h

h

crrd
D c V





   
 

               (5) 160 

 Equating the external rate of work to the internal energy dissipation rate, yields: 161 

0( , )
h

c
H F  


                                              (6) 162 

where the function F(θh, θ0) can be calculated as: 163 

  0

0 0 0

1 2 3

sin exp[2( ) tan ] 1
( , ) sin exp[( ) tan ] sin

2sin( ) tan ( )

h

h h h
F

f f f

   
      

  
 

  
  

(7) 164 

Apparently, F(θh, θ0) is a function of parameters θh and θ0, and its minimum value can be calculated 165 

using optimization approach. Based on Eq.(6), the least upper bound of the critical height Hc is obtained 166 

when the minimum value of F(θh, θ0) is obtained. Denoting Ns=minF(θh, θ0), associating with Eq.(6), we 167 

have: 168 

0min ( , )c

s h

H
N F

c


                    (8) 169 

Ns is a dimensionless number, also known as the stability factor of the slope. For a slope with specific 170 

isotropic strength parameters, the value of Ns depends on the slope angle α and the internal friction angle 171 

φ. In this case, the stability factor is also affected by the anisotropic coefficients n and β. The coefficient 172 

Θ is assumed to be 70° in the kinematic approach of limit analysis. The parametric study of the 173 

anisotropic coefficients on the stability factor of the slope is carried out in the following. Fig. 5(a) shows 174 

that the decreasing value of parameter n results in the decrease in the stability factor. For a specific value 175 

of n, the stability factor decreases with the increasing parameter β until β approaches 25°, where the 176 
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stability factor reaches the minimum value. Thereafter the stability factor increases gradually with the 177 

increasing parameter β. Note that when n=1, the stability factor is constant even the parameter β varies 178 

from 0 to 45°, because n=1 denotes the isotropic condition. Not surprise, the stability factor increases 179 

with the increasing maximum internal friction angle φmax no matter the anisotropic condition is 180 

considered or not (Fig.5b). Note that the differences between the results from the isotropic and that of 181 

anisotropic become pronounced with the increase in φmax. 182 

 183 

Fig.5. The effects of anisotropic parameters on stability factor (slope angle α=45°). 184 

 185 

 186 

Fig. 6. The effect of slope angle α on the stability factor (β=25°): (a) n=0.5, (b) n=0.707, (c) n=0.85, 187 
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(d) n=0.932. 188 

When the anisotropic parameter β=25°, the stability factor varies with the maximum internal friction 189 

angle φmax for different slope angles are shown in Fig.6. The increasing parameter n has significant effect 190 

on the stability factor for gentle slopes (α≤45°), while a less obvious effect is observed in steep slopes 191 

(α≥60°). For instance, when φmax=15°and n=0.5, the stability factor for the slopes with the inclination 192 

angle of 30° and 75° are 11.04, 5.46, respectively. Whereas, the counterpart is 19.51 and 6.40 when 193 

n=0.932. The growth rate is 77% and 17% for the gentle and steep slopes, respectively.  194 

3.2 The SSRA and safety factor 195 

Based on the SSRA, the safety factor can be defined as: 196 

/ sc c F                                              (9) 197 

tan tan / sF                                        (10) 198 

where c'and φ' are the soil strength parameters necessary only to maintain the structure in limit 199 

equilibrium and sometimes referred to as the mobilized strength parameters.  200 

Factored shear strength parameters c', φ' are used to bring the slope to the point of failure. 201 

Substituting Eqs.(2),(9), and (10) into Eq.(6), the safety factor can be calculated. To avoid the iteration, 202 

the stability charts are presented herein for slopes with specific γH/c, α, β, and n in the following. 203 

 204 

Fig.7. Stability chart for slopes considering strength anisotropy: (a) α=45°, (b) α=90° 205 

In order to make a quick estimate of the slope stability considering soil strength anisotropy, the 206 

stability chart is presented in Fig.7. For a specific slope, the maximum value of Fs can be obtained with 207 

β=0°. In addition, it is shown that for a specific slope with known values of c/(γHtanφmax) and slope 208 

angles α, the factor of safety of slope can be obtained from Fig.7 without any iteration. For example, a 209 

slope inclined at 45°, with the height of 10m, the soil unit weight is 18kN/m3, the soil cohesion is 22kPa, 210 
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the maximum internal friction angle φmax=17°, the anisotropic parameters are tested by lab test (n=0.707, 211 

β=11.25°). It can be calculated that c/(γHtanφmax)=0.4. We can get that Fs/tanφmax=3.928 from the red line 212 

in Fig.7a. Then, the factor of safety is calculated as Fs=1.2. 213 

4. The numerical analysis procedure 214 

It has been widely accepted that the slope stability is significantly affected by strength anisotropy 215 

of soils[18,21]. To this purpose, a comparison between the influences of isotropic and anisotropic strength 216 

on slip surface of slopes is sought. The SSRA associated with FEM was proposed by Zienkiewicz et al 217 

[34], and a good agreement with the slip circle solution was obtained for c-φ soil slopes. This approach 218 

was extended by many to slope stability analysis[35-38], and is adopted here, with a summary of the 219 

procedure presented in what follows. The definition of safety factor is the same with reference to Eqs.(9) 220 

and (10). An iteration process is required to establish the expression of Fs. When the slope failure occurs, 221 

the factor Fs is the desired solution.  222 

The slope stability analysis inherently refers to an elastoplastic problem. The quadrilateral 223 

isoparametric element is used for modelling in FEM. In the elastic regime, the Hooke’s law is considered, 224 

while in the plastic regime, the stress-strain relationship in its incremental form is given as: 225 

( )e g    &  λD                                    (12) 226 

where Δσe stands for the vector of elastic stresses, Δσe=DΔε (Δε is the strain rate); D is the stress-strain 227 

matrix; g is the plastic potential; and Δλ can be calculated as 228 

( )

( ) ( )

T

T

f

f g

  
 

   
D

D

 
 

                                (13) 229 

in which, f is the yield function. When the associated flow rule is applied, the expression of plastic 230 

potential g equals to that of the yield function f. 231 

After the initial yielding is determined, the explicit modified Euler integration scheme with stress 232 

correction[32] is applied to calculate the elastoplastic stress and strain. Strain hardening is not considered, 233 

and all the stresses and strains are integrated at the Gauss points. The Newton-Raphson method has been 234 

found to converge rapidly in FE codes. The displacement mutation of the characteristic point combining 235 

with the continuums of the plastic zone can be regarded as a reliable definition of slope failure. The 236 

procedure of the iteration algorithm used can be found in the literature[38]. The implementation of the 237 

proposed yield function into FE analysis faces computational challenges, mainly because of the gradient 238 
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discontinuities at the tip or vertex of the yield surface. This particular issue can be tackled by a number 239 

of methods aiming to remove singularities in the yield surface. Among these, the method proposed by 240 

Abbo and Sloan[39] is adopted by introducing a parameter a=0.05ccotφmax. This latter so called hyperbolic 241 

approach can be found for brevity in the appendix.  242 

 243 

5. Case study  244 

One numerical examples of typical soil slope models are used to analyze the effects of strength 245 

anisotropy on slope stability. The geometry of the slopes and the material properties of the soils are 246 

adopted as in Dawson[40]. Parametric studies on the influence of degree of the strength anisotropy, in 247 

terms of anisotropic parameters, on the slope stability problem are presented. Anisotropic parameters are 248 

following Yuan et al[10]. 249 

A simple slope adopted from Dawson[40] is shown in Fig.8. The slope has a height of 10m with a 250 

base of 3m, and the inclination of the slope is 45°. The four-node quadrilateral isotropic element is 251 

utilized to discretize the slope model, with a total number of 330 elements and 369 nodes. On the left and 252 

right boundaries, vertical rollers are applied to restrict the horizontal displacement, while full fixity is 253 

applied at the base. The properties of the soil are listed in Table 1. It has been discussed by Griffith and 254 

Lane[35] that the values of Young’s modulus and Poisson’s ratio have negligible influences on the 255 

predicted Fs. Typical values are given to the soils, namely, E=10000kN/m2, υ=0.3. The selection for the 256 

anisotropic parameters n and β will be detailed in what follows. The associated normality flow rule for 257 

elastoplastic material is used. As mentioned above, the displacement mutation of the characteristic point 258 

(point a in Fig.8) combing with the continuums of the plastic zone from the slope toe to top is regarded 259 

as the nominal slope failure condition. 260 
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8m

45°
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 261 

Fig.8. The discrete mesh of soil slope model. 262 

 263 

Table 1. Material properties. 264 

Unit weight γ (kN/m3) Friction angle φmax (°) Dilation angle ψ (°) Cohesion c (kPa) 

20 20 20 12.38 

(b)

 β = 0º 

(c) 

β = 11.25º 

(a)

 isotropic 

(d)

 β =22.5º 

(e)

 β =33.75º 

(f)

 β =45º 

 265 
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Fig.9. Equivalent plastic strain nephograms of slopes for isotropic and anisotropic [(b)~(f), n=0.707] 266 

conditions: (a) isotropic(n=1), Fs=1.03; (b) Fs=0.89; (c) Fs=0.825; (d) Fs=0.79; (e) Fs=0.81; (f) Fs=0.87.  267 

The equivalent plastic strain (EPS) nephograms of the slope for isotropic and anisotropic conditions 268 

are displayed in Fig.9. It has been previously calculated that the Fs of this slope is exactly 1.0 for 269 

homogeneous isotropic condition through limit analysis[21]. Dawson et al[40] worked out the Fs and 270 

estimated it to be between 1.02 and 1.03, by using FEM combined with SSRA. It has been demonstrated 271 

that the numerical results are a little different than the limit analysis solutions for most of the times, but 272 

within reasonable bounds. In this paper, the calculated Fs of the isotropic slope is 1.03, which well agrees 273 

with the literature. Figs.4 (b)~(f) show the anisotropic results. It is depicted that when n =0.707, the Fs is 274 

always lower than 1.0. The trace of EPS, which can be regarded as the slip surface, varies with the value 275 

of anisotropic parameter β. With increasing β, the slip surface is gradually moving away from the slope 276 

shoulder until approximately β=22.5°, after which it starts returning closer to the shoulder. Fig.9 277 

demonstrates that the consideration of strength anisotropy will lead to a more critical failure mechanism.  278 

(a)

 β = 0º 

(b)

 β =11.25º 

(c)

 β =22.25º 

(d)

 β =33.75º 

(e)

 β =45º 

 279 
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Fig.10. Equivalent plastic strain nephograms of slopes for anisotropic conditions(n=0.85): (a) 280 

Fs=0.97; (b) Fs=0.94; (c) Fs=0.92; (d) Fs=0.94; (e) Fs=0.96. 281 

When the parameter n=0.85, the EPS nephograms are displayed in Fig.10. The strength anisotropy 282 

results again in a lower Fs than in those from the isotropic solution. The Fs in Fig.10 are all very close to 283 

the isotropic solution, i.e., 1.03, with the β values varying equidistantly from 0° to 45°. In addition, 284 

comparing with Fig.9, there is not much difference relevant to the shape of the slip surface for different 285 

β values. It is because the n value in Fig.10 is larger than that in Fig.9. As mentioned before, the closer 286 

to 1 the n value, the anisotropic effect diminishes. The Fs of slopes for different β values are collected in 287 

Fig.11. It is shown that for a specific value of n, the Fs of slopes decreases with the increase in β until 288 

β=22.5°, for the actual β sampling considered. There the Fs reaches a nominal minimum value, and then 289 

increases gradually for even higher β. Fig.11 also displays that for a given β value, a smaller n value 290 

results in a lower Fs. This is because the n value defines the shape of the anisotropic yield surface, which 291 

is an ellipse. The larger the n value, the shape of the yield surface is more approaching a circle, namely, 292 

and the soil performs closer to the less onerous isotropic condition. Generally, if the strength anisotropy 293 

is neglected, the overestimation of Fs can get up to 32.9% for n=0.707; and 14.1% for when n =0.85.  294 

 295 

Fig. 11. Factor of safety of slopes against the anisotropic parameter β.  296 

6. Conclusions  297 

Soils, although having their anisotropic mechanical performance recognized, they are mostly 298 

regarded as isotropic in traditional slope stability analyses. This deficiency may result in the 299 
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overestimation of factors of safety. To this reason, slope stability analyses considering the strength 300 

anisotropy have been recently carried out in order to seize explicit anisotropy effects. However, most of 301 

them focus on undrained soils. In this paper, an anisotropic yield criterion was introduced to analyze the 302 

influence of strength anisotropy on generic c-φ soil type slopes. 303 

The anisotropic yield criterion was combined with kinematic method of limit analysis and FEM 304 

respectively to analyze the slope stability. The stability charts were presented to make a quick estimation 305 

of the Fs. The values of Fs obtained by LA and FEM showed highly agreement one another. The slope 306 

stability was largely overestimated if the strength anisotropy was ignored. For instance, the maximum 307 

overestimation can reach up to 32.9% for the presented case. The parametric analysis shows that the 308 

increasing parameter n resulted in a pronounced increasement in the stability factor for steep slopes 309 

(α≥60°), whereas, this increasement was less sensitive for gentle slopes (α≤45°). In addition, the 310 

presented case showed that for a given n value, a minimum peak factor of safety was obtained when 311 

β=22.5° 312 

Appendix 313 

In displacement-based FE analysis, the traditional Mohr-Coulomb yield function presents a number 314 

of computational difficulties due to the gradient discontinuities which occur at the tip of the yield surface 315 

and the edges of the hexagonal yield surface pyramid. To avoid these computational difficulties, a number 316 

of methods have been proposed to remove the associated gradient singularities. In the present paper, the 317 

method proposed by Abbo and Sloan[39] has been adopted, and this is briefly described below.  318 

A hyperbolic approximation in the meridional plane is used to eliminate the tip singularity. In ( m
 ,319 

 ) space, the hyperbolic approximation to the Mohr-Coulomb yield criterion is shown in Fig. A1 320 

a

d

Mohr-Coulomb

Hyperbolic approximation
b

 321 

Fig. A1 Hyperbolic approximation to Mohr-Coulomb yield criterion[32]. 322 

The equation of the hyperbola in Fig.A1 can be mathematically described by: 323 
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We have used Eq.(A1) to model the Mohr-Coulomb yield function. Apparently in Fig.A1, a is the 331 

distance of the Mohr-Coulomb yield surface tip and the hyperbola tip, and a smaller value of a represents 332 

a closer approximation of the Mohr-Coulomb yield surface. The hyperbolic yield surface with various a 333 

values is displayed in Fig. A2. 334 

0-1-2 1 2

1.0

1.5

0.5

2.0

0.0

Mohr-Coulomb

0.25 cota c cota c 

0.5 cota c 

c



m

c



0  
30  

 335 

Fig. A2 Hyperbolic approximation to Mohr-Coulomb meridional section[32]. 336 

More details of the hyperbolic yield surface can be found in Abbo[32] and He et al[38].  337 

 338 
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