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Abstract

Invariant manifolds provide useful insights into the behavior of nonlinear dynamical systems. Spec-
tral submanifolds are invariant manifolds that capture the behavior of non-conservative systems
near an attractor (or repellor). Approximations of spectral submanifolds can be used to analyze the
transient behavior of autonomous systems, but also to study the effect of non-autonomous forcing
via forced response curves and backbone curves. Current approaches to computing approximations
for spectral submanifolds rely on a parametrization of the manifold and the reduced dynamics on
it via truncated power series. While this leads to efficient algorithms for recursively determining
the coefficients of this parametrization, the problem itself is ambiguous in that there are fewer
equations than unknown coefficients. Although this ambiguity is well known, it is rarely discussed
and usually solved by introducing more equations, the effects of which have hardly been stud-
ied. We present a benchmark study to analyze the performance of three popular approaches to
resolving this ambiguity: the graph style parametrization, the normal form parametrization, and
the normal form parametrization for “near resonances”. We show that no parametrization is supe-
rior, and discuss how and why poor approximations of specific parametrizations are unexpected
for certain benchmark systems. All approximations are limited by the radius of convergence of the
truncated power series, which depends substantially on the chosen parametrization and cannot be
determined a priori. Although not surprising, the investigations on the benchmark systems show
how serious this influence is and what potential for improving the methodology can be found here.
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1 Introduction

Systems of ordinary differential equations (ODEs)
arise in many theoretical and practical applica-
tions of dynamical systems, e. g. in finite element,
finite volume and multibody models. High-fidelity
models usually lead to high-dimensional systems
of ODEs whose numerical solution is computation-
ally expensive. Therefore, reduced-order models

that contain the relevant features of the original
ODE system are desirable. For linear ODEs, this
issue is well studied, and methods based on spec-
tral theory [1] are available, while for nonlinear
systems this is still an active area of research.

Center manifold theory [2] provides an impor-
tant result for nonlinear systems, which is that
the stable, unstable and center spectral subspaces
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of the linearized system persist as invariant man-
ifolds tangent to the corresponding linear sub-
spaces for the original nonlinear system. Closely
related and particularly relevant for undamped
systems are Lyapunov subcenter manifolds [3],
which result from a further partitioning of the
center manifold, where any eigenspace that corre-
sponds to a non-resonant oscillatory mode of the
linearized system persists as an invariant mani-
fold for the original nonlinear system. This offers
the possibility of reducing an arbitrarily large
dynamical system to a two-dimensional manifold
tangent to the eigenspace of a single oscillatory
mode if it is not in resonance with any of the
others. The extension of the eigenmodes of the
linearized system to the original nonlinear sys-
tem is the subject of research on nonlinear normal
modes. The Rosenberg definition of nonlinear
normal modes [4] is based on synchronous peri-
odic solutions of autonomous conservative systems
which correspond to closed solution trajectories
in the system’s phase space, in analogy to the
closed trajectories in the center subspace of the
linearized system. Another notion of nonlinear
normal modes was proposed by Shaw and Pierre
[5] for non-conservative systems, which they define
as invariant manifolds in analogy to the invariance
property of spectral subspaces of the linearized
system. On this basis, Haller and Ponsioen [6]
proposed the concept of spectral submanifolds
(SSMs), as unique, smoothest, invariant mani-
folds tangent to spectral subspaces which satisfy
suitable non-resonance conditions. Applying the
results of Cabré et al. [7–9] for general Banach
spaces, they derive existence conditions for spec-
tral submanifolds [6] which form the theoretical
basis for algorithms for their numerical approxi-
mation [10, 11].

Motivated by the major advances in invari-
ant manifold theory, a wide variety of methods
for calculating low-dimensional invariant mani-
folds of nonlinear systems for the purpose of model
order reduction have emerged in recent decades,
cf. [12] for a review. Although there are versatile
and accurate global approaches such as shooting
methods [13], harmonic balance [14], or discretiza-
tion of the invariant manifold by a mesh extended
via numerical continuation [15], these methods
are computationally expensive. Therefore, there
is also research interest in developing sufficiently

accurate local techniques. Many of these tech-
niques, such as the stiffness evaluation procedure
(STEP) [16], implicit condensation [17, 18] and
modal derivatives (MD) [19], arose in the finite ele-
ment community and focus on being non-intrusive
to ensure straightforward integration with existing
finite element solvers. These techniques typically
require a slow/fast relationship between the mas-
ter coordinates and the enslaved coordinates, i. e.
a large frequency gap, to achieve an accurate
approximation to the invariant manifold [12]. On
the other hand, many of the most accurate local
techniques for approximating invariant manifolds
are based on the parametrization method of Cabré
et al. [7–11, 20] and normal form computations
[21–23].

Different parametrizations are used in the lit-
erature to compute invariant manifolds tangent to
spectral subspaces (cf. [12] for a survey). On the
one hand, there is the classical approach where
a master spectral subspace is chosen and the
enslaved coordinates are represented as a function
of the master coordinates [2, 7–9, 20]. In this case,
the parametrization of the invariant manifold can
be interpreted as a graph over the master spectral
subspace, where the enslaved coordinates depend
on the master coordinates. On the other hand,
there is the normal form approach [11, 21, 22],
which is based on the theorems of Poincaré and
Poincaré-Dulac and strives to provide the simplest
possible expressions for the reduced dynamics on
the manifold. In this case, in the absence of reso-
nances, the reduced dynamics is linear (Poincaré
theorem), while in the presence of internal reso-
nances, some resonant/essential nonlinear terms
are required (Poincaré-Dulac theorem). However,
these two approaches are not the only possibil-
ities, since in general there are infinitely many
parametrizations for an invariant manifold tan-
gent to a spectral subspace. Yet, the influence of
different parametrizations on the convergence and
performance of approximations of this manifold is
rarely studied. In the literature, only two aspects
are usually considered: the limited convergence
range of the graph style parametrization, which
is not able to describe folded manifolds [12]; and
the need to consider not only exact resonances but
also “near resonances” to avoid poor conditioning
in numerical computations [10, 11, 20].
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The goal of the present work is to compare
the properties and performance of various com-
monly used parametrizations of invariant mani-
folds tangent to spectral subspaces by means of
suitable benchmark systems. For this purpose, we
use a state-of-the-art algorithm for the numer-
ical computation of spectral submanifolds [11]
which is based on the parametrization method
of Cabré et al. [7–9]. The current state of the
algorithm as summarized in Section 2 does not
yield a unique solution because it uses more
coefficients to parametrize the spectral subman-
ifold and the reduced dynamics than can be
determined by the invariance condition alone.
Of the infinite number of possible parametriza-
tions, we focus on the graph style parametriza-
tion and the normal form parametrization men-
tioned above, which are special cases arising from
additional requirements beyond mere invariance.
In Section 3, both parametrizations for non-
resonant systems and a variant of the normal form
parametrization that considers “near resonances”
are applied to approximate spectral submani-
folds of six autonomous and one non-autonomous
dynamical systems. These systems are specifi-
cally constructed to investigate the properties
and performance of different parametrizations and
approximation orders, and are intended as pos-
sible benchmarks for future development of the
methodology. The results for the parametriza-
tions considered in this manuscript are discussed
in Section 4, with particular emphasis on when
and how any or all parametrizations fail to pro-
duce useful results. Recommendations for further
development of the methodology are derived based
thereon in Section 5.

2 Background

Spectral submanifolds, as introduced by Haller
and Ponsioen [6], are invariant manifolds asymp-
totic to an attractive or repelling set such as
a fixed point, a periodic orbit or the closure of
a quasi-periodic invariant torus. Algorithms for
their approximation usually deal with the case of a
fixed point at the origin, to which the scope of this
manuscript is limited. We briefly summarize the
relevant definitions and existence and uniqueness
conditions for this case in Section 2.1. Procedures
for computing numerical approximations based
on the parametrization method of Cabré et al.

[7–9] are described for autonomous systems in
Section 2.2, and for non-autonomous systems in
Section 2.3. This procedure yields fewer equations
than coefficients to be determined. The resulting
ambiguities and possible resolutions are discussed
in Sections 2.2.2 and 2.3.2.

2.1 Spectral submanifolds

Starting point is a nonlinear system given by the
first order differential equations [11]

Bż = Az + F(z) + εFext(z,Ωt) (1)

with z ∈ RN , A,B ∈ RN×N , F : RN → RN ,
Ω ∈ RK , Fext : RN × TK → RN and time
derivatives ˙(·) = d(·)/dt . Here B is positive def-
inite (B > 0), F(z) are the purely nonlinear
autonomous terms (∇zF|z=0 = 0) and all non-
autonomous terms Fext(z,Ωt) with frequencies
Ω1, . . . ,ΩK are treated as a perturbation with
parameter ε. In the limit ε = 0, (1) becomes the
autonomous system

Bż = Az + F(z) (2)

with a fixed point at the origin z∗ = 0. The
linearization of (2) at the origin yields

Bż = Az . (3)

The generalized eigenvalue problem of (3)

(A− λiB)vi = 0, i = 1, . . . , N (4)

gives the eigenvalues λi and the correspond-
ing eigenvectors vi, which are either real or
complex-conjugate pairs, since A,B ∈ RN×N .
The eigenspaces Ei ⊂ RN are spanned by the
eigenvector vi ∈ RN in the first case, and by the
real and imaginary parts of the complex-conjugate
eigenvector pair vi = v̄i+1 ∈ CN in the lat-
ter case ((̄·) denotes complex conjugation). These
eigenspaces are invariant for the linearized system
(3) and can be combined into invariant spectral
subspaces via direct summation [6, 11]. Notable
examples of spectral subspaces are the stable,
unstable and center subspaces

Es =
⊕

i∈Is
Ei, Is = {i | Re{λi} < 0} , (5a)
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Eu =
⊕

i∈Iu
Ei, Iu = {i | Re{λi} > 0} , (5b)

Ec =
⊕

i∈Ic
Ei, Ic = {i | Re{λi} = 0} , (5c)

where ⊕ denotes the direct sum of vector spaces
and the index sets Is, Iu and Ic refer to all eigen-
values with negative, positive and zero real parts,
respectively. By the center manifold theorem,
there exist stable, unstable and center invariant
manifolds W s, W u and W c for the nonlinear
system (2) which are tangent to the respective
spectral subspaces Es, Eu and Ec at the origin.

As introduced by Haller and Ponsioen [6] for
stable fixed points at the origin (i. e. dim(Ec) =
dim(Eu) = 0), a spectral submanifold is the
smoothest invariant manifold tangent to a master
spectral subspace E ⊂ Es with index set IE and
dim(E) = M < N = dim(Es). Define the relative
spectral quotient as [6]

σ(E) =

⌊
min(λ∈Spect(A,B)\ Spect(E))(Reλ)

max(λ∈Spect(E))(Reλ)

⌋
, (6)

where, by some abuse of notation, all eigenvalues
of (4) whose associated eigenvector is (is not) in
the span of E are considered in the denominator
(numerator). Then the SSM exists under the outer
non-resonance condition

M∑
i=1

ciλSpect(E),i 6= λ(Spect(A,B)\ Spect(E)),j ,

∀j ∈ {1, . . . , N −M} ,

ci ∈ {0, 1, . . . , σ(E)} ,

2 ≤
M∑
i=1

ci ≤ σ(E) ,

(7)

as a unique, at least (σ(E)+1)-times differentiable
invariant manifold tangent to E at the origin [6,
Theorem 3].

In practice, we are interested in computing
low-dimensional SSMs for high-dimensional sys-
tems of ODEs to obtain a reduced-order model. In
this case, the determination of analytical solutions
for the SSM is very costly or even impossible, and
numerical approximations are desired. A common
approach is to determine manifolds of (prescribed)
finite order n which are tangent to E at the origin
and satisfy the invariance condition in a neigh-
borhood around the origin up to order n, e. g. by

using the parametrization method as described in
the next section. However, since usually n < σ(E),
this approximation is not unique, but depends on
details of the algorithmic procedure that are not
obvious and often not deliberately chosen.

2.2 SSM approximations
for autonomous systems

State-of-the-art approaches for the numerical
approximation of SSMs [10, 11] are based on the
parametrization method as introduced by Cabré
et al. [7–9]. First, the treatment of autonomous
systems is discussed in this section, which is also
the basis for treating non-autonomous systems in
Section 2.3. The procedure for deriving recursively
solvable systems of linear equations to determine
the parametrization coefficients is described in
Section 2.2.1. The ambiguities that result from
this approach are discussed in Section 2.2.2, the
specifics of treating systems with resonances in
Section 2.2.3.

2.2.1 The parametrization method

Starting point is the autonomous system (2) and
a selected master spectral subspace E ⊂ Es. A
common first step is then to introduce modal
coordinates which transform the linearized sys-
tem (3) to diagonal or Jordan canonical form
[4–6, 10]. This, however, requires the computation
of all eigenvalues and eigenvectors and results in
unreasonably high computation times and mem-
ory requirements for large systems [11]. To avoid
these drawbacks, we adopt the approach proposed
by Jain and Haller [11], where only the eigenval-
ues and corresponding eigenvectors that span the
master spectral subspace E are needed.

The approximate invariant manifold

z = W(p) , (8)

is defined by W : CM → RN with parametriza-
tion coordinates p ∈ CM parametrizing an M -
dimensional manifold in the N -dimensional phase
space of (2) [11]. The reduced dynamics on this
manifold is

ṗ = R(p) , (9)

with the mapping R : CM → CM . In order to
make the approximation suitable for numerical
computation, both mappings are described by an
ansatz in the form of a multivariate polynomial
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W(p) =
∑
i∈N

Wi p⊗ · · · ⊗ p︸ ︷︷ ︸
i times

=
∑
i∈N

Wip
⊗i, (10)

R(p) =
∑
i∈N

Rip
⊗i, (11)

using the shorthand notation for multiple Kro-
necker products ⊗ proposed in [11]. The problem
reduces to determining the unknown coefficient
matrices Wi ∈ CN×Mi

and Ri ∈ CM×Mi

, for
which (8) – (11) are substituted into (2) and coef-
ficients for powers of p are compared [6, 7, 11, 24].
Substitution into the left hand side of (2) gives

Bż = B
d

dt
W(p) = B∇pW(p)ṗ

= B∇pW(p)R(p) .
(12)

On the right hand side, the nonlinear terms are
expanded into Taylor series at the origin

F(z) =

∞∑
j=2

Fjz
⊗j = F ◦W(p)

=

∞∑
j=2

(F ◦W)j p⊗j ,

(13)

which yields the invariance equation

B∇pW(p)R(p) = AW(p) + F ◦W(p) . (14)

Comparing the coefficients for powers of p⊗i,
the linear terms return the generalized eigen-
value problem (4) but only for the M eigenvalue-
eigenvector pairs that make up the master spectral
subspace E [25], while the result for i ≥ 2 is

BWiRi,i −AWi1Mi =[
(F ◦W)i −B

i−1∑
j=2

WjRi,j

]
︸ ︷︷ ︸

Ci

−BW1Ri1Mi ,

(15)
with

Ri,j =

j∑
k=1

1M ⊗ · · · ⊗ 1M ⊗
k-th position︷ ︸︸ ︷

Ri−j+1⊗1M ⊗ · · · ⊗ 1M︸ ︷︷ ︸
j terms

and the identity matrix 1M of dimension M . Note
that since F1 = 0, (F ◦W)i and therefore also
Ci depend on all coefficients Wj of orders j < i.
This results in a recursive procedure where a lin-
ear system of equations determines the i-th order
coefficients Wi and Ri, taking all previous orders
into account. The equations for the first order

AW1 = BW1R1 (16)

can be solved by choosing the master modes and
their eigenvalues as coefficients

W1 = VE , R1 = ΛE , (17)

where VE contains the right master eigenvectors
{vi | i ∈ IE} and ΛE is the diagonal matrix of
corresponding eigenvalues {λi | i ∈ IE}. Using the
calculation rules of the Kronecker product [26],
(15) is reordered to the vectorized form [11]

Liwi = ci −Diri , (18)

where

Li = R>i,i ⊗B− 1Mi ⊗A ∈ CNM
i×NMi

, (19a)

wi = vec (Wi) ∈ CNM
i

, (19b)

ci = vec

(
(F ◦W)i −B

i−1∑
j=2

WjRi,j

)
∈ CNM

i

,

(19c)

Di = 1Mi ⊗BW1 ∈ CNM
i×Mi+1

, (19d)

ri = vec (Ri) ∈ CM
i+1

. (19e)

Li is the co-homological operator of order i
induced by the linear flow [20] which is determined
by the linear parts of the original and reduced
systems since it depends only on A, B and R1.
Moreover, when R1 is diagonal, as is the case with
solution (17), the co-homological operator is block
diagonal with M i blocks of size N × N , which
allows for parallelization of the solution of (18)
[11].

2.2.2 Methodological ambiguities

The presented procedure introduces some ambi-
guities, thus the resulting coefficients Wi and Ri

are not unique. One source of ambiguity comes
from the multiple Kronecker products introduced
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in (10). This is easily shown by expanding an
example like

p⊗3 = [p1p1p1, p1p1p2, p1p2p1, p1p2p2,

p2p1p1, p2p1p2, p2p2p1, p2p2p2]>
(20)

for M = 2, which contains redundancies since
the single and double underlined terms refer to
the same monomial, respectively. The number
of coefficients is larger than necessary, making
the solution ambiguous from a certain point of
view. On the other hand, the number of inde-
pendent equations increases by the same amount,
and the co-homological operator is regular, except
in resonance cases which are treated in the next
section. The derivation of the invariance equation
introduces an implicit condition that artificially
resolves this artificial ambiguity. While not pretty,
this is nonetheless unproblematic and allows for
easier exposition and implementation.

A more relevant source of ambiguity is the
underdetermination of (16) and (18). At the i-th
order, the number of equations following from the
invariance equation (14) is equal to the number

of unknown coefficients Wi ∈ CN×Mi

; there are
no equations to determine the remaining coeffi-
cients Ri ∈ CM×Mi

. For order 1, arbitrary vectors
that span the master subspace can be chosen as
columns of W1 [11], the associated matrix R1 is
in general dense. However, this is only a matter of
efficiency, since it destroys the advantageous block
structure, but each of these solutions describes the
same dynamics. As is shown in the remainder of
this manuscript, the case is different for i ≥ 2.
As long as the co-homological operators are not
singular, any choice of Ri yields a parametriza-
tion of the manifold for which (18) determines the
corresponding coefficients Wi [7–9, 20]. Based on
this, Jain and Haller [11] propose setting the coef-
ficients Ri to zero whenever possible, which results
in a reduced order model with linear dynam-
ics as long as there are no resonances. However,
this choice impacts the convergence of the SSM
approximation. Different parametrizations lead to
quite different magnitudes of the oscillations up to
which the results are useful. Moreover, resonance
cases where the co-homological operators are sin-
gular need to be addressed, which is done in the
next section.

2.2.3 Treatment of resonances

In the case of resonances, the co-homological oper-
ator becomes singular [6] and additional steps
must be taken to determine a parametrization
of the approximate manifold and the reduced
dynamics thereon. If Li is singular, the method
fails unless (18) is still solvable, which is the case
if and only if the right hand side is in the image
of the operator. Since the coefficients Ri are part
of the right hand side and have yet to be deter-
mined, this boils down to the question of whether
there is any choice of coefficients that ensures that
this condition is satisfied. Jain and Haller [11]
distinguish between inner resonances, in which
only master modes are involved and where this
is the case, and outer resonances, where no such
M -dimensional manifold exists.

The condition that the right hand side of (18)
lies in the image of Li is equivalent to the projec-
tion of the right side onto its kernel vanishing. To
perform this projection, a basis for the left ker-
nel of Li is required, which can be constructed
from the left eigenvectors of the two eigenvalue
problems

ζ∗j (R
>
i,i − µj1Mi) = 0 , (21a)

u∗k(A− λkB) = 0 , (21b)

where (·)∗ denotes complex-conjugate transposi-
tion. Due to the definition (19a),

n∗` = ζ∗j ⊗ u∗k (22a)

with 0 = µj − λk (22b)

is in the left kernel of Li, since

n∗`Li = ζ∗j ⊗ u∗k(R>i,i ⊗B− 1Mi ⊗A)

= (ζ∗jR
>
i,i)︸ ︷︷ ︸

ζ∗jµj

⊗(u∗kB)− (ζ∗j1Mi)︸ ︷︷ ︸
ζ∗j

⊗ (u∗kA)︸ ︷︷ ︸
λku∗kB

= (µj − λk)(ζ∗j ⊗ u∗kB) = 0 . (23)

Assuming that R1 is semisimple and chosen to
be diagonal, as in (17), the left eigenvectors and
corresponding eigenvalues of R>i,i are

ζ∗` = e>`1 ⊗ · · · ⊗ e>`i︸ ︷︷ ︸
i times

= e>` , (24a)
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µ` = λE`1 + · · ·+ λE`i︸ ︷︷ ︸
i terms

(24b)

with ` = (`1, . . . , `i) ∈ {1, . . . ,M}i ⊂ Ni ,

where λE are master eigenvalues from the diagonal

of R1 and ej =
[
0 · · · 0 1 0 · · · 0

]> ∈ CM is a unit
vector that is zero everywhere except for its j-th
entry. There are in total M i such eigenpairs, since
this is the number of possible combinations `.

Any combination (`, j) with ` ∈ {1, . . . ,M}i
and j ∈ {1, . . . , N} for which

0 = µ` − λj = λE`1 + · · ·+ λE`i − λj , (`, j) ∈ IRi
(25)

is called a resonance, and IRi is the index set of all
resonances of the i-th order co-homological oper-
ator. If IRi 6= ∅, Li is singular and its left kernel is
spanned by all

n∗(`,j) = e>` ⊗ u∗j , (`, j) ∈ IRi . (26)

Furthermore, any combination (`, j) ∈ IRi with
j ∈ IE is called an inner resonance where
all involved eigenvalues belong to master modes,
while the other case is called a (low order) outer
resonance [6]. The distinction between both cases
becomes clear when n∗(`,j) is used to project both

sides of (18) [11]

n∗(`,j)Liwi = (e>` ⊗ u∗j )ci − (e>` ⊗ u∗j )Diri

⇒ 0 = (e>` ⊗ u∗j )ci︸ ︷︷ ︸
6=0, in gen.

− (e>` 1Mi)︸ ︷︷ ︸
e>`

⊗(u∗jBW1)ri .

(27)
In the case of an outer resonance, u∗j is B-
orthogonal to the master spectral subspace E
spanned by the columns of W1 and the term
u∗jBW1 = 0 [25]. Since the only remaining term

(e>` ⊗ u∗j )ci is in general not zero, the i-th order
invariance equation is not solvable and there is
no M -dimensional SSM tangent to that master
subspace. In this case, the outer resonant mode
must be added to the base of E and the method
restarted, which then leads to an inner resonance.

In the case of an inner resonance, the j-th res-
onant mode is equal to the k-th master mode,
meaning λj = λEk , and the choice of W1 = VE via
(17) in combination with B-orthonormality of the

left and right eigenvectors yields

u∗jBW1 = e>k . (28)

Since the Kronecker product of two unit vectors
with only one non-zero entry is again a unit vec-
tor with one non-zero entry, albeit of different
dimension,

e>` ⊗ (u∗jBW1)ri = e>` ⊗ e>k ri = [ri](`,k) (29)

just returns the (`, k)-th entry of ri. Thus, every
inner resonance determines one coefficient

[ri](`,k) = (e>` ⊗ u∗j )ci (30)

which equals one of the undetermined coefficients
Ri via (19e). Each inner resonance determines one
coefficient of Ri, and by resolving them all, (18)
becomes solvable. Any coefficient in Ri that is not
fixed by an inner resonance can still be chosen
arbitrarily, which means the number of possible
parametrizations is still infinite.

Since all n∗(`,j), (`, j) ∈ IRi are linearly indepen-
dent, row-by-row stacking in a matrix N∗i provides
a basis for the left kernel of Li. This can be used
to project (18) onto the entire kernel

N∗iLiwi = 0 = N∗i ci −N∗iDiri (31)

to determine the coefficients

ri = EiN
∗
i ci (32)

all at once. The Boolean matrix E>i = N∗iDi is
obtained by a similar derivation as in (29) and
Ei in (32) assigns the same non-zero values to
the same coefficients of ri as (30), and zero oth-
erwise. This solution, where all inner resonances
are resolved via (32) and any remaining coeffi-
cients Ri are set to zero, is called the normal form
parametrization [11].

Note that this solution of (31) is not unique,
since all coefficients of Ri that are not needed
to resolve inner resonances can be chosen arbi-
trarily. Contrary to the statement in [11], the
product EiE

>
i 6= 1Mi+1 is not a unit matrix, since

Ei ∈ CMi+1×dim(kerLi) with linearly indepen-
dent columns gives rank(EiE

>
i ) = dim(kerLi) <
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M i+1 = rank(1Mi+1). Rather, Ei is the pseudoin-
verse of E>i , hence the normal form parametriza-
tion results from the least-squares solution (32) of
(31).

Of the infinite number of alternative
parametrizations, another distinguished choice of
coefficients which ensures solvability of (18) is

Ri = U∗Ci , (33)

where the matrix U∗ is a row-wise stacking of
all master left eigenvectors via (21b) and Ci is
defined in (15). This parametrization results from
expressing the enslaved coordinates as a function
of the master ones, hence it is termed the graph
style parametrization [11].

While so far exact expressions have been
assumed, the treatment of resonances requires fur-
ther considerations in the case of finite precision
numerical calculations. Jain and Haller [11] pro-
pose the consideration of “near resonances”, where
the resonance condition (25) is approximately sat-
isfied which causes numerical inaccuracies due to
poor conditioning of the co-homological operator.
As a remedy, it is proposed to treat these “near
resonances” like real resonances and to determine
the coefficients of the reduced dynamics according
to (32). However, this proposal does not include
a formal definition of “near resonances” and the
case in which (25) should be considered to be
approximately satisfied, making the application
of this modification to the SSM parametrization
ambiguous.

While the description so far has been limited to
the autonomous system (2), the treatment of non-
autonomous terms is covered in the next section.

2.3 SSM approximations for
non-autonomous systems

The notion of spectral submanifolds and their
approximation based on the parametrization
method can be extended to the treatment of sys-
tems with non-autonomous forcing of order O(ε)
as introduced in (1) [6, 11, 24]. For small enough
ε > 0, the assumed hyperbolic fixed point at the
origin becomes a periodic orbit or a quasi peri-
odic invariant torus, while the invariant manifold
persists tangent to this new attractor (or repellor)
under the appropriate non-resonance conditions

between eigenfrequencies and forcing frequencies
[6].

The treatment of the general case is beyond
the scope of the investigations intended in this
manuscript, so in what follows we restrict our-
selves to the special case of a single forcing fre-
quency Ω = Ω1 = ΩK that turns the hyperbolic
fixed point into a periodic orbit. To further focus
the investigations in this manuscript, we restrict
ourselves to the simplest case of a two-dimensional
SSM which is tangent to the eigenspace of a
complex conjugate pair of eigenvalues. Already
here, further ambiguities arise which have a strong
influence on the quality of the SSM approxima-
tion and whose future treatment is the prereq-
uisite for the application of the method in more
general cases. To this end, an extension of the
parametrization method for systems with mono-
frequent non-autonomous forcing is introduced in
Section 2.3.1 and the resulting ambiguities are dis-
cussed in Section 2.3.2. As proposed in [6, 11], this
is the basis for computing forced response curves
and backbone curves that are used later in our
analysis, as described in Sections 2.3.3 and 2.3.4,
respectively.

2.3.1 Extended parametrization

The treatment of non-autonomous forcing as a
perturbation of the autonomous system gives the
ansatz [6, 11]

z = Wε(p,Ωt) = W(p) + εX(p,Ωt) , (34a)

ṗ = Rε(p,Ωt) = R(p) + εS(p,Ωt) (34b)

for the invariant manifold Wε(p,Ωt) and its corre-
sponding reduced dynamics Rε(p,Ωt). Substitu-
tion into Fext(z,Ωt) and Taylor expansion around
ε = 0 gives the external forcing on the invariant
manifold as

Fext(Wε(p,Ωt),Ωt) = G(p,Ωt) +O(ε1) . (35)

Further substituting (34) and (35) into (1) and
comparing powers of ε yields the autonomous
invariance equation (14) for O(ε0) and

B[∇pW(p)S(p,Ωt) + ∇pX(p,Ωt)R(p)

+ ∂tX(p,Ωt)] (36)

= AX(p,Ωt) + F ◦X(p,Ωt) + G(p,Ωt)
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for O(ε1). To proceed from here, Haller and Jain
[6, 11] propose expanding

X(p,Ωt) = X0(Ωt) +
∑∞

j=1
Xj(Ωt)p

⊗j , (37a)

S(p,Ωt) = S0(Ωt) +
∑∞

j=1
Sj(Ωt)p

⊗j , (37b)

G(p,Ωt) = G0(Ωt) +
∑∞

j=1
Gj(Ωt)p

⊗j . (37c)

into Taylor series in p and considering only the
zeroth order, yielding

B[W1S0(Ωt) + ∂tX0(Ωt)] = AX0(Ωt) + G0(Ωt) .
(38)

Next, the remaining non-autonomous terms are
expanded into Fourier series

X0(Ωt) =
∑

k∈Z
x0,k eikΩt, (39a)

S0(Ωt) =
∑

k∈Z
s0,k eikΩt, (39b)

G0(Ωt) =
∑

k∈Z
g0,k eikΩt (39c)

and substituted into (38). Comparing Fourier coef-
ficients at order k yields the determining equations

L0,kx0,k = g0,k −BW1s0,k (40)

with
L0,k = ikΩB−A ∈ CN×N . (41)

2.3.2 Methodological ambiguities

The structure of this system of equations is simi-
lar to the autonomous case in (18) and (19a): the
number of equations equals the number of coef-
ficients x0,k ∈ CN , but also s0,k ∈ CM must be
determined. Moreover, the operator L0,k becomes
singular if there are resonances which satisfy λj =
ikΩ for any generalized eigenvalue λj of (A,B).

Since the fixed point of the autonomous sys-
tem is assumed to be hyperbolic, there are no
generalized eigenvalues λj of (A,B) with zero real
part and the resonance condition (41) never holds.
An analogous approach as for the non-resonant
autonomous case would be to set all s0,k to zero,
thereby eliminating any influence of the forcing on
the reduced dynamics and only considering it in
the manifold coefficients x0,k. However, this makes
the analysis of quantities of interest, such as forced
response curves and backbone curves, based only

on the reduced dynamics (34b) impossible, hence
the “near resonance” assumption is used [11].

2.3.3 Forced response curves

Recall that the scope of this manuscript is
restricted to the simplest case of approximating
a two-dimensional SSM which is tangent to the
eigenspace E of a complex conjugate pair of eigen-
values λE1 = λj = λ and λE2 = λj+1 = λ̄. To
account for some effect of the non-autonomous
forcing in the parametrization of the reduced
dynamics (34b), Jain and Haller [11] propose con-
sidering the orders ±` with i`Ω ≈ Im{λ} as
“near resonances” and taking them into account
via the normal form parametrization. The further
treatment focuses on this case, since the graph
style parametrization also proposed in [11] yields
identical coefficients and results for the special
case of a two-dimensional SSM and mono-frequent
non-autonomous forcing. An analogous procedure
as in the derivation of (30) yields two non-zero
coefficients

[s0,`]1 = u∗jg0,` = f ∈ C , (42a)

[s0,−`]2 = u∗j+1g0,` = f̄ . (42b)

Noticing p1 = p̄2 = p, the reduced dynamics can
be expressed in the form

ṗ =

[
ṗ
˙̄p

]
=

[
λp
λ̄p̄

]
+
∑
n∈N

[
γnp

n+1p̄n

γ̄np
np̄n+1

]
︸ ︷︷ ︸

R(p)

+ε

[
f ei`Ωt

f̄ e−i`Ωt

]
︸ ︷︷ ︸

S(p,Ωt)

,

(43)
where due to the special structure of the
reduced dynamics, resulting from the normal form
parametrization procedure in Section 2.2, all non-
zero coefficients at the n-th order can be repre-
sented by γn and γ̄n, respectively. Further sim-
plification is achieved by transformation to polar
coordinates via p = ρ eiθ and introduction of the
phase shift ψ = θ − `Ωt which yields[

ρ̇

ρψ̇

]
=

[
a(ρ)
b(ρ,Ω)

]
+ ε

[
Re
{
f e−iψ

}
Im
{
f e−iψ

}] (44)

with

a(ρ) = ρ

(
Re{λ}+

∑
n∈N

Re{γn}ρ2n

)
, (45a)



Springer Nature 2021 LATEX template

10 Failing Parametrizations: What can go Wrong when Approximating Spectral Submanifolds

b(ρ,Ω) = ρ (c(ρ)− `Ω) , (45b)

c(ρ) = Im{λ}+
∑
n∈N

Im{γn}ρ2n . (45c)

Periodic orbits with frequency `Ω correspond to
fixed points of (44) that are given by the zero level
set of [11, 27]

h(ρ,Ω) = a(ρ)2 + b(ρ,Ω)2 − ε2|f |2 . (46)

The zero level set of (46) in the (ρ,Ω)-plane is
called the frequency response curve. Any periodic
orbit that corresponds to a point on the frequency
response curve is stable, if the real parts of both
eigenvalues of the Jacobian

J =

[
∂a(ρ)
∂ρ −b(ρ,Ω)

1
ρ
∂b(ρ,Ω)
∂ρ

a(ρ)
ρ

]
(47)

that follows from (44) are negative [11].
For constant forcing magnitude ε|f |, the fre-

quency response curve provides the amplitude-
frequency relationship ρ(Ω), which is a useful
tool for illustrating and analyzing the response of
system (1) to mono-frequent external forcing.

2.3.4 Backbone curves

Backbone curves are another useful tool for this
kind of analysis. In the context of this manuscript,
we use the definition from [27], where they are
introduced as “the curve of maximal amplitude
of the periodic response on the SSM (...) as a
function of the frequency of the external forcing”.
Points on the backbone curve satisfy the necessary
condition [27]

0 =
∂h(ρ,Ω)

∂Ω
= −2`ρ2(c(ρ)− `Ω) , (48)

which gives the frequency-amplitude relationship

`Ωmax(ρmax) = Im{λ}+
∑
n∈N

Im{γn}ρ2n
max . (49)

The comparison with (43) shows that the back-
bone curve depends only on the SSM coefficients
of the autonomous system.

Note that the simple expressions (46) and (49)
for the forced response curve and the backbone

curve are based on the assumptions that the non-
autonomous forcing is mono-frequent and that a
two-dimensional SSM tangent to the eigenspace of
a pair of complex conjugate eigenvalues is used to
reduce the system. An extension of the method for
computing forced response curves based on higher
dimensional SSMs is presented in [28]. However,
these forced response curves have more than one
peak and a generalization of the corresponding
backbone curve expressions has not been provided
yet.

3 Parametrization study
for benchmark systems

In the previous section, a state-of-the-art method
for approximating spectral submanifolds in the
neighborhood of hyperbolic fixed points is
described, based mainly on [11], where remain-
ing ambiguities are highlighted and discussed.
In the following subsections, several benchmark
systems without exact resonances and with hyper-
bolic fixed points at the origin are proposed to
study the performance of the method in gen-
eral. In Sections 3.1 through 3.6, specifically
constructed autonomous systems, for which an
analytic expression of the invariant manifold and
the reduced dynamics thereon is known, are stud-
ied. A non-autonomous system adopted from [11]
is considered in Section 3.7.

While there is an infinite number of possible
parametrizations for these systems, we focus on
the three variants

NFP-L: the normal form parametrization for
systems without resonances and linear reduced
dynamics,
NFP-NR: the normal form parametrization for
systems with “near resonances” and nonlinear
reduced dynamics,
GSP : the graph style parametrization with non-
linear reduced dynamics.

The consideration of “near resonances” in the case
of autonomous systems is based on the observa-
tion that pairs of complex conjugate eigenvalues
with “small” real parts approximately satisfy (25),
where the condition “small” is not well-defined, cf.
[11, Remark 3] and Section 2.2.3.

In Sections 3.1 and 3.2, two-dimensional
autonomous systems with a one-dimensional slow
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invariant manifold are considered. The perfor-
mance of NFP-L and GSP is compared, where the
low dimensionality of these benchmark systems
allows the computation of all coefficients in terms
of infinite power series as well as their domain of
convergence.

In Sections 3.3 through 3.6, three-dimensional
autonomous systems are considered which possess
a two-dimensional slow invariant manifold that is
tangent to the eigenspace of a complex conjugate
pair of eigenvalues at the origin. The performance
of NFP-L, NFP-NR, and GSP is compared and it
is shown that each of these parametrizations can
succeed or fail in unexpected ways.

The treatment of non-autonomous systems is
discussed in Section 3.7, where a dynamical sys-
tem from [11] is studied. The focus is on the
approximation of forced response curves and back-
bone curves for a moderate forcing amplitude. It is
shown that the poor performance of the approxi-
mation of the autonomous SSM directly affects the
non-autonomous case. Finally, this is compared
with a parametrization found by trial and error to
show the potential for further improvement of the
method.

The presented results are discussed in
Section 4.

3.1 2D system with quadratic SSM

Consider the autonomous system

ż1 = −z1 − 2z2
1 + 3z1z2 ,

ż2 = − 7
2z2 + z2

1 − 5z1z2 + 21
4 z

2
2

(50)

with two hyperbolic fixed points: the stable fixed

point z∗1 =
[
0 0
]>

at the origin and the unsta-

ble fixed point z∗2 =
[
0 2

3

]>
. There is a one-

dimensional invariant manifold that contains both
fixed points and is tangent to their respective slow
eigenspaces. A parametrization for this manifold
is

z =

[
ζ + ζ2

2
3ζ

2

]
(51)

with the corresponding reduced dynamics being

ζ̇ = −ζ(ζ + 1) , (52)

as can be verified via direct substitution into (50).
However, this parametrization is not unique

and other polynomial parametrizations of finite

1 0 1 2
z1

1

0

1

2

z 2

z( )
z( )

Fig. 1 Flow of system (50) with stable fixed point z∗1
(black marker) and unstable fixed point z∗2 (white marker).
The manifolds z(ζ) via (51) and z(ξ) via (53) are depicted
as red and blue lines, respectively.

degree can be obtained in the following way: first,
the transformation ζ = PM (ξ) with a polynomial

PM (ξ) =
∑M

i=0 aiξ
i of degree M is substituted

into (52); the coefficients ai are then chosen so that
the right hand side of the transformed reduced
dynamics ξ̇ = −PM (ξ) (1 + PM (ξ)) /P ′M (ξ) is a
polynomial of degree M+1. This procedure yields
a nonlinear system of equations for which we
have no general solution. Nevertheless, we con-
jecture that this construction generates infinitely
many polynomial parametrizations of finite degree
where the corresponding reduced dynamics has
M +1 fixed points and the immersion of the man-
ifold covers the segment between z∗1 and z∗2 M
times.

Three examples of such transformations are
ζ = 2ξ+ξ2 , ζ = −1+ξ2 and ζ = 1

4 (ξ+6ξ2 +9ξ3),
where the first one gives

z =

[
2ξ + 5ξ2 + 4ξ3 + ξ4

2
3 (4ξ2 + 4ξ3 + ξ4)

]
(53)

with
ξ̇ = − 1

2ξ(ξ + 1)(ξ + 2) . (54)

The flow of (50), both fixed points z∗1, z∗2 and
the parametrizations (51) and (53) are depicted
in Fig. 1. The parametrization (52) describes an
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embedded manifold (red line) whose correspond-
ing reduced dynamics (52) has two fixed points
ζ∗1 = 0 and ζ∗2 = −1 that correspond to the
two fixed points z∗1 and z∗2, respectively. In con-
trast, (53) describes an immersed manifold that
covers the blue line twice since z(−1 + η) =
z(−1 − η). The corresponding reduced dynamics
(54) has three fixed points ξ1 = 0 and ξ2 = −1
and ξ3 = −2, where ξ1 and ξ3 corresponds to z∗1,
and ξ2 to z∗2. The spectral submanifolds literature
([6, 10, 11] etc.) does not impose any restrictions
on the parametrization, where the caused inde-
terminacy is deemed to be irrelevant as long as
the invariance equations are solvable at all orders.
However, the set {z(ξ) : ξ ∈ R} is a proper sub-
set of {z(ζ) : ζ ∈ R}, hence the two sets are
not identical, therefore the manifold is not unique,
which technically violates the uniqueness claim in
[6, Theorem 3]. Nevertheless, (51) is the only finite
degree polynomial parametrization that describes
an embedded manifold.

The fact that the parametrization of the
manifold is not unique raises the question of
what approximation the procedure described in
Section 2.2 produces starting from either one of
the fixed points. Starting with the origin z∗1, the
linearization of (50) gives the eigenvalues λ1 =
−1 and λ2 = − 7

2 with corresponding eigenvec-

tors v1 =
[
1 0
]>

and v2 =
[
0 1
]>

. We are
interested in approximating the slow spectral sub-
manifold tangent to the master spectral subspace
E = span{v1} belonging to the eigenvalue λ1 with
the smallest absolute value of the real part. The
relative spectral quotient (6) is

σ(E) =

⌊
Re{λ2}
Re{λ1}

⌋
=

⌊
7

2

⌋
= 3 (55)

and since the non-resonance condition (7)

ci(−1) 6= −7

2
, for ci ∈ {2, 3} (56)

is satisfied, [6, Theorem 3] states that there exists
a unique, at least (σ(E)+1)-times continuously
differentiable SSM tangent to E at the origin.
However, as explained above, there are (possi-
bly infinitely) many exact parametrizations by
polynomials of finite degree, but only the lowest
order parametrization (51) describes an embedded

manifold, and the degree of this parametriza-
tion and the corresponding reduced dynamics
(52) is 2 < σ(E). In Section 3.1.1, the nor-
mal form parametrization NFP-L is investigated,
in Section 3.1.2 the graph style parametrization
GSP, and in Section 3.1.3, the results for the other
fixed point z∗2 are discussed.

3.1.1 Normal form parametrization

Following the procedure described in Section 2.2.1,
the first order invariance equation

AW1 = BW1R1

is solved by choosing W1 = v1 =
[
1 0
]>

and R1 =
λ1 = −1.

Since there are no resonances, the reduced
dynamics

ṗ = −p (57)

following from the normal form parametrization
is linear and the coefficients of the manifold
parametrization of order n ≥ 2 via (18) are[

1− n 0
0 7

2 − n

] [
Wn,1

Wn,2

]
=

n−1∑
i=1

[
−2Wi,1Wn−i,1 + 3Wi,1Wn−i,2

Wi,1(Wn−i,1 − 5Wn−i,2) + 21
4 Wi,2Wn−i,2

]
.

(58)
This equation is solved by the coefficients

Wn =

[
n

2
3 (n− 1)

]
, (59)

thus the normal form parametrization yields the
power series

W(p) =

∞∑
n=1

[
n

2
3 (n− 1)

]
pn (60)

as an approximation of the invariant manifold in a
neighborhood of the origin z∗1. Application of the
ratio test [29] to both power series in (60) gives
the radius of convergence

r = lim
n→∞

∣∣∣∣ n

n+ 1

∣∣∣∣ = lim
n→∞

∣∣∣∣ 2
3 (n− 1)

2
3n

∣∣∣∣ = 1 .
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1 0 1 2
z1

1

0

1

2
z 2

Eigenspace
Exact SSM
NFP L
GSP

Fig. 2 The exact SSM (red line) tangent to the master
spectral subspace E (black line) and the domains of conver-
gence for the normal form parametrization NFP-L (green
line) and the graph style parametrization GSP (blue line).
Dashed lines indicate sections where the dynamics on the
manifold does not converge to the origin.

For p ∈ (−1, 1), (60) converges to

W(p) =

 p
1−p +

(
p

1−p

)2

2
3

(
p

1−p

)2

 (61)

and the transformation ζ = p
1−p recovers (51) and,

when substituted into (57), (52). However, (60)
converges only for p ∈ (−1, 1) ⇔ ζ ∈ (− 1

2 ,∞) as
depicted in Fig. 2, hence finite-dimensional trun-
cations also can only give useful results in that
range (cf. Fig. 3).

3.1.2 Graph style parametrization

Since the procedure described in Section 2.2 does
not result in a unique parametrization for the
SSM approximation, a possible alternative is to
use the graph style parametrization to determine
the coefficients. This approach yields the invariant
manifold

W(p) =

[
p

2
3

∑∞
n=2

(−1)n22n−3(3/2)n−2

n! pn

]
(62)

Fig. 3 The exact SSM (red line) tangent to the master
spectral subspace E (black line) and the O(5) approxima-
tions for the normal form parametrization NFP-L (green
line) and the graph style parametrization GSP (blue line).
Dashed lines indicate sections where the dynamics on the
manifold does not converge to the origin.

and the corresponding reduced dynamics

ṗ = −p− 2p2 − 2

∞∑
n=3

(−1)n22n−5(3/2)n−3

(n− 1)!
pn ,

(63)
where (·)n denotes the Pochhammer symbol. The
radius of convergence is r = 1

4 with which (62)
and (63) converge to

W(p) =

[
p

2
3

(
p+ 1

2 −
√

1+4p
2

)]
(64)

and
ṗ = −p

√
1 + 4p (65)

for p ∈
(
− 1

4 ,
1
4

)
. The transformation ζ =

√
1+4p
2 −

1
2 converts (64) into (51) and (65) into (52),
hence it recovers the correct solution. However,
the domain of convergence is limited to p ∈(
− 1

4 ,
1
4

)
⇔ ζ ∈ (− 1

2 ,
√

2−1
2 ) as shown in Fig. 2,

hence any finite-dimensional truncation of (62)
yields reasonable approximation of the SSM only
in this range (cf. Fig. 3). In contrast, the nonlinear
reduced dynamics allows a better approximation
of the stability behavior on the manifold, since
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sections in which the system does not converge to
the evolution point z∗1 are also possible, cf. Fig. 3.

3.1.3 The other fixed point

To investigate the approximation of the slow SSM

around the other fixed point z∗2 =
[
0 2

3

]>
, it is first

shifted to the origin of the transformed system
z̃ = z− z∗2, which turns (50) into

˙̃z1 = z̃1 − 2z̃2
1 + 3z̃1z̃2 ,

˙̃z2 = − 10
3 z̃1 + 7

2 z̃2 + z̃2
1 − 5z̃1z̃2 + 21

4 z̃
2
2 ,

(66)

the invariant manifold (51) into

z̃ =

[
ζ̃ + ζ̃2

4
3 ζ̃ + 2

3 ζ̃
2

]
(67)

and the reduced dynamics (52) into

˙̃
ζ = ζ̃(ζ̃ + 1) . (68)

The eigenvalues and eigenvectors of (66) are λ̃1 =

1, λ̃2 = 7
2 and ṽ1 =

[
3
4 1
]>

and ṽ2 =
[
0 1
]>

.
The approximation of the slow SSM tangential to
Ẽ = span{ṽ1} is analogous to the procedure for
the first fixed point. The result of the normal form
parametrization NFP-L is

W̃(p) =

 p
1−p +

(
p

1−p

)2

4
3

p
1−p + 2

3

(
p

1−p

)2

 (69)

with
ṗ = p , (70)

relation ζ̃ = p
1−p and convergence range p ∈

(−1, 1) ⇔ ζ̃ ∈ (− 1
2 ,∞) ⇔ ζ ∈ (−∞,− 1

2 ). The
result of the graph style parametrization GSP is

W̃(p) =

[
p

2
3

(
p− 1

2 +
√

1+4p
2

)]
(71)

with
ṗ = p

√
1 + 4p , (72)

relation ζ̃ =
√

1+4p
2 − 1

2 and convergence range p ∈(
− 1

4 ,
1
4

)
⇔ ζ̃ ∈ (− 1

2 ,
√

2−1
2 )⇔ ζ ∈ (− 1+

√
2

2 ,− 1
2 ).

1 0 1 2
z1

1

0

1

2

z 2

Eigenspace
Exact SSM
NFP L
GSP

Fig. 4 The exact SSM (red line) tangent to the master
spectral subspace Ẽ (black line) and the domains of conver-
gence for the normal form parametrization NFP-L (green
line) and the graph style parametrization GSP (blue line).

3.2 2D system with cubic SSM

Consider the autonomous system

ż1 = −z1 +
1

3
z3

1 +
4

3
z2

1z2 +
4

3
z1z

2
2 ,

ż2 = −7z1 −
9

2
z2 +

5

60
z3

1 +
5

6
z2

1z2 +
7

3
z1z

2
2 + 2z3

2

(73)
with three hyperbolic fixed points: the stable fixed

point z∗1 =
[
0 0
]>

at the origin and the unsta-

ble fixed points z∗2 =
[
0 3

2

]>
and z∗3 =

[
0 − 3

2

]>
.

There is a one-dimensional invariant manifold that
contains all fixed points and is tangent to their
respective slow eigenspaces. A parametrization for
this manifold is

z =

[
ζ − ζ3

−2ζ + 1
2ζ

3

]
(74)

with the corresponding reduced dynamics being

ζ̇ = −ζ(1− ζ2) , (75)

as can be verified via direct substitution into (73).
Linearization of (73) at the origin z∗1 gives the
eigenvalues λ1 = −1 and λ2 = − 9

2 with corre-

sponding eigenvectors v1 =
[
1 −2

]>
and v2 =
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Fig. 5 The exact SSM (red line) tangent to the master
spectral subspace E (black line) and the domains of conver-
gence for the normal form parametrization NFP-L (green
line) and the graph style parametrization GSP (blue line).
Dashed lines indicate sections where the dynamics on the
manifold does not converge to the origin.

[
0 1
]>

. The relative spectral quotient (6) for the
slow SSM tangent to E = span{v1} is

σ(E) =

⌊
Re{λ2}
Re{λ1}

⌋
=

⌊
9

2

⌋
= 4 (76)

and since the non-resonance condition (7)

ci(−1) 6= −9

2
, for ci ∈ {2, 3, 4} (77)

is satisfied, [6, Theorem 3] states that there
exists a unique, at least (σ(E)+1)-times contin-
uously differentiable SSM tangent to E at the
origin. The approximation of the slow SSM around
the fixed point at the origin z∗1 by the normal
form parametrization NFP-L is investigated in
Section 3.2.1, and by the graph style parametriza-
tion GSP in Section 3.2.2.

3.2.1 Normal form parametrization

Following the procedure described in Section 2.2.1,
the first order invariance equation

AW1 = BW1R1

Fig. 6 The exact SSM (red line) tangent to the master
spectral subspace E (black line) and the O(5) approxima-
tions for the normal form parametrization NFP-L (green
line) and the graph style parametrization GSP (blue line).
Dashed lines indicate sections where the dynamics on the
manifold does not converge to the origin.

is solved by choosing W1 = v1 =
[
1 −2

]>
and

R1 = λ1 = −1.
Since there are no resonances, the reduced

dynamics
ṗ = −p (78)

following from the normal form parametrization
is linear and the manifold is given by the power
series

W(p) = −2

∞∑
n=1

(−1)n

(n− 1)!

[
( 1

2 )n
(n+ 1)(− 1

2 )n

]
p2n−1

(79)
with radius of convergence r = 1. For p ∈ (−1, 1),
(79) converges to

W(p) =

 p

(1+p2)
3
2

− p(4+3p2)

2(1+p2)
3
2

 (80)

and the transformation ζ = p√
1+p2

recovers (74)

and, when substituted into (78), (75). The domain
of convergence is depicted in Fig. 5, and the O(5)
approximation is compared to the exact invariant
manifold in Fig. 6.
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3.2.2 Graph style parametrization

The graph style parametrization, cf. Section 2.2.3,
yields the manifold approximation

W(p) =

[
p

−p2 −
3
2

∑∞
n=0

(
3n
n

)
p2n+1

2n+1

]
(81)

with the reduced dynamics

ṗ = −p+

∞∑
n=0

(
3n

n

)
2p2n+1

3n− 1
(82)

and the radius of convergence r = 2
3
√

3
. For p ∈

(− 2
3
√

3
, 2

3
√

3
), (81) converges to

W(p) =

[
p

−p2 −
√

3 sin
(

1
3 sin−1

(
3
√

3
2 p
))]

(83)

and (82) to

ṗ = p

(
1− 2 cos

(
2

3
sin−1

(
3
√

3

2
p

)))
(84)

which are equivalent to (74) and (75) by the

transformation ζ = 2√
3

sin
(

1
3 sin−1

(
3
√

3
2 p
))

. The

domain of convergence is depicted in Fig. 5, and
the O(5) approximation is compared to the exact
invariant manifold in Fig. 6.

3.3 3D system with planar SSM
and cubic reduced dynamics

Consider the autonomous system

ż1 = z2 ,

ż2 = −z1 + z3 − 100(z1 − z3)3,

ż3 = 3
2z1 − (1 +

√
2

2 )z3 − 100(z3 − z1)3

(85)

with the stable fixed point z∗ =
[
0 0 0

]>
at

the origin. There is a two-dimensional invariant
manifold that contains the origin and is given by

z =

 ζ1
ζ2√

2
2 ζ1 − ζ2

 (86)

with the reduced dynamics being

ζ̇1 = ζ2 ,

ζ̇2 =
√

2−2
2 ζ1 − ζ2 − 100

(
2−
√

2
2 ζ1 + ζ2

)3

,
(87)

as can be verified by substitution into (85).
Note that the manifold described by (86) is a
two-dimensional plane embedded in the three-
dimensional phase space. Linearization of (85)
at the origin gives the eigenvalues λ1,2 =

− 1
2 ± i

√
2−1
2 and λ3 = −

√
2

2 and eigenvectors

v1,2 =
[
2 −1± i(

√
2− 1) (1 +

√
2)± i(1−

√
2)
]>

and v3 =
[
2 −
√

2 3
]>

. The relative spectral
quotient (6) for the slow SSM tangent to E =
span{v1,v2} is

σ(E) =

⌊
Re{λ3}

Re{λ1,2}

⌋
=
⌊√

2
⌋

= 1 , (88)

which means that the non-resonance condition (7)
in [6, Theorem 3] is tivially satisfied, providing the
existence and uniqueness of an at least (σ(E)+1)-
times continuously differentiable SSM tangent to
E at the origin. To approximate this slow SSM, all
three parametrizations NFP-L, NFP-NR and GSP
are calculated as described in Section 2.2. While
the GSP approximation of order three or higher
gives the exact expressions (86) and (87), the nor-
mal form parametrizations do not, as discussed
next.

3.3.1 Normal form parametrizations

Both NFP-L and NFP-NR result in presumably
infinite power series expressions for which we do
not have closed-form solutions. In both variants of
the normal form parametrization, the embedding
of the invariant manifold approximation is coin-
cident with the eigenspace E, which is the exact
solution. However, the approximations z = W(p)
contain non-zero coefficients for orders greater
than one because the parametrization within this
plane is distorted. The deviations between the
normal form parametrizations and the original
system lead to significant approximation errors in
the dynamics. This is illustrated in Fig. 7, where,
starting from the same initial condition, the solu-
tion trajectories for the O(5) approximations of all
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Fig. 7 Solution trajectories of the full system (85) (black
line) and the O(5) approximations of NFP-L (red line),
NFP-NR (blue line) and GSP (green line). The invari-
ant manifold is shaded gray, and the initial condition and
origin are represented by the white and black markers,
respectively.

three parametrizations are calculated by a Runge-
Kutta method and compared with that of the full
system (85).

3.4 3D system with cubic SSM
and linear reduced dynamics

Consider the autonomous system

ż = Az + Fz3 (89)

with

A =

−a 1 0
−1 −a 0

0 0 −b

 ,

F =



1− 2a 1 + 2a −3a+ b
3 −3 3
6a −6− 6a 3 + 9a− 3b
0 0 0
−6 6 −6

−3− 6a 9 + 6a −6− 9a+ 3b
0 0 0
0 0 0
3 −3 3

2 + 2a −4− 2a 3 + 3a− b



>

and z3 = [z3
1 z

2
1z2 z

2
1z3 z1z

2
2 z1z2z3 z1z

2
3 z

3
2 z

2
2z3

z2z
2
3 z3

3 ]>. For 0 < a, b ∈ R, the origin z∗ =[
0 0 0

]>
is a stable fixed point, which is contained

in the two-dimensional invariant manifold

z =

ζ1 + ζ3
1

ζ2 − ζ3
1

ζ3
1

 (90)

with the reduced dynamics

ζ̇1 = −aζ1 + ζ2 ,

ζ̇2 = −ζ1 − aζ2 ,
(91)

as can be verified by substitution into (89). The
linearization of (89) at the origin gives the eigen-
values λ1,2 = −a± i and λ3 = −b and eigenvectors

v1,2 =
[
1 ±i 0

]>
and v3 =

[
0 0 1

]>
.

To calculate numerical SSM approximations,
the parameters are set to a = 1

100 and b = 10
3

giving

ż =

−
1

100 1 0

−1 − 1
100 0

0 0 − 10
3

 z (92)

+


49
50 3 3

50 0 −6 − 153
50 0 0 3 101

50
51
50 −3 − 303

50 0 6 − 453
50 0 0 −3 − 201

50
991
300 3 − 691

100 0 −6 391
100 0 0 3 − 91

300

 z3.

The relative spectral quotient (6) for the slow SSM
tangent to E = span{v1,v2} is

σ(E) =

⌊
Re{λ3}

Re{λ1,2}

⌋
=

⌊
b

a

⌋
= 333 (93)

and since the non-resonance condition (7)

c1λ1 + c2λ2 6= λ3 (94)

is satisfied for all c1, c2 ∈ N, [6, Theorem 3]
provides existence for a unique, at least (σ(E)+1)-
times continuously differentiable SSM tangent to
E at the origin. The approximation of the slow
SSM by the normal form parametrizations NFP-L
and NFP-NR is discussed in Section 3.4.1, the
graph style parametrization GSP in Section 3.4.2.

3.4.1 Normal form parametrizations

For small values of a, the complex conjugate eigen-
values λ1 and λ2 lead to the “near resonances”
described in Section 2.2.3. Therefore, with the
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Fig. 8 Comparison between the exact SSM and the NFP-
NR approximation of order five. The red line shows a
trajectory of the full system that starts at the black marker
on the NFP-NR-O(5)-manifold.

justification discussed there, the NFP-NR approx-
imation should be used to obtain better results
and convergence regions than via NFP-L. How-
ever, since the reduced dynamics (91) correspond-
ing to the exact manifold (90) is linear, the NFP-L
approximations of order 3 and higher provide this
exact solution for any parameter set 0 < a < b.

Yet, for this system, despite the ill-
conditioning of the co-homological operators used
as justification for considering “near resonances”
in [11], the NFP-NR approximation is signifi-
cantly worse than NFP-L. In Fig. 8, the O(5)
approximation is shown. Clearly, this is a good
approximation only in a small neighborhood
around the origin z∗, and large deviations occur
quickly. As expected, the numerical simulation
of (89) with an initial condition on the NFP-
NR-O(5)-manifold converges rapidly toward the
actual slow SSM and slowly toward the origin.

Figure 9 reveals another discrepancy
manifested in the backbone curves for the
NFP-NR approximation computed according to
Section 2.3.4. While the exact reduced dynamics
(91) is linear, meaning that there is no amplitude
dependence of its free oscillation frequency, this is
not true for the nonlinear reduced dynamics of the
NFP-NR approximation. Rather, with increas-
ing approximation order, the backbone curves
indicate a slight amplitude-frequency depen-
dence that appears to converge for amplitudes
corresponding to roughly ‖z1‖∞ < 0.7.

0.97 0.98 0.99 1.00 1.01 1.02 1.03 1.040.0

0.2

0.4
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||z
1||

Exact BBC
NFP NR (3)
NFP NR (5)
NFP NR (7)
NFP NR (9)
NFP NR (11)

Fig. 9 NFP-NR backbone curves of orders 3 to 11 (colored
lines) compared to the backbone curve of the exact reduced
dynamics (91) (black line).

3.4.2 Graph style parametrization

The graph style parametrization yields the infinite
power series

z =

 p1

p2

−
∑∞

n=1

(
3n
n

)
(−1)n

p2n+1
1

2n+1

 , (95)

which converges to

z =

 p1

p2(
2√
3

sinh
(

1
3 sinh−1

(
3
√

3
2 p1

)))3

 (96)

for p1 ∈ (− 2
3
√

3
, 2

3
√

3
), p2 ∈ R. This is equiv-

alent to (90) with the transformation ζ1 =
2√
3

sinh
(

1
3 sinh−1

(
3
√

3
2 p1

))
, ζ2 = p2 + ζ3

1 .

Although the spectral submanifold is a graph
over the master subspace to which the graph style
parametrization eventually converges, the range
of convergence is limited. As a result, finite-order
GSP approximations perform similarly poorly
here as they do for NFP-NR, as exemplified in
Fig. 10 for the GSP approximation of order 5.
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Fig. 10 Comparison of the exact SSM and the GSP
approximation of order 5.

3.5 3D system with cubic SSM
and stable limit cycle I

Consider the autonomous system

ż1 = az1 + z2 − az1(z2
1 + z2

2) ,

ż2 = −z1 + az2 − az2(z2
1 + z2

2),

ż3 = −bz3 + (3a+ b)z3
1 + 3z2

1z2 − 3az3(z2
1 + z2

2)
(97)

with 0 < a < b and the unstable fixed point

z∗ =
[
0 0 0

]>
at the origin. The two-dimensional

manifold

z =

ζ1ζ2
ζ3
1

 (98)

with the reduced dynamics

ζ̇1 = aζ1 + ζ2 − aζ1(ζ2
1 + ζ2

2 ) ,

ζ̇2 = −ζ1 − aζ2 − aζ2(ζ2
1 + ζ2

2 )
(99)

is invariant with respect to (97) and contains both
z∗ and a stable limit cycle at ζ2

1 + ζ2
2 = 1. The

linearization of (97) at the origin gives the eigen-
values λ1,2 = a ± i and λ3 = −b and eigenvectors

v1,2 =
[
1 ±i 0

]>
and v3 =

[
0 0 1

]>
.

Since Re{λ1,2} > 0 and Re{λ3} < 0, the rel-
ative spectral quotient σ(E) according to (6) is
negative and [6, Theorem 3] cannot be used to
prove existence and uniqueness for the slow SSM
tangent to E = span{v1,v2}. However, since E is
the entire unstable spectral subspace of (97), the
existence and uniqueness of the unstable invari-
ant manifold W u, which is equal to the slow SSM
we are looking for, follows from the center mani-
fold theorem, cf. Section 2.1. Under this premise,
we discuss how this slow SSM is approximated
by the normal form parametrizations NFP-L and

Fig. 11 The NFP-NR approximation of order 5, which is
coincident with the exact SSM with a = 1, and an exem-
plary trajetory of the full system (red line) with initial

condition z0 =
[

1
10

1
10
− 3

2

]>
.

NFP-NR in Section 3.5.1 and by the graph style
parametrization in Section 3.5.2.

3.5.1 Normal form parametrizations

Depending on the value of a, “near resonances”
can be more or less well justified, with which
the discussion in Section 2.2.3 suggests the use
of either the NFP-L or the NFP-NR approx-
imation. However, for this system, the NFP-
NR approximation of order 3 and higher always
yields the exact SSM and the associated cubic
reduced dynamics, independent of a. Neverthe-
less, by increasing a, the condition number of
the co-homological operator can be arbitrarily
improved, thus questioning the formal justification
for using the NFP-NR approximation. The NFP-
NR approximation of order 5 with a = 1 and a
solution trajectory of the full system are shown in
Fig. 11.

The NFP-L approximation, on the other hand,
is only applicable in a small neighborhood around
the origin. However, since the origin is unstable
and the system dynamics of interest is repre-
sented by the stationary stable limit cycle, this
approximation is of limited use.

3.5.2 Graph style parametrization

Analogous to the above case of NFP-NR, GSP
approximations of order 3 and higher yield the
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exact SSM and the corresponding reduced dynam-
ics. In contrast to the behavior of GSP in the
previous Section 3.4, the convergence region is not
bounded and the cubic manifold is found globally.

Note that this behavior is not limited to the
case of both stable and unstable spectral sub-
spaces. If we choose b < 0, [6, Theorem 3] is appli-
cable and NFP-NR, GSP still yield the correct
SSM and reduced dynamics thereon, regardless of
the (absolute) parameter values. The only differ-
ence is that the stable limit cycle does not attract
the vast majority of trajectories any more.

3.6 3D system with cubic SSM
and stable limit cycle II

Consider the autonomous system

ż = Az + Fz3 (100)

with

A =

 a 1 0
−1 a 0

0 0 −b

 ,

F =



1 + 2a 1− 2a− 1
a 3a+ b

3 −3− 1
a2 3

−6a −6 + 6a+ 3
a −

1
a2 3− 9a− 3b

0 0 0
−6 6 + 2

a2 −6

−3 + 6a 9− 6a− 3
a + 2

a2 −6 + 9a+ 3b

0 0 0
0 0 0
3 −3− 1

a2 3

2− 2a −4 + 2a+ 1
a −

1
a2 3− 3a− b



>

and z3 = [z3
1 z

2
1z2 z

2
1z3 z1z

2
2 z1z2z3 z1z

2
3 z

3
2 z

2
2z3

z2z
2
3 z3

3 ]>. For 0 < a < b, there is an unstable

fixed point z∗ =
[
0 0 0

]>
at the origin. The two-

dimensional manifold

z =

aζ1 + a3ζ3
1

aζ2 − a3ζ3
1

a3ζ3
1

 (101)

with the reduced dynamics

ζ̇1 = aζ1 + ζ2 ,

ζ̇2 = −ζ1 + aζ2 − aζ3
1 − ζ2

1ζ2 ,
(102)

is invariant with respect to (100) and contains
both z∗ and a stable limit cycle. The lineariza-
tion of (100) at the origin gives the eigenvalues
λ1,2 = a± i and λ3 = −b and eigenvectors v1,2 =[
1 ±i 0

]>
and v3 =

[
0 0 1

]>
.

Analogous to the argument in Section 3.5, the
existence and uniqueness of the slow SSM tangen-
tial to E = span{v1,v2} follows from the center
manifold theorem. To calculate numerical SSM
approximations, the parameters are set to a = 1

2
and b = 10

3 giving

ż =


1
2 1 0

−1 1
2 0

0 0 − 10
3

 z (103)

+

 2 3 −3 0 −6 0 0 0 3 1
−2 −7 −1 0 14 8 0 0 −7 −5

29
6 3 − 23

2 0 −6 17
2 0 0 3 − 11

6

 z3.

The approximation of this slow SSM by the nor-
mal form parametrizations NFP-L and NFP-NR
is discussed in Section 3.6.1 and by the graph style
parametrization in Section 3.6.2.

3.6.1 Normal form parametrizations

The NFP-L approximation with linear reduced
dynamics is not able to represent the limit cycle
and gives poor results, analogous to the previous
section. However, in contrast to (97), the NFP-NR
approximation for (100) gives useful results only in
a small neighborhood of the origin and is not able
to describe the manifold and the reduced dynam-
ics in the vicinity of the limit cycle. The NFP-NR
approximation of the invariant manifold degener-
ates rapidly and the immersion of the manifold
in phase space interpenetrates itself, as shown in
Fig. 12 for the approximation of order 5.

3.6.2 Graph style parametrization

Analogous to the results discussed in Section 3.4.2,
the graph style parametrization yields an infinite
power series that converges to the correct solu-
tion. However, the range of convergence is again
limited, meaning the limit cycle cannot be rep-
resented and the GSP approximation is also of
limited use.
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Fig. 12 Comparison between the exact SSM and the
NFP-NR approximation of order 5 whose immersion inter-
penetrates itself. The red line shows a trajectory of the full
system that starts on the NFP-NR-O(5)-manifold.

3.7 Non-autonomous system:
forced von Kármán beam

To illustrate the effects of parametrization on
the treatment of non-autonomous systems, we
study the von Kármán beam introduced in [24]
and treated in [11] by the method presented in
Section 2. The system equations result from the
discretization of the one-dimensional beam con-
tinuum by ten finite elements of equal length.
The beam with density 2700 kg/m³, length 1 m,
width 100 mm and height 1 mm is fixed at one
end and harmonically forced by a distributed load
f(t) = A cos(Ωt) with constant amplitude A, as
depicted in Fig. 13.

We use the Matlab toolbox SSMTool 2.1 by
Jain et al. [30], which already provides an imple-
mentation of the discretized von Kármán beam, to
study this system. The forcing amplitude is set to

Fig. 13 Model of the forced von Kármán beam with dis-
tributed load f(t) discretized by 10 finite elements with
depicted nodes; z29 is the vertical displacement of the node
at the beam tip.

Continuation

NFP-NR-
NFP-NR-
NFP-NR-
NFP-NR-

Fig. 14 Frequency response curves (FRCs) and backbone
curves (BBCs) visualized by the corresponding peak verti-
cal deflection of the beam tip ‖z29‖∞. Colored lines for the
results based on the NFP-NR approximation of orders 3,
5, 7, and 9 are compared to the result of a numerical con-
tinuation method (black line). Solid (dashed) lines indicate
stable (unstable) sections of the FRCs, dotted lines are the
corresponding BBCs.

A = 0.002 N/m, which is four times that used in
[11] to produce the results discussed therein, but
still small compared to the total weight force of
the beam (≈ 2.65 N). Frequency response curves
and backbone curves are calculated as described
in Sections 2.3.3 and 2.3.4. From these, the cor-
responding peak vertical deflection of the beam
tip ‖z29‖∞ is calculated for the visualization in
Fig. 14.

The result of a numerical continuation method
by means of the toolbox coco [15] is used as a ref-
erence approximation for the true solution. In the
vicinity of the resonance frequency, the frequency
response curves and backbone curves show large
deviations from the true solution. Figure 14 sug-
gests that the backbone curves converge to the
true solution roughly for ‖z29‖∞ < 0.005, but not
for larger amplitudes. Since the backbone curves
are the curves of maximal amplitude of the forced
response curves, these show the same qualitative
behavior. However, the autonomous system with-
out forcing is sufficient for the calculation of the
backbone curves, i.e. the limitation of the con-
vergence range already results from the approxi-
mation of the autonomous SSM. The convergence
range of the backbone curves and thus also of
the forced response curves can be significantly
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BBC
BBC
BBC
Continuation

Fig. 15 Backbone curves (BBC) of orders 3, 5, and 7 for
the peak vertical deflection of the beam tip ‖z29‖∞ from an
alternative parametrization determined via trial and error.

increased by choosing a better parameterization
for the approximation of the autonomous SSM.

Figure 15 shows the backbone curves of such
a parametrization, whose coefficients (available in
[31]) were determined by trial and error. The back-
bone curves of this alternative parametrization
show much better convergence in the same plot
area.

4 Discussion

The goal of the study in Section 3 is to com-
pare the properties and performance of three
parametrizations commonly used to approximate
spectral submanifolds (SSMs): the normal form
parametrization for systems without resonances
and linear reduced dynamics (NFP-L), the normal
form parametrization for systems with “near res-
onances” and nonlinear reduced dynamics (NFP-
NR), and the graph style parametrization with
nonlinear reduced dynamics (GSP). The algorith-
mic approach for this approximation is to recur-
sively determine coefficients of a power series rep-
resentation of the SSM. For the low-dimensional
systems in Sections 3.1 and 3.2, this approach
yields a power series representation of the exact
SSM when developed ad infinitum. However, the
range of convergence of this series representation is
limited, meaning that also any finite dimensional
truncation of this power series can approximate

the exact SSM only in a limited range, which
is at best as large as this range of convergence.
Although this is an expected result, there is no
way to determine a priori the range of conver-
gence for a particular parametrization. This means
that there is currently no way to decide which
parametrization should be used to obtain a good
approximation with a large range of validity.

Moreover, the study in Section 3.1 shows that
there can be infinitely many exact polynomial
representations of an SSM. However, of all the
exact parametrizations considered in the study
of this system, only the lowest-order one can
be embedded in phase space. The immersions of
the higher-order parametrizations represent points
which are all elements of the embedded mani-
fold. However, there are multiply covered sections
and inversion points at which the immersions
of these higher-order parametrizations are not
differentiable. Although neither the NFP-L nor
the GSP parametrization leads to a finite order
parametrization of the exact SSM, this obser-
vation is important for possible future develop-
ments of the methodology. Even if the algorithmic
approach is improved to produce a finite order
representation of the exact SSM (assuming its
existence), this criterion alone does not guarantee
uniqueness.

Furthermore, the investigations in Sections 3.1
and 3.2 show limitations for the convergence range
of the considered parametrizations. NFP-L can
be applied to systems without resonances, in this
case yielding linear reduced dynamics—the sim-
plest form of the reduced dynamics in the sense
of Poincaré’s normal forms. However, this means
that the range of convergence of NFP-L can-
not contain other stationary solutions such as
fixed points, limit cycles, or quasiperiodic tori,
since these cannot be represented by the linear
reduced dynamics. This limitation is evident in
Section 3.1.1, since the range of convergence is
restricted only in the direction of the second fixed
point, cf. Fig. 2. Although limited by the fur-
ther fixed points on the invariant manifold, the
extension of the convergence region of NFP-L is
even smaller and does not reach these fixed points.
Thus, for strongly nonlinear systems with further
stationary solutions near the origin, the possi-
ble convergence range of NFP-L is quite small,
and the advantage of approximating the nonlinear
invariant manifold with linear reduced dynamics
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is negligible compared to using the spectral sub-
space of the linearized system. As described above,
there is currently no way to determine the range of
convergence of the parametrization method unless
the coefficients of the power series are developed
ad infinitum. Therefore, the range of validity of a
finite-dimensional approximation cannot be deter-
mined without direct comparison with the full
system.

The graph style parametrization (GSP) pro-
duces an approximation of the invariant manifold
in a neighborhood of the origin as a graph over
the master spectral subspace. The variables of the
reduced dynamics p directly describe the position
in the master spectral subspace E (cf. e. g. (62),
(95)), which is spanned by the master eigenvec-
tors, while the nonlinear terms of the approxima-
tion W(p) of the invariant manifold describe the
location perpendicular to E. The description as a
graph maps each point on E onto a corresponding
point on W(p), which is why this parametriza-
tion is not able to describe manifolds beyond
folds, since the mapping would then no longer be
one-to-one. Each point on W(p) is described by
a linear combination of the eigenvectors of the
linearized system, where the master eigenvectors
span E, and all remaining eigenvectors are called
slave eigenvectors. For the occurrence of folds as
a loss of uniqueness of the graph, note that the
graph at GSP is not defined over E, but over
the orthogonal complement of the enslaved spec-
tral subspace. The fold comprises all points on
the manifold whose tangent hyperplane is spanned
only by the slave eigenvectors, which limits the
maximum possible convergence range of GSP.
This can be seen in Figs. 2, 4 and 5, where in
each case there is only one slave eigenvector in
the vertical direction, and the convergence range
of GSP is directly restricted by these folds. If
the slave eigenvectors are non-perpendicular to E,
folds can occur much sooner than in the orthog-
onal case, restricting the convergence range even
further. Moreover, the convergence range of GSP
for the system (50) is symmetric about the origin,
although only one side is constrained by the fold.
Constraints by folds of the invariant manifold thus
affect the entire convergence range of the graph
style parametrization, further restricting the use-
ful range of finite dimensional approximations.
In contrast, the convergence range of the normal
form parametrization is not limited by folds, which

is considered to be a major advantage of NFP-L
resp. NFP-NR in the literature [11, 12]. In Fig. 5 it
can be seen that the convergence region of NFP-L
extends beyond the fold that limits GSP. However,
the convergence region is limited by the other fixed
points, therefore the difference between the two
parametrizations is rather small. Also note that
for neither of the systems in Sections 3.1 and 3.2
the NFP-L manages to go beyond the fold w.r.t.
the orthogonal complement of E.

Further comparison between NFP-L and GSP
for Sections 3.1 and 3.2 shows that NFP-L does
lead to larger convergence ranges when deter-
mining the coefficients of the power series ad
infinitum. However, the comparison of the 5th
order approximations in Figs. 3 and 6 shows that
GSP gives a better description of the qualita-
tive behavior in a larger range. In particular, this
includes the sections of the approximation for the
invariant manifold that do not converge to the
origin. As discussed above, NFP-L is not able to
represent this behavior at all.

In Sections 3.1 and 3.2 systems with two-
dimensional phase space and one-dimensional
invariant manifold are investigated, since for these
closed solutions for the coefficients of the power
series can be determined, with which it is pos-
sible to determine the radius of convergence.
In addition, the system behavior can be well
illustrated. Since the master spectral subspace
is one-dimensional, however, no internal reso-
nances can occur, so for the investigations in
Sections 3.3 to 3.6 systems with three-dimensional
phase space and two-dimensional invariant man-
ifold whose master spectral subspace is spanned
in each case by two complex conjugate eigenvec-
tors are constructed. The differential equations
of all four systems, the exact parametrizations of
the invariant manifolds and the respective exact
reduced dynamics thereon contain only terms of
up to order three. There are no exact inner reso-
nances in those systems, as is often the case with
non-conservative systems.

The study shows that none of the three consid-
ered parametrizations is fundamentally superior
to the others. Depending on the system, one or
more parametrizations fail without a priori expec-
tation. For instance, for the system in Section 3.3,
GSP provides the exact solution for the manifold
and the reduced dynamics, while both variants of
the normal form parametrization are unable to
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find the exact solution by a finite order approx-
imation. However, the limited range of validity
of NFP-L and NFP-NR is unexpected, since all
points of the invariant manifold lie in a plane
in phase space, and the origin is the only fixed
point on it. Since the exact manifold is planar
with the origin as the only stationary solution
on it, a large range of convergence of NFP-L
might be expected. However, as shown in Fig. 7,
NFP-L and NFP-NR produce significantly differ-
ent approximations, which, however, do not even
correctly describe the correct solution trajectories
qualitatively.

Section 3.4 shows a dynamical system with
linear reduced dynamics and a cubic parametriza-
tion of the exact invariant manifold. As expected,
NFP-L is able to recover this exact solution for
all values 0 < a < b, although the conditioning
of the co-homological operator becomes arbitrar-
ily bad for a → 0, in which case Jain and
Haller [11] recommend the use of NFP-NR. How-
ever, an application of NFP-NR leads to a poor
approximation which cannot represent the exact
solution with a finite order approximation. The
convergence range of NFP-NR is limited and for
large amplitudes of the reduced dynamics the
approximation deviates strongly from the exact
solution, as shown in Fig. 8. Moreover, the non-
linear terms in the reduced dynamics result in a
slight dependence of the free oscillation frequency
on the amplitude, as manifested by the backbone
curves in Fig. 9. Although the invariant mani-
fold and reduced dynamics for this system can be
expressed very simply, the NFP-NR approxima-
tion of order 5 suggests much more complicated
relationships and is only valid at all in a rela-
tively small range. Similar to Sections 3.2, within
the (presumed) convergence range, the difference
between the reduction to the eigenmode of the
linearized model, and the nonlinear approxima-
tion by NFP-NR is small, making the benefit
questionable compared to the effort.

Section 3.5 shows the opposite behavior for
NFP-L and NFP-NR. In this case, the exact
manifold and the reduced dynamics can be repro-
duced exactly by NFP-NR approximations of
order three and higher, while NFP-L does not
give a satisfying solution. Yet, the conditioning
of the co-homological operator is arbitrarily good
in this case, so Jain and Haller [11] suggest the
use of NFP-L rather than NFP-NR. The reason

for the poor performance of NFP-L is the sta-
ble limit cycle that lies on the invariant manifold
and that bounds the convergence range of the
NFP-L approximation around the fixed point at
the origin. However, the existence of this further
stationary solution on the invariant manifold is
not trivially evident from the definition of the
dynamical system in (97). On the other hand, it
is noteworthy that NFP-NR is able to accurately
represent this stable limit cycle on the manifold,
although only a local evolution around the fixed
point at the origin was performed. This shows
the great influence of the parametrization on the
validity range of the approximations and the possi-
ble potential for further development of the whole
methodology by improvements at this part.

Like NFP-NR, GSP provides the exact man-
ifold and reduced dynamics for approximations
of order three and higher for the system in
Section 3.5, but not for the system in Section 3.4.
Although for this system the exact reduced mani-
fold can be expressed globally as a graph over the
master spectral subspace, i.e., there are no folds,
the convergence range of GSP is limited. The same
result can be seen in Section 3.6. For both sys-
tems, the convergence range of GSP is so small
that the difference between the GSP approxima-
tions and the reduction to the eigenmode of the
linearized model is small, again making the benefit
questionable compared to the effort.

The system in Section 3.6 is remarkable
because none of the three parametrizations is able
to approximate the exact manifold. The validity
range of all approximations is limited to a small
neighborhood around the unstable fixed point at
the origin and is not sufficient to approximate
the stable limit cycle that lies on the invariant
manifold. This shows that for a given dynamical
system by no means any of the three considered
parametrizations needs to yield the exact invari-
ant manifold or even an approximation with a
sufficiently large convergence range. Moreover, the
immersions of the NFP-NR approximations for
this system intersect themselves, which contra-
dicts the expectation of unique solutions by the
Picard-Lindelöf theorem [32] for the full system
(100) with globally Lipschitz right-hand side.

One more point to note when reviewing all the
systems in Section 3 is the relevance of the relative
spectral quotient σ(E). In [6], the relative spectral
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quotient is used to prove the existence and unique-
ness of spectral submanifolds. A parametrization
of degree larger than σ(E) is a truncation of the
series expansion of the unique SSM, which sug-
gests that an expansion up to this degree is useful
for practical approximations. However, this is not
the case, since on the one hand the relative spec-
tral quotient takes very large values in systems
with many degrees of freedom—σ(E) = 66532 in
Section 3.7—and on the other hand an expan-
sion up to order (σ(E)+1) in Section 3.3 gives a
poor approximation, since here σ(E) = 1. Thus,
the relative spectral quotient is useful for prov-
ing the existence of the desired manifold, but has
little practical relevance in determining numerical
approximations of it.

As the last system in this study, a non-
autonomous system taken directly from the lit-
erature [11] is examined in Section 3.7. Follow-
ing the methodology summarized in Section 2.3,
forced response curves and backbone curves are
approximated for the system to investigate the
extent to which the reduced model is able to
represent the dynamics of the full system. An
increase of the forcing amplitude by a factor of
four compared to [11] is found to lead to large
deviations near the resonance peak of the forced
response curves. These deviations in the treatment
of the non-autonomous system may be due to two
causes: either the treatment of the autonomous
part of the system, or errors due to the addi-
tional assumptions made for the treatment of
the non-autonomous parts of the system, such
as the treatment of the non-autonomous terms
as perturbations of order ε and the assumption
for the coefficients of the parametrization of the
non-autonomous terms in (38). In this case, the
cause can be attributed to the deviation in the
parametrization of the autonomous system, since
the backbone curves describing the maxima of
the forced response curves for increasing forcing
amplitudes depend only on the parametrization of
the autonomous system. A better parametrization
whose backbone curves converge for significantly
larger amplitudes is determined by trial and error,
allowing the treatment of the non-autonomous
system with larger forcing amplitudes. This result
highlights the potential for further development
of the methodology using better criteria for deter-
mining the coefficients of the parametrization. As

a basis for the treatment of non-autonomous sys-
tems, a good parametrization of the autonomous
systems must first be developed. The convergence
range of the approximation of the autonomous sys-
tem directly limits the possible oscillation ampli-
tudes in the treatment of the non-autonomous
case. Within the scope of the study, it was shown
by means of the parametrization determined by
trial and error that it is in principle possible to
determine better descriptions with a significantly
larger convergence range. However, no systematic
methodology is yet available to implement this
algorithmically.

5 Conclusion

The goal of the present work is to compare
the properties and performance of various com-
monly used parametrizations of invariant man-
ifolds tangent to spectral subspaces by means
of suitable benchmark systems. We present a
study of three parametrizations—the normal form
parametrization without and with the consider-
ation of “near resonances”, and the graph style
parametrization—which are applied to approx-
imate invariant manifolds of seven benchmark
systems. These different parametrizations are pos-
sible since the state of the art methodology
for parametrizing approximations of invariant
manifolds gives an underdetermined system of
equations to determine the coefficients of the
manifold and the reduced dynamics thereon. The
study shows that all considered parametrizations
may produce unusably bad approximations in
more or less unexpected cases. There is no a priori
criterion to determine which, if any, of the consid-
ered parametrizations should be used to produce a
good approximation with large convergence range.
Since the convergence range directly limits the
usable range of any finite dimensional approxi-
mation, this is a major limitation for the whole
methodology.

The presented study shows two key issues that
should be addressed by future developments and
improvements of the methodology: i) the need
for an error estimate of the reduced system, and
ii) the lack of uniqueness of the parametriza-
tion that may lead to small convergence ranges if
resolved sub-optimally. Both issues and develop-
ment needs are closely connected, yet distinct. An
error estimate for a given parametrization may be
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used to determine the range of validity in which
the manifold approximation and reduced dynam-
ics can be used to analyze the original system.
The evaluation of such an error estimate must
be possible without evaluating the full system,
since this would annihilate any efficiency gains and
render the reduced model obsolete. The lack of
uniqueness should be resolved by additional cri-
teria to produce a parametrization with maximal
convergence range. Since the usable range of any
finite dimensional approximation cannot exceed
the convergence range of the power series, expand-
ing the range of convergence directly increases the
useful range of finite dimensional approximations.
Since the proposed benchmark systems are specif-
ically designed to yield good results only for some
or none of the considered parametrizations, they
might be used to evaluate the performance of any
improved parametrization.
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