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Managing a sustainable integrated inventory model for imperfect 

production process with type one and type two errors 

   

 

This study develops a sustainable integrated inventory model for controllable lead time 

with defective items, errors in inspection, and variable lead-time. The research 

investigates the effect of controlling lead time and capital investment in the setup cost. 

We assume that the buyer receives a lot size that may contain some defective items with 

a known defective probability. The buyer’s inspector conducts a 100% quality 

inspection and may incorrectly classify a non-defective item as a defective item (type 

one (I) error), or incorrectly classify a defective item as a non-defective item (type two 

(II) error). The mathematical inventory model considering carbon emission cost is 

developed, and the solution procedure is designed to derive the optimal solution. 

Finally, numerical examples and sensitivity analysis are given to illustrate the results. 

Keywords: Inventory; sustainable integrated model; type I and type II errors; crashing 

lead time; setup cost reduction 

 

1. Introduction 

In recent years, the issues of economics and sustainability in the supply chain have attracted 

considerable attention from governments, universities, and other non-profit organizations. Over 

the decades, many researchers have focused on extending the traditional inventory model to 

consider coordination mechanisms of the channel members, i.e., coordination between the 

vendor and buyer. Most of the traditional inventory models assume perfect production process 

and error-free inspection. However, in the most production processes, some defective items will 

be produced. To ensure good quality, the buyer conducts a 100% quality check for all goods 

received from the vendor. During the inspection, some of the good items may be rejected as 

defective items (type I error) while other defective items may be accepted as good items (type 

II error). The earliest research of the EOQ model with defective items was made by Salameh 



and Jaber (2000). They assumed a perfect inspection to screen out and dispose of the defective 

items. During the last two decades, other researchers have studied defective items under various 

conditions. They are Goyal and Cárdenas-Barrón (2002), Goyal et al. (2003), Wang (2005), 

Papachristos and Konstantaras (2006), Wee et al. (2007), Eroglu and Ozdemir (2007), 

Konstantaras et al. (2007), Maddah and Jaber (2008) and Khan et al. (2011). Hsu and Hsu (2012) 

have extended Khan et al. (2011)’s model by assuming the defective items in the inspection 

process are sold to a secondary market at a discounted price. Jauhari (2016) modified Khan et 

al. (2011)’s model by considering probabilistic demand. Jauhari et al. (2017) developed an 

unequal-sized shipment policy for a single-vendor and a single-buyer integrated inventory 

model with deterministic demand, defective items, and errors in the inspection. Khan et al. 

(2017) proposed a mathematical inventory model for a supply chain system with stochastic lead 

time. Jauhari et al. (2018) developed a two-echelon inventory model with stochastic demand, 

defective items, and carbon emissions cost. Tiwari et al. (2018a) proposed a vendor-buyer 

inventory model considering carbon emissions, deteriorating, and imperfect quality items. 

Tiwari et al. (2018b) investigated the impact of the investment of ordering and setup cost 

reduction and controllable lead time on the cost of the supply chain system. Wangsa and Wee 

(2019) developed an integrated inventory model considering freight cost and stochastic lead 

time. Recently, Tiwari et al. (2020) investigated the impact of human errors, variable lead time, 

and capital investment.  

In this paper, we consider a joint optimization model with inspection errors, defective items, 

stochastic demand, controllable lead time, carbon emissions, and freight cost. The lead time 

demand follows a normal distribution, and the setup cost is a logarithmic function of capital 

investment. The objective of this study is to minimize the joint total cost (JTC) by optimizing 

the order quantity, lead time, safety factor, number of deliveries, setup cost. The research gaps 

are illustrated in Table 1.  



The rest of the paper is organized as follows. Section 2 provides the notation and assumptions. 

Section 3 develops the proposed mathematical model and algorithm to derive the optimal 

solution. Section 4 presents the numerical example and sensitivity analysis. Finally, the 

conclusions and future research directions are given in Section 5. 

Table 1. Research Gap: comparison between the proposed model and previous models 

Researcher(s) Demand type Inspection 

errors 

Crashing 

lead time 

Setup cost 

reduction 

Emission 

carbon 

Freight 

cost 

Hsu and Hsu (2012) Deterministic √ - - - - 

Jauhari (2016) Probabilistic √ - - - - 

Jauhari et al. (2017) Deterministic √ - - - - 

Khan et al. (2017) Probabilistic √ - - - - 

Jauhari (2018) Probabilistic - - - √ √ 

Tiwari et al. (2018a) Deterministic - - - √ √ 

Tiwari et al. (2018b) Probabilistic - √ √ - - 

Wangsa and Wee (2019) Probabilistic √ - - - √ 

Tiwari et al. (2020) Probabilistic √ √ √ - - 

Proposed model Probabilistic √ √ √ √ √ 

 

2. Notations and assumptions 

2.1 Notations 

The notations used to develop the model are listed below: 𝑄𝑄 the size of shipments from the vendor to the buyer (decision variable) 𝑚𝑚 the number of deliveries (decision variable) 𝑘𝑘 safety factor (decision variable) 𝑆𝑆 setup cost per setup (decision variable) 𝐿𝐿 lead time (decision variable) 𝐷𝐷 average demand 𝑃𝑃 production rate of the vendor, 𝑃𝑃 > 𝐷𝐷  𝜎𝜎 standard deviation of demand  𝐴𝐴 ordering cost per order 𝑆𝑆0 initial setup cost per setup ℎ𝑏𝑏 buyer’s holding cost per unit per year 



ℎ𝑣𝑣 vendor’s holding cost per unit per year 𝐶𝐶𝑠𝑠 inspection cost per unit item 𝑥𝑥 inspection rate 𝐶𝐶𝑤𝑤 cost of producing defective item per unit item 𝑒𝑒1 probability of Type I inspection error 𝑒𝑒2 probability of Type II inspection error 𝛾𝛾 probability of defective items (defect rate) 𝐵𝐵1 defective items in each shipment size of 𝑄𝑄 𝐵𝐵2 returned items from market in each shipment size of 𝑄𝑄 𝐶𝐶𝑝𝑝𝑏𝑏 buyer’s post-sales for each defective item 𝐶𝐶𝑝𝑝𝑣𝑣 vendor’s post-sales for each defective item 𝐶𝐶𝑟𝑟 cost of rejecting a good item 𝜃𝜃 additional cost for pick-up policy 𝑑𝑑𝑣𝑣 the vendor’s distance to the freight 𝑑𝑑𝑏𝑏 the freight’s distance to the buyer 𝑢𝑢 fuel consumption of a truck 𝑤𝑤 weight of product 𝛼𝛼 discount factor for LTL shipments, 0 ≤ 𝛼𝛼 ≤ 1  𝐹𝐹𝑥𝑥 cost of freight based on full truckload (FTL) in $ per lb. per mile 𝐹𝐹𝑦𝑦 cost of freight based on less-than-truckload in $ per lb. per mile 𝑊𝑊𝑥𝑥 full truckload (FTL) shipping weight in lbs. 𝑊𝑊𝑦𝑦 actual weight of shipping in lbs. �𝑊𝑊𝑦𝑦 ≤ 𝑊𝑊𝑥𝑥� 𝜋𝜋 buyer’s backorder cost per unit 𝐶𝐶𝑔𝑔ℎ𝑔𝑔  carbon emission cost ∆𝑏𝑏1 buyer’s indirect emission factor 



∆𝑏𝑏2 buyer’s direct emission factor 𝑒𝑒𝑐𝑐𝑐𝑐  electricity energy consumption 𝑠𝑠𝑐𝑐𝑐𝑐 steam energy consumption ℎ𝑐𝑐𝑐𝑐 heating energy consumption 𝑐𝑐𝑐𝑐𝑐𝑐 cooling energy consumption 𝐿𝐿𝑟𝑟 energy loss rate ∆𝑣𝑣1 vendor’s indirect emission factor ∆𝑣𝑣2 vendor’s direct emission factor 𝑌𝑌  annual fractional cost of capital investment 𝐼𝐼(𝑆𝑆) capital investment in setup cost reduction 𝜉𝜉 the percentage decrease in 𝑆𝑆 per dollar increase in 𝐼𝐼(𝑆𝑆) 𝑐𝑐𝑖𝑖  minimum duration of ith lead-time component 𝑑𝑑𝑖𝑖 normal duration of ith lead-time component 𝑒𝑒𝑖𝑖 crashing cost per days of ith lead-time component  𝐽𝐽𝐽𝐽𝐶𝐶 joint total cost 

2.2 Assumptions 

The following assumptions are used to develop the model: 

1. This research considers a single item with a single vendor and a single buyer. 

2. The demand follows a normal distribution with mean 𝐷𝐷 and standard deviation 𝜎𝜎. 

3. The vendor manufactures a batch of 𝑚𝑚𝑄𝑄 units and ships 𝑄𝑄 (units) to the buyer in each 

of the 𝑚𝑚 times. The setup cost 𝑆𝑆 is paid by the vendor for each production run and 

the ordering cost 𝐴𝐴 is paid by the buyer for each order of quantity 𝑄𝑄. 

4. The vendor produces the items with a finite production rate 𝑃𝑃  is higher than the 

demand rate 𝐷𝐷. 



5. The lead time 𝐿𝐿  consists of 𝑛𝑛  mutually independent components. For each ith 

component of lead time, 𝑑𝑑𝑖𝑖 is the normal duration, 𝑐𝑐𝑖𝑖 is the minimum duration, and 𝑒𝑒𝑖𝑖 is the crashing cost per unit time. We rearrange 𝑒𝑒𝑖𝑖 such that 𝑒𝑒1 ≤ 𝑒𝑒2 ≤ ⋯𝑒𝑒𝑗𝑗. 
6. The crashing cost is paid by the buyer if a shorter lead-time is requested. 

7. The capital investment 𝐼𝐼(𝑆𝑆)  in reducing the vendor’s setup cost is a logarithmic 

function of the setup cost, 𝑆𝑆. That is, 𝐼𝐼(𝑆𝑆) = 𝐵𝐵 ln �𝑆𝑆0𝑆𝑆 � for 0 < 𝑆𝑆 ≤ 𝑆𝑆0 where 𝐵𝐵 =
1𝜉𝜉.  

(Tiwari et al., 2018b; 2020) 

8. The vendor’s production processes may produce defective items with the defective 

percentage 𝛾𝛾 and probability density function of 𝑓𝑓(𝛾𝛾). The lot received by the buyer 

is 100% quality check by the inspector with screening rate 𝑥𝑥. The screening rate is 

assumed to be greater than the demand rate, 𝑥𝑥 > 𝐷𝐷. 

9. The inspector may incorrectly classify non-defective items as defective (𝑒𝑒1) with a 

probability density function of 𝑓𝑓(𝑒𝑒1) and may incorrectly accept defective items as 

non-defective (𝑒𝑒2) with a probability density function of 𝑓𝑓(𝑒𝑒2). 

10. The cost of producing defective item (𝐶𝐶𝑤𝑤) and the cost of rejecting a non-defective 

item (𝐶𝐶𝑟𝑟) are paid by the vendor. 

11. Shortages are allowed and fully backordered. 

12. The items will be scheduled to be picked up by the freight and delivered to the 

buyer’s site. This cost (surcharge cost per shipment, 𝜃𝜃)  is paid by the buyer for the 

pick-up. 

13. The freight cost is paid by the buyer. 

14. Defective items will be returned to the vendor at the end of the inspection process. 

 

3. Model development 



In this paper, we develop a sustainable integrated inventory under a vendor-buyer system 

taking into account the crashing lead time, defective items, inspection errors, freight cost, and 

investment for setup cost reduction. An equal-sized shipment policy is adopted by the system 

to deliver the items. The vendor produces a batch of items (𝑚𝑚𝑄𝑄) with a percentage of defective 

items. The vendor delivers the lot to the buyer over 𝑚𝑚 shipments.  

The buyer’s inspector screens out the defective items from the shipment lot with two types 

of mistakes: classifying good items as defective items (𝑒𝑒1) and classifying defective items as 

good items (𝑒𝑒2). The four possible cases may be found during an inspection process. They are: 

- Case 1: classifying good items as defective items  = (1 − 𝛾𝛾)𝑄𝑄𝑒𝑒1 

- Case 2: classifying good items as good items  = (1 − 𝛾𝛾)𝑄𝑄(1 − 𝑒𝑒1) 

- Case 3: classifying defective items as good items  = 𝛾𝛾𝑄𝑄(1 − 𝑒𝑒2) 

- Case 4: classifying defective items as defective items  = 𝛾𝛾𝑄𝑄𝑒𝑒2 

Further, the development of the expected total cost for the buyer, expected total cost for the 

vendor, and the joint total expected cost are formulated in the following subsections. 

3.1 Expected total cost for the buyer 

In this section, we develop the buyer’s initial expected cost (𝐽𝐽𝑇𝑇𝐶𝐶𝑏𝑏0) considering ordering 

cost, surcharge cost, lead time crashing cost, shortage cost, inspection cost, type I and type II 

error cost, and holding cost. The buyer’s initial expected cost is given by: 

𝐽𝐽𝑇𝑇𝐶𝐶𝑏𝑏0(𝑄𝑄, 𝑘𝑘, 𝐿𝐿,𝑚𝑚) =
𝐷𝐷�𝐴𝐴 + 𝜃𝜃 + 𝑅𝑅(𝐿𝐿) + 𝑚𝑚𝜋𝜋𝜎𝜎√𝐿𝐿𝜓𝜓(𝑘𝑘) + 𝑚𝑚𝑄𝑄�𝐶𝐶𝑠𝑠 + 𝐶𝐶𝑝𝑝𝑏𝑏𝛾𝛾𝑒𝑒2��𝑚𝑚𝑄𝑄(1 − 𝛾𝛾)(1 − 𝑒𝑒1)

 

+ℎ𝑏𝑏 �𝐷𝐷𝑄𝑄[(1 − 𝛾𝛾)𝑒𝑒1 + 𝛾𝛾(1 − 𝑒𝑒2)]𝑥𝑥(1− 𝛾𝛾)(1− 𝑒𝑒1)
+
𝑄𝑄[1 − (𝑒𝑒1 + 𝛾𝛾) + 𝛾𝛾(𝑒𝑒1 + 2𝑒𝑒2)]. (1− 𝛾𝛾)(1− 𝑒𝑒1)

2(1− 𝛾𝛾)(1− 𝑒𝑒1)
+ 𝑘𝑘𝜎𝜎√𝐿𝐿� 

 (1) 

The logistic provider offers pickup service at a freight cost rate (𝐹𝐹𝑥𝑥). Wangsa and Wee (2019) 

developed freight cost based on the actual shipping weight, 𝑊𝑊𝑦𝑦 = 𝑄𝑄𝑤𝑤(1 − 𝛾𝛾)(1 − 𝑒𝑒1). Therefore, 

the buyers expected freight cost is: 



𝐹𝐹𝐶𝐶𝑏𝑏 =
𝐷𝐷𝑚𝑚𝛼𝛼𝐹𝐹𝑥𝑥𝑊𝑊𝑥𝑥(2𝑑𝑑𝑉𝑉+𝑑𝑑𝑏𝑏)𝑚𝑚𝑄𝑄(1− 𝛾𝛾)(1− 𝑒𝑒1)

+𝐷𝐷(1− 𝛼𝛼)𝐹𝐹𝑥𝑥𝑤𝑤(2𝑑𝑑𝑉𝑉+𝑑𝑑𝑏𝑏) 
 (2) 

Furthermore, the buyer’s carbon emission cost is divided into 2 categories, namely direct and 

indirect emissions. The carbon emission cost from Wangsa (2017) is given by:  

𝐶𝐶𝑇𝑇𝑏𝑏 = 𝐷𝐷𝐶𝐶𝑔𝑔ℎ𝑔𝑔 � ∆𝐽𝐽1𝑢𝑢(2𝑑𝑑𝑉𝑉+𝑑𝑑𝑏𝑏)𝑚𝑚𝑄𝑄(1− 𝛾𝛾)(1− 𝑒𝑒1)
+ ∆𝐽𝐽2𝑤𝑤�  (3) 

Combining the buyer’s initial expected cost in Eq. (1), the freight cost in Eq. (2), and the 

carbon emission cost in Eq. (3), the buyer’s expected total cost is: 

𝐽𝐽𝑇𝑇𝐶𝐶𝑏𝑏(𝑄𝑄,𝑘𝑘,𝐿𝐿,𝑚𝑚) =

𝐷𝐷 �𝐴𝐴+ 𝜃𝜃+ 𝑅𝑅(𝐿𝐿) +𝑚𝑚𝜋𝜋𝜎𝜎√𝐿𝐿𝜓𝜓(𝑘𝑘) +𝑚𝑚𝑄𝑄�𝐶𝐶𝑠𝑠 + 𝐶𝐶𝑝𝑝𝑏𝑏𝛾𝛾𝑒𝑒2�
+�𝑚𝑚𝛼𝛼𝐹𝐹𝑥𝑥𝑊𝑊𝑥𝑥 + 𝐶𝐶𝑔𝑔ℎ𝑔𝑔∆𝐽𝐽1𝑢𝑢�(2𝑑𝑑𝑉𝑉+𝑑𝑑𝑏𝑏)

�𝑚𝑚𝑄𝑄(1− 𝛾𝛾)(1− 𝑒𝑒1)
 

+ℎ𝑏𝑏 �𝐷𝐷𝑄𝑄[(1− 𝛾𝛾)𝑒𝑒1 + 𝛾𝛾(1− 𝑒𝑒2)]𝑥𝑥(1− 𝛾𝛾)(1− 𝑒𝑒1)
+
𝑄𝑄[1 − (𝑒𝑒1 + 𝛾𝛾) + 𝛾𝛾(𝑒𝑒1 + 2𝑒𝑒2)]. (1− 𝛾𝛾)(1− 𝑒𝑒1)

2(1 − 𝛾𝛾)(1− 𝑒𝑒1)
+ 𝑘𝑘𝜎𝜎√𝐿𝐿� 

+𝐷𝐷�(1 − 𝛼𝛼)𝐹𝐹𝑥𝑥𝑤𝑤(2𝑑𝑑𝑉𝑉+𝑑𝑑𝑏𝑏) + 𝐶𝐶𝑔𝑔ℎ𝑔𝑔∆𝐽𝐽2𝑤𝑤�                                                                         (4) 

  

3.2 Expected total cost for the vendor 

The expected initial total cost for the vendor consists of setup cost, holding cost, rework cost 

for defective items, type I and type II error cost. The average inventory of vendor per cycle can 

be formulated as: 

𝐼𝐼𝑣𝑣 =

�𝑛𝑛𝑄𝑄 �𝑄𝑄𝑃𝑃 + (𝑛𝑛 − 1)𝐽𝐽�− 𝑛𝑛2𝑄𝑄2

2𝑃𝑃 �− 𝐽𝐽[𝑄𝑄+ 2𝑄𝑄+⋯+ (𝑛𝑛 − 1)𝑄𝑄]𝑛𝑛𝐽𝐽  

(5)  

By substituting 𝐽𝐽 =
𝑄𝑄(1−𝛾𝛾)(1−𝑒𝑒1)𝐷𝐷  into Eq. (5) and simplifying the equation, one has: 

𝐼𝐼𝑣𝑣 =

�𝑛𝑛𝑄𝑄 �𝑄𝑄𝑃𝑃 + (𝑛𝑛 − 1)
𝑄𝑄(1− 𝛾𝛾)(1− 𝑒𝑒1)𝐷𝐷 �− 𝑛𝑛2𝑄𝑄2

2𝑃𝑃 �− 𝐽𝐽[𝑄𝑄+ 2𝑄𝑄+⋯+ (𝑛𝑛 − 1)𝑄𝑄]𝑛𝑛𝑄𝑄(1− 𝛾𝛾)(1− 𝑒𝑒1)𝐷𝐷  

 (6) 



𝐼𝐼𝑣𝑣 = �𝑄𝑄
2

+
(𝑛𝑛 − 2)𝑄𝑄

2
�1− 𝐷𝐷

(1− 𝛾𝛾)(1− 𝑒𝑒1)𝑃𝑃�� 
(7) 

The vendor’s initial expected total cost per unit time is: 

𝐽𝐽𝑇𝑇𝐶𝐶𝑣𝑣(𝑄𝑄,𝑚𝑚) =
𝐷𝐷�𝑆𝑆 + 𝑚𝑚𝑄𝑄�𝐶𝐶𝑤𝑤𝛾𝛾 + 𝐶𝐶𝑟𝑟(1 − 𝛾𝛾)𝑒𝑒1 + 𝐶𝐶𝑝𝑝𝑣𝑣𝛾𝛾𝑒𝑒2��𝑚𝑚𝑄𝑄(1 − 𝛾𝛾)(1 − 𝑒𝑒1)

+ ℎ𝑣𝑣 �𝑄𝑄2 +
(𝑚𝑚 − 2)𝑄𝑄

2
�1 − 𝐷𝐷

(1 − 𝛾𝛾)(1 − 𝑒𝑒1)𝑃𝑃�� 

 

 

(

8) 

The vendor’s initial setup cost (𝑆𝑆) can be optimized by capital investment 𝐼𝐼(𝑆𝑆) which is a 

logarithmic function of the vendor’s setup cost as follows: 

𝐼𝐼(S) = 𝐵𝐵 ln �𝑆𝑆0𝑆𝑆 � 
(9) 

where 0 < 𝑆𝑆 ≤ 𝑆𝑆0 ; and 𝐵𝐵 =
1𝜉𝜉 ;       𝜉𝜉  is the percentage decrease in S  per dollar increase in 𝐼𝐼(S). 

 If 𝑌𝑌 is the vendor’s fractional setup cost technology investment, then the formulation is: 

𝐼𝐼𝑆𝑆𝐶𝐶𝑣𝑣 = 𝑌𝑌𝐼𝐼(S) = 𝑌𝑌𝐵𝐵ln�𝑆𝑆0𝑆𝑆 � 
(10) 

The vendor’s carbon emission cost equation is given by:  

𝐶𝐶𝑇𝑇𝑣𝑣 = 𝐷𝐷𝐶𝐶𝑔𝑔ℎ𝑔𝑔 �∆𝑉𝑉1(𝑒𝑒𝑐𝑐𝑐𝑐 + 𝑠𝑠𝑐𝑐𝑐𝑐 + ℎ𝑐𝑐𝑐𝑐 + 𝑐𝑐𝑐𝑐𝑐𝑐)𝐿𝐿𝑟𝑟𝐶𝐶𝑔𝑔ℎ𝑔𝑔𝑚𝑚𝑄𝑄(1− 𝛾𝛾)(1− 𝑒𝑒1)
+ 𝐷𝐷∆𝑉𝑉2𝐶𝐶𝑔𝑔ℎ𝑔𝑔� (11) 

From Eq. (8), Eq. (10), and Eq. (11), the vendor’s expected total cost is: 

𝐽𝐽𝑇𝑇𝐶𝐶𝑣𝑣(𝑄𝑄,𝑚𝑚, 𝑆𝑆) =

𝐷𝐷 �𝑆𝑆 + 𝑚𝑚𝑄𝑄�𝐶𝐶𝑤𝑤𝛾𝛾 + 𝐶𝐶𝑟𝑟(1 − 𝛾𝛾)𝑒𝑒1 + 𝐶𝐶𝑝𝑝𝑣𝑣𝛾𝛾𝑒𝑒2�
+∆𝑉𝑉1(𝑒𝑒𝑐𝑐𝑐𝑐 + 𝑠𝑠𝑐𝑐𝑐𝑐 + ℎ𝑐𝑐𝑐𝑐 + 𝑐𝑐𝑐𝑐𝑐𝑐)𝐿𝐿𝑟𝑟𝐶𝐶𝑔𝑔ℎ𝑔𝑔 �𝑚𝑚𝑄𝑄(1 − 𝛾𝛾)(1 − 𝑒𝑒1)

+ ℎ𝑣𝑣 �𝑄𝑄2 +
(𝑚𝑚 − 2)𝑄𝑄

2
�1 − 𝐷𝐷

(1 − 𝛾𝛾)(1 − 𝑒𝑒1)𝑃𝑃�� + 𝐷𝐷∆𝑉𝑉2𝐶𝐶𝑔𝑔ℎ𝑔𝑔 + 𝑌𝑌𝐵𝐵 ln �𝑆𝑆0𝑆𝑆 � 

 

 

(12) 



3.3 Joint total cost  

From Eq. (4) and Eq. (12), the joint total cost for the vendor-buyer system is: 

𝐽𝐽𝐽𝐽𝐶𝐶(𝑄𝑄,𝑘𝑘, 𝐿𝐿,𝑚𝑚, 𝑆𝑆) =

𝐷𝐷⎩⎪⎨
⎪⎧ 𝐴𝐴 + 𝑆𝑆 + 𝜃𝜃 + 𝑅𝑅(𝐿𝐿) + 𝑚𝑚𝜋𝜋𝜎𝜎√𝐿𝐿𝜓𝜓(𝑘𝑘)

+𝑚𝑚𝑄𝑄�𝐶𝐶𝑠𝑠 + 𝛾𝛾�𝑒𝑒2�𝐶𝐶𝑝𝑝𝑏𝑏 + 𝐶𝐶𝑝𝑝𝑣𝑣� + 𝐶𝐶𝑤𝑤�+ 𝐶𝐶𝑟𝑟(1 − 𝛾𝛾)𝑒𝑒1�
+�𝑚𝑚𝛼𝛼𝐹𝐹𝑥𝑥𝑊𝑊𝑥𝑥 + 𝐶𝐶𝑔𝑔ℎ𝑔𝑔∆𝐽𝐽1𝑢𝑢�(2𝑑𝑑𝑉𝑉+𝑑𝑑𝑏𝑏)

+∆𝑉𝑉1(𝑒𝑒𝑐𝑐𝑐𝑐 + 𝑠𝑠𝑐𝑐𝑐𝑐 + ℎ𝑐𝑐𝑐𝑐 + 𝑐𝑐𝑐𝑐𝑐𝑐)𝐿𝐿𝑟𝑟𝐶𝐶𝑔𝑔ℎ𝑔𝑔 ⎭⎪⎬
⎪⎫

𝑚𝑚𝑄𝑄(1 − 𝛾𝛾)(1 − 𝑒𝑒1)
 

+ℎ𝑏𝑏 �𝐷𝐷𝑄𝑄[(1− 𝛾𝛾)𝑒𝑒1 + 𝛾𝛾(1 − 𝑒𝑒2)]𝑥𝑥(1− 𝛾𝛾)(1 − 𝑒𝑒1)
+
𝑄𝑄[1− (𝑒𝑒1 + 𝛾𝛾) + 𝛾𝛾(𝑒𝑒1 + 2𝑒𝑒2)]. (1− 𝛾𝛾)(1 − 𝑒𝑒1)

2(1 − 𝛾𝛾)(1− 𝑒𝑒1)
+ 𝑘𝑘𝜎𝜎√𝐿𝐿� 

+ℎ𝑣𝑣 �𝑄𝑄
2

+
(𝑚𝑚− 2)𝑄𝑄

2
�1 − 𝐷𝐷

(1 − 𝛾𝛾)(1 − 𝑒𝑒1)𝑃𝑃�� 

+𝐷𝐷�(1 − 𝛼𝛼)𝐹𝐹𝑥𝑥𝑤𝑤(2𝑑𝑑𝑉𝑉+𝑑𝑑𝑏𝑏) + 𝐶𝐶𝑔𝑔ℎ𝑔𝑔(∆𝐽𝐽2𝑤𝑤 + ∆𝑉𝑉2)� + 𝑌𝑌𝐵𝐵 ln �𝑆𝑆0𝑆𝑆 � 

  

 

 

 

 

 

 

(13) 

To simplify the equation, we denote: 𝑋𝑋�1 = (1 − 𝛾𝛾)(1 − 𝑒𝑒1) (14) 𝑋𝑋�2 = (1 − 𝛾𝛾)𝑒𝑒1 + 𝛾𝛾(1 − 𝑒𝑒2) (15) 𝑋𝑋�3 = 1 − (𝑒𝑒1 + 𝛾𝛾) + 𝛾𝛾(𝑒𝑒1 + 2𝑒𝑒2) (16) 𝑌𝑌1� (𝑚𝑚, 𝑆𝑆, 𝐿𝐿) = 𝐴𝐴 + 𝑆𝑆 + 𝜃𝜃 + 𝑅𝑅(𝐿𝐿) + �𝑚𝑚𝛼𝛼𝐹𝐹𝑥𝑥𝑊𝑊𝑥𝑥 + 𝐶𝐶𝑔𝑔ℎ𝑔𝑔∆𝐽𝐽1𝑢𝑢�(2𝑑𝑑𝑉𝑉+𝑑𝑑𝑏𝑏)

+ ∆𝑉𝑉1(𝑒𝑒𝑐𝑐𝑐𝑐 + 𝑠𝑠𝑐𝑐𝑐𝑐 + ℎ𝑐𝑐𝑐𝑐 + 𝑐𝑐𝑐𝑐𝑐𝑐)𝐿𝐿𝑟𝑟𝐶𝐶𝑔𝑔ℎ𝑔𝑔 

(17) 

𝑌𝑌2� = 𝐶𝐶𝑠𝑠 + 𝛾𝛾�𝑒𝑒2�𝐶𝐶𝑝𝑝𝑏𝑏 + 𝐶𝐶𝑝𝑝𝑣𝑣� + 𝐶𝐶𝑤𝑤�+ 𝐶𝐶𝑟𝑟(1 − 𝛾𝛾)𝑒𝑒1 (18) 

𝑌𝑌3� (𝑚𝑚) = �1 + (𝑚𝑚 − 2) �1 − 𝐷𝐷𝑋𝑋�1𝑃𝑃�� (19) 

𝑌𝑌4� (𝑆𝑆) = 𝐷𝐷�(1 − 𝛼𝛼)𝐹𝐹𝑥𝑥𝑤𝑤(2𝑑𝑑𝑉𝑉+𝑑𝑑𝑏𝑏) + 𝐶𝐶𝑔𝑔ℎ𝑔𝑔(∆𝐽𝐽2𝑤𝑤 + ∆𝑉𝑉2)� + 𝑌𝑌𝐵𝐵 ln �𝑆𝑆0𝑆𝑆 � 
(20) 

Substituting the notations, Eq. (13) becomes: 

𝐽𝐽𝐽𝐽𝐶𝐶(𝑄𝑄,𝑘𝑘, 𝐿𝐿,𝑚𝑚, 𝑆𝑆)

=
𝐷𝐷�𝑌𝑌1� (𝑚𝑚, 𝑆𝑆, 𝐿𝐿) + 𝑚𝑚𝜋𝜋𝜎𝜎√𝐿𝐿𝜓𝜓(𝑘𝑘) +𝑚𝑚𝑄𝑄𝑌𝑌2� �𝑚𝑚𝑄𝑄𝑋𝑋�1

+ ℎ𝑏𝑏 �𝐷𝐷𝑄𝑄𝑋𝑋�2𝑥𝑥𝑋𝑋�1 +
𝑄𝑄𝑋𝑋�3

2
+ 𝑘𝑘𝜎𝜎√𝐿𝐿� +

𝑄𝑄ℎ𝑣𝑣𝑌𝑌3� (𝑚𝑚)

2
+ 𝑌𝑌4� (𝑆𝑆) 

  

 

(21) 



3.4 Solution methodology 

The joint total cost in Eq. (21) is formulated as a function of (𝑄𝑄,𝑘𝑘, 𝐿𝐿,𝑚𝑚, 𝑆𝑆). The following 

methodology is suggested to find the solutions of the proposed model. Firstly, for a fixed value 

of (𝐿𝐿,𝑚𝑚), take the first partial derivative of the joint total cost with respect to (𝑄𝑄, 𝑘𝑘, 𝑆𝑆) and 

setting the result to zero, we have: 𝜕𝜕𝐽𝐽𝐽𝐽𝐶𝐶(𝑄𝑄,𝑘𝑘,𝐿𝐿,𝑚𝑚,𝑆𝑆)𝜕𝜕𝑄𝑄 = 0 
(22) 

−𝐷𝐷�𝑌𝑌1� (𝑚𝑚, 𝑠𝑠, 𝐿𝐿) +𝑚𝑚𝜋𝜋𝜎𝜎√𝐿𝐿𝜓𝜓(𝑘𝑘)�𝑚𝑚𝑄𝑄2𝑋𝑋�1 + ℎ𝑏𝑏 �𝐷𝐷𝑋𝑋�2𝑥𝑥𝑋𝑋�1 +
𝑋𝑋�3
2
� +

ℎ𝑣𝑣𝑌𝑌3� (𝑚𝑚)

2
= 0 

2ℎ𝑏𝑏 �𝐷𝐷𝑋𝑋�2𝑥𝑥𝑋𝑋�1 +
𝑋𝑋�3
2
� + ℎ𝑣𝑣𝑌𝑌3� (𝑚𝑚) =

2𝐷𝐷�𝑌𝑌1� (𝑚𝑚, 𝑠𝑠, 𝐿𝐿) + 𝑚𝑚𝜋𝜋𝜎𝜎√𝐿𝐿𝜓𝜓(𝑘𝑘)�𝑚𝑚𝑄𝑄2𝑋𝑋�1  

𝑄𝑄∗ = �2𝐷𝐷𝑋𝑋�1 �𝑌𝑌1� (𝑚𝑚, 𝑠𝑠, 𝐿𝐿)𝑚𝑚 + 𝜋𝜋𝜎𝜎√𝐿𝐿𝜓𝜓(𝑘𝑘)�2ℎ𝑏𝑏 �𝐷𝐷𝑋𝑋�2𝑥𝑥𝑋𝑋�1 +
𝑋𝑋�3
2
� + ℎ𝑣𝑣𝑌𝑌3� (𝑚𝑚)

 

  

(23) 

𝜕𝜕𝐽𝐽𝐽𝐽𝐶𝐶(𝑄𝑄, 𝑘𝑘, 𝐿𝐿,𝑚𝑚, 𝑆𝑆)𝜕𝜕𝑘𝑘 = 0 
(24) 

𝐷𝐷𝑚𝑚𝜋𝜋𝜎𝜎√𝐿𝐿𝑚𝑚𝑄𝑄𝑋𝑋�1 [−1 + Φ(𝑘𝑘∗)] + ℎ𝑏𝑏𝜎𝜎√𝐿𝐿 = 0 

�−1 + Φ�𝑘𝑘∗�� =
−ℎ𝑏𝑏𝑚𝑚𝑄𝑄𝑋𝑋�1𝜎𝜎√𝐿𝐿𝐷𝐷𝑚𝑚𝜋𝜋𝜎𝜎√𝐿𝐿  

Φ�𝑘𝑘∗� = 1− ℎ𝑏𝑏𝑄𝑄𝑋𝑋�1𝐷𝐷𝜋𝜋  
(25) 

𝜕𝜕𝐽𝐽𝐽𝐽𝐶𝐶(𝑄𝑄, 𝑘𝑘, 𝐿𝐿,𝑚𝑚, 𝑆𝑆)𝜕𝜕𝑆𝑆 = 0 
(26) 

𝐷𝐷𝑚𝑚𝑄𝑄𝑋𝑋�1 − 𝑌𝑌𝐵𝐵𝑆𝑆 = 0 
 

𝑆𝑆∗ =
𝑚𝑚𝑄𝑄𝑌𝑌𝐵𝐵𝑋𝑋�1𝐷𝐷  

(27) 



The following solution procedure is developed to derive the optimal order quantity, safety 

factor, lead time, setup cost, and the number of shipments in one production cycle. 

Step 1 Set 𝑚𝑚 = 1. 

Step 2 For each 𝐿𝐿𝑖𝑖 perform the following procedures for i = 0, 1, 2, …, j 

(2.1) Start with 𝑆𝑆𝑖𝑖1 =  𝑆𝑆0 and 𝑘𝑘𝑖𝑖1 = 0 [implies 𝜓𝜓(𝑘𝑘𝑖𝑖1) = 0,39894, which can be obtained by 

by checking the standard normal table 𝜑𝜑(𝑘𝑘𝑖𝑖1) = 0,39894 and Φ(𝑘𝑘𝑖𝑖1) = 0,5] 

(2.2) Substitute 𝜓𝜓(𝑘𝑘𝑖𝑖1), 𝑆𝑆𝑖𝑖1 into 𝑄𝑄𝑖𝑖1 = �2𝐷𝐷𝑋𝑋�1�𝑌𝑌1����(𝑚𝑚,𝑠𝑠,𝐿𝐿)𝑚𝑚 +𝜋𝜋𝜋𝜋√𝐿𝐿𝜓𝜓(𝑘𝑘)�2ℎ𝑏𝑏�𝐷𝐷𝑋𝑋�2𝑥𝑥𝑋𝑋�1+𝑋𝑋�32 �+ℎ𝑣𝑣𝑌𝑌3���(𝑚𝑚)
  to evaluate 𝑄𝑄𝑖𝑖1. 

(2.3) Check the actual shipping weight, �𝑊𝑊𝑦𝑦 = 𝑄𝑄𝑤𝑤� ; if �𝑊𝑊𝑦𝑦 > 𝑊𝑊𝑥𝑥�  is not satisfied then 

revise the lot quantity �𝑄𝑄𝑖𝑖1 =
𝑊𝑊𝑥𝑥𝑤𝑤 � and go to the next step. Otherwise, �𝑊𝑊𝑦𝑦 ≤ 𝑊𝑊𝑥𝑥�, we 

go on to the next step. 

(2.4) Utilize 𝑄𝑄𝑖𝑖1, and then determine the value of Φ(𝑘𝑘𝑖𝑖2) = 1 − ℎ𝑏𝑏𝑄𝑄𝑖𝑖𝑋𝑋�1𝐷𝐷𝜋𝜋  and 𝑆𝑆𝑖𝑖2 =
𝑚𝑚𝑄𝑄𝑌𝑌𝑚𝑚𝑋𝑋�1𝐷𝐷  

(2.5) Repeat (2.2) to (2.4) until no change in the value of (𝑄𝑄𝑖𝑖 ,𝑘𝑘𝑖𝑖 , 𝑆𝑆𝑖𝑖 ). 

(2.6) Compare the decision variables of 𝑆𝑆𝑖𝑖 and 𝑆𝑆0. 

i). If 𝑆𝑆𝑖𝑖 < 𝑆𝑆0 , the optimal solution for the given 𝐿𝐿𝑖𝑖 is derived. We denote the optimal 

solution by (𝑄𝑄𝑖𝑖∗,𝑘𝑘𝑖𝑖∗, 𝑆𝑆𝑖𝑖∗ ). 

ii).  If 𝑆𝑆𝑖𝑖 ≥ 𝑆𝑆0 ,  we set 𝑆𝑆𝑖𝑖∗ = 𝑆𝑆0  and from Eqs. (23) and (25), determine the new 

(𝑄𝑄𝑖𝑖∗,𝑘𝑘𝑖𝑖∗) using the procedure (2.2) to (2.4). The result is denoted (𝑄𝑄𝑖𝑖∗,𝑘𝑘𝑖𝑖∗, 𝑆𝑆𝑖𝑖∗ ). 

(2.7) Calculate 𝐽𝐽𝐽𝐽𝐶𝐶 using Eq. (21).  

Step 3  Find 𝑚𝑚𝑚𝑚𝑛𝑛𝑖𝑖=0,1,2,….,𝑗𝑗  𝐽𝐽𝐽𝐽𝐶𝐶 for each model. For optimal 𝑚𝑚𝑚𝑚𝑛𝑛𝑖𝑖=0,1,2,….,𝑗𝑗  𝐽𝐽𝐽𝐽𝑇𝑇𝐶𝐶, the decision 

variables are the optimal for fixed 𝑚𝑚. 

Step 4   Set 𝑚𝑚 = 𝑚𝑚 + 1, repeat steps 2 and 3 to derive 𝐽𝐽𝐽𝐽𝑇𝑇𝐶𝐶 with fixed 𝑚𝑚. 

Step 5 If 𝐽𝐽𝐽𝐽𝐶𝐶�𝑄𝑄(𝑚𝑚)
∗ , 𝑘𝑘(𝑚𝑚)

∗ , 𝐿𝐿(𝑚𝑚)
∗ ,𝑚𝑚, 𝑆𝑆(𝑚𝑚)

∗ � ≤ 𝐽𝐽𝐽𝐽𝐶𝐶�𝑄𝑄(𝑚𝑚−1)
∗ , 𝑘𝑘(𝑚𝑚−1)

∗ , 𝐿𝐿(𝑚𝑚−1)
∗ ,𝑚𝑚 − 1, 𝑆𝑆(𝑚𝑚−1)

∗ � , then go 

to Step 4, otherwise go to Step 6.  

Step 6 When the optimal decision variables, (𝑄𝑄∗,𝑘𝑘∗, 𝐿𝐿∗,𝑚𝑚∗, 𝑆𝑆∗) = �𝑄𝑄(𝑚𝑚−1)
∗ , 𝑘𝑘(𝑚𝑚−1)

∗ , 𝐿𝐿(𝑚𝑚−1)
∗ ,𝑚𝑚 −

1, 𝑆𝑆(𝑚𝑚−1)
∗ �, then (𝑄𝑄∗,𝑘𝑘∗, 𝐿𝐿∗,𝑚𝑚∗, 𝑆𝑆∗) is the optimal solution 

 

4. Numerical example and sensitivity analysis 



To illustrate the proposed algorithm, consider an integrated inventory system with the 

data in Table 2 (adopted from Saga et al. (2019), Wangsa and Wee (2019) and Tiwari et al. 

(2020)). The lead-time data is shown in Table 3. 

Table 2. Input data 

Input Values Input Values 𝐷𝐷 = 10,000 units/year 𝑤𝑤 = 22 lbs/unit 𝜎𝜎 = 300 units/ year 𝐹𝐹𝑥𝑥 = $0.000040217/lb/mile 𝑃𝑃 = 40,000 units/ year 𝑊𝑊𝑥𝑥 = 46,000 lbs. 𝑥𝑥 = 65,200 units/ year 𝑑𝑑𝑣𝑣 = 50 miles 𝐴𝐴 = $30 𝑑𝑑𝑏𝑏 = 600 miles 𝑆𝑆0 = $1400 𝑌𝑌 = 0.10/$/year ℎ𝑏𝑏 = $8/unit/year 𝐵𝐵 = 3,500 ℎ𝑣𝑣 = $3/unit/year ∆𝑣𝑣1 = 0.02264 ton-CO2/kWh 𝜃𝜃 = $14 ∆𝑣𝑣2 = 0.00965 ton-CO2/unit 𝜋𝜋 = $50/unit ∆𝑡𝑡1 = 0.01268 ton-CO2/liter 𝐶𝐶𝑠𝑠 = $0.5/unit ∆𝑡𝑡2 = 0.00250 ton-CO2/lb. 𝐶𝐶𝑝𝑝𝑏𝑏 = $200/unit 𝑢𝑢 = 0.63569 liters/mile 𝐶𝐶𝑝𝑝𝑣𝑣 = $300/unit 𝑒𝑒𝑐𝑐𝑐𝑐 = 154,566 kWh 𝐶𝐶𝑤𝑤 = $50/unit 𝑠𝑠𝑐𝑐𝑐𝑐 = 115,917 kWh 𝐶𝐶𝑟𝑟 = $100/unit ℎ𝑐𝑐𝑐𝑐 = 38,639 kWh 𝛽𝛽 = 0.04 𝑐𝑐𝑐𝑐𝑐𝑐 = 77,278 kWh 𝛿𝛿 = 0.04 𝐿𝐿𝑟𝑟 = 1% 𝜌𝜌 = 0.04 𝐶𝐶𝑔𝑔ℎ𝑔𝑔 = $20/ton-CO2 𝛼𝛼 = 0.11246  

 

Table 3. Lead time data 

Lead time component 

(i) 

Normal Duration, di 

(day) 

Minimum Duration, ci 

(day) 

Unit crashing cost, ei 

($/day) 

1 20 6 0.40 

2 20 6 1.20 

3 16 9 5.00 

The probability of defective items and inspection errors follows a uniform distribution, one 

has: 

𝑓𝑓(𝛾𝛾) = �1𝛽𝛽 , 0 ≤ 𝛾𝛾 ≤ 𝛽𝛽
0, otherwise

 𝑓𝑓(𝑒𝑒1) = �1𝛿𝛿 , 0 ≤ 𝑒𝑒1 ≤ 𝛿𝛿
0, otherwise

  𝑓𝑓(𝑒𝑒2) = �1𝜌𝜌 , 0 ≤ 𝑒𝑒2 ≤ 𝜌𝜌
0, otherwise

 

and 𝑇𝑇[𝛾𝛾] = ∫ 𝛾𝛾𝑓𝑓(𝛾𝛾)𝑑𝑑𝛾𝛾 =
𝛽𝛽0 𝛽𝛽2 𝑇𝑇[𝑒𝑒1] = ∫ 𝑒𝑒1𝑓𝑓(𝑒𝑒1)𝑑𝑑𝑒𝑒1 =

𝛿𝛿0 𝛿𝛿2 𝑇𝑇[𝑒𝑒2] = ∫ 𝑒𝑒2𝑓𝑓(𝑒𝑒2)𝑑𝑑𝑒𝑒2 =
𝜌𝜌0 𝜌𝜌2 



Using the above solution procedure, the 𝐽𝐽𝐽𝐽𝐶𝐶 is $75,513.64/year, 𝑄𝑄∗ = 1603.53 units, 𝑘𝑘∗ = 

1.97, 𝑚𝑚∗  = 4, 𝑊𝑊𝑦𝑦∗  = 35,277.64 pounds, lead time (𝐿𝐿∗)  = 21 days, defective items based on 

screening process (𝐵𝐵1∗) = 62.86 units, defective items returned from the market (𝐵𝐵2∗) = 0.64 

units, and total emissions (𝐽𝐽𝑇𝑇∗) = 0.0798 ton-CO2. 

Next, the results of the integrated optimal policy are compared with the independent policy. 

In the independent model, the players optimize their policy separately to minimize their own 

total cost. The result shows that the optimal order quantity is 𝑄𝑄∗ = 2070.95 units, safety factor 𝑘𝑘∗  = 1.85, 𝑊𝑊𝑦𝑦∗  = 45,560.94 lbs., 𝐿𝐿∗  = 21 days, 𝐵𝐵1∗  = 81.18 units, 𝐵𝐵2∗  = 0.83 units, 𝐽𝐽𝑇𝑇∗  = 

0.1115 ton-CO2, and the buyer’s total expected cost is $33,973.26/year. The vendor’s total 

expected cost is $45,005.78/year. Thus, the total expected cost for the independent policy is 

$78,979.04/year. The comparison analysis between independent and integrated decisions is 

shown in Table 4. The integrated decision provides a cost-saving by $3465.40/year or 4.39%, 

and emission saving by 0.04 ton-CO2 or 28.44%. 

 

Table 4. The optimal results of the independent and integrated models 

Parameter Buyer’s independent 

decision 

Integrated model Saving 𝑄𝑄 (units) 2,070.95 1,603.53  𝑊𝑊𝑦𝑦 (lbs) 45,560.94 35,277.64  𝐿𝐿 (days) 21 21  𝑚𝑚 1 4  𝑘𝑘 1.85 1.97  𝑆𝑆 ($) 69.61 215.60  𝐵𝐵1 (units) 81.18 62.86  𝐵𝐵2 (units) 0.83 0.64  𝐽𝐽𝑇𝑇 (ton-CO2) 0.1115 0.0798 0.04 (28.44%) 

Buyer's total expected cost ($) 33,973.26 31,705.02 2268.25 (6.68%) 

Vendor's total expected cost ($) 45,005.78 43,808.63 1197.16 (2.66%) 

Joint total cost ($) 78,979.04 75,513.64 3465.4 (4.39%) 

Fig. 1 depicts the impact of type I and type II errors on the 𝐽𝐽𝐽𝐽𝐶𝐶. The analysis is examined by 

changing each of the parameters from -75% to +250%. The result shows that 𝐽𝐽𝐽𝐽𝐶𝐶 is highly 

sensitivity to the probability changes in type I error. This is due to a higher probability of 

rejected items and rework. It is also observed that the type I error has a greater impact on the 



𝐽𝐽𝐽𝐽𝐶𝐶 than type II error. 

Figs. 2-3 analyzes the effect of these parameters on the defective items after screening (𝐵𝐵1) 

and after-sales from the market (𝐵𝐵2). Sensitivity analysis is done by varying the parameters 

from -75%, to +250%. Fig. 2 shows that a significantly increase in 𝐵𝐵1  when type I error 

probabilities increase. The effect of the changes in type II error on 𝐵𝐵1 seems to be insignificant. 

From Figs. 2-3,  it is observed that the values of 𝐵𝐵1 and 𝐵𝐵2 increase as the defective probability 

increases. Figure 4 shows the impact of type I error, type II error, and defective item on the total 

emissions. The result shows that if the defective and type I error probabilities increase gradually, 

the total emissions drastically increase. The total emissions seem to remain unchanged due to 

the increase in the type II error probability. 

 

Figure 1. Sensitivity analysis of the probability of defective, type I error, and type II error on the 𝐽𝐽𝐽𝐽𝑇𝑇𝐶𝐶 ($/year) 

45,000

53,000

61,000

69,000

77,000

85,000

93,000

101,000

109,000

117,000

125,000

133,000

141,000

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13 0.14

JT
C

 (
$

/Y
ea

r)

Probability

Defective

Type I Error

Type II Error



 

Figure 2. Sensitivity analysis of the probability of defective, type I error, and type II error on the 𝐵𝐵1 (units) 

 

 

Figure 3. Sensitivity analysis of the probability of defective, type I error, and type II error on the 𝐵𝐵2 (units) 
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Figure 4. Sensitivity analysis of the probability of defective, type I error, and type II error on the 𝐽𝐽𝑇𝑇 (ton-CO2) 

Table 4 and Fig. 5 show that the total expected cost, lot size, safety factor, the number of 

deliveries, lead time, and setup cost are sensitive to changes in parameters: 𝐷𝐷, 𝑃𝑃, 𝛽𝛽, 𝛿𝛿, 𝜌𝜌, ℎ𝑏𝑏, ℎ𝑣𝑣, 𝑥𝑥, 𝑆𝑆0, 𝑌𝑌, and 𝐶𝐶𝑔𝑔ℎ𝑔𝑔. In the sensitivity analysis, the parameter values vary from -50% to +50% 

and the comparison between independent and integrated decisions is also provided. Fig. 4 

shows that the 𝐽𝐽𝐽𝐽𝐶𝐶 saving increases respectively by 2.89%, 1.3% and 5.24% when the buyer’s 

holding cost (ℎ𝑏𝑏), demand (𝐷𝐷) and carbon emission cost (𝐶𝐶𝑔𝑔ℎ𝑔𝑔) increase. The cost savings are 

insignificant for the increase in defective rate probability, type II error probability, screening 

rate, initial setup cost, and setup cost reduction investment. 
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Figure 5. Sensitivity analysis 𝐷𝐷, 𝑃𝑃, 𝛽𝛽, 𝛿𝛿, 𝜌𝜌, ℎ𝑏𝑏, ℎ𝑣𝑣, 𝑥𝑥, 𝑆𝑆0, 𝑌𝑌, and 𝐶𝐶𝑔𝑔ℎ𝑔𝑔, on cost-saving with compared the 

independent optimal policy to the integrated optimal policy. 

 

500

1000

1500

2000

2500

3000

3500

4000

4500

5000

5500

6000

6500

7000

-50% -25% 0% 25% 50%

C
o

st
 s

a
vi

n
g

 (
$

/y
e

a
r)

Percentage of changes

D P γ e1 e2 hb

hv x S0 Y Cghg



Table 4. The sensitivity analysis 

Parameter Values 
Buyer's independent decision   Integrated model   Cost Saving 

Q* k* L* S* TECb (.) TECv (.)   Q* k* L* m* S* TECb (.) TECv (.) JTC (.)   $/year % 

Demand of 
the buyer 
(𝐷𝐷) 

5,000 1,491.00 1.69 21 100.24 19,754.55 24,673.10 
 

1,281.27 1.76 21 3 258.41 18,611.20 23,904.77 42,515.97  1,911.68 4.30 

7,500 1,806.20 1.79 21 80.95 26,990.58 34,941.18 
 

1,567.95 1.85 21 3 210.82 25,629.54 33,661.98 59,291.52  2,640.24 4.26 

10,000 2,070.95 1.85 21 69.61 33,973.26 45,005.78 
 

1,603.53 1.97 21 4 215.60 31,705.02 43,808.63 75,513.64  3,465.39 4.39 

12,500 2,090.91 1.95 21 56.23 40,199.10 55,886.64 
 

1,810.06 2.01 21 4 194.70 38,331.55 53,064.00 91,395.55  4,690.20 4.88 

15,000 2,090.91 2.03 28 46.86 46,351.20 66,832.75   2,090.91 2.03 21 3 140.57 45,287.95 61,558.93 106,846.87   6,337.08 5.60 

Production 
rate (𝑃𝑃) 

20,000 2,070.95 1.85 21 69.61 33,973.26 45,814.41 
 

1,566.46 1.98 21 5 263.28 31,526.18 42,989.70 74,515.87  5,271.79 6.61 

30,000 2,070.95 1.85 21 69.61 33,973.26 45,275.32 
 

1,632.44 1.96 21 4 219.49 31,790.03 43,434.66 75,224.69  4,023.89 5.08 

40,000 2,070.95 1.85 21 69.61 33,973.26 45,005.78 
 

1,603.53 1.97 21 4 215.60 31,705.02 43,808.63 75,513.64  3,465.39 4.39 

50,000 2,070.95 1.85 21 69.61 33,973.26 44,844.05 
 

1,586.90 1.97 21 4 213.37 31,656.52 44,028.04 75,684.56  3,132.76 3.97 

60,000 2,070.95 1.85 21 69.61 33,973.26 44,736.24   1,796.27 1.92 21 3 181.14 32,390.43 43,367.57 75,758.00   2,951.50 3.75 

Defective 
rate 
probability 
(𝛾𝛾) 

0.02 2,054.03 1.85 21 69.75 33,481.27 39,083.47 
 

1,592.11 1.96 21 4 216.25 31,222.30 37,879.34 69,101.64  3,463.10 4.77 

0.03 2,062.46 1.85 21 69.68 33,725.98 42,029.55 
 

1,597.80 1.97 21 4 215.93 31,462.38 40,828.99 72,291.37  3,464.15 4.57 

0.04 2,070.95 1.85 21 69.61 33,973.26 45,005.78 
 

1,603.53 1.97 21 4 215.60 31,705.02 43,808.63 75,513.64  3,465.39 4.39 

0.05 2,079.49 1.86 21 69.54 34,223.15 48,012.63 
 

1,609.30 1.97 21 4 215.28 31,950.24 46,818.72 78,768.95  3,466.82 4.22 

0.06 2,088.09 1.86 21 69.47 34,475.69 51,050.57   1,615.12 1.97 21 4 214.95 32,198.08 49,859.73 82,057.81   3,468.45 4.06 

Type I 
inspection 
error 
probability 
(𝑒𝑒1) 

0.02 2,053.67 1.85 21 69.74 33,895.26 34,549.80 
 

1,591.96 1.96 21 4 216.23 31,636.31 33,343.94 64,980.25  3,464.81 5.06 

0.03 2,062.28 1.85 21 69.68 33,934.02 39,751.20 
 

1,597.72 1.97 21 4 215.92 31,670.44 38,549.78 70,220.21  3,465.01 4.70 

0.04 2,070.95 1.85 21 69.61 33,973.26 45,005.78 
 

1,603.53 1.97 21 4 215.60 31,705.02 43,808.63 75,513.64  3,465.39 4.39 

0.05 2,079.68 1.86 21 69.55 34,012.98 50,314.34 
 

1,609.38 1.97 21 4 215.29 31,740.05 49,121.30 80,861.36  3,465.96 4.11 

0.06 2,088.46 1.86 21 69.49 34,053.18 55,677.73   1,615.27 1.97 21 4 214.97 31,775.56 54,488.64 86,264.19   3,466.71 3.86 

Type II 
inspection 
error 
probability 
(𝑒𝑒2) 

0.02 2,071.32 1.85 21 69.63 33,555.05 44,379.55 
 

1,603.67 1.97 21 4 215.62 31,286.79 43,184.14 74,470.93  3,463.67 4.44 

0.03 2,071.14 1.85 21 69.62 33,764.16 44,692.66 
 

1,603.60 1.97 21 4 215.61 31,495.90 43,496.38 74,992.29  3,464.53 4.42 

0.04 2,070.95 1.85 21 69.61 33,973.26 45,005.78 
 

1,603.53 1.97 21 4 215.60 31,705.02 43,808.63 75,513.64  3,465.39 4.39 

0.05 2,070.77 1.85 21 69.61 34,182.36 45,318.89 
 

1,603.46 1.97 21 4 215.59 31,914.13 44,120.87 76,035.00  3,466.26 4.36 

0.06 2,070.58 1.85 21 69.60 34,391.47 45,632.01   1,603.38 1.97 21 4 215.58 32,123.24 44,433.12 76,556.36   3,467.12 4.33 

Buyer's 
holding 
cost (ℎ𝑏𝑏) 

4 2,090.91 2.14 28 70.28 29,229.93 44,926.25 
 

2,090.91 2.14 21 2 140.57 28,736.24 42,647.21 71,383.45  2,772.73 3.74 

6 2,090.91 1.98 21 70.28 31,662.92 44,926.25 
 

2,090.91 1.98 21 2 140.57 31,129.46 42,647.21 73,776.67  2,812.50 3.67 

8 2,070.95 1.85 21 69.61 33,973.26 45,005.78 
 

1,603.53 1.97 21 4 215.60 31,705.02 43,808.63 75,513.64  3,465.39 4.39 

10 1,859.92 1.80 21 62.52 35,518.48 45,959.11 
 

1,511.97 1.90 21 4 203.29 33,251.98 43,660.69 76,912.67  4,564.91 5.60 

12 1,704.25 1.76 21 57.29 36,947.00 46,823.58   1,319.16 1.87 21 5 221.71 34,091.74 44,126.67 78,218.41   5,552.17 6.63 



Parameter Values 
Buyer's independent decision   Integrated model   Cost Saving 

Q* k* L* S* TECb (.) TECv (.)   Q* k* L* m* S* TECb (.) TECv (.) JTC (.)   $/year % 

Vendor's 
holding 
cost (ℎ𝑣𝑣) 

1.50 2,070.95 1.85 21 69.61 33,973.26 44,601.46 
 

1,718.38 1.94 21 5 288.81 31,982.74 41,171.45 73,154.19  5,420.53 6.90 

2.25 2,070.95 1.85 21 69.61 33,973.26 44,803.62 
 

1,714.57 1.94 21 4 230.53 32,036.09 42,420.07 74,456.16  4,320.72 5.48 

3 2,070.95 1.85 21 69.61 33,973.26 45,005.78 
 

1,603.53 1.97 21 4 215.60 31,705.02 43,808.63 75,513.64  3,465.39 4.39 

3.75 2,070.95 1.85 21 69.61 33,973.26 45,207.94 
 

1,727.69 1.93 21 3 174.22 32,183.59 44,229.75 76,413.34  2,767.86 3.50 

4.5 2,070.95 1.85 21 69.61 33,973.26 45,410.09   1,652.05 1.95 21 3 166.60 31,960.69 45,237.38 77,198.07   2,185.28 2.75 

Screening 
rate (𝑥𝑥) 

32600 2,057.31 1.86 21 69.15 34,036.96 45,061.08 
 

1,598.14 1.97 21 4 214.88 31,769.30 43,799.34 75,568.64  3,529.40 4.46 

48900 2,066.38 1.86 21 69.46 33,994.54 45,024.25 
 

1,601.73 1.97 21 4 215.36 31,726.48 43,805.51 75,532.00  3,486.79 4.41 

65,200 2,070.95 1.85 21 69.61 33,973.26 45,005.78 
 

1,603.53 1.97 21 4 215.60 31,705.02 43,808.63 75,513.64  3,465.39 4.39 

81500 2,073.71 1.85 21 69.71 33,960.47 44,994.68 
 

1,604.61 1.97 21 4 215.75 31,692.12 43,810.50 75,502.62  3,452.53 4.37 

97800 2,075.56 1.85 21 69.77 33,951.93 44,987.28   1,605.34 1.97 21 4 215.85 31,683.51 43,811.76 75,495.27   3,443.94 4.36 

Initial 
setup cost 
(𝑌𝑌) 

700 2,070.95 1.85 21 69.61 33,973.26 44,763.18 
 

1,603.53 1.97 21 4 215.60 31,705.02 43,566.03 75,271.04  3,465.39 4.40 

1050 2,070.95 1.85 21 69.61 33,973.26 44,905.09 
 

1,603.53 1.97 21 4 215.60 31,705.02 43,707.94 75,412.95  3,465.39 4.39 

1,400 2,070.95 1.85 21 69.61 33,973.26 45,005.78 
 

1,603.53 1.97 21 4 215.60 31,705.02 43,808.63 75,513.64  3,465.39 4.39 

1750 2,070.95 1.85 21 69.61 33,973.26 45,083.88 
 

1,603.53 1.97 21 4 215.60 31,705.02 43,886.73 75,591.74  3,465.39 4.38 

2100 2,070.95 1.85 21 69.61 33,973.26 45,147.69   1,603.53 1.97 21 4 215.60 31,705.02 43,950.54 75,655.56   3,465.39 4.38 

Vendor 
capital 
investment 
(𝑌𝑌) 

0.05 2,070.95 1.85 21 34.81 33,973.26 44,426.86 
 

1,591.77 1.97 21 4 107.01 31,670.69 43,406.07 75,076.76  3,323.35 4.24 

0.075 2,070.95 1.85 21 52.21 33,973.26 44,731.18 
 

1,597.64 1.97 21 4 161.11 31,687.80 43,622.48 75,310.28  3,394.16 4.31 

0.10 2,070.95 1.85 21 69.61 33,973.26 45,005.78 
 

1,603.53 1.97 21 4 215.60 31,705.02 43,808.63 75,513.64  3,465.39 4.39 

0.125 2,070.95 1.85 21 87.02 33,973.26 45,258.26 
 

1,609.44 1.96 21 4 270.50 31,722.33 43,972.14 75,694.47  3,537.05 4.46 

0.15 2,070.95 1.85 21 104.42 33,973.26 45,493.13   1,615.38 1.96 21 4 325.80 31,739.74 44,117.51 75,857.25   3,609.14 4.54 

Carbon 
emission 
cost �𝐶𝐶𝑔𝑔ℎ𝑔𝑔� 

10 2,033.73 1.86 21 68.36 28,077.44 39,714.73 
 

1,667.75 1.95 21 3 168.18 26,389.06 40,299.33 66,688.38  1,103.78 1.63 

15 2,052.42 1.86 21 68.99 31,026.75 42,379.56 
 

1,742.80 1.93 21 3 175.75 29,422.61 41,754.95 71,177.56  2,228.75 3.04 

20 2,070.95 1.85 21 69.61 33,973.26 45,005.78 
 

1,603.53 1.97 21 4 215.60 31,705.02 43,808.63 75,513.64  3,465.39 4.39 

25 2,089.31 1.85 21 70.23 36,917.07 47,594.90 
 

1,653.71 1.95 21 4 222.35 34,647.53 45,069.30 79,716.82  4,795.15 5.67 

30 2,090.91 1.85 21 70.28 39,812.09 50,247.64   1,531.01 1.99 21 5 257.32 36,999.83 46,870.22 83,870.05   6,189.68 6.87 



5. Conclusions and future research directions 

In this study, type I and II errors are considered for a single vendor-single buyer system with 

defective items, setup cost reduction and controllable lead time. The freight cost and emission 

cost are also incorporated. The freight cost is derived as a function of the weight of shipping 

and the vendor’s distance to the buyer. The emission cost is formulated as a function of direct 

and indirect emissions generated from vendor and buyer activities. The objective of the study 

is to minimize the joint total cost incurred by the integrated inventory system. The results 

obtained from the numerical example show that the defective rate and inspection errors have a 

pronounced impact on costs, lead time, and the total carbon emissions. The changes in type I 

error and type II error give a significant impact on the shipment lot which leads to the changes 

in the total cost and the total emissions. Our study provides managerial insights for management 

in controlling the system to maintain an appropriate level of total cost and carbon emissions. 

The results also show that the integrated policy performs better than the independent policy. 

Future research can be done to consider the impact of returned products, as well as defective 

raw materials.  
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Figures

Figure 1

Sensitivity analysis of the probability of defective, type I error, and type II error on the JTEC ($/year)



Figure 2

Sensitivity analysis of the probability of defective, type I error, and type II error on the B_1 (units)



Figure 3

Sensitivity analysis of the probability of defective, type I error, and type II error on the B_2 (units)

Figure 4

Sensitivity analysis of the probability of defective, type I error, and type II error on the TE (ton-CO2)



Figure 5

Sensitivity analysis D, P, β, δ, ρ, h_b, h_v, x, S_0, Y, and C_ghg, on cost-saving with compared the
independent optimal policy to the integrated optimal policy.
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