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Abstract Numerical methods are developed for the time-

dependent smooth quantum hydrodynamic (QHD) model for

semiconductor devices by solving the underlying hyperbolic

gas dynamical part of the transport equations with a third-

order WENO method, treating the quantum mechanical terms

as source terms; the parabolic heat conduction term using

the TRBDF2 method; and the elliptic Poisson equation us-

ing PCG. These are the first time-dependent simulations of

the smooth QHD model, and the first time-dependent simu-

lations of any QHD model at 300 K. Time-dependent sim-

ulations of the resonant tunneling diode to steady state are

presented, which show realistic negative differential resis-

tance (the experimental signal of quantum resonance) in the

current-voltage curve.

Keywords resonant tunneling diode · quantum hydrody-

namics · time-dependent methods

1 Introduction

Quantum semiconductor devices including resonant tunnel-

ing diodes [8], quantum field effect transistors [14,18], high

electron mobility transistors [15], and super-lattice devices,

etc., with applications to multiple-state logic and memory

devices and high frequency oscillators and sensors, can be

efficiently simulated by incorporating quantum terms into a

hydrodynamical description [17,1] of charge propagation.

In this investigation, we apply the time-dependent smooth

quantum hydrodynamic (QHD) model [9] to simulating neg-
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Fig. 1 Smooth barrier potential UB for electrons in GaAs for unit dou-

ble barriers vs. log10(T/(300 K)) and x. The barriers are 5 nm wide

and the quantum well between the barriers is also 5 nm wide.

ative differential resistance1 (NDR)—the experimental sig-

nal of quantum resonance—for the resonant tunneling diode.

The smooth QHD model invokes a smoothing of the

classical potential energy over both space and inverse tem-

perature β = 1/T , creating a residual smooth potential with

a lower potential height in the barrier regions (see Fig. 1).

Note that the effective barrier height → 0 as the ambient

temperature T → 0, and the effective range of the barriers

→ ∞. These effects explain why particle tunneling is en-

hanced at low temperatures. As T →∞, the smooth potential

approaches the localized classical double barrier potential

and quantum effects are suppressed.

We present here the first time-dependent smooth QHD

simulation results in the literature, and the first time-dependent

simulations of any QHD model at 300 K. The splitting method

employed in [5] for time-dependent simulations of the origi-

1 A region in the current-voltage curve where the current decreases

as the voltage increases.
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nal QHD model will be modified and extended to the smooth

QHD model, using the third-order WENO method for the

gas dynamical propagation and the implicit TRBDF2 method

(rather than an explicit method, allowing for larger timesteps)

for heat conduction.

2 Smooth QHD model equations

The smooth QHD equations take the same form as the classi-

cal hydrodynamic equations for conservation of mass (parti-

cle number), momentum, and energy, respectively (for sim-

plicity we just treat electrons here):

∂

∂ t
(mn)+

∂

∂xi

(mnui) = 0 (1)

∂

∂ t
(mnu j)+

∂

∂xi

(mnuiu j −Pi j) =−n
∂V

∂x j

− mnu j

τp

(2)

∂W

∂ t
+

∂

∂xi

(uiW −u jPi j +qi)=−nui

∂V

∂xi

−
(

Wcl − 3
2
nT0

)

τw

(3)

where m is the effective electron mass, n is the electron

density, mn is the electron mass density, ui is the velocity,

mnui is the momentum density, Pi j is the stress tensor, V is

the classical potential energy, W is the total (classical plus

quantum) energy density, Wcl =
3
2
nT + 1

2
mnu2 is the classi-

cal energy density, T is the temperature of the electron gas,

and qi is the generalized heat flux. Boltzmann’s constant kB

has been set to 1. Indices i, j equal 1, 2, 3, and repeated in-

dices are summed over. Electron scattering is modeled by

the standard relaxation time approximation, with momen-

tum and energy relaxation times τp and τw.

The conserved variables (which are used in the numer-

ical code described below) for gas dynamics are mass den-

sity ρ = mn, momentum density pi = mnui, and total (clas-

sical plus quantum) energy density W . It is also possible to

formulate the equations with conserved variables mass den-

sity, momentum density, and classical energy density Wcl ,

where the energy conservation equation (3) has an additional

source term, but the computational results are more robust

using the total energy density W as the conserved variable.

The transport equations (1)–(3) are coupled to Poisson’s

equation for the electrostatic potential energy VP:

∇ · (ε∇VP) = e2 (ND −NA −n) , VP =−eφ (4)

where φ is the electrostatic potential, e > 0 is the electronic

charge, ε is the dielectric constant, ND is the density of donors,

and NA is the density of acceptors (NA = 0 for the device

simulated here). The total potential energy V consists of two

parts, one from Poisson’s equation VP and the other from the

potential barriers VB:

V =VB +VP. (5)

Fig. 2 Doping density ND (blue) in 1018 cm−3 and double barriers

VB/B (cyan), where B is the barrier height, for the resonant tunneling

diode vs. x in nm. The channel is 20 nm long, the barriers are 2.5 nm

wide, and the quantum well between the barriers is 5 nm wide. There

are 5 nm spacers between the barriers and the contacts. In Figs. 2 and 3,

dots indicate grid point values for 240 ∆x.

VB has a step function discontinuity at potential barriers (see

Fig. 2).

Quantum effects enter into the expressions for the stress

tensor Pi j, energy density W , and generalized heat flux qi.

The quantum contributions to the stress tensor and energy

density are proportional to the square of the thermal Planck

constant h̄β , with

h̄2
β ≡ h̄2β

4m
=

h̄2

4mT0
≈
{

(3.42 nm)2
300 K

(6.75 nm)2
77 K

(6)

where β ≡ 1/T0 and the numerical values are for GaAs. The

quantum contribution to qi is independent of temperature

and is proportional to h̄2.

The stress tensor and energy density are

Pi j =−nT δi j − h̄2
β n

∂ 2V

∂xi∂x j

(7)

W =
3

2
nT +

1

2
mnu2 +

1

2
h̄2

β n∇2V (8)

where nT is the pressure P and V is the quantum potential,

given by

V (β ,x) =
∫ β

0

dβ ′

β

(

β ′

β

)2

×

∫

d3x′
(

2mβ

π(β −β ′)(β +β ′)h̄2

)3/2

×

exp

{

− 2mβ

(β −β ′)(β +β ′)h̄2
(x′−x)2

}

V (x′). (9)

Note the double smoothing over both space and (inverse)

temperature.
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We have found that a computational viscosity term is

needed on the right-hand side of the conservation of mo-

mentum equation (2) for the resonant tunneling diode simu-

lations in Section 4 to converge to steady state:

∂

∂ t
(mnu j)+

∂

∂xi

(mnuiu j −Pi j) =

−n
∂V

∂x j

− mnu j

τp

+ν
∂ 2

∂x j∂xi

(mnui) (10)

where ν is the computational viscosity coefficient. With-

out the viscosity term, sound waves bounce around in the

double-barrier channel essentially “forever” and prevent con-

vergence to steady state for barrier heights B > 0.05 eV.

Various attempts at smoothing or filtering the computed so-

lutions or derivatives to damp out the sound waves elimi-

nated any NDR. The sound waves are largely confined to

the channel quantum structures, so absorbing boundary con-

ditions at the left source boundary and/or at the right drain

boundary do not help in this context. In steady state, the

computational viscosity term goes to zero by virtue of the

mass conservation equation (1). Physical viscosity (unlike

heat conduction) in an electron gas in a semiconductor is

negligibly small—physical viscosity terms in the stress ten-

sor Pi j give unphysical results. A numerical viscosity term

in the momentum conservation equation (2) (in which ν →
0 as ∆ t and ∆x → 0) is too small to eliminate the tran-

sient sound waves. The computational viscosity mechanism

rapidly achieves steady state by damping out the transient

sound waves in the channel, and vanishes as steady state is

attained.

2.1 Quantum and smooth potentials

In general, the quantum potential involves a smoothing of

VB +VP, but since VP is already smooth for the resonant tun-

neling diode simulations presented below, and since in addi-

tion the contribution of VP to the quantum potential is much

smaller in magnitude than the contribution of VB, we con-

sider just the smoothing of VB. The contribution of VP to the

quantum potential does not affect the current-voltage curve

to more than a line width for the resonant tunneling diode

considered here.

Only second spatial derivatives of V B appear in Pi j and

W . For the 1D resonant tunneling diode,

VB = B(θ(x− x1)−θ(x− x2)+θ(x− x3)−θ(x− x4)) (11)

where B is the barrier height, θ is the unit step function from

0 to 1, and x1 (x3) and x2 (x4) label the left and right barrier

edges of the first (second) barrier, respectively. The x′ inte-

gration for d2V B/dx2 can be performed, yielding

d2V B

dx2
=− B√

2π h̄3
β

∫ b

0

dbb2

(1−b2)3/2
×

Fig. 3 Smooth barrier potential UB/B for the resonant tunneling diode

at 300 K vs. x in nm. In this and subsequent figures, the vertical yellow

bands indicate the locations of the double barriers.

(

(x− x1)exp

{

− (x− x1)
2

2h̄2
β (1−b2)

}

−

(x− x2)exp

{

− (x− x2)
2

2h̄2
β (1−b2)

}

+

(x− x3)exp

{

− (x− x3)
2

2h̄2
β (1−b2)

}

−

(x− x4)exp

{

− (x− x4)
2

2h̄2
β (1−b2)

})

. (12)

Then the b integration is calculated at each x just once at

t = 0 at the beginning of the simulation.

The smooth potential combination for the double barri-

ers that appears in the momentum (2) and energy (3) conser-

vation equations

UB =VB + h̄2
β

d2V B

dx2
(13)

is presented in Fig. 3 for the double barriers at 300 K ana-

lyzed in this investigation. Note that VB, V B, and UB are lin-

ear in the barrier height B. UB is two degrees smoother [10]

than the barrier potential VB; i.e., if VB has a step function

discontinuity, UB is once differentiable. The effective bar-

rier height in the smooth barrier potential UB is only 40% of

the barrier height, enhancing electron transmission through

the barrier.

2.2 Models and parameters

The generalized heat flux (derived through the Chapman-

Enskog expansion for the moments of the Wigner-Boltzmann

equation in [10])

q =−κ∇T − h̄2n

8m
∇2u (14)
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includes both a classical and a quantum term, and incorpo-

rates important effects of the higher moments of the Wigner-

Boltzmann equation that are omitted in the fluid dynamical

approximation. The dispersive quantum term h̄2

8m
∇ ·
(

n∇2u
)

in −∇ · q may be included or not, depending on model-

ing issues. For the resonant tunneling diode simulated here,

more NDR is produced without the quantum heat conduc-

tion term.

We model the relaxation times τp and τw by modified

Baccarani-Wordeman [2] models

τp = mµn0
T0

T
≡ τp0

T0

T
, τw =

τp

2

(

1+
3
2
T

1
2
mv2

s

)

(15)

and the coefficient κ by

κ = κ0µn0nT0 ≡ κ̄n (16)

where µn0 is the low-field electron mobility, vs is the elec-

tron saturation velocity, and κ0 > 0 is a dimensionless phe-

nomenological constant.

3 Time-dependent numerical methods

The main prediction needed by semiconductor device mod-

elers is the steady-state current-voltage curve of a particular

device (classical or quantum diode or transistor). A steady-

state solution and output current are computed for each (con-

stant) voltage configuration.

The smooth QHD equations (1)–(4) can be solved in

steady-state by using either a steady-state Newton solver

[6] or by simulating the time-dependent equations to steady

state (see [5] for the original QHD model). In 1D, directly

solving the steady-state equations with a damped Newton

method is efficient and robust, but in 2D and 3D the cost of

the linear solves within the Newton method becomes pro-

hibitive. The most efficient technique then in 2D and 3D is

to solve the time-dependent equations to steady state. Time-

dependent problems are also of intrinsic interest: e.g., a time-

varying voltage bias Vbias(t) may be applied across a device,

yielding time-varying solutions.

We solve the underlying hyperbolic gas dynamical part

of the time-dependent smooth QHD equations using the third-

order WENO method [16], treating the quantum mechani-

cal, electric field, and relaxation time terms as source terms;

the parabolic heat conduction and computational viscous terms

using the TRBDF2 [3] method; and the elliptic Poisson equa-

tion using PCG.

This type of technique was successfully applied to the

original QHD model in [5] to simulate the 1D resonant tun-

neling diode at 77 K, using a Runge-Kutta/discontinuous

Galerkin method for the hyperbolic solver and a mixed finite

element method for the source terms and Poisson’s equation.

As yet, there have been no 2D or 3D QHD simulations, and

there are no time-dependent smooth QHD simulation results

in the literature—there are only 2D or 3D simulations of

much simpler models like the density-gradient model [18]

or the quantum drift-diffusion model (see for example [4,

12–15]), which omit the energy conservation equation (3)

by assuming devices are at a constant (ambient) tempera-

ture. The current-voltage curves for modern submicron de-

vices for these models have little resemblance to actual ex-

perimentally measured current-voltage curves, because elec-

trons and holes in submicron classical and quantum mechan-

ical devices have wide temperature variations (see Fig. 7 for

the resonant tunneling diode).

In addition, classical and quantum hydrodynamic simu-

lations of submicron devices involve supersonic flow, where

hyperbolic methods are crucial. Classical and quantum drift-

diffusion models are parabolic, and omit these important

physical effects.

Reference [5] used an explicit solver for the parabolic

heat conduction term, which severely limited the timestep

size. The implicit TRBDF2 method is A-stable and L-stable,

so timesteps are only restricted by desired accuracy, and rel-

atively large timesteps can be taken for the heat conduction

and computational viscous terms based on the CFL timestep

constraint for the gas dynamical solver.

3.1 WENO

ENO (essentially non-oscillatory) and WENO (weighted es-

sentially non-oscillatory) [16] are high-order upwind meth-

ods designed for nonlinear hyperbolic conservation laws with

piecewise smooth solutions containing sharp discontinuities

like shock waves and contacts. Here we use a third-order fi-

nite difference version of WENO with Lax–Friedrichs flux

splitting (WENO3-LF). In 1D, we choose locally smooth

stencils which avoid crossing discontinuities whenever pos-

sible. WENO uses a convex combination of all candidate

stencils, rather than just one as in the original ENO method.

To describe the third-order WENO scheme in more de-

tail, we begin with a 1D scalar equation

wt + f (w)x = 0 (17)

and assume ∂ f (w)/∂w ≥ 0, i.e., that the “wind direction” is

positive. The computational domain is discretized into N+1

grid points x j = j∆x, j = 0,1,2, . . . ,N, where ∆x is the grid

spacing. A conservative numerical approximation w j(t) to

the exact solution w(x j, t) of (17) takes the following form:

dw j(t)

dt
+

1

∆x

(

F
j+ 1

2
−F

j− 1
2

)

= 0 (18)

where F
j+ 1

2
is the numerical flux. For the third-order WENO

scheme, the numerical flux is

F
j+ 1

2
= ω1F

(1)

j+ 1
2

+ω2F
(2)

j+ 1
2

(19)
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where F
(m)

j+ 1
2

, m = 1,2, are the two second-order accurate

fluxes on two different stencils given by

F
(1)

j+ 1
2

=−1

2
f j−1 +

3

2
f j, F

(2)

j+ 1
2

=
1

2
f j +

1

2
f j+1 (20)

where f j denotes f (w j(t)). The nonlinear weights are

ωm =
ω̃m

∑
2
l=1 ω̃l

, ω̃l =
γl

(δ +βl)2
(21)

with the linear weights

γ1 =
1

3
, γ2 =

2

3
(22)

and the smoothness indicators

β1 =
(

f j − f j−1

)2
, β2 =

(

f j+1 − f j

)2
. (23)

The parameter δ ensures that the denominator in (21) never

becomes 0, and is fixed at δ = 10−6 in the computations

presented here. (Numerical errors can be much lower than

δ , approaching machine zero.) Note that the stencil for the

scheme is biased to the left due to the upwinding.

If the wind direction ∂ f (w)/∂w ≤ 0, the method for

computing the numerical flux F
j+ 1

2
is the exact mirror image

with respect to the point x
j+ 1

2
of the description above. The

stencil is then be biased to the right. If ∂ f (w)/∂w changes

sign, we use a smooth flux splitting

f (w) = f+(w)+ f−(w) (24)

where ∂ f+(w)/∂w ≥ 0 and ∂ f−(w)/∂w ≤ 0, and apply the

WENO procedure separately on f+(w) and f−(w). We rec-

ommend the Lax-Friedrichs flux splitting

f±(w) =
1

2
( f (w)±αw) (25)

with α = maxw |∂ f (w)/∂w|.
For multiple spatial dimensions, the finite-difference ver-

sions of WENO simply apply the WENO procedure in each

direction to obtain high-order approximations to the relevant

spatial derivatives. Unlike dimensional splitting, such a di-

mension by dimension splitting obtains high-order accuracy

without the computational cost of fully multidimensional re-

constructions.

The time discretization is implemented via a third-order

TVD Runge-Kutta method:

w(1) = wn +∆ t L(wn, tn)

w(2) =
3

4
wn +

1

4
w(1)+

1

4
∆ t L(w(1), tn +∆ t)

wn+1 =
1

3
wn +

2

3
w(2)+

2

3
∆ t L(w(2), tn +∆ t/2) (26)

where L = L(w, t) is the approximation of the spatial deriva-

tives −∂ f (w)/∂x by the WENO procedure.

A CFL condition is necessary for stability:

α
∆ t

∆x
≤CFL ≤ 1 (27)

where α is the largest eigenvalue in magnitude of the Jaco-

bian ∂ f (w)/∂w.

3.2 TRBDF2

TRBDF2 (trapezoidal rule plus second-order backward dif-

ference formula) [3] is a composite one-step method which

is second-order accurate and L-stable. In the overall split-

ting method, both the heat conduction and computational

viscous terms involve linear parabolic PDE corrections to

the conserved variables (updating T and thereby W for heat

conduction, and mnu for the computational viscosity).

Discretize the heat conduction or computational viscous

term contribution in space as dw/dt = f (w), with w now the

vector of grid point values w j. To integrate dw/dt = f (w)

from tn to tn+1 = tn +∆ t, we first apply the trapezoidal rule

(TR) to advance the solution from tn to tn+γ = tn + γ∆ t:

wn+γ − γ
∆ t

2
fn+γ = wn + γ

∆ t

2
fn, (28)

and then use the second-order backward differentiation for-

mula (BDF2) to advance the solution to tn+1:

wn+1 −
1− γ

2− γ
∆ t fn+1 =

1

γ(2− γ)
wn+γ −

(1− γ)2

γ(2− γ)
wn. (29)

This composite one-step method is second-order accurate

and L-stable. To minimize the norm of the local error, γ is

set to 2−
√

2 ≈ 0.59.

3.3 PCG

Poisson’s equation (4) is solved with the standard precon-

ditioned conjugate gradient (PCG) method with incomplete

Cholesky factorization preconditioner.

4 Simulations of the resonant tunneling diode

We will solve the 1D time-dependent smooth QHD equa-

tions for the resonant tunneling diode with the conserved

variables mass density mn, momentum density mnu, and to-

tal energy density W :

V =VB +VP, U =V + h̄2
βV xx, V xx ≈V Bxx (30)

W =
3

2
nT +

1

2
mnu2+

1

2
h̄2

β nV xx, Wcl =
3

2
nT +

1

2
mnu2 (31)

(mn)t +(mnu)x = 0 (32)

(mnu)t +
(

mnu2 +nT
)

x
=

−nUx − h̄2
β nxV xx +ν(mnu)xx −

mnu

τp

(33)

Wt +(u(W +nT ))x =

−nuUx − h̄2
β (nu)xV xx + κ̄ (nTx)x −

Wcl − 3
2
nT0

τw

(34)
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Fig. 4 Current in kA/cm2 vs. applied voltage in volts for the resonant

tunneling diode at 300 K with a 5 nm quantum well and 2.5 nm 280

meV quantum barriers.

VPxx =
e2

ε
(ND −n) . (35)

For the current-voltage curve of the resonant tunneling diode,

we simulate the time-dependent equations to steady state for

each applied voltage Vbias across the device, using continua-

tion in Vbias. Note that here we have set the dispersive quan-

tum heat conduction term h̄2 (nuxx)x /(8m) to zero.

Equation (32) is hyperbolic with characteristic velocity

u, equations (33) and (34) form a parabolic pair of equations

due to the combination of heat conduction, quantum, and

viscous terms (see [11]), and Poisson’s equation (35) is el-

liptic, so seven boundary conditions are required, four at the

left inflow boundary and three at the right outflow boundary.

Seven physically relevant, well-posed boundary conditions

are

n(xL) = ND(xL), ux(xL,R) = 0, Tx(xL,R) = 0,

VP(xL) = 0, VP(xR) =−eVbias (36)

where xL and xR denote the left and right boundaries, respec-

tively, of the resonant tunneling diode.

Smooth QHD simulations with 240 ∆x of a GaAs reso-

nant tunneling diode at 300 K with AlGaAs double barriers

are presented in Figs. 4–7. The barrier height B = 280 meV.

The diode consists of an n+ source (at the left) and drain

(at the right), each with doping ND = 1018 cm−3, and an n

channel, with doping ND = 5×1015 cm−3. The channel is 20

nm long, the barriers are 2.5 nm wide, and the quantum well

between the barriers is 5 nm wide. There are 5 nm spacers

between the barriers and the contacts.

Physical parameters for GaAs are electron effective mass

m = 0.063me, saturation velocity vs = 1.5× 107 cm/s, di-

electric constant ε = 12.9, and relaxation time τp0 = 0.072

ps. The heat flux pre-factor is set to the canonical value

κ0 = 2.5.

Fig. 5 The smooth potential U in eV for the resonant tunneling diode

at the resonant peak with Vbias = 94 mV vs. x in nm.

Fig. 6 Electron density n (cyan) and, for reference, doping density ND

(blue) in 1018 cm−3 vs. x in nm in the resonant tunneling diode at the

resonant peak with Vbias = 94 mV.

Fig. 7 Temperature T/T0 vs. x in nm in the resonant tunneling diode

at the resonant peak with Vbias = 94 mV.
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Computational parameters for the resonant tunneling diode

presented here are CFL = 0.1 and ν = 3 (in our computa-

tional units: length scale = 0.1 µm, energy scale = 1 eV, time

scale = 0.1 ps, and density scale = 1018 cm−3).

Figure 4 displays the experimental signal of quantum

resonance: negative differential resistance in the current-voltage

curve. Note that the smooth QHD simulation correctly pre-

dicts significant NDR in the resonant tunneling diode at 300 K,

unlike the original QHD model.

The resonant peak of the current-voltage curve at 94 mV

occurs as the electrons tunneling through the first barrier

come into resonance with the energy levels of the quan-

tum well, creating enhanced charge in the quantum well (see

Figs. 5 and 6). As the voltage bias increases above 94 mV,

the resonance effect rapidly decreases and then disappears

because the effective right barrier height in U is progres-

sively lowered.

Figure 7 illustrates that the electron gas cools as elec-

trons encounter the channel and first quantum barrier, then

heats up inside the well and at the channel/drain junction,

and finally decays back toward ambient temperature in the

drain.

5 Conclusion

We solved the underlying hyperbolic gas dynamical part of

the time-dependent smooth QHD equations at 300 K using

the third-order WENO method, treating the quantum me-

chanical, electric field, and relaxation time terms as source

terms; the parabolic heat conduction and computational vis-

cous terms using the TRBDF2 method; and the elliptic Pois-

son equation using PCG. These are the first time-dependent

simulations of the smooth QHD model, and the first time-

dependent simulations of any QHD model at 300 K.

By adding a computational viscosity term to the conser-

vation of momentum equation (10), steady state is rapidly

achieved by damping out the transient sound waves in the

channel.

Since the TRBDF2 method is L-stable, timesteps are

only restricted by desired accuracy and a relatively large ∆ t

can be taken for the heat conduction and computational vis-

cous terms, based on the CFL timestep constraint for the gas

dynamical solver.

The explicit quantum term −h̄2
β nxV Bxx in the momentum

conservation equation (33) is essential in generating NDR.

(The −h̄2
β (nu)xV Bxx term in the energy conservation equa-

tion (34) goes to zero as steady state is approached.) To sim-

ulate quantum effects like charge buildup in quantum wells,

only the −nUx and −nuUx quantum terms in (33) and (34),

respectively, are needed (and convergence to steady state

is rapid without the computational viscous term), but then

NDR is not produced [7].

In summary, simulating the time-dependent smooth QHD

model (for dynamic or steady state problems) provides an

efficient way in which to incorporate quantum effects like

resonant tunneling and charge buildup in quantum wells into

the hydrodynamical depiction of charge transport in semi-

conductor devices.
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