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Abstract: To analyze the effect of braking torque on vehicle nonlinear dynamic characteristics, a five-degree-of-freedom(5DOF) 

vehicle nonlinear dynamic model including braking torque is established in this paper. The global dynamic characteristics of the 

model are analyzed through the phase space of multiple initial points. The effect of constant braking torque on vehicle dynamic 

characteristics is studied by time-domain analysis and tire force distribution characteristics of a single initial point. The 

characteristics of bifurcation and chaos are analyzed by using the differences in trajectories in phase space, the bifurcation diagram 

of state variables and the Lyapunov exponent spectrum. The results show that the braking torque has a significant impact on the 

vehicle’s nonlinear dynamic characteristics; With the increase of the braking torque, the five-degree-of-freedom model system may 

occur multiple bifurcations and hyperchaos under the condition of the zero-steering angle of the front wheel; some instable vehicle 

dynamic states under zero front-wheel steering angle can only be restored to a stable state with the action of braking torque in a 

certain range of values. 

Keywords: Nonlinear dynamics· Braking torque· Phase space analysis ·Bifurcation analysis· Chaos analysis 

 

1 Introduction 

As a typical nonlinear dynamic system, the vehicle is prone to exhibit unstable dynamic behaviours under 

extreme working conditions, accompanied by nonlinear characteristics such as bifurcation and chaos. At 

present, the vehicle steering bifurcation instability mechanism based on the nonlinear characteristics of tire 

lateral force has been confirmed[1-3], and both simple and extremely complex bifurcations may occur when 

different combinations of front and rear tire characteristics are considered[4]. Based on the two-degree-of-

freedom model and its extension, the research of control strategy has achieved fruitful results[5,6], which 

effectively improves the handling and stability of the vehicle. However, the two-degree-of-freedom model 

assumes that the longitudinal velocity is constant, and does not consider the influence of the longitudinal tire 

force on the system stability. The steering bifurcation mechanism of the parameters cannot fully explain the 

dynamic bifurcation characteristics of the vehicle under the combined working conditions of driving or 

braking and steering. 

A three-degree-of-freedom model has been proposed in [7] by introducing the longitudinal velocity into 

the vehicle body model based on the two-degree-of-freedom model, discovering the chaotic phenomenon of 

vehicle steering motion, and pointing out that the essential feature of vehicle steering instability is the chaotic 

motion of the vehicle dynamic system. Based on the three-degree-of-freedom model, the five-degree-of-

freedom considers the rotation of the wheel and introduces the driving torque, analyzed the effect of driving 
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mode on vehicle stability under different steering angles[8], and two-dimensional bifurcation parameter set 

(driving stability region) and coupling bifurcation characteristics were obtained in the later research[9,10]. A 

novel control algorithm of DYC based on the hierarchical control strategy is brought forward in [11] and 

effectively improved the vehicle's stability. The relationship between tire slip rate and stability region during 

steering braking and steering acceleration is analyzed in the [12]. To extend the limit of vehicle cornering 

stability, a new method for integrating sideslip control into a continuous yaw rate controller is proposed in 

[13]. For the enhanced nonlinear vehicle model,When a human driver controls a vehicle through the steering, 

it has been shown that the driver may affect the stability of the system, depending on the available preview 

distance in front of the vehicle [14]. The existence of Hopf bifurcation in the straight-line driving stability of 

the vehicle through the driving simulator test have found in [15]. The study in [16] enhances the directional 

stability of a vehicle that turns at high speeds on various road conditions using integrated active steering and 

differential braking systems. The application of phase diagrams in vehicle dynamics has extended to control 

synthesis by showing how open-loop vehicle dynamics can be increased by steering and braking through 

closed-loop phase diagrams[17]. The Small-amplitude limit cycles close to the Hopf bifurcation point emerge 

with the steering angle (drive torque) as a bifurcation parameter[18], followed by large amplitude relaxation 

cycles. The research in [19] shows that rear-wheel-drive vehicles and front-wheel drive vehicles show 

different behaviours by using bifurcation analysis, especially when approaching their handling limit. 

From the above studies, it can be found that the research on vehicle steering bifurcation based on steering 

angle and the bifurcation characteristics of driving torque as a control parameter is relatively complete, but 

the braking torque, also as a control parameter, has been little studied for the dynamic characteristics and 

stability of the vehicle. Meanwhile in longitudinal motion control in the field of autonomous driving, most 

longitudinal motion control studies involve relatively simple vehicle conditions and therefore rarely take into 

account the nonlinear characteristics of the tires, the longitudinal-lateral coupling characteristics of the vehicle 

under large lateral accelerations, and the effects of tire force constraints [20]. By studying the vehicle model 

with the introduction of braking torque, considering the nonlinear factors of the vehicle under extreme working 

conditions and the mechanism of the longitudinal lateral coupling characteristics of the tire on the longitudinal 

control, and establishing a vehicle dynamics model with longitudinal and lateral tire force coordination 

mechanism, it is of great significance to ensure the driving stability of the vehicle. 

Therefore, a 5DOF nonlinear dynamic model of a vehicle system including braking torque in-plane 

motion is established in this paper, and then the global dynamic characteristics of the vehicle system are 

analyzed through phase space, and the influence of constant braking torque on vehicle dynamic characteristics 

under zero front-wheel steering angle is analyzed. On this basis, the bifurcation diagram of the system state 

variables with different braking torques and the Lyapunov exponent spectrum at the bifurcation point is 

calculated. Finally, a conjecture is put forward according to the phenomenon of the bifurcation diagram and 

verified. 
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2 5DOF System Model 

2.1 Vehicle model 

Fig. 1 and Fig. 2 show diagrams of the single-track model and the single-wheel braking model 

respectively. 

 

 
 

Fig. 1 the single-track model diagram Fig. 2 the single-wheel braking model diagram 

 

Based on the three-degree-of-freedom vehicle steering system model in [7], considering the air resistance 

of the vehicle body, the wheel rotation equation including braking torque is introduced, and the five-degree-

of-freedom vehicle dynamics system equation is obtained as follows: 
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where m is the mass of the vehicle, Iz is the yaw moment of inertia of the vehicle, vx is the longitudinal 

velocity, vy is the lateral velocity, ω is the yaw rate, ωf is the angular velocity of the front wheel, ωr is the 

angular velocity of the rear wheel, lf is the distance from the front axle to the mass centre, lr is the distance 

from the rear axle to the mass centre, J is the yaw moment of inertia of the wheels, δf is the front wheel steering 

angle, Cair_x is the longitudinal air resistance coefficient, Cair_y is the lateral air resistance coefficient, AL_x is 

the longitudinal area of the vehicle, AL_y is the lateral area of the vehicle, ρ is the density of air, Tbf is the 

braking torque of the front wheel, Tbr is the braking torque of the rear wheel, Re is the rolling radius of the 

wheel, Flf and Flr are the longitudinal tire forces of the front wheel and the rear wheel respectively, Fsf and Fsr 

are the lateral tire forces of the front wheel and the rear wheel respectively. 

This paper regards braking torque Tb as a positive scalar to facilitate research and description. 

To prevent the rear wheel from locking up first and causing a sideslip during braking, the braking torque 

will be applied mainly to the front wheel and distributed between the front and rear wheel according to the 

following formula. 

(1 )

bf b

br b

T T

T T





  

 (2) 

Where η is the distribution factor of the braking torque, Tb is the total braking torque of the front and rear 

wheels. 

Braking torque Tb is applied in such a way that the maximum braking force applied to the wheels does 

not exceed the maximum traction available from the road surface. 

max ebT mgR  (3) 

Where μ is the road adhesion coefficient(In this study, a low road adhesive coefficient is selected). 

The specific parameters values for the vehicle system model are shown in Table 1. 

Table 1 Vehicle system model parameters 

Parameters Values 
m/kg 1500 

Iz/(kg·m2) 3000 

lf/m 1.2 

lr/m 1.3 

J/(kg·m2) 2 

Cair_x 0.3 

Cair_y 0.4 

AL_x/m
2 1.7 

AL_y/m
2 3.5 

ρ/(kg·m3) 1.2258 

Re/m 0.224 
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μ 0.3 

η 0.7 

2.2 Tire model 

The tire force is modelled by the Magic Formula[22]. 

   sin arctan arctanF D C Bx E Bx Bx    (4) 

where B, C, D, and E are coefficients. F is the longitudinal or lateral tire force, and x is the longitudinal 

slip or sideslip angle. 

Longitudinal slip k is calculated using the uniform tire longitudinal slip formula at full working 

conditions[8]. 
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Where ωw is the angular velocity of the wheel, and vwx is the linear velocity at the wheel centre in the 

longitudinal direction. 

The sideslip angles of the front and rear tire are calculated that introduce a symbolic function in the 

following[21]: 
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Where αf and αr are the sideslip angle of the front and rear wheel respectively, vxf is the longitudinal 

velocity of the front wheel in the tire coordinate system, and vxr is the longitudinal velocity of the rear wheel 

in the tire coordinate system. 

The tire force parameters used in the model are shown in Table 2 and Table 3. 

Table 2 Longitudinal tire parameters 

Tire Value of the following coefficients 

 B C D E 

Front tire 11.275 1.56 2574.8 0.4109 

Rear tire 18.631 1.56 1749.6 0.4108 

 

Table 3 Lateral tire parameters 

Tire Value of the following coefficients 
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 B C D E 

Front tire 11.275 1.56 2574.7 -1.999 

Rear tire 18.631 1.56 1749.7 -1.7908 

By using models proposed by Pacejka[22], the combined slip characteristics, and the tire forces can be 

calculated as follow: 
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Gx and Gy are the weighting functions for the tire forces, Bg,x and Bg,y are the shape functions for the tire 

slip and rx,1,rx,2,ry,1 and ry,2 are the combined slip coefficients, The best interactive curves are produced using 

the parameters in Table 4. 

Table 4 Combined slip correction coefficient 

Longitudinal slip coefficients Lateral slip coefficients 

rx,1 rx,2 ry,1 ry,2 

35 40 40 35 

2.3 Validation 

In the following two groups of experiments, the validity of the model is verified by the time-domain 

responses of single initial points and vehicle body postures. 

Table 5 Model validation experimental conditions 

Experimental 
groups 

δf 

(rad) 
vx 

(m/s) 
vy 

(m/s） 

ω 

（rad/s） 

Tb 

（N·m） 

First group 0 

20 

2 0.1 500 30 

40 

Second group 

0.005 

30 0 0 200 0.010 

0.015 

 

The first group is the experimental conditions under zero input of the front wheel steering angle. 

According to experience, vehicles with an initial longitudinal velocity from small to large will gradually 

decelerate to stop at the same braking torque, and the driving distance will also get longer. The second group 

is the experimental conditions for the fixed front wheel steering angle. Results show that vehicles with a large 

initial front-wheel steering angle will have a large radius in steering, and will decelerate until they stop under 
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the action of braking torque. However, it is not ruled out that vehicles will become unstable due to the large 

steering angle. 

 

  

(a) (b) 

  

(c) (d) 

Fig. 3 Time-domain responses of single initial points and vehicle body postures of two experimental groups 

 

Fig. 3 shows the simulation results under two experimental conditions. In the first group of experiments, 

the lateral velocity vy and yaw rate ω of the vehicle system converges rapidly to 0, and the different 

longitudinal velocities vx decrease linearly under the braking torque Tb until they reach 0. The body posture is 

stable in the body posture diagram (the pointed end represents the head). The distance between the two body 

postures decreases until they coincide, indicating that the vehicle is finally stationary. 

In the second group of experiments, when the front wheel steering angles are δf = 0.005rad and δf = 

0.01rad, the lateral velocity vy and yaw rate ω are always close to 0, and the longitudinal velocity vx decreases 

linearly under the action of braking torque. It can be seen in the body posture diagram that the vehicle is in 

steady-state steering, and the turning radius decreases in turn. The distance between the body postures 
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decreases continuously indicating that the vehicle will finally reach a standstill. However, when the front 

wheel steering angle is δf = 0.015rad, the state variable of the vehicle fluctuates violently in the range of 

positive and negative values, indicating that the vehicle is in an unstable state at the beginning. 

From the above analysis, it can be found that the 5DOF braking model can reflect the motion process of 

the vehicle under pure braking conditions and combined steering braking conditions. It can be used as a basic 

analysis model for studying the effect of braking torque on the dynamic characteristics of the vehicle system. 

3 Phase space and time domain-analysis 

3.1 Phase space analysis 

Phase space characteristics are important research contents in nonlinear systems, and the vehicle moving 

process can be described by the movement process of phase points in phase space. By understanding the phase 

trajectory characteristics, the global motion views of multi-degree-of-freedom dynamic systems under 

different initial conditions can be obtained. 

The simulations are under the condition of constant braking torque, and the value of the front wheel 

steering angle is δf = 0. The specific stimulation parameters are as follows: the braking torques are Tb = 0N·m, 

Tb = 500N·m and Tb = 1000N·m respectively, the initial value of longitudinal velocity is vx = 42m/s, the value 

ranges of lateral velocity vy and yaw rate ω are [-10,10] m/s and [-1,1] rad/s respectively, the value intervals 

are 1m/s and 0.1rad/s, and the simulation time is 8s. 

 

  

(a) Tb = 0N·m (b) Tb = 500N·m 



9 

 

(c) Tb = 1000N·m 

Fig. 4 Phase space trajectories with different braking torques 

 

  

(a) Tb = 0N·m (b) Tb = 500N·m 

 

(c) Tb = 1000N·m 

Fig. 5 Local phase trajectories onto the vy-ω plane with different braking torques 
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The phase space trajectories of multiple initial points are shown in Fig. 4, and the local phase trajectories 

onto the vy-ω plane are shown in Fig. 5. It can be seen from Fig. 4 that when the braking torque Tb is not 

applied to the vehicle system, the phase trajectory of the system is closely distributed, and the attenuation of 

longitudinal velocity is small. A clear banded stable region, namely the basin of attraction (the region 

surrounded by the red line in Fig. 5, can be seen in the vy-ω plane). With the application and increase of 

braking torque, the phase trajectories of the system are gradually getting sparse, the longitudinal velocity 

attenuation is large, and the banded stability region increases accordingly. The differences in phase diagrams 

with braking torque application and without braking torque application represent the changes in dynamic 

characteristics of the system. 

3.2 Time-domain analysis 

The following is an analysis of the initial state of the vehicle, that is, a trajectory in phase space. Reducing 

the value interval of braking torque. The experimental conditions are as follows: the front wheel steering angle 

is δf = 0, the braking torque is taken as Tb = 250N·m, Tb = 500N·m, Tb = 750N·m and Tb = 1000N·m 

respectively, the initial value of longitudinal velocity is vx = 42m/s, the initial value of lateral velocity is vy = 

4m/s, the initial value of yaw rate is ω = 0.25rad/s, and the simulation time is the 20s. The time-domain 

responses of state variables and vehicle body postures under different braking torques are shown in Fig. 6. 

 

  

(a) (b) 

Fig. 6 Time-domain responses of single initial points and vehicle body postures with different braking torques 

 

When the braking torque is Tb = 750N·m, the dynamic state of the vehicle system quickly recovers to 

stability. The lateral velocity vy and yaw rate ω converge to 0, and the longitudinal velocity vx decreases 

linearly to 0 under the action of constant braking torque. The body posture remains relatively stable during 

braking without unstable posture such as rotation. 

However, when the braking torques are Tb = 250N·m, Tb = 500N·m and Tb = 1000N·m, the dynamic state 

of the vehicle system cannot be stable at the beginning. The lateral velocity vy, yaw rate ω and longitudinal 



11 

velocity vx fluctuate violently, and the change amplitudes are large. The vehicle’s body posture starts to rotate 

at the beginning, indicating that the vehicle is unstable at this time. 

It can be seen in Fig. 7 that when the braking torque is Tb = 750N·m, the longitudinal and lateral tire 

force stays in the linear region, but with other braking torques, the tire forces of the front and rear wheel transit 

from the linear region to the nonlinear region. 

  

(a) Tb = 250N·m (b) Tb = 500N·m 

  

(c) Tb = 750N·m (d) Tb = 1000N·m 

Fig. 7 Tire forces distribution characteristics with different braking torques 

 

From the above analysis, it is easy to know that when the vehicle loses stability, the tire force presents 

strong nonlinear characteristics, so that under the conditions of large lateral velocity and braking, the tire 

cannot provide enough longitudinal and lateral force to maintain the stable state of the vehicle. With the 

increase of braking torque Tb, the state of the vehicle system corresponds to an unstable state, a stable state 

and then an unstable state. Therefore, the braking torque Tb can be used as the analysis parameter of a nonlinear 

vehicle dynamics system to analyze the change in system state. 
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4 Bifurcation and Chaos 

4.1 Bifurcation analysis 

Using the definition of bifurcation of the nonlinear system [23], taking the braking torque Tb as the 

bifurcation parameter, the dynamic bifurcation characteristics of the 5DOF vehicle system are studied. 

The phase space trajectories and phase trajectories onto the vy-ω plane with different braking torques are 

shown in Fig. 8. The experimental conditions are as follows: the front wheel steering angle is δf = 0, the value 

range of braking torque Tb is [650,700] N·m, the value interval is 10N·m, the initial value of longitudinal 

velocity is vx = 42m/s, the initial value of lateral velocity is vy =4m/s, the initial value of yaw rate is ω = 

0.25rad/s, and the simulation time is 10s. 

 

  

(a) (b) 

 

(c) 

Fig. 8 Phase trajectories and time-domain responses of braking torques varying from 650N·m to 700N·m 
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Fig. 8 shows that the phase trajectories of the system change continuously with the increase of braking 

torque. When the braking torque increases from Tb = 690N·m to Tb = 700N·m, the phase trajectory of the 

system changes obviously in topology [23], that is, bifurcation occurs. From the time-domain response of state 

variables, it can be seen that the nature of the system solution has also changed essentially. 

Continuing the above experimental method, the experimental conditions are as follows: the front wheel 

steering angle is δf = 0, the value range of braking torque is [830,880] N·m, the value interval is 10N·m, the 

initial value of longitudinal velocity is vx = 42m/s, the initial value of lateral velocity is vy = 4m/s, the initial 

value of yaw rate is ω = 0.25rad/s, and the simulation time is 15s. The phase space trajectories and phase 

trajectories onto the vy-ω plane with different braking torques are shown in Fig. 9. 

  

(a) (b) 

 

(c) 

Fig. 9 Phase trajectories and time-domain responses of braking torques varying from 830N·m to 880N·m 

 

The phase trajectories of the system change continuously with the increase of braking torque. When the 

braking torque increases from Tb = 870N·m to Tb = 880N·m, the phase trajectory of the system changes 

obviously in topology[23], that is, bifurcation occurs. From the time-domain response of state variables, it 

also can be seen that the nature of the system solution has also changed essentially. 
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Combined with the above analysis, the bifurcation diagram of the system state variable varying with the 

braking torque is calculated. The initial conditions of the system are as follows: the initial value of longitudinal 

velocity is vx = 42m/s, the initial value of lateral velocity is vy = 4m/s, and the initial value of yaw rate is ω = 

0.25rad/s. Solve the 5DOF system equation, omit the beginning sampling cycles within the 20s of the 

simulation time, and sample the state variables according to a certain sampling frequency. The bifurcation 

diagram is shown in Fig. 10. 

  

(a) (b) 

 

(c) 

Fig. 10 Bifurcation diagram of state variables of vehicle lateral velocity, yaw velocity and longitudinal velocity(Omit the 

first 50 sampling cycles (one cycle is 0.1s) and the sampling frequency f = 10Hz) 

 

Fig. 10 shows that when the braking torque is Tb≤700N·m, the value range of lateral velocity vy, yaw 

rate ω and longitudinal velocity vx gradually decreases with the increase of braking torque. When the braking 

torque is Tb = 700N·m, the value range of lateral velocity vy and yaw rate ω suddenly changes from [-16.07, 

0.48] m/s and [0.01, 0.62] rad/s at Tb = 690N·m to [-0.21, 0.06] m/s and [-0.01, 0.04] rad/s. The value range 

of longitudinal velocity vx suddenly changed from [-4.51, 28.44] m/s to [0.25, 30.51] m/s, from a positive and 

negative value range to a positive value range. When braking torque is Tb = 880N·m, the value range of lateral 



15 

velocity vy and yaw rate ω changes from [-12.41, 1.18] m/s and [-0.32, 0.15] rad/s at Tb = 870N·m to [-14.37, 

3.68] m/s and [-0.01, 0.69] rad/s. The value range of longitudinal velocity suddenly changed from [0,26.91] 

m/s to [-8.72,26.16] m/s, from a positive value range to a positive and negative value range. 

To further judge the stability and dynamic bifurcation characteristics of the system, Fig. 11 calculates the 

Lyapunov exponent spectrum of the 5DOF when the braking torques are Tb = 690N·m, Tb = 700N·m, Tb = 

870N·m and Tb = 880N·m. 

 

  

(a) Tb = 690N·m (b) Tb = 700N·m 

  

(c) Tb = 870N·m (d) Tb = 880N·m 

Fig. 11 Lyapunov exponent spectrum with different braking torques 

 

When the braking torque is Tb = 690N·m, the Lyapunov exponent spectrum is (+, +, -, -,-), indicating 

that the system has hyperchaotic characteristics, while When the braking torque is Tb = 700N·m, the Lyapunov 

exponent spectrum is (-, -, -, -,-), indicating that the hyperchaotic characteristics of the system disappear; When 

the braking torque is Tb = 870N·m, the Lyapunov exponent spectrum is (+, +, -, -,-), indicating that the system 

has hyperchaotic characteristics; When the braking torque is Tb = 880N·m, the Lyapunov exponent spectrum 

is also (+, +, -, -, -), indicating that the hyperchaotic characteristics of the system still exist, and the maximum 

Lyapunov exponent continues to increase at the end of the simulation. 
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To sum up, when the braking torque Tb is in a specific interval [690,870] N·m, the system can recover 

from the unstable state to the controllable stable state. Excessive braking torque will not restore the stability 

of the system but will make the instability more severe (as can be seen from the comparison of the variation 

range of state variables in Fig. 9c and the Lyapunov exponent spectrum in Fig. 11). Based on the above 

analysis, it is speculated that under the input of zero front-wheel steering angle, the conjecture for the unstable 

vehicle to return to the stable state is that a specific range of braking torque must be applied. 

4.2 Comparative validation 

This section will calculate the bifurcation diagrams of the system state variables through the change of 

the vehicle’s initial state variables input under zero front-wheel steering angle, and explore the relationship 

between the vehicle system stability and the braking torque range. The specific experimental conditions are 

shown in Table 6. 

Table 6 Conjecture verification experimental conditions 

Experimental 
groups 

vx 

（m/s） 

vy 

（m/s） 

ω 

(rad/s) 
Experimental 1 42 0 0 

Experimental 2 42 4 0 

Experimental 3 42 0 0.2 

Experimental 4 42 8 0.4 

 

    

(a) (b) 
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(c) 

Fig. 12 Bifurcation diagram of experimental 1(Omit the first 50 sampling cycles (one cycle is 0.1s) and the sampling 

frequency f = 10Hz) 

 

Fig. 12 is the bifurcation diagram of state variables under the input of experiment 1. Under the input of 

initial longitudinal velocity vx = 42m/s, the system does not occur bifurcation. The value range of lateral 

velocity vy and yaw rate ω is constant at 0, and the value range of longitudinal velocity vx increases with the 

increase of braking torque, but the upper and lower limits of the value range are decreasing. When the braking 

torque is Tb≥700N·m, the minimum value of the longitudinal velocity range is 0, indicating that the vehicle 

finally reaches a stationary state. 

 

    

(a) (b) 
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(c) 

Fig. 13 Bifurcation diagram of experimental 2(Omit the first 50 sampling cycles (one cycle is 0.1s) and the sampling 

frequency f = 10Hz) 

  

Fig. 13 shows the bifurcation diagram of state variables under the input of experiment 2. Compared with 

experiment 1, the input condition adds the input of lateral velocity vy = 4m/s. It can be seen that there are 

bifurcations in the system, and the bifurcation phenomenon and analysis are similar to Fig. 10. Only when the 

braking torque Tb is applied in the [630, 970] N·m interval, the value range of lateral velocity vy and yaw rate 

ω is small, and the value range of longitudinal velocity vx is in the positive range, indicating that the unstable 

system has recovered to a stable state under braking. 

 

    

(a) (b) 
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(c) 

Fig. 14 Bifurcation diagram of experimental 3(Omit the first 50 sampling cycles (one cycle is 0.1s) and the sampling 

frequency f = 10Hz) 

 

Fig. 14 shows the bifurcation diagram of state variables under the input of experiment 3. Compared with 

experiment 1, the input condition adds the input of yaw rate ω = 0.2rad/s. It can be seen that with the increase 

of braking torque, the value range of state variables is in a large range. When the braking torque is Tb ≥430 

N·m, the value range of lateral velocity vy and yaw rate ω is small, and the value range of longitudinal velocity 

vx is in the positive range, indicating that the instable system has recovered its stable state under braking. 

 

  

 

  

(a) (b) 
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(c) 

Fig. 15 Bifurcation diagrams of experimental 4(Omit the first 50 sampling cycles (one cycle is 0.1s) and the sampling 

frequency f = 10Hz) 

 

Fig. 15 shows the bifurcation diagram of state variables under the input of experiment 4, the input 

conditions continue to add the input of lateral velocity vy = 8m/s and yaw rate ω = 0.4 rad/s. The bifurcation 

diagram shows that the value range of state variables is in a large range, indicating that the system has been 

in a violent instability state. Under this initial condition, the instability of the system is too severe, and the 

application of braking torque cannot restore the system to a stable state. 

5 Conclusion 

(1) In this paper, the effect of braking torque on vehicle dynamic characteristics is studied by the 

nonlinear dynamic analysis method. The results show that the braking torque will directly affect the dynamic 

state and stability of the vehicle system. 

(2) Taking the braking torque as the bifurcation parameter, the bifurcation characteristics of the 5DOF 

vehicle system are studied under the front wheel steering angle is 0. The results show that the braking torque 

can be regarded as the bifurcation parameter of the vehicle dynamics system, and multiple bifurcation 

phenomena may occur with the increase of braking torque. 

(3) The chaotic characteristics of the 5DOF vehicle dynamic system are determined. The results indicate 

that hyperchaos may appear with braking torque increasing. 

(4) The conjecture that a certain range of braking torque must be applied is put forward before a 

destabilized vehicle can return to the steady-state under zero front steering angle input, and is verified by the 

bifurcation diagram of state variables with different initial conditions. 

The results show that the system will remain stable as the braking torque increases under initial stable 

conditions. Under some initial destabilization conditions, the system can only restore its steady-state within a 

certain range of braking torque. When the initial instability condition is increased to a certain extent, the 

change of braking torque will not restore the system to a stable state. 
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