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.

Abstract   Herringbone gear transmission system is widely 

used in the fields of ships and aviation,etc. Loaded deformation 

of teeth, manufacturing and installation errors will cause GS 

vibration, while modification technology can reduce vibration 

and noise very effectively.Backlash and bearing clearance have 

a very important effect on GS nonlinearity. So this paper 

proposes a tooth surface 3d modification method based on form 

grinding, deduces terminal section profile equation of tooth 

profile modification and designs the profile of grinding wheel, 

finally determines its radial motion law along workpiece on 

axial modification,which are combined to complete 3d 

modification equation; Based on TCA and LTCA, obtaining 

LTE of herringbone gear pair and taking its minimum 

amplitude as optimization objective to establish 3d 

modification optimization model, which to obtain the optimal 

modification parameters by using ALO. On this basis, meshing 

stiffness of the optimum modified herringbone gear pair is 

calculated, the bending-torsion-axis coupling multi-clearance 

nonlinear dynamic model is established, and the nonlinear 

response under three internal excitations is solved by numerical 

method. The global vibration characteristics in the parameter 

domain of gear pair are studied based on bifurcation diagram 

and MLE, and the local vibration characteristics under specific 

parameters of gear pair are studied based on diagrams of time 

domain, phase, frequency spectrum and Poincare section. The 

results show:Optimized 3d modification can eliminate tooth 

end and tooth top edge contact and improve tooth contact 

performance;With the increase of input power, input speed, 

backlash and STE, the system has the jump, while with the 

increase of bearing clearance and damping ratio, there is no 

jump, and system vibration amplitude is significantly lower 

than the non-modification after being optimized modification; 

Compared with other parameters, the variation of input speed 

and STE makes system have complex and changeable 

bifurcation characteristics; Modification can eliminate jump, 

but increase chaotic interval; Modification can increase 

periodic window of system, make system in the alternating 

change of multiple periodic motion and chaotic motion, which 

makes system motion more regular. The study provides a basis 

for parameter selection and optimization of gear system with 

complex excitations(stiffness,impact and error). 
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1  Introduction 

Besides being the transmission characteristics of helical gear, 

herringbone gear can self-balance axial force generated in the 

transmission process and have advantages of large coincidence 

degree, large bearing capacity and stable operation[1], so it is 

widely used in various fields.Due to machining and installation 

error,long-term running wear, there will be inevitable clearance 

between teeth and other clearances in gear system.The backlash 

and bearing clearance will cause system strong nonlinearity, 

chaotic motion,loud noise, jump and bifurcation, so it is of great 

practical significance to study nonlinear characteristics of gear 

system(GS)[2]. 

The GS will cause vibration and noise due to the large load 

fluctuation in the tooth number alternation area.In addition, due 

to bending and torsional deformation, machining error of gear 

tooth loaded, gear contact along tooth width is uneven, which 

causes partial load. Tooth profile modification can compensate 

base pitch deviation in the actual meshing process of gears, 

slow down fluctuation of meshing stiffness and reduce meshing 

impact[3].Axial modification can effectively improve uneven 

load along contact line, avoid edge contact, and thus improve 

the bearing capacity of gear tooth [4]. The 3d modification is a 

comprehensive modification method combining tooth profile 

modification and axial modification, which can reduce impact, 

avoid edge contact and improve tooth meshing performance[5]. 

Tooth contact analysis (TCA) comprehensively considering 

the factors such as modification, installation and manufacturing 

error is a technology for numerical simulation of the meshing 

process of gear under light load, and can obtain tooth surface 

imprint and transmission error(TE),which are the standard to 

measure transmission quality of gear pair[6]. However, when 

gear pair is under heavy load, its TE and imprint are different 

from results of TCA, so it is necessary to apply load to simulate 

meshing process, namely,loaded tooth contact analysis (LTCA). 

It can comprehensively consider gear geometry and installation 

error, etc, and obtain the loaded transmission error(LTE) and 

load distribution coefficient of tooth surface, which is a bridge 

connecting gear geometry design and mechanical analysis[7]. 

Kahraman et al[8] constructed the nonlinear model of three 

degree of freedom GS with bearing clearance and backlash, and 

studied frequency response characteristics of nonlinear gears 

with time-varying meshing stiffness, and found the transition 

frequency, the subharmonic response and the chaotic channel. 

Blankenship et al[9] established multiple degrees of freedom 

model to analyze influence of internal and external excitation 

on the dynamic characteristics of GS, considering the backlash, 

and the influence of backlash in other directions. Kim et al[10] 

builded the nonlinear model of three degree of freedom GS and 

analyzed the dynamic response of clearance to system. Zhou et 



 

al[11] analyzed the influence of input speed, backlash and 

damping coefficient on dynamic characteristics of GS under 

time-varying meshing stiffness excitation based on torsion 

model of spur gear pair. Farshidianfar et al [12] builded the 

nonlinear dynamic model of GS, solved it by analytical method, 

and then studied influence of backlash, time-varying stiffness 

and external excitation on bifurcation characteristics and chaos 

of system. Li et al[13] established a more practical dynamic 

meshing force model by coordinated deformation of gear teeth, 

which was suitable for modified and non-modified GS, and 

verified it by the finite element method. The results showed that 

vibration amplitude of GS in bifurcation region, quasi periodic 

region and chaotic region is greater than that of the geometric 

transmission model. Shi et al [14] put forward a dynamic model 

of hypoid gear, and studed the influence of meshing stiffness 

obtained by meshing force on dynamic response of system.The 

results showed that meshing stiffness had obvious influence on 

dynamic characteristics of hypoid gear. Wang[15] established 

relationship among modification,load distribution and dynamic 

model, and gave a multi-objective modification optimization 

method of noise reduction and load distribution, and verified it 

by an example that RMS of acceleration after being optimized 

was reduced by nearly 4 times.Wang et al [16] put forward a 

optimization modification method to improve comprehensive 

characteristics of gears, based on TCA and LTCA technology, 

aiming at the minimum of tooth surface flash temperature and 

RMS of vibration acceleration,and tooth surface contact was 

obviously improved after optimization.Yang et al[17] proposed 

a dynamic excitation calculation method of 3d modified 

herringbone gear pair considering actual contact state, and 

studied the impact of modification parameters on time-varying 

meshing stiffness and friction excitation. After modification, 

vibration and noise was significantly improved. Nishino[18] 

proposed a 3d modification method to study the relationship 

between contact conditions and meshing stiffness of helical 

gear and improved the its meshing performance. Jian et al [19] 

studied vibration characteristics of GS with various nonlinear 

factors, and obtained the dynamic vibration forms such as 

periodic response, subharmonic response and chaotic response 

by adjusting system parameters. Li et al[20] comprehensively 

judged the chaotic vibration form of gear transmission system 

by Poincare section, MLE and spectrum analysis. Lin et al[21] 

analyzed global bifurcation behavior of Split Torque-Combine 

Power GS,when the parameters changed such as meshing 

frequency, backlash, transmission error and damping ratio, and 

investigated evolution law of MLE with system parameter. 

Using diagrams of Poincare section, phase and spectrum to 

analyze locally the influence of system parameters on dynamic 

characteristics. 

The above analysis shows that the study of nonlinear 

dynamics of GS only considers backlash, while the excitations 

only includes stiffness excitation or impact excitation, and the 

multi-clearance nonlinear dynamic characteristics of GS under 

comprehensive consideration of three internal excitation are 

seldom studied, especially for herringbone gear.The research 

on gear modification technology mostly involves the meshing 

performance of gear pair, but seldom studies influence of the 

optimal modification parameters on the nonlinear dynamic 

characteristics of GS. In addition, the global influence of 

system parameters on dynamic characteristics of GS is rare, and 

the research on the influence of system parameters on chaotic 

motion state is also insufficient. There is no literature study on 

whether optimal modification parameters meet requirements of 

nonlinear vibration characteristics of GS. 

Based on the above shortcomings, this paper proposes a 3d 

modification method of tooth surface based on form grinding, 

deduces terminal section profile equation of tooth profile 

modification and determines tooth profile of grinding wheel, 

and derives its radial motion equation of axial modification 

along the workpiece,which to determine the 3d modified tooth 

surface equation. Based on TCA and LTCA technology,the 

ALO is adopted to obtain optimal modification parameters with 

minimum amplitude of LTE as optimization objective. On this 

basis, to determine internal system excitations and establish the 

bending-torsion-axis coupling multi-clearance nonlinear 

dynamic model with the three kinds of excitations of stiffness, 

impact and error. Finally, from global perspective of system, 

based on the bifurcation diagram and the maximum Lyapunov 

exponent(MLE), and from the local perspective of system, 

based on diagrams of time domain, phase, frequency spectrum 

and Poincare section, the influence of system parameters on 

nonlinear dynamic characteristics of GS under the unmodified 

and modified conditions is studied respectively. 

2  3d modified tooth surface equation of herringbone gear 

2.1  Tooth surface modification method 

Profile grinding is an efficient grinding method for tooth profile 

modification and axial modification. Based on the requirements 

of actual working conditions, bearing capacity and dynamic 

characteristics, gear tooth surface can be designed by changing 

modification parameters, and 3d modification can be realized 

from a micro angle[22]. It includes tooth profile modification 

and axial modification, as shown in Fig.1.  

 

 

Fig.1  Schematic diagram of 3d modified tooth surface 

In Fig.1,1 represents 3d modified tooth surface, and 2 

means theoretical involute tooth surface. uo, up, uq and ua are the 



 

expansion angles of boundary line involute of tooth profile 

modification, o, n, m, and max are gear rotation angle at the 

boundary line of axial modification, respectively.y1 and y3 are 

maximum modification amount at root and top of tooth,y2 and 

y4 are modification length at root and top of tooth.y5 and y6 are 

maximum modification amount of the lower and upper of tooth 

width.zhf and zha are modification lengths of the lower and upper 

of tooth width. y7 is the length without modification in axial.δn, 

δm, δp and δq are modification amounts of the top, root, lower 

and upper of teeth, respectively. In this paper, by controlling 

involute expansion angle and gear rotation angle corresponding 

to boundary line of tooth profile modification and axial 

modification, the division areas of 3d modified tooth surface 

can be realized, that is, combination of parabola and straight 

line modification design or parabola modification design of 

whole tooth surface can be completed. 

1.2  Equation of 3d modified tooth surface 

Because herringbone gear can be regarded as "double helical 

gear", the tooth profile modification combining parabola line at 

both tooth top and tooth root and straight line can be realized by 

superimposing modification amount H on generating line of 

involute, as shown in Fig.2. sꞌfꞌ is standard tooth profile, sf is 

modified tooth profile. cg is standard involute, uc and ug are 

expansion angles at c and g respectively. Relationship between 

modification amount and expansion angle is showed as: 
2 2

1 0
( )

ms b
H a r u u = −                                  (1) 

Where,ams is modification coefficient of tooth profile, and rb is 

base circle radius. u1 is involute expansion angle of whole tooth 

profile, which takes different values in different modified 

areas.u0 is starting point of different modified areas, u0=uc at 

tooth root and u0=ug at tooth top.The segmented tooth profile 

modification curve can be obtained after determining the point 

and modification amount. The diameter vector of terminal 

section under 3d modified profile is expressed as: 
2 2
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r    (2) 

Where, 0 is half angle of base circular groove, “  ” and “ ”, 

upper and lower symbol represent right and left involute. 

 

 

Fig 2  Schematic diagram of sectional tooth profile modification at the middle 

of tooth width 

Changing motion trajectory of grinding wheel along radial 

direction of workpiece to realize sectional axial modification, 

as shown in Fig.3.When gear turns 1, grinding wheel moves a 

distance p11 along axial z0, p1 is gear pitch, and the feed rate is 

lx along radial x0.The trajectory of grinding wheel along the 

axial is parabola, straight line and parabola, among which on 

and mi are parabola, and nm is straight line. o,n,m and max 

are gear rotation angle at point o, n , m and i along axial, 

respectively.h is the axial distance between grinding wheel axis 

and starting position of modification, i.e. h=p11. E0 is center 

distance between grinding wheel and tooth, i.e.
0 0 x

E E l= − ,
0E  

is standard center distance. Then radial feed rate lx of grinding 

wheel along workpiece can be expressed as: 
2 2

1 1 0
( )

x mk
l a p  = −                                 (3) 

Where, amk is axial modification coefficient, 1 is gear rotation 

angle, which takes different values in different modified areas. 

0 is starting angle of different modified areas, 0=n at tooth 

lower and 0=m at tooth top.Moreover, modification amount of 

grinding wheel along the radial needs to be transformed into the 

normal of tooth surface according to projection transformation 

relationship between the two directions of gear tooth surface. 

 

 

Fig. 3  Schematic diagram of sectional axial modification 

In this paper, the active gear is modified while the passive 

gear is not modified (that is, the active is used to trim the root 

instead of the passive to trim edge).The combination of tooth 

profile and axial modification is called 3d modification.When 

performing it, the grinding wheel moves in two directions: 

spiraling up along the axial and making parabolic motion along 

the radial of tooth.Therefore, according to terminal section of 

grinding wheel, the tooth surface equation of 3d modification is 

obtained through coordinate transformation, and the coordinate 

relation of single helical tooth of herringbone gear is shown in 

Fig.4. The coordinate system Sm is fixed on gear mounting table, 

S1 is fixed on gear blank, z1 passes through the axis of mounting 

table and blank, and St is fixed on grinding wheel. It makes a 

spiral motion around zm and a radial parabola motion along xm 



 

to form a 3d modified tooth surface.When S1 rotates 1 around 

zm, the origin of St moves in two directions: moving distance 

h=p11 along zm and negative feed distance lx along xm. 

As shown in Fig.4, the 3d modification vector of herringbone 

gear with single helical tooth is showed as: 

1 1 1 1 1 0 1 1 1 0 1
( , ) ( ) ( , ) ( ) ( , , ) ( )

m mt x t x
u l h u l h u  = =M M Mr r r    (4) 

Here,
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Bring Eq.(2), Eq.(3) and h=p11 into Eq (4), and further obtain: 
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Where, “±” and “∓”, the upper symbol represents right side 

tooth surface of tooth groove, and the lower symbol represents 

left side tooth surface of tooth groove. 

The unit normal vector of 3d modified tooth surface is: 

1 1 1 1 1 1

1 1

1 1 1

1 1 1 1 1 1
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                      (6) 

It is worth noting that there is m between coordinate system 

St and Sm in this paper, that is, the installation angle of grinding 

wheel, which can be obtained according to gear helix angle β. 

Therefore, 3d modified tooth surface equation of herringbone 

gear is obtained by changing the helix angle β direction and 

adjusting center distance E0 in the same way as above. 

 

 

Fig.4  Structure diagram of 3d modified coordinate system 

3  Contact analysis of 3d modified tooth surface 

3.1  Geometric tooth contact analysis(TCA) 

In order to numerically simulate two intermeshing herringbone 

gears, they are regarded as two pairs (Ⅰ and Ⅱ) of single helical 
gears meshing.According to solution method of helical tooth 

contact analysis[23], Tooth contact analysis of the tooth pairs I 

and II is carried out by transforming meshing coordinate system 

to reference coordinate system, as shown in Fig.5. In Fig.5,Sf is 

the fixed reference coordinate system fixed at midpoint of tooth 

groove, 
i

S  and Si (i= 1,2,3,4) are fixed coordinate system and 

rotation coordinate system of width midpoint of helical teeth of 

tooth pairs I and II,respectively, and Sm is auxiliary coordinate 

system. When the gear are installed, the axis non-parallelism 

error 2 2

1 2
  = +  and center distance error E of driven gears 

are inevitable, which are expressed by auxiliary coordinate 

system 
3

S  and 
4

S  ,respectively. 

In Sf , The position vector and normal vector of tooth surface 

of herringbone gear pair are expressed as: 
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Where, M is coordinate system transformation matrix, and L is 

the submatrix removing the last row and last column of M. 

 

 

Fig.5  Herringbone gear meshing coordinate system 
 

During meshing process of herringbone gear tooth surface, 

the two tooth surfaces are in continuous tangent contact, and the 

contact process is expressed as follows: 
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Where, “1,2” means active gear, “3,4” means passive gear, and 

“f ” means that all vectors are in fixed coordinate system Sf. 

When herringbone gear enters meshing and exits meshing, 

edge contact is produced between tooth side and tooth top, and 

the contact process is expressed as follows: 
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Where, rfi represents position vector of edge contact point 

between tooth side and tooth top of the active gear,
fi ci

n u  and 

fi ci
n   represent the tangent directions at edge of tooth side 

and tooth top of the active gear. 

The geometric transmission error(GTE) of herringbone gear 

pair is the variation of deviation between the actual rotation 

angle and theoretical rotation angle of the passive gear with 

rotation angle of the active gear[24], that is expressed as: 

1 2
( ( ) (0)) ( (0))( )( 1,2; 3,4)

j i j i i
Z Z i j      = − − − = =    (10) 

Where, Z1 and Z2 are the number of active and passive teeth,  

φj(0) and φi(0) are initial positions of active and passive gear. 

3.2  Loaded tooth contact analysis(LTCA) of herringbone gear 

The contact process of herringbone gear pair is simplified into 

the geometric model of cross-section contact of left and right 

single helical gear pairs along long axis of contact ellipse, as 

shown in Fig.6. i and j represent instantaneous contact ellipse 

center and any discrete point.wik represents initial clearance of 

center point i of ellipse before contact, wjk represents tooth 

surface clearance at any point j before contact. pik and pjk 

represent unit normal load of contact point corresponding to the 

long axis of ellipse, djk represents tooth surface clearance after 

being loaded deformation at any contact point j. 

 

 

Fig.6  Loaded contact model of herringbone gear 

The mathematical model of loaded tooth contact problem 

composed of displacement coordination equation, force 

balance equation and non-embedded condition of herringbone 

gear is showed as follows: 
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Where, [w]k is initial clearance of tooth surface before being 

loaded, which is composed of interdental clearance and normal 

clearance; [d]k is tooth surface clearance after being loaded; [Z] 

is tooth rigid body displacement; [L]k [P]k represents the elastic 

deformation obtained by multiplying normal flexibility matrix 

and normal load;[p] is discrete point load; M is torque; Xj(j= 

1,2,...,S+1) is an artificial variable. 

Loaded transmission error(LTE) in a meshing period is 

angular displacement that converts [Z] to meshing line, it is: 

2
3600 180 ( cos )

e b
T Z r  =                   (12) 

Where, rb2 and  are base circle radius and helix angle of the 

passive gear. 

4  Optimization model of modification parameters 

The optimization of tooth surface modification parameters is an 

iterative improvement process of nonlinear contact problems, 

which is a micro-geometric iteration process of changing tooth 

contact state through different modification parameters until a 

specific goal is met [25]. Loaded transmission error (LTE) 

reflects deviation between actual meshing and ideal meshing of 

gears. The larger its value, the smaller stiffness excitation, 

which is direct excitation of vibration.Therefore, this paper 

takes the minimum amplitude of LTE as optimization objective. 

The modified way adopts two parabolas and one straight line in 

tooth profile and axial. Because axial modification adopts 

symmetrical modification mothod, six modification parameters 

are taken as optimization variables. 

Optimization variables: 
1 2 3 4 5 7[ , , , , , ]y y y y y y=x  

Optimization objective: Min ( )F x                        (13-1) 

Constraint condition: 

min 1 3 max

min 2 4 max

min 5 max

min 7 max

,

,
s.t  

C y y C

D y y D

S y S

G y G

 
  
  
  

        (13-2) 

Where, x is 3d modification parameter; F(x) is the LTE 

amplitude calculated by Eq.(12); Cmin and Cmax are minimum 

and maximum modification amount of tooth profile at tooth 

root and tooth top; Dmin and Dmax are minimum and maximum 

modification length of tooth profile at tooth root and tooth top; 

Smin and Smax are minimum and maximum modification amount 

at the upper end and lower end of tooth direction; Gmin and Gmax 

are minimum and maximum values of non modified length of 

tooth direction (axial modification is symmetrical, so only the 

non modified length is taken). 
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Fig.7  Flow chart of multi-objective optimization of tooth surface modification 

In view of poor global search ability of traditional algorithms 

in solving multi peak practical problems, seyedali[26] first 

proposed a novel nature-inspired algorithm called Ant Lion 

Optimizer(ALO) in 2015. The algorithm mimics the hunting 

mechanism of antlions in nature. It has two types of individuals: 

Ant and Antlion, and realizes five steps: the random walk of 

ants, building traps, entrapment of ants in traps,catching preys, 

and re-building traps.The proposed algorithm is benchmarked 

in three phases:19 mathematical functions, three classical 

engineering problems and the shapes of two ship. The research 

results showed that ALO is able to provide very competitive 

results in terms of the improved exploration, local optima 

avoidance, and convergence. Moreover, it has merits in sloving 

constrained problem with diverse search spaces. 

According to basic parameters of herringbone gear pair in 

Table 1, based on TCA and LTCA technology, ALO is adopted 

to optimize the minimum amplitude of LTE. Rated load is 

500Nm, input speed is 4000rpm, maximum number of 

iterations is 100, number of variables is 6, fobj= @F(x). The 

iterative optimization process is shown in Fig.7. The results of 

modification parameters after optimization are shown in Table 

2. Dividing the active gear tooth surface along tooth height and 

axial into nodes evenly, tooth profile and axial modification 

curve, and the fitted 3d modification tooth surface after 

optimization are shown in Fig.8. 

 
Table 1  Basic parameters of herringbone gear pair 

Name The active The passive 

Module (mm) 5 
Number of teeth 30 72 

Helix angle (°) 33.27 

Pressure angle (°) 20 

Tooth width (mm) 40 44 

Tooth groove width (mm) 50 

 
Table 2  Optimization results of modification parameters 

Tooth profile 

modification 
(mm) 

y
1
 y

2
 y

3
 y

4
 

0.025 1.5 0.035 2.5 

Axial 
modification 

(mm) 

y
5
 y

6
 y

7
  

0.025 0.025 35  

 

 

Fig.8  Optimized 3d modification curve and tooth surface 

Taking basic parameters of herringbone gear pair in Table 1 

as research object, Contact simulation of standard tooth surface 

with axis non-parallelism error δ=0.5 and center distance error 

E=0.1mm, and 3d modification is calculated to get meshing 

impression and GTE as shown in Fig.9~11. 

 

 
Fig.9  Meshing impression and GTE of standard tooth surface 

 
Fig.10  Meshing impression and GTE with axis non-parallelism error and 

center distance error 



 

 

Fig.11  Meshing impression and GTE after 3d modification optimization 

As shown in Fig.9, the standard tooth surface is mainly in 

contact with tooth surface and is symmetrical equal, and the 

GTE is relatively small, but tooth end edge contact is obvious 

and its transmission is unstable; As shown in Fig.10, when 

δ=0.5 and E=0.1mm, the contact line becomes shorter and 

contact path deviates from pitch circle. there is obvious end 

edge contact and the difference of GTE between the left and 

right tooth is obvious. The contact is biased and vibration will 

increase. As shown in Fig.11, the 3d modified tooth contact 

with δ=0.5 and E=0.1mm does not have tooth end and tooth 

top edge contact. The unmodified contact path is distributed 

along pitch circle, and the GTE of left and right tooth surfaces 

are symmetrical, equal and parabolic. In contrast, 3d 

modification can not only improve contact performance of 

tooth surface, but also eliminate influence of installation error. 

 

 
Fig.12  Curve of LTE before and after 3d modification optimization 

As shown in Fig.12, when δ=0.5 and E=0.1mm, the 

variation curve of comprehensive LTE on tooth surface of the 

active gear before and after 3d modification optimization. 

Amplitude of LTE of the standard tooth surface is 4.194. After 

modification, amplitude of LTE is 1.157, and its fluctuation 

amplitude is reduced by 72.41% and becomes more gentle. 

5  Multi-clearance dynamic model of herringbone gear pair 

Analyzing vibration performance of GS under internal and 

external disturbances can not only provide reliable parameter 

selection for practical engineering, but also provide a basis for 

restraining vibration and noise. Therefore, based on TCA and 

LTCA of the modified tooth surface, the bending-torsion-axis 

coupling multi-clearance nonlinear dynamic model with 

stiffness excitation, impact excitation and error excitation is 

established in this paper. 

5.1  Stiffness excitation 

The resistance of gears to deformation is called stiffness.This 

section calculates time-varying meshing stiffness of gear pair 

based on calculation results of modified tooth surface TCA and 

LTCA.When calculating the LTE, it is considered to mesh 

multiple pairs of teeth at the same time to bear load and initial 

clearance, so the LTE includes the GTE and comprehensive 

deformation of tooth surface[27]. According to definition of 

stiffness,it is expressed as followed: 
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Where, T is output torque, rb2 is base radius of the passive gear, 

αn is normal pressure angle,  is helix angle, Te is the normal 

loaded comprehensive deformation obtained by LTCA. δ is 

the normal GTE obtained by TCA. 

5.2  Impact excitation 

Because modification destroys conjugate characteristics of the 

standard involute, the meshing point of tooth pair will also 

deviate from theoretical meshing line. The specific position of 

off-line meshing impact, whether on the active gear surface or 

passive gear surface, can not determine its position through the 

geometric relationship of gear pair. Therefore, based on the 

tooth contact analysis, this paper employs contact simulation 

model[28] of meshing tooth with base pitch error caused by 

being loaded to calculating accurate position and meshing 

stiffness at mesh-in point based on LTCA, calculating its 

relative speed considering modification and base pitch error, 

and finally calculating the meshing impact force. 

According to the theory of impact mechanics, impact kinetic 

energy is equal to elastic potential energy, and its expression 

[29]is showed as followed: 
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Where,vs is speed difference of mesh-in point, n is obtained by 

data fitting, δs is maximum impact deformation, ks is stiffness of 

mesh-in point, J1 and J2 are moment of inertia, rb1 and rb2 are 

radius of base circle of the active and passive gear, respectively. 

Finally,according to the maximum impact force:Fs=ksδs, it is 

obtained as: 
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5.3  Error excitation 

Due to lack of manufacturing level, tooth form deviation and 

tooth pitch deviation will case tooth to deviate from theoretical 

motion trajectory.Therefore, this paper calls the design errors 

with randomness as static transmission error(STE).In order to 

convenience of calculation without losing accuracy, a simple 

harmonic function is used to represent STE[30], as follows: 

( ) + sin( )
m r n

e t e e w t = +                  (17) 



 

Where, em and er are the average value and amplitude of STE, 

generally,em=0, 2 2

r a b
e f f= + , fa and fb are base pitch error and 

tooth form deviation, which are determined by gear accuracy 

grade.wn is mesh frequency, φ is initial phase angle of error, 

usually, φ=0. 

5.4  Establishing coupling multi-clearance nonlinear dynamic 

model of herringbone gear pair 

Using lumped parameter method is to establish bending-torsion 

-axis coupling multi-clearance nonlinear dynamic model of 

herringbone gear pair, as shown in Fig.13.Fig.13(a) is 3d model 

of syetem,Fig.13(b) is schematic diagram of axial projection. 

 

 

Fig.13  Bending-torsion-axis coupling multi-clearance nonlinear dynamic 

model of herringbone gear pair 

Generalized displacement array q of system is expressed as: 

1 1 1 1 1 1 2 2 2 2 2 2{ , , , , , , , , , , , }
T
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Where, yi, zi, i(i=1L,1R,2L,2R) are translational and angular 

displacement of mass point of the active and passive gears 

along axis y, z and around axis z, respectively. 

According to Newton's law of mechanics, the differential 

equation of motion are derived as followed: 
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The tangential and axial dynamic meshing forces on the left 

and right sides are expressed as follows: 
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The relative vibration displacement in meshing line direction 

of the left and right end faces is written as followed: 
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(21) 

Where, mi and Ii is mass and moment of inertia of left and right 

helical gears i (each including half of relief groove); Ti is the 

torque, which is regarded as equal left and right; kiy,kiz and ciy,ciz 

are radial and axial equivalent support stiffness and damping；
k1LRz, k2LRz and c1LRz, c2LRz are the axial equivalent support 

stiffness and damping of the middle relief groove, which are 

equivalent to solid short axis; k12L, k12R and c12L, c12R are 

time-varying meshing stiffness and damping of left and right 

helical gear pairs; fs1 and fs2 are meshing impact force of left and 

right helical gear pairs; βL and βR are helix angles of helical 

gear;rb1 and rb2 are base circle radius of the active and passive 

gears; f(12L) and f(12R) are the nonlinear functions on meshing 

lines of left and right end faces; fi(yi) is the nonlinear function 

with radial bearing clearance; e12L and e12R are the STE. 

Meshing damping c12L and c12R of left and right helical gear 

pairs of herringbone gear are expressed by[31] as followed: 
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Where, ζ is damping ratio, km is average meshing stiffness. 

The functions on meshing lines[32] of left and right end 

faces is showed as followed: 
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Where, i is relative displacement and 2bi is backlash. 

The nonlinear function fi(yi, i) of radial bearing clearance is 

written as followed[33]: 
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Where, yi is radial displacement, 2i is bearing clearance. 

In order to eliminate rigid body displacement of system on 

rotation angle, relative coordinates are introduced to reduce the 

dimension of dynamic equation. Taking
1 1 1 2 2b L b L

q r r = − ,

2 1 1 2 2b R b R
q r r = − as relative coordinate, torsional rigid body 

vibration displacement in Eq.(19) can be transformed into: 
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 are equivalent 

meshing mass of left and right helical gear pairs[34]. 

Then, combining with translational vibration displacement 

treated dimensionless, nonlinear dynamic equation of syetem 

after simplification can be written as: 

M C K
D D D D
q q q F                  (26) 

Where, MD, CD, KD, q and FD are mass matrix, damping matrix, 

stiffness matrix,displacement vector and force vector of system, 

respectively.Eq.(26) can be solved by Runge-Kutta method. 



 

6  Influence of different parameters on gear nonlinear dynamic 

characteristics 

Because of various nonlinear factors, vibration of herringbone 

gear system is complicated. The system dynamic characteristics 

will change with the change of parameters[35].Thus,combining 

the global and local analysis methods to study system nonlinear 

characteristics before and after 3d modification under the 

condition that a single parameter is variable and the others are 

invariable can obtain the corresponding diagram of bifurcation, 

MLE, time domain, phase, frequency spectrum and Poincare 

section, which can reflect the system dynamic characteristics 

when specific parameters change. 

6.1  Influence of input power on system dynamic characteristics 

The study of external excitation is of great significance to the 

dynamic behavior of GS. In addition, changing motor current or 

voltage and load resistance can maintain the system stability, 

and external torque can also suppress vibration and noise. The 

external excitation is affected by fluctuation of input torque, 

and input torque is affected by input power according to 

T=9550.P/n. Therefore, taking basic parameters in Table.1 as 

research object, δ=0.5,E=0.1mm(the values are same when 

analyzing the following parameters), varying input power P 

from 10Kw to 2000Kw, the others are shown in Table 3. 

Table.3  Parameter values when input power changes 

Damping 

ratio ζ 

Input speed 

n (rpm) 

Backlash 

2b (m) 

Bearing clearance 

2 (m) 

Error amplitude 

e
r (m) 

0.02 4000 10 5 10 

 

The change curve of the root mean square(RMS) value of the 

relative comprehensive vibration acceleration of left and right 

meshing lines of herringbone gear pair before and after 3d 

modification with the change of P is obtained as shown in 

Fig.14. As can be seen from Fig.14, with the increase of P, 

RMS of acceleration before and after 3d modification changes 

from big to small and then tends to be stable. The jump occurs 

at about 550KW before modification and about 420Kw after 

modification, and the RMS of vibration acceleration after 

modification is greatly reduced. 

 

 

Fig.14  Change curve of RMS of acceleration with input power 

The diagram of system bifurcation and maximum Lyapunov 

exponent(MLE) of dimensionless comprehensive relative 

vibration displacement of left and right meshing lines of 

herringbone gear pair with the change of P before and after 3d 

modification are obtained as shown in Fig.15. As can be seen 

from Fig.15(a), with the increase of P from 10Kw, the system 

shows chaotic motion, and MLE is greater than 0; When P 

reaches about 410Kw, the system bifurcates into twice periodic 

motion, MLE changes from positive to negative, and there is 

jump at about 550Kw and 640Kw; When P reaches 640Kw, it 

enters a stable single periodic motion, and the displacement 

increases continuously, and MLE is less than 0. As can be seen 

from Fig.15(b), after modification, with the increase of P from 

10kW, the system shows chaotic motion, and MLE is greater 

than 0; When P reaches about 360Kw, system bifurcates into 

twice periodic motion, MLE changes from positive to negative, 

and there is jump at about 420Kw; When P increases from 

420Kw to 920Kw, it enters chaotic motion, and there is a 

periodic window; After 920Kw, the system has been in single 

periodic motion, and MLE is less than 0. In contrast, with the 

increase of P, the motion state of system modified undergoes 

the change of “chaos-double period-chaos-single period”, 

showing rich nonlinear vibration characteristics. In addition, 

the modification can eliminate the jump, but increase chaotic 

interval. Therefore, when P must be more than 920Kw, chaotic 

motion can be effectively avoided. 

In order to further describe vibration characteristics shown in 

Fig.15,local analysis method is used to analyze corresponding 

response under specific input power after modification through 

the diagram of time domain, phase, frequency spectrum and 

Poincare section. As shown in Fig.16, when P=50Kw, time 

domain diagram has no periodicity, phase trajectory keeps 

winding and fills a closed area, frequency spectrum diagram is 

a continuous spectrum band, and Poincare section diagram is 

composed of dense points, so the system is chaotic motion; As 

shown in Fig.17,when P= 1500Kw, time domain diagram has 

obvious periodicity, phase diagram is a closed curve, frequency 

spectrum diagram is obviously discrete, and Poincare section 

diagram is a attractor, so the system is a single periodic motion. 

 

 

Fig.15  Diagram of system bifurcation and MLE of dimensionless vibration 

displacement with change of P 



 

 

Fig.16  Diagram of time domain, phase, frequency spectrum and Poincare 

section of relative displacement after modification (P=50Kw) 

 

Fig.17  Diagram of time domain, phase, frequency spectrum and Poincare 

section of relative displacement after modification (P=1500Kw) 

6.2  Influence of input speed on system dynamic characteristics 

The input speed directly affects meshing frequency and error of 

gear pair. When the speed changes, the centrifugal force will be 

different, which will lead to shaft bending and gear distress in 

serious cases.Therefore, it is of great significance to analyze the 

impact of input speed change on system characteristics for its 

stability.Take basic parameters in Table 1 as research object 

varying input speed n from 100rpm to 8000 rpm, the others of 

system are shown in Table 4.  

Table.4  Parameter values when input speed changes 

Damping 

ratio ζ 

Rated load T 

(Nm) 

Backlash 

2b (m) 

Bearing clearance 

2 (m) 

Error amplitude 

e
r (m) 

0.02 500 10 5 10 

 

Obtain the change curve of RMS value of the relative 

comprehensive vibration acceleration of left and right meshing 

lines of herringbone gear pair before and after 3d modification 

with the change of n, as shown in Fig.18. As can be seen from 

Fig.18, with the increase of n, multiple resonance peaks appear 

for system before and after 3d modification, corresponding to 

system resonance frequency and 1/2 resonance base frequency 

respectively, and several jumps appear at low speed. The 

modification can reduce the low-speed vibration of system, and 

increase its high-speed vibration, which has a great impact on 

the high-speed vibration. 

 

Fig.18  Change curve of RMS of acceleration with input speed 

 

Fig.19  Global and local bifurcation diagram of dimensionless vibration 

displacement varying with input speed n 

 

Fig.20  Diagram of MLE of syetem varying with input speed n 

The diagram of global and local bifurcation and MLE of 

dimensionless comprehensive relative vibration displacement 



 

of left and right meshing lines of herringbone gear pair with the 

change of n before and after 3d modification are obtained as 

shown in Fig.19~20. As can be seen from Fig.19~20, with the 

increase of n, the system shows complex and changeable 

bifurcation characteristics, as follows: In Fig.19(a), when n 

increases from 100 rpm to 1000 rpm, the system shows chaotic 

motion and the MLE is greater than 0; And then it is less than 0 

after a short multiple cycle at about 1000 rpm~1440 rpm. Then 

the system enters a short chaotic motion until 1750rpm; From 

1750 rpm to 1940 rpm, it enters a short period motion with a 

peak,and then it enters a chaotic motion again, until about 2200 

rpm, and the MLE is greater than 0. Then it diverges into a short 

2 periodic motion, then enters chaotic motion, then enters 

single periodic motion until 2800 rpm, and then enters chaotic 

motion until 3015 rpm. The system is in single periodic motion 

since about 4000rpm. At about 4650rpm, large resonance peak 

appears, and peak value is about 96.43 m/s2. In Fig.19(b), after 

modification, as n increases from 100rpm to 1000rpm, the 

system shows chaotic motion and MLE is greater than 0; 

However,MLE is less than 0 when it undergoes multiple cycles 

from 1000 rpm to 1478 rpm.Then it enters chaos until 1750rpm; 

From 1750 rpm to 1955 rpm, it enters a short period with a peak, 

and then enters a chaotic movement again, until about 2200rpm, 

and MLE is greater than 0. Then it diverges into a short twice 

periodic motion, then enters chaotic motion.The system enters 

single periodic motion until 2789rpm, then enters periodic 

motion until 3042rpm.it has been in single periodic motion 

since about 4000rpm.At about 5060rpm, a large resonance peak 

appears, and peak value is about 108.3m/s2.In contrast, periodic 

motion exists in chaotic motion before modification, and the 

system motion is very complex. After modification, the chaotic 

region of system will increase, but periodic motion in chaotic 

motion will be eliminated to make system motion regular. In 

addition, above 4000rpm, the system bifurcation characteristics 

can be eliminated by modification. 

To sum up, speed change has a great impact on the system, 

and the nonlinear characteristics of system is very sensitive for 

it, which showing complex and changeable nonlinear vibration 

characteristics.During n varies from 100rpm to 8000rpm, 

system undergos chaotic motion, complex periodic motion, and 

appears many jumps and resonance peaks. The channel into 

chaotic motion can be through jumping and multiple period 

phenomenon, etc. 

Similarly, for Fig.19~20, the local analysis method is used to 

further analyze system motion characteristics under specific 

parameter after modification. As shown in Fig.21,when n= 

1500rpm, time domain diagram has no periodicity, phase 

diagram shows that the several phase lines are intertwined, 

frequency spectrum diagram is a continuous spectrum band, 

and Poincare section diagram shows dense points in pieces, at 

which time system moves in chaos. As shown in Fig.22,when 

n=2200rpm, time domain diagram has no obvious periodicity, 

phase diagram randomly fills a closed area, frequency spectrum 

diagram is a continuous spectrum band, and Poincare section 

diagram is composed of patches of dense points, at which time 

system moves in chaos. As shown in Fig.23, when n=7000 

rpm,time domain diagram is periodic, phase diagram is a closed 

curve, frequency spectrum diagram has obvious discreteness, 

and Poincare section diagram has an attractor, at which time 

system moves in a stable single period.  

 

Fig.21  Diagram of time domain,phase,frequency spectrum and Poincare 

of relative displacement after modification (1500rpm) 

 

Fig.22  Diagram of time domain,phase,frequency spectrum and Poincare of 

relative displacement after modification (2200rpm) 

 

Fig.23  Diagram of time domain,phase,frequency spectrum and Poincare 

of relative displacement after modification (7000rpm) 

6.3  Influence of clearance on system dynamic characteristics 

6.3.1  Backlash 



 

In the actual production, backlash is inevitable. It can not only 

facilitate lubrication, but also make up for the adverse effects of 

manufacturing and installation errors on system transmission. 

Therefore, taking basic parameters in Table 1 as research object, 

ranging backlash 2b from 0m to 100m, and the others as 

shown in Table 5, to study dynamic characteristics of system. 

Table.5  Parameter values when backlash changes 

Damping 
ratio ζ 

Rated load 
T (Nm) 

Input speed 
n (rpm) 

Bearing clearance 

2 (m) 

Error amplitude 

e
r (m) 

0.02 500 4000 5 10 

 

 

Fig.24  Change curve of RMS of acceleration with backlash 

Obtain the change curve of RMS value of the relative 

comprehensive vibration acceleration of left and right meshing 

lines of herringbone gear pair before and after 3d modification 

with the change of 2b, as shown in Fig.24. From Fig.24, with 

the increase of 2b,The RMS value first increases, then 

decreases, and then keeps increasing, with a peak and a jump, at 

about 17m and 23m, respectively. In contrast, the vibration 

acceleration decreases after modification. 

 

 

Fig.25  Global and local bifurcation diagram of dimensionless vibration 

displacement varying with backlash 2b 

 

Fig.26  Diagram of MLE of system varying with backlash 2b 

The diagram of global and local bifurcation and MLE of 

dimensionless comprehensive relative vibration displacement 

of left and right meshing lines of herringbone gear pair with the 

change of 2b before and after 3d modification are obtained as 

shown in Fig.25~26. As can be seen from Fig.25~26, with the 

increase of 2b, the system shows complex bifurcation 

characteristics when backlash is small, and finally it keeps 

increasing in a chaotic state. as follows: In Fig.25(a), when 2b 

increases from 0m to 3m, system shows multiple periodic 

motion, and MLE is less than 0; when 2b is about 3m~7m, 

MLE is greater than 0 and system is chaotic.At 7m, the system 

bifurcates into twice periodic motion and the MLE is less than 0. 

Until 10m, it enters chaotic motion and keeps the state.when 

the MLE is equal to 0, system shows quasi-periodic motion.In 

Fig.25(b), after modification,as 2b increases from 0m to about 

4m, the system is chaotic motion including a 5-fold periodic 

window and MLE is greater than 0;At about 4m~5m, the 

system bifurcates into multiple periodic motion and MLE is 

less than 0; It is in chaos again at about 5m~9m, and the 

MLE is greater than 0; Then it bifurcates into two times 

periodic motion at about 9m until it enters chaotic motion at 

12m and remains the state. To sum up, with the increase of 

backlash 2b, the modification affects system motion state, 

increases system chaotic region, and makes system in a variety 

of periodic motion states. 

 

 
Fig.27  Diagram of time domain,phase,frequency spectrum and Poincare 

of relative displacement after modification (2b=2m) 



 

 

Fig.28  Diagram of time domain,phase,frequency spectrum and Poincare of 

relative displacement after modification (2b=20m) 

Similarly,for Fig.25~26, the local analysis method is used 

to further analyze system motion characteristics under specific 

parameter after modification. As shown in Fig.27, when 2b=2 

m, time diagram is periodic, phase diagram is multiple closed 

curves, frequency spectrum diagram is discrete, and there are 

five attractors in Poincare section, so system moves in five 

times period motion. As shown in Fig.28, when 2b=20 m, 

time domain diagram has no periodicity, phase diagram fills a 

closed region irregularly, frequency spectrum diagram has a 

continuous spectrum band, and Poincare section shows dense 

points in pieces, at which time system is chaotic. 

6.3.2  Bearing clearance 

Due to the limitation of machining accuracy and installation 

level of gearbox, shaft and bearing, GS has inevitably bearing 

clearance,which will make it have complex nonlinear vibration 

characteristics.Therefore, taking basic parameters in Table 1 as 

research object, varying bearing clearance 2 fron 0m to 

100m, and the others are shown in Table 6, to analyze system 

dynamic characteristics. 

Table.6  Parameter values when bearing clearance changes 

Damping 

ratio ζ 

Rated load 

T (Nm) 

Input speed 

n (rpm) 

Backlash  

2b(m) 

Error amplitude 

e
r (m) 

0.02 500 4000 10 10 

 

 
Fig.29  Change curve of RMS of acceleration with bearing clearance 

Obtain the change curve of RMS value of the relative 

comprehensive vibration acceleration of left and right meshing 

lines of herringbone gear pair before and after 3d modification 

with the change of 2, as shown in Fig.29. From Fig.29,with the 

increase of 2, the acceleration RMS increases continuously 

and there is no peak and jump before and after modification. In 

contrast,the system motion state becomes very complicated as 

2 increases, and RMS decreases after modification. 

The diagram of global and local bifurcation and MLE of 

dimensionless comprehensive relative vibration displacement 

of left and right meshing lines of herringbone gear pair with the 

change of 2 before and after 3d modification are obtained as 

shown in Fig.30~31. As can be seen from Fig.30~31, with the 

increase of 2, the system shows very complex bifurcation 

characteristics when 2 is small, finally keeps increasing and in 

a chaotic state before and after modification, as follows: In 

Fig.30(a), when 2 is about 0m~4m, the system moves from 

a single period to a chaotic one and MLE is greater than 0; 

From 4m to 6m,the system bifurcates into 2 times periodic 

motion and MLE is less than 0. From 6m to 9m, it enters 

chaotic motion again and MLE is greater than 0. There is a 

short 2 times periodic motion from 9m to 10m, and from 10 

m to 50m, the system is always in chaotic motion during 

existing periodic motion and MLE is greater than 0. In Fig.30 

(b), after modification, system motion state is relatively regular 

with the increase of 2 .From 0m to 1.40m, system moves in 

multiple periods and MLE is less than 0; From 1.40m to 1.90 

m, the system is transient chaotic motion; From 1.90m~3m, 

the system bifurcates into twice periodic motion and then enters 

chaos. Until about 5m,it becomes twice periodic motion, then 

enters chaos, and then bifurcates into twice periodic motion. 

Until about 11m, system re-enters chaos and MLE is greater 

than 0;From 11m to 50m, the system moves from chaotic 

motion to chaotic motion through twice period and remains. 

To sum up, the system motion state is superimposed by 

periodic motion and chaotic motion before modification, and 

after modification, it changes alternately in multiple periodic 

motion and chaotic motion is relatively regular. 

 

 
Fig.30  Global and local bifurcation diagram of dimensionless vibration 

displacement varying with bearing clearance 2 



 

 
Fig.31  Diagram of MLE of system varying with bearing clearance 2 

 
Fig.32  Diagram of time domain,phase,frequency spectrum and Poincare 

of relative displacement after modification (2 =5m) 

 
Fig.33  Diagram of time domain,phase,frequency spectrum and Poincare 

of relative displacement after modification (2 =40m) 

Similarly,for Fig.30~31, the local analysis method is used 

to further analyze system motion characteristics under specific 

parameter after modification.As shown in Fig.32, when 2=5 

m, time domain diagram is obviously periodic, phase diagram 

is a closed curve, frequency spectrum diagram is discrete, and 

Poincare section diagram has two attractors, at which time the 

system moves twice periodically.As shown in Fig.33, when 2= 

40m, time domain diagram is not periodic, phase diagram is 

irregular and intertwined, frequency spectrum diagram has 

continuous spectral band, and there are dense points in Poincare 

section,at which time system is chaotic. 

6.4  Influence of STE on system dynamic characteristics 

Considering the actual machining accuracy on gear, the static 

transmission error(STE) in this paper mainly refers to the 

comprehensive error composed of tooth shape deviation and 

tooth pitch deviation.System nonlinear dynamic characteristics 

is analyzed by changing its amplitude.Therefore, using basic 

parameters in Table.1, taking error amplitude er is 0m~20m, 

and the others are shown in Table.8. 

Table.8  Parameter values when error amplitude changes 

Damping 

ratio ζ 

Rated load 

T (Nm) 

Input speed 

n (rpm) 

Backlash  

2b(m) 

Bearing clearance 

2 (m) 

0.02 500 4000 10 5 

 

 
Fig.34  Change curve of RMS of acceleration with STE 

Obtain change curve of RMS of relative comprehensive 

vibration acceleration of left and right meshing lines of 

herringbone gear pair before and after 3d modification with the 

change of er, as shown in Fig.34. In Fig.34, with the increase of 

er, the acceleration RMS value increases continuously and has 

no peak before and after modification. It has an upward jump 

about er=2.77m, while after modification, there is a jump 

about er=3.40m.In contrast, the RMS greatly decreases after 

modification, which indicates that modification can reduce the 

inpact of static error on system. 

The diagram of global and local bifurcation and MLE of 

dimensionless comprehensive relative vibration displacement 

of left and right meshing lines of herringbone gear pair with the 

change of er before and after 3d modification are obtained as 

shown in Fig.35-36.In Fig.35~36, the system relative vibration 

displacement on meshing line keeps increasing, which shows 

complex and changeable bifurcation characteristics, and it 

finally keeps increasing in a single cycle motion, as follows:In 

Fig.35(a), when er is about 0m~1.33m, MLE is less than 0 

and system is in multiple periodic motion; At 1.33m~4.5m, 

MLE is greater than 0, and the system is in chaotic motion. At 

about 4.5m, it bifurcates into a twice periodic motion, and 

finally enters a chaotic motion, which contains a periodic 



 

window, and MLE is greater than 0; Until it bifurcates into a 

short twice periodic motion at about 9m, and then enters into a 

chaotic motion at about 10.95m; Finally it bifurcates into a 

single cycle motion at about 13m and remains unchanged and 

MLE is less than 0. In Fig.35(b), after modification, when er is 

about 0m-4m, MLE is less than 0, and the system moves 

with multiple cycles. At about 4m~5.5m, chaotic motion 

occurs, which contains multiple periodic windows. At about 

5.5m~6m, the syetem bifurcates into briefly periodic motion, 

and then enters chaos again; Until at 9m,it is periodic and 

MLE is less than 0; At about 10m, it enters chaotic motion 

again, and becomes moves with multiple cycles at about 12m. 

Until about 14.64m, the system enters chaos again, and it 

bifurcates into a single period motion at about 17m and keeps 

unchanged, and MLE is less than 0. To sum up, modification 

can increase the system period window, delay system to enter 

chaotic motion, and the probability of system entering chaotic 

motion with twice periods is relatively large. 

 

 
Fig.35  Global and local bifurcation diagram of dimensionless vibration 

displacement varying with static transmission error er 

 

Fig.36  Diagram of MLE of system varying with static transmission error er 

Similarly, for Fig.35~36, the local analysis method is used 

to further analyze system motion characteristics under specific 

parameters after modification. From Fig.37, when er=7m,time 

domain diagram is not periodicity, phase diagram has a lot of 

closed curves, which are irregularly intertwined, frequency 

spectrum diagram is an obvious continuous spectrum band, and 

there are patches of dense points in Poincare section diagram,at 

which time system is chaotic motion; As shown in Fig.38, when 

er=19m, time domain diagram has periodicity, phase diagram 

is a closed curve, frequency spectrum diagram is a discrete 

spectrum line, and there is an attractor in Poincare section ,at 

which time the system moves in a single period. 

 

 

Fig.37  Diagram of time domain,phase,frequency spectrum and Poincare 

of relative displacement after modification (er=5m) 

 

Fig.38  Diagram of time domain,phase,frequency spectrum and Poincare 

of relative displacement after modification (er=19m) 

6.5  Influence of damping ratio on system dynamic characteristics 

The damping in GS, including bearing damping and meshing 

damping, is the energy consumption parameter, so it is 

significant to study its influence on nonlinear characteristics. 



 

This paper changes damping ratio ζ to study the impact of gear 

pair meshing damping on system nonlinear characteristics. 

Thus, taking basic parameters in Table1, damping ratio ζ varies 

from 0 to 0.2, and the others are shown in Table 9. 

Table.9  Parameter values when damping ratio changes 

Rated Load 

T  (Nm) 

Input speed 

n  (rpm) 

Backlash 

2b  (m) 

Bearing clearance 

2  (m) 

Error amplitude 

e
r
  (m) 

500 4000 10 5 10 

 

Obtain change curve of RMS of relative comprehensive 

vibration acceleration of left and right meshing lines of 

herringbone gear pair before and after 3d modification with the 

change of ζ, as shown in Fig.39. In Fig.39, with the increase of ζ, 

the acceleration RMS of system decreases continuously, and it 

has no peak and obvious jumping. In contrast, with the increase 

of ζ, the RMS decreases after modification. 

 

 

Fig.39  Change curve of RMS of acceleration with ζ 

 

Fig.40  Global bifurcation diagram of dimensionless vibration 

displacement varying with damping ratio ζ 

The global bifurcation diagram of the dimensionless relative 

comprehensive vibration displacement of the left and right 

meshing lines of herringbone gear pair with the damping ratio ζ 
before and after modification is obtained, as shown in Fig.40. 

From Fig.40, with the increase of ζ, the relative vibration 

displacement of gear pair meshing line decreases continuously. 

In addition, when ζ is about 0~0.05, the system is chaotic;When 

ζ is about 0.05~0.084, the syetem bifurcates into twice periodic 

motion, and then it keeps in single periodic motion. After 

modification, the syetem is chaotic when ζ is about 0~0.027. 

When ζ is about 0.027~0.06,the system bifurcates into twice 

periodic motion, and then it keeps single periodic motion. In 

contrast, with the increase of ζ, the chaotic region of system 

becomes larger, but the chaotic time decreases and the periodic 

motion time increases after modification. 

Similarly, for Fig.40, the local analysis method is used to 

further analyze system motion characteristics under specific 

parameters after modification. As shown in Fig.41, when ζ is 

0.05, time domain diagram has periodicity, phase diagram has 

two closed rings, frequency spectrum diagram has discreteness, 

and Poincare section diagram has two attractors, so the system 

moves twice as periodically. As shown in Fig.42, when ζ is 0.1, 

time domain diagram has obvious periodicity, phase diagram is 

a closed curve, frequency spectrum diagram has a single 

discrete spectral line, and Poincare section diagram has an 

attractor, at which time the system moves in a single period. 

 

 
Fig.41  Diagram of time domain,phase,frequency spectrum and Poincare of 

relative displacement after modification (ζ=0.05) 

 

Fig.42  Diagram of time domain,phase,frequency spectrum and Poincare of 

relative displacement after modification (ζ=0.1) 

7  Conclusions 

Taking a pair of herringbone gear pairs as the object, the 3d 

modified tooth surface equation is determined through the 

grinding principle, and the optimal modification parameters are 



 

determined by ALO.The multi-clearance bending-torsion-axis 

coupling nonlinear dynamic model with stiffness excitation, 

impact excitation and error excitation is established, and the 

influence of system parameters on system nonlinear dynamic 

characteristics is studied. The research results are as follows: 

(1) The standard tooth surface contact has tooth side edge 

contact, the axis non-parallelism error causes the contact path 

to deviate from pitch circle distribution, and the center distance 

error affects the length of contact line;The 3d modification can 

eliminate the tooth end edge contact and the tooth top edge 

contact, and reduce the influence of installation error on the 

contact performance of tooth surface; The LTE amplitude of 

standard tooth surface is 4.194, while it is 1.157 after 

modification and optimization. The fluctuation amplitude is 

reduced by 72.41% and becomes relatively gentle. 

(2) With the increase of input power, input speed, backlash and 

static transmission error, the system has jumping phenomenon, 

while with the increase of bearing clearance and damping ratio, 

there is no jumping phenomenon, and the system vibration is 

reduced after modification and optimization. It can be seen that 

3d modification can achieve the purpose of vibration and noise 

reduction of system. 

(3) Compared with other parameters, the change of input speed 

and static transmission error makes system have complex and 

changeable bifurcation characteristics.The modification can 

reduce the low-speed vibration of system, but increase the high- 

speed vibration of system, which has a great influence on the 

high-speed vibration. With the increase of static transmission 

error, the modification can increase periodic window of system, 

delay system into chaotic motion, and the probability of system 

entering chaotic motion with twice period is relatively large. 

(4) With the increase of input power, the modification can 

eliminate the jump, but increase the chaotic interval;With the 

increase of backlash, the modification increases the chaotic 

region of system and makes system in a variety of periodic 

motion states. Before and after modification, the system shows 

complex bifurcation characteristics when backlash is very 

small and finally increases to chaotic motion; With the increase 

of bearing clearance, the modification makes the system motion 

alternate between multiple periodic motion and chaotic motion, 

and the system motion is more regular.With the increase of 

damping ratio, the chaotic region of system becomes larger 

after modification,but chaotic time decreases and the periodic 

motion time increases. 
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Nomenclature 

GS         Gear system 

TE         Transmission error 

TCA      Tooth contact analysis 

LTCA    Loaded tooth contact analysis 

LTE       Loaded transmission error 

GTE      Geometric transmission error 

ALO     Ant Lion Optimizer 

STE      Static transmission error  

MLE     Maximum Lyapunov exponent 

RMS     Root mean square 
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