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Abstract The transmission dynamics of COVID-19 is
investigated in this study. A SINDy-LM modeling meth-
od that can effectively balance model complexity and
prediction accuracy is proposed based on data-driven
technique. First, the Sparse Identification of Nonlinear
Dynamical systems (SINDy) method is used to discover
and describe the nonlinear functional relationship be-
tween the dynamic terms in the model in accordance
with the observation data of the COVID-19 epidemic.
Moreover, the Levenberg–Marquardt (LM) algorithm
is utilized to optimize the obtained model for improv-
ing the accuracy of the SINDy algorithm. Second, the
obtained model, which is consistent with the logistic
model in mathematical form with small errors and high
robustness, is leveraged to review the epidemic situation
in China. Otherwise, the evolution of the epidemic in
Australia and Egypt is predicted, which demonstrates
that this method has universality for constructing the
global COVID-19 model. The proposed model is also
compared with the extreme learning machine (ELM),
which shows that the prediction accuracy of the SINDy-
LM method outperforms that of the ELM method and
the generated model has higher sparsity.
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1 INTRODUCTION

At the beginning of 2020, Corona Virus Disease 2019
(COVID-19) occurred globally [2,3], and it is currently
spreading worldwide on a large scale. Statistics from
Johns Hopkins University in the United States showed
that nearly 850,000 people have died of COVID-19 and
more than 25,890,000 cases of infection have been con-
firmed in more than 180 countries and regions around
the world as of September 31, 2020. The prediction of
COVID-19 is an important task in the public health
security. It can detect the development trend of the
disease early and improve the predictability of the epi-
demic, which plays an important role in the prevention,
treatment, and health decision making of the disease
[4]. Therefore, the proposal of a universal prediction
method for COVID-19 has important theoretical and
practical significance for the guidance of epidemic pre-
vention and control worldwide based on the develop-
ment of the epidemic situation in China.

Model-driven and data-driven approaches are two
main methods for the spread and prediction of COVID-
19 at present. The traditional epidemiological models
for studying infectious diseases consists of SIR and SEIR
models [1]. Teles used the SIR model to simulate the
MERS epidemic in Korea for assessing the evolution of
the curve of the number of COVID-19 cases in Por-
tugal [5]. Some researchers used the SEIR model to
analyze and identify the transmission dynamics of the
COVID-19. Huang et al. completed the prediction of
the COVID-19 epidemic in some Asian countries based
on the transmission dynamics and universal SEIR model
[4]. Tang et al. derived the basic reproduction number
of COVID-19 through SEIR model analysis [6]. Gaurav
et al. employed the SEIR model and regression method
to analyze and predict the development of the epidemic
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in India [7]. Other researchers have also proposed some
methods to improve and extend the SEIR model. He et
al. used particle swarm algorithm to identify the param-
eters in the SEIR model and introduced seasonal and
random infection parameters [8]. However, the above-
mentioned references ignore that COVID-19 has a long
incubation period and strong infectivity; these charac-
teristics give rise to great difficulty in predicting spe-
cific parameters in the traditional model. If a high-
dimensional complex model is established to reduce the
difficulty of estimation, then some problems such as the
inconsistency of the development trend of the state vari-
ables in the model with the actual data will be induced.

In addition to traditional epidemiological models,
academic circles at home and abroad have proposed
many research methods that use machine learning al-
gorithms to predict the spread of COVID-19 [10]. Javid
used the extreme learning machine (ELM) to make pre-
dictions [11], but some issues such as low prediction ac-
curacy and poor model interpretability still exist. Al-
though machine learning methods have the abovemen-
tioned shortcomings, models based on data-driven meth-
ods in machine learning have been widely employed in
nearly every branch of engineering and applied math-
ematics [12,13]. This framework serves as an alterna-
tive for the discovery of the dynamic equations for con-
trolling the spread of infectious diseases. There have
been some researchs that used data-driven methods to
predict and analyze COVID-19 [14,15,16]. This data-
driven method omits the complicated modeling process,
which avoids the large error caused by parameter iden-
tification and has high practicability and universality
[17,18,19]. Thus, it is often used in system identifi-
cation [20]. However, data-driven modeling usually re-
quires assumptions on the form of the model. Thus, the
results are limited to linear dynamics, which can only
produce valid results near the fixed point of dynam-
ics [21]. In addition, if the data-driven method is used
to establish a model to predict COVID-19, then it is
also prone to problems such as over-fitting and low pre-
diction accuracy in a long time. Therefore, designing a
new data-driven method of the accurate prediction of
the actual observation data of COVID-19, which could
balance the complexity (interpretability) of the model
of COVID-19 and the prediction accuracy, has become
a key research topic and urgently needs a breakthrough
at home and abroad.

The Sparse Identification of Nonlinear Dynamical
systems (SINDy) method uses symbolic regression to
discover and describe the nonlinear function of the rela-
tionship between variables and measured dynamic terms;
this method also utilizes sparse representation to deter-
mine the correlation in an effective and scalable frame-

work model item [17,18,22]. This method has been used
for feature selection and parameter identification of dif-
ferential equations in physical models [19]. It can also
effectively solve the problem that the number of hidden
neurons in the construction of deep neural networks
cannot be determined [20]. Adopting this method to
establish a model of COVID-19 based on data-driven
strategy can effectively avoid errors caused by infec-
tious disease coefficients in the model of COVID-19;
thus, a more accurate prediction result can be obtained.
Moreover, this method has better interpretability than
the other data-driven modeling methods. However, this
data-driven method may have problems of overfitting
and low prediction accuracy. Accordingly, appropriate
and reasonable improvements are needed in order to
derive a more stable optimization method.

Levenberg-Marquardt (LM) algorithm has the ad-
vantages of reducing the probability of falling into a
local minimum value, strong stability, and fast conver-
gence [23]. It has become a standard technique for solv-
ing nonlinear least square problems [24] and has been
employed to optimize the learning process of neural net-
works [25]. However, the accuracy of the LM algorithm
depends heavily on the selection of the initial value [23].
If the SINDy data-driven modeling is combined with
the LM algorithm to optimize the parameters in the
model, then the accuracy of the SINDy algorithm can
be improved first. Second, it can also effectively over-
come shortcoming of the LM algorithm that relies too
much on the initial value. The combination of the two
methods can achieve a more complete review of coun-
tries where the epidemic has ended and make more ac-
curate predictions for countries where the epidemic has
not ended. Thus, this combination can further solve the
problems of determining the turning point of the epi-
demic.

This study presents a method that combines new
data-driven methods with optimization algorithms the
abovementioned discussion. The effect of balancing model
complexity and interpretability simultaneously can be
achieved by combining the SINDy method with the LM
method. Focused on the transmission dynamics of in-
fectious diseases, this study contributes to proposing
a modeling method that can effectively balance inter-
pretability and prediction accuracy based on a data-
driven technique. The proposed modeling method could
review the epidemic situation in Chinese mainland and
predict the epidemic situation in other countries world-
wide.

The paper is organized as follows. In Sect. 2, the
basic principles of the nonlinear dynamic sparse recog-
nition method and the LM algorithm are mainly in-
troduced, and the “SINDy-LM” data-driven modeling
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method that combines the two is proposed. In Sect. 3,
the method is first applied to establish a COVID-19
model suitable for Chinese mainland. This section also
judges the location of the “epidemic turning point” and
the SINDy-LM method is applied to other countries
in the world (Australia, Egypt). Sect. 4 discusses the
robustness of the model and compares the SINDy-LM
method with the ELM algorithm. The last section sum-
marizes the conclusion and discusses the practical sig-
nificance of the method, potential problems, and follow-
up work.

2 Data-driven modeling based on SINDy-LM

In this section, the idea and algorithm procedure of
SINDy method and LM algorithm are introduced in
detail, and the two are combined to complete the es-
tablishment of the model.

2.1 Model setup based on SINDy method

The Sparse Identification of Nonlinear Dynamical sys-
tems (SINDy) method uses sparse regression and pa-
rameter identification to discover the reduced governing
equations correctly from a large number of combined
potential dynamic models. Steven L. Brunton and oth-
ers introduced the background and partial applications
of the SINDy method [17] and elaborated on using the
SINDy method to study models and solve regression
and selection problems [26].

This section introduce the SINDy method proposed
by Steven L. Brunton [26]. The symbols used through-
out the work are given as follows: lowercase letters (such
as x ) represent scalars, and bold lowercase letters (such
as x ) represent vectors; bold uppercase letters (such
as X) define matrices; parentheses emphasize functions
and vector functions (such as f(·)); the relevance of
variables with respect to time, such as x(t), is empha-
sized when necessary.

SINDy method determines the governing equations
in the infectious disease dynamics system by using the
true observation data in many countries. The nonlinear
dynamic system is expressed as Eq. (1):

ẋ(t) = f(x(t)), (1)

where vector x(t) represents the state of the system at
time t, ẋ(t) represents the derivative of x(t) at time t,
and f(x(t)) is the evolution of x(t) with time to rep-
resent constraints of the governing equation in the dy-
namic system. In the established COVID-19 model, the

main research goal is about the evolution of state vari-
ables such as the number of confirmed cases, deaths,
cured cases and close contacts over time.

The specific form of the function f is determined
by the observation data, and it requires collecting the
time history of the state x(t). It needs to collect the
COVID-19 time series data of x(t) at t1, t2, · · · , tm and
construct the relevant numerical matrix Eqs. (2) and
(3):

X =











x
T (t1)

x
T (t2)

...
x
T (tm)











=











x1 (t1) x2 (t1) · · · xn (t1)

x1 (t2) x2 (t2) · · · xn (t2)
...

... . . . ...
x1 (tm) x2 (tm) · · · xn (tm)











↓ time,

→state

(2)

Ẋ =











ẋ
T (t1)

ẋ
T (t2)

...
ẋ
T (tm)











=











ẋ1 (t1) ẋ2 (t1) · · · ẋn (t1)

ẋ1 (t2) ẋ2 (t2) · · · ẋn (t2)
...

... . . . ...
ẋ1 (tm) ẋ2 (tm) · · · ẋn (tm)











,

(3)

where Ẋ is approximated by the numerical differenti-
ation of X, and the data required in X are the obser-
vation data collected from the measurement in the real
world. In this study, x1, x2, · · · , xn will be substituted
into state variables such as the number of confirmed
cases and the number of deaths.

A candidate function library Θ(x) consisting of can-
didate nonlinear functions Eq. (4), where each column
represents the potential candidate of the element in f(·)
to be discovered, is constructed. The function chosen to
fill the library is arbitrary and can be composed of poly-
nomial terms and trigonometric functions. The nonlin-
ear feature library is leveraged to find the least dynamic
term that satisfies Eq. (4); thus, a COVID-19 model is
generated as follows:

Ẋ = Θ(X)Ξ, (4)

Θ(X) =





| | | |

1 X X
P2 X

P3 . . .

| | | |



 , (5)

where element 1 represents a column vector composed
of m ones, element X is defined in Eq. (2), and element
X

P2 is the set of all quadratic polynomial functions
of state vector x. X

P3 is the set of cubic polynomial
functions. The superscript P2 is used to define the set



4 Y.-X. Jiang et.al

of quadratic polynomial functions with a structure as
in Eq. (6):

X
P2 =











x2
1 (t1) x1x2 (t1) · · · x2

2 (t1) · · · x2
n (t1)

x2
1 (t2) x1x2 (t2) · · · x2

2 (t2) · · · x2
n (t2)

...
...

...
...

x2
1 (tm) x1x2 (tm) · · · x2

2 (tm) · · · x2
n (tm)











.

(6)

Each column of Θ(X) represents the candidate func-
tion term on the right side of the equation. A greater
degree of freedom is obtained when selecting coefficients
in this alternative function library. However, other dy-
namic systems such as infectious disease transmission
systems usually have only a few nonlinear terms in
practical applications. Thus, the right side of the equa-
tion has high sparsity in the high-dimensional nonlinear
function space. As emphasized in the literature [26], the
assumption that the algorithm can converge to the true
solution is that only a few elements make up the func-
tion f(·); this way makes it sparse in the space of possi-
ble functions [13]. This sparsity balances the complex-
ity and accuracy of the model. In summary, a sparse
regression problem can be established to determine the
sparse vector of the coefficient matrix for obtaining the
nonlinear effective function term. The objective func-
tion of SINDy is defined by ℓ1 norm regression:

ξ
i
= argmin

ξ̂i

∥

∥

∥
Ẋ− ξ̂iΘ(X)

∥

∥

∥

2
+ λ

∥

∥

∥
ξ̂i

∥

∥

∥

1
, (7)

where ξ
i

collects the coefficients of candidate function
Θ(X), which is the goal of minimization. The number
of vectors is equal to the dimension n of the state vector
with i = 1, · · · , n. Only a few candidate functions are
expected to affect system dynamics; thus, all vectors
are expected to be sparse. Symbols ∥ · ∥1 and ∥ · ∥2 rep-
resent ℓ1 norm and ℓ2 norm, respectively. λ is a scalar
multiplier and element λ

∥

∥

∥
ξ̂i

∥

∥

∥

1
is a regularization term

that penalizes coefficients different from 0 in a linear
manner. It is the real promoter of sparsity in the mini-
mizing problem.

For Eq. (7), convex optimization algorithms such as
least absolute shrinkage and selection operator (LASSO)
can be used to solve. The method of sequential thresh-
old least squares can also be used instead. The sequen-
tial threshold least square method applies sparsity by
“manually” setting all coefficients less than λ to 0 in
an iterative manner. The result is very similar to that
produced by LASSO. For the sake of brevity, this study
takes the latter solution.

After all the sparse vectors are estimated, they can
be collected in the sparse matrix Ξ:

Ξ =





| | |

ξ1 ξ2 · · · ξn
| | |



 . (8)

Given that Ξ is obtained, the model of each row of the
control equation can be constructed as follows:

dxi

dt
= fi(x) = Θ

(

x
T
)

ξi, (9)

where x = (x1, x2, . . . , xn)
T. Unlike the data matrix

Θ(X), Θ(xT) is the sign function vector of element x.
In this way, a complete COVID-19 model is formed:

ẋ = f(x) = Ξ
T
(

Θ
(

x
T
))T

. (10)

According to Eq. (9), the governing equations fol-
lowed by the components in the obtained COVID-19
model can be expressed as

dxi

dt = b0,i + b1,ixi + b2,ix
2
i + b3,ix

3
i + · · · bp,ix

p
i , (11)

where b0,i, b1,i, · · · , bp,i are the elements of in the coef-
ficient matrix Ξ = [ξ1, ξ2, · · · , ξn] with each ξi = (b0,i,

b1,i, · · · , bp,i)
T.

2.2 Optimization of model coefficients with LM
algorithm

The model generated by the SINDy method is more
dependent on the selection of training data, and its ad-
vantage is that it has strong universality and flexibility.
However, this data-driven method have problems with
over-fitting and low prediction accuracy. Thus, appro-
priate and reasonable improvements are needed in order
to derive a more stable optimization method.

The LM algorithm, which is a standard technique
for solving nonlinear least square problems [23,24], has
been used to optimize the learning process of neural
networks [25]. This study combines SINDy method with
LM algorithm to optimize the parameters in the model.

According to the abovementioned SINDy method,
Eq. (4) can be solved as Eq. (10), which is the specific
coefficient matrix Ξ = [ξ1, ξ2, · · · , ξn] of the model.
This study combines the SINDy method with the LM
algorithm to iteratively optimize the items in Ξ for im-
proving the accuracy of the coefficients ξi of each func-
tion in the model. As a result, better prediction results
can be obtained.

The coefficients of each term in the model Eq. (11)
directly obtained by the SINDy method are set as the
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initial value of the iteration, which is set as ξ
(0)
i . Then,

the principle of the iterative procedure is

ξ
(k+1)
i = ξ

(k)
i +∆ξi, (12)

where ξ(k)i is the vector at the k iteration(k = 1, 2, ...,M);
ξ
(k+1)
i is the vector at the k + 1 iteration; ∆ξi is the

variation during the two iterations. Next, assume that

∆ξi = −
[

∇2E (ξi)
]−1

∇E (ξi) , (13)

E(ξi) =
1

2

M
∑

i=1

e2i (ξi), (14)

where E(ξi) is the sum of squared error, ∇E(ξi) is the
gradient, ∇2E(ξi) is the Hessian matrix of E(ξi), and
e(ξi) is the error, as shown in the following equations:

∇E(ξi) =
[

∂E
∂b0,i

∂E
∂b1,i

· · · ∂E
∂bp,i

]T

, (15)

∇2E(ξi) =















∂2E
∂2b0,i

∂2E
∂b0,ib1,i

· · · ∂2E
∂b0,ibp,i

∂2E
∂b1,ib0,i

∂2E
∂2b1,i

· · · ∂2E
∂b1,ibp,i

...
...

...
∂2E

∂bp,ib0,i

∂2E
∂bp,ib1,i

· · · ∂2E
∂2bp,i















. (16)

In the Gauss-Newton method, they are rewritten by

∇2E(ξi) ≈ AT(ξi)A(ξi), (17)

∇2E(ξi) ≈ AT(ξi)A(ξi) + µI. (18)

Among them, I is the identity matrix, µ is the damp-
ing coefficient, and µ > 0 is a constant. A(ξ

(k)
i ) is the

Jacobian matrix, as shown in the following equation:

Ak
∆
= A(ξ

(k)
i ) =

















∂e1(ξ
(k)
i

)

∂b0,i

∂e1(ξ
(k)
i

)

∂b1,i
· · ·

∂e1(ξ
(k)
i

)

∂bp,i

∂e2(ξ
(k)
i

)

∂b0,i

∂e2(ξ
(k)
i

)

∂b1,i
· · ·

∂e2(ξ
(k)
i

)

∂bp,i

...
...

...
∂eM (ξ

(k)
i

)

∂b0,i

∂eM (ξ
(k)
i

)

∂b1,i
· · ·

∂eM (ξ
(k)
i

)

∂bp,i

















.

(19)

In summary, the expression of the LM algorithm is
as Eq.(20) and (21):

∆ξi = −
(

AT
kAk + µI

)−1
AT

k ek, (20)

ξ
(k+1)
i = ξ

(k)
i −

(

AT
kAk + µI

)−1
AT

k ek. (21)

The error function value E(ξ
(k)
i ) needs to be recalcu-

lated and µk needs to be set as the value of µ in the k th
iteration. Suppose ν > 1, if E(ξ

(k+1)
i ) < E(ξ

(k)
i ), make

µk+1 = µk/ν and stop decreasing µ when E(ξ
(k+1)
i ) >

E(ξ
(k)
i ) is satisfied; if E(ξ

(k+1)
i ) > E(ξ

(k)
i ), make µk+1 =

µk ·ν and stop updating µ when E(ξ
(k+1)
i ) < E(ξ

(k)
i ) is

satisfied. Finally, the specific coefficient matrix Ξ
(M) =

[

ξ
(M)
1 , ξ

(M)
2 , . . . , ξ(M)

n

]

after M iterations is obtained,
as well as the optimized COVID-19 model.

3 MAIN RESULTS

3.1 Review work in China

According to the infection cases in Chinese mainland
reported by the National Health Commission of China,
the cumulative number of confirmed cases, cumulative
cures, cumulative deaths, and other epidemic data from
February 25 to June 30, 2020 can be obtained.

On the basis of the proposed modeling method that
combines the SINDy data-driven method and the LM
optimization algorithm introduced above, 47 days of
actual observation data from February 25, 2020 to April
1, 2020 are set as the training set. The data from April
2, 2020 to June 21, 2020 are used as the testing set to
solve the COVID-19 model in Chinese mainland, which
can realize the review and prediction of the epidemic.

By using the epidemic data from Chinese mainland,
the coefficients of each function term at the right side
of Eq. (10) are shown in Table 1.

Table 1 Coefficients of each function item in the COVID-19
model

Function item xi x
2
i

Confirmed cases 0.2204 −2.6790e−6

Deaths 0.1715 −5.6026e−5

Cured cases 0.2123 −5.4154e−6

Close contacts 0.2122 −3.3610e−7

Table 1 shows the coefficients of each function item
at the right side of the governing equation followed
by the cumulative number of confirmed cases, deaths,
cured, and close contacts. The function items repre-
sented by the numbers on the horizontal axis are x, x2,
x3, and x−1. The coefficients of some function terms
have been omitted in the table because they are all
zero.

The results in Table 1 show that the coefficients of
the dynamic terms in the COVID-19 model obtained
using the SINDy-LM method have high sparsity, which
is consistent with the underlying laws followed by other
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infectious disease systems. It also demonstrates that
the model obtained by this method has a certain inter-
pretability compared with the model obtained by the
general neural network algorithm.

Let Nc be the cumulative number of confirmed cases
changing over time and Nd be the number of deaths.
By substituting the data of the cumulative number of
confirmed cases into Eq. (10), the specific expression of
Eq. (11) is obtained by solving

dNc

dt
= b1,1Nc + b2,1N

2
c , (22)

where b1,1 = 0.2391, b2,1 = −3.0234e−6.
Utilize the LM algorithm to iteratively optimize the

coefficients, and obtain the optimized governing equa-
tion:
dNc

dt
= b̂1,1Nc + b̂2,1N

2
c , (23)

where b̂1,1 = 0.2204, b̂2,1 = −2.6790e−6.
By solving Eq. (23), the analytical expression of the

cumulative number of confirmed cases in the model can
be obtained as Eq. (24):

Nc(t) =
α

1 + e−β(t−τ)
, (24)

where α = 82269, β = 0.2204, τ = 30.4959.
By comparing the Eq.(25) and the classic Logistic

model [27],

Nc(t) =
K

1 +
(

K
N0

− 1
)

e−r(t−t0)
, (25)

where K is the population capacity, N0 is the number
of the population at time t0, and r is the growth rate.

The mathematical form of Eq. (24) is exactly the
same as that of Eq. (25). Thus, the mathematical model
followed by the cumulative number of confirmed cases
is the logistic model with K = 82269, r = 0.2204. The
Chinese government employed effective anti-epidemic
policies after the outbreak. Thus, it strictly controlled
the number of people entering and leaving the country.
Therefore, Chinese mainland can be regarded as a unit,
in which the vast majority of cases occurred without
any major “import” or “export” events. Therefore, the
logistic model is indeed suitable for the prediction and
analysis of the development of the epidemic in Chinese
mainland.

The governing equation for the cumulative number
of deaths in the COVID-19 model constructed with the
SINDy-LM method is as shown in Eq. (26),

dNd

dt
= b̂1,2Nd + b̂2,2N

2
d , (26)

where b̂1,2 = 0.1715, b̂2,2 = −5.6026e−5.
The previous analysis shows that the cumulative

number of deaths in China is also consistent with the
logistic model, with model parameters K = 3061.3104,
r = 0.1715. Therefore, the COVID-19 model obtained is
compatible with the traditional empidemiological model
and conforms to the natural law followed by the infec-
tious disease transmission dynamic system.

Compared with the prediction results that directly
uses the logistic model and identifies the parameters,
the SINDy-LM method simplifies the process of ana-
lyzing many assumptions and is obviously more concise
and powerful. Compared with other machine learning
algorithms such as deep neural networks, SINDy-LM
also avoids problems such as the uncertainty of neu-
rons in the hidden layer. The resulting model is more
interpretable.

According to the differential equations (such as Eqs.
(23) and (26)) followed to obtain the state variables,
the results of the review and prediction of the cumula-
tive number of confirmed cases and deaths in Chinese
mainland are shown in Fig. 1. The goodness of fit R2 is
greater than 0.95, which confirms that the model gen-
erated by the SINDy-LM method has high accuracy.
Moreover, the curve trend of the cumulative number of
confirmed cases and deaths obtained is consistent with
the actual trend. The relative error is also within the
controllable range.

As shown in Fig. 1, the left side of the black dotted
line represents the training set data, and the right side
represents the testing set data. The blue solid line is
the true data, and the red dotted line is the predicted
data.

3.2 Forecasting work of the other country

In addition to China, this section also predicts and an-
alyzes the evolution of the epidemic situation in other
countries to verify whether this method is universal in
other areas of the world. From the “Baidu Pandemic
Real-time Big Data Report” website, relevant epidemic
data in Australia and Egypt can be obtained during
the 180 days after the outbreak. Based on the SINDy-
LM method introduced above, the COVID-19 model is
established and solved with the observation data.

The coefficients of the dynamic terms in Eq. (23) of
the COVID-19 model followed in Australia are

b̂1,1 = 0.1637, b̂2,1 = −5.0489e−5.

The figure of the cumulative number of confirmed cases
changing over time is shown in Fig. 3.

The prediction of the number of cumulative cases in
Australia can be obtained using the SINDy-LM method.
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Fig. 1 Review results of Chinese mainland in the COVID-19
model followed by (a) the cumulative number of confirmed cases
and (b) the cumulative number of deaths

The red dotted line in Fig. 3 represents the prediction
result, the blue realization represents the actual data,
the black dotted line is the training set, and the right
part is the testing set. Fig. 3 shows that the results us-
ing this method are consistent with the actual results
on the testing set. The trend of the curve is also roughly
the same as the actual curve trend, and the goodness of
fit R2 is 0.99926. The relative error of the prediction is
small, and the accuracy of the model is high. Similarly,
the dynamic coefficients of the cumulative number of
confirmed cases in Egypt in Eq. (23) are

b̂1,1 = 0.0627, b̂2,1 = −6.3115e−7.

Fig. 4 shows the review and prediction of the epi-
demic in Egypt. The results are in line with the true
situation. The goodness of fit is R2 = 0.99959, which
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Fig. 2 Error bar graph obtained by predicting the cumulative
number of confirmed cases in the next 15 days
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Fig. 3 Prediction results of Australia in the COVID-19 model
(the number of cumulative cases)

shows that the relative error of the prediction results is
also within the controllable range.

The prediction of the COVID-19 epidemic in Aus-
tralia and Egypt shows that the SINDy-LM method can
make accurate review and high-precision predictions on
the development of the epidemic in other countries. The
prediction of the epidemic has some universality.

3.3 Exploring the “epidemic turning point”

According to the foregoing, the cumulative number of
confirmed cases in the dynamics of COVID-19 trans-
mission with the SINDy-LM follows the logistic model,
as shown in Eq. (24). The logistic model follows the “S-
curve”. To find epidemic turning point of the S-curve,
it implies

N ′

c(t) =
r

K
Nc(t)(K −Nc(t)), (27)
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Fig. 4 Prediction of Egypt in the COVID-19 model (the num-
ber of cumulative cases)

N ′′

c (t) =
r

K
N ′

c(t)(K −Nc(t))−
r

K
Nc(t)N

′

c(t)

=
( r

K

)2

Nc(t)(K −Nc(t))(K − 2Nc(t)).
(28)

Because N ′′

c (t) = 0 and 0 < Nc(t) < K, the turning
point should occur at the time when Nc(t) =

K
2 .

The “epidemic turning point” can be predicted from
the abovementioned model. When 45 days of data are
used as the training set, the turning point can be ob-
tained at the time when Nc(t) =

K
2 = 41134 − 41135,

which is around the 31st day from January 10, 2020.
The turning point is February 9, 2020. Compared with
true data, it shows that the actual turning point is
February 11, 2020. Considering that the model has a
certain time lag, this model is more accurate in pre-
dicting the turning point of the epidemic in Chinese
mainland.

The red dot in Fig. 5 is the turning point in Chinese
mainland as determined in this study, that is, the “epi-
demic turning point,” which occurs at the time when
Nc(t) =

K
2 . Fig. 5(a) represents the result using 45-day

data as the turning point of the epidemic situation de-
termined by the training set. Fig. 5(b) represents the
result using 35-day data as the turning point of the
epidemic situation determined by the training set.
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Fig. 5 Epidemic turning point in the COVID-19 model of cu-
mulative cases in Chinese mainland followed by (a) the results
using 35-days data and (b) the results using 45-days data

4 DISCUSSION

4.1 Robustness analysis

We choose actual observation data in different time pe-
riods as the training set to verify the robustness of the
model, and we observe its fitting effect again. In this
study, the goodness of fit is used to measure the degree
of agreement between the model and the actual obser-
vation data. The statistic for measuring the goodness
of fit is the coefficient of determination R2, which is
defined as Eq. (29):

R2 = 1−

∑n

i=1 [yi − ȳ]
2

∑n

i=1 [f (ti)− yi]
2 . (29)
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In Eqs.(29) and (30), f(ti) represents the fitted value,
and yi represents the observed value. According to the
definition of Eq. (29), the model fits the observations
better when R2 is closer to 1. On the contrary, the fit is
worse and the model is unreliable when the value of R2

is smaller. Observational data reveals that the cumu-
lative number of confirmed cases in Chinese mainland
reached the highest peak in a single day on February 11,
2020. The reason is that the government changed the
detection standards, which caused a surge in the num-
ber of infection cases that day, thereby causing an ab-
normality. To avoid such anomalous data interference,
we select the true observation data from February 15,
2020 to April 1, 2020 as the original training set. The
data from April 2, 2020 to June 21, 2020 are used as
the initial testing set. The SINDy-LM method is used
to establish a COVID-19 model, and a function graph
with the coefficient of determination varying with the
amount of data used in the training set is obtained as
shown in Fig. 6(a). According to Fig. 6(a), the coef-
ficient of determination R2 shows an increasing trend
with the amount of data used in the first 40 days. This
result is due to the lack of data in the previous period
and the unstable model. However, R2 has exceeded 0.95
after using 40 days of data. The fluctuation range has
shrunk, and it has remained stable in an infinitely close
range. The model has been very stable and robust after
the testing set data volume exceeds 40 days. This result
implies that the SINDy-LM method only needs to uti-
lize limited data to build a COVID-19 model with high
prediction accuracy. This property has a very positive
effect on the prediction and control of the middle and
late stages of the epidemic.

In addition to the goodness of fit, the mean squared
error (MSE) is often regarded as an important indicator
to measure the prediction results in practical applica-
tions. MSE represents the average of the sum of squares
of the difference between the predicted and true values,
and its mathematical expression is

MSE =
1

n

n
∑

i=1

[f (ti)− yi]
2
. (30)

Given Eq. (30), MSE is not fixed. It will have a
certain change depending on the selected data changes.
We make a chart of MSE with the variation in amount
of data used and also study the changes of accuracy in
the model.

Fig. 6(b) is a figure of the mean square error with
the amount of data used. The mean square error shows
a decreasing trend as the amount of data increases in
the first 35 days. This result is due to the lack of data in
the previous period and the low degree of model fit and
accuracy. As the amount of data increases, the model
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Fig. 6 Robustness analysis of the model followed by (a) varia-
tion in goodness of fit (R2) with the amount of data used and
(b) the variation of mean square error (MSE) with the amount
of data used

tends to stabilize, and the degree of fit and accuracy are
significantly improved. After using 46 days of data, the
mean square error increases slightly. This increase is due
to that the base number of confirmed cases has reached
a large value after 45 days, and the mean square error
is slowly increasing because of its influence. After using
53 days of data, the mean square error has reached a
relatively small value, and it begins to decline slowly.
The accuracy of the model also continues to improve.

4.2 Comparison with other methods (ELM algorithm)

In the prediction of the COVID-19 epidemic, many in-
stitutions use machine learning methods except ana-
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lytical modeling methods to build prediction models
for COVID-19. Among them, Johns Hopkins University
used the method of ELM [11]. The ELM is a learning
algorithm based on single hidden layer feedforward neu-
ral networks (SLFNs), which can omit complex analy-
sis and modeling procedure and simplify calculations.
However, when the original data are mixed with a large
number of noise variables, the classification and regres-
sion accuracy of the ELM algorithm are greatly re-
duced, and the robustness of the obtained model is
poor. In addition, this neural network-based machine
learning algorithm cannot produce a model with inter-
pretability.

To further explore the advantages of the SINDy-LM
method compared with machine learning algorithms,
this study compares the two methods by reviewing and
predicting the epidemic in China.

First, the data of the first 40 days of the epidemic
in China are taken as the training set, and the data
of the last 40 days as the testing set. The activation
function in SLFNs is composed of elementary function
libraries, which must be infinitely differentiable. The in-
put weights and hidden layer deviations of SLFNs can
be randomly assigned according to the relevant the-
ory of ELMs. Therefore, SLFNs can be simply consid-
ered a linear system. We can analytically calculate the
output weights connecting the hidden and output lay-
ers through simple generalized inverse operations of the
hidden layer output matrix to determine the structure
of SLFNs and give the prediction results. The review
and prediction results of the epidemic situation in Chi-
nese mainland by using the ELM method are shown in
Fig. 7.

In Fig. 7, the results in (a) are obtained using the
ELM method to obtain the review and prediction re-
sults of the cumulative number of confirmed cases in
China; those in (b) are obtained using the ELM method
to obtain the review and prediction results of the cumu-
lative number of deaths in China. The red dotted line
represents the prediction result, the blue solid line rep-
resents the true data, the left side of the black dotted
line is the training set, and the right side is the testing
set. The red dotted line represents the prediction result,
the blue solid line represents the actual data, the left
side of the black dotted line is the training set, and the
right side is the test set.

According to the results in Fig. 7, the gap between
the predicted results obtained using the ELM method
and the actual results becomes very large when predict-
ing the cumulative number of confirmed cases and cu-
mulative number of deaths in China in the next 40 days.
Moreover, the development of the cumulative number
of confirmed cases and deaths does not match the facts.
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Fig. 7 Reconsideration results of Chinese mainland using ELM
method followed by (a) the cumulative number of confirmed
cases and (b) the cumulative number of deaths

Similar results are obtained after changing the amount
of data in the training set, which shows that the ro-
bustness of the model is very bad. The relative error
produced by the short-term prediction is quantified and
compared.

Table 2 Relative error of the SINDy-LM method and ELM
method

Forecast days 1 day 3 days 5 days 7 days
SINDy-LM 0.0156 0.041 0.079 0.123

ELM 0.551 0.721 0.891 0.919

Table 2 and Fig. 8 show that the prediction accu-
racy obtained by SINDy-LM method in epidemic pre-
diction outperforms that of the ELM method. However,
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it will also accumulate quickly, and large errors and
instabilities will occur when making long-term predic-
tions. Thus, the accuracy and robustness of the model
are poor. To be brief, the relative error obtained by
the SINDy-LM method is smaller, and it is more sta-
ble over time. Therefore, the obtained model has better
accuracy and robustness.

5 CONCLUSION

In this study, a SINDy-LM method is proposed to model
and study the COVID-19 transmission system, which
balances complexity and prediction accuracy simulta-
neously. First, the prediction results of this method
in Chinese mainland, Australia, and Egypt are given,
which indicate high accuracy and a certain universality
of the derived method. Especially, the studied model
accurately determines that the “ the epidemic turning
point” in China will appear on February 9, 2020. Sec-
ond, the COVID-19 model produced by this method
has strong sparsity, and the result has less fluctua-
tion with the amount of data used. Finally, comparing
the “SINDy-LM” and ELM methods, it can be demon-
strated that the former is better than the latter in
terms of model interpretability and prediction accu-
racy, which plays an important role in providing action
guidelines to do a good job in epidemic prevention and
control under nomal conditions.

This study only considers one dimension when using
the SINDy-LM method for modeling and forecasting. In
the future, we will consider using SINDy-LM method
to solve high-dimension problems. We will also attempt
to apply the SINDy-LM algorithm to the parameter
identification in the traditional analytical modeling to
solve the problem of difficult parameter identification

in classical analytical modeling in order to make up for
the poor interpretability of data-driven modeling at the
same time.
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Figures

Figure 1

Review results of Chinese mainland in the COVID-19 model followed by (a) the cumulative number of
con�rmed cases and (b) the cumulative number of deaths



Figure 2

Error bar graph obtained by predicting the cumulative number of con�rmed cases in the next 15 days



Figure 3

Prediction results of Australia in the COVID-19 model (the number of cumulative cases)

Figure 4

Prediction of Egypt in the COVID-19 model (the number of cumulative cases)



Figure 5

Epidemic turning point in the COVID-19 model of cumulative cases in Chinese mainland followed by (a)
the results using 35-days data and (b) the results using 45-days data



Figure 6

Robustness analysis of the model followed by (a) variation in goodness of �t (R2) with the amount of
data used and (b) the variation of mean square error (MSE) with the amount of data used



Figure 7

Reconsideration results of Chinese mainland using ELM method followed by (a) the cumulative number
of con�rmed cases and (b) the cumulative number of deaths



Figure 8

Relative error of the ELM and SINDy-LM methods varies with time
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