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Abstract The boundary value problem for focusing
Kundu-Eckhaus equation with non-zero boundary con-
ditions is studied by the Dbar dressing method in this

work. A Dbar problem with non-canonical normaliza-
tion condition is introduced to investigate the soliton
solution. The eigenfunction of Dbar problem is mero-

morphic outside annulus with center 0, which is used
to construct the Lax pair of the Kundu-Eckhaus equa-
tion with non-zero boundary conditions, which is a cru-

cial step to further search for the soliton solution. Fur-
thermore, the original nonlinear evolution equation and
conservation law are obtained by means of choosing a

special distribution matrix. Moreover, the N -soliton so-
lutions of focusing Kundu-Eckhaus equation with non-
zero boundary conditions are discussed based on the
symmetries and distribution. As concrete examples, the

dynamic behaviors of the one-breather solution and the
two-breather solution are analyzed graphically by con-
sidering different parameters.
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1 Introduction

The famous focusing Kundu-Eckhaus(KE) equation ad-
mits

iq̂t +
1

2
q̂xx + |q̂|2q̂ + 2β2|q̂|4q̂ − 2iβ(|q̂|2)xq̂ = 0, (1)

where q̂(x, t) is the complex smooth envelop function
with respect to x and t, β is a constant, β2 is the quintic
nonlinear coefficient. The last term represents the Ra-

man effect, which is responsible for the self-frequency
shift. This equation was proposed by Kundu when s-
tuding the gauge connections between different nonlin-

ear systems including Landau-Lifshitz equation [1] and
derivative nonlinear Schrödinger(NLS) type equation-
s [2–4]. It adequately describes the propagation pro-

cess of ultrashort optical pulses in nonlinear optics[5]
and examines the stability of the Stokes wave in weak-
ly nonlinear dispersive matter waves [6]. The focusing

KE equation can be reduced to nonlinear Schrödinger
equation when β = 0. Also Eq.(1) is completely inte-
grable with Lax pair [7,8], soliton collisions [9], soliton

solutions [10], rogue wave solutions [11–15], Darboux
transformation [16] and long time asymptotic [17] etc..

In the past few decades, with the in-depth study in
this field, a series of methods have been developed to

investigate solutions of soliton equations such as the in-
verse scattering transformation [16], Bäcklund transfor-
mations [19], Painlevé test [18], Hirota’s bilinear method [20–

22], Darboux transformations [23,24], ∂̄-dressing method [25–
29], Riemann-Hilbert method [30–32] and other theo-
retical methods [33–37]. Among them, it is well known

that the ∂̄-dressing method is a fairly powerful and fun-
damental, at the same time, simple method for the con-
struction of exact solution of integrable nonlinear equa-

tion. Although the Riemann-Hilbert problem could be
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applied as well for this aim but, in our opinion, the

∂̄-dressing method is the most transparent and leads
directly to the final results instead of analyzing the an-
alytic regions. The essentials of this ∂̄-dressing method

have been explored and developed in the papers of Za-
kharov and Manakov [26,38] and books [39,40]. The D-
bar dressing method is a powerful tool to study the the

nonlinear integrable equations, such as one dimensional
equations [41,42,28], two-dimensional equations [43,46,
44,45,27,47,48], etc.. Although the nonlinear integrable

equations with zero and nonzero boundary conditions
have been well studied by inverse scattering transfor-
mation or the Riemann-Hilbert approach [49–56]. To

our knowledge, few integrable equations with non-zero
boundary are studied including the Kundu-Eckhaus e-
quation by Dbar dressing method. In this paper, we

discuss the solutions of Kundu-Eckhaus equation with
non-zero boundary conditions.

The Lax pair of the focusing KE equation (1) is

Ψ̂x + ikσ3Ψ̂ = (Q̂− iβQ̂2σ3)Ψ̂ , (2)

Ψ̂t + ik2σ3Ψ̂ =
1

2
(V̂ + 4iβ2Q̂4σ3 − β(Q̂Q̂x − Q̂xQ̂))Ψ̂ ,

(3)

with

Q̂ =

(

0 q̂
−q̂∗ 0

)

, σ3 =

(

1 0
0 −1

)

,

and V̂ = −2kQ̂−2βQ̂3−i(Q̂2+Q̂x)σ3 , k is the spectra
parameter.

Take the transformation

φ(x, t, k) = e−iβ
∫
|q̂|2dxσ3Ψ̂(x, t, k), (4)

then the Lax pair (2) can be transformed into the fol-
lowing Lax pair

φx + ikσ3φ = Qφ, (5)

φt + ik2σ3φ =
1

2
V φ, (6)

with

Q = e−iβ
∫
|q̂|2dxQ̂ =

(

0 q

−q∗ 0

)

,

V = e−iβ
∫
|q̂|2dxV̂ = 2kQ− i(Q2 +Qx)σ3, (7)

where q = q̂e−iβ
∫
|q̂|2dx.

Introducing the following transformation

q(x, t) = ρeiq
2
0t, φ = eiq

2
0σ3t/2ψ, (8)

where ρ is a constant, and |ρ| = q0 ̸= 0. Based on
the above explanation, the equivalent Lax pair can be

written as the following linear system

ψx = Xψ, ψt = Tψ, (9)

where

X = −ikσ3 +Q,

T = −ik2σ3 + kQ−
1

2
σ3Qx −

i

2
(Q2 + q20)σ3, (10)

where Q =

(

0 q
−q∗ 0

)

.

It is not hard to find that the eigenvalues of the ma-

trix X0 = X(q = ρ) are ±iλ. Since these eigenvalues
are doubly branched, we introduce the two-sheeted Rie-
mann surface defined by λ2 = k2 + q20 , which is glued

two copies of the complex plane S1 and S2 along the
segment [−iq0, iq0], the branch points are k = ±iq0.
Therefore, on the Riemann surface, λ is a single-valued

function of k, which consists of two single-valued an-
alytic branches with the distinction of function value
by a negative sign. Thus, let us introduce local polar

coordinates on S1,

k + iq0 = r1e
iθ1 , k − iq0 = r2e

iθ2 ,

−
π

2
< θ1, θ2 <

3π

2
, (11)

the two single-valued analytic functions on the Riemann
surface can be written as

λ(k) =

{

(r1r2)
1
2 ei

θ1+θ2
2 , on S1,

−(r1r2)
1
2 ei

θ1+θ2
2 , on S2.

(12)

To ensure that the eigenvalue λ is single-valued, let us

introduce a uniformization variable

z = k + λ, (13)

to obtain two corresponding single-value functions

k(z) =
1

2
(z −

q20
z
), λ(z) =

1

2
(z +

q20
z
). (14)

Hence, the eigenfunction of the spectra problem (10)
as q = ρ can be given as (I − i

zσ3Q0)e
iθσ3 , where

Q0 =

(

0 ρ
−ρ∗ 0

)

, θ(x, t, z) = −λ(z)(x+ k(z)t). (15)

The Dbar problem is considered in the extended
complex z plane. In Sec.II, we construct a ring with
center at 0, which is 0 and ∞ outside the ring. We

introduce the Proposition 1 to fulfill the Dbar dress-
ing. The Dbar problem with normalization conditions
is equivalent to an inhomogeneous integral equation.

In Sec.III, in order to construct the relation between
the nonlinear equation and the solution of the Dbar
problem, we establish the Lax pair of the KE equa-

tion under the nonzero boundary conditions. In Sec.IV,
based on the distribution and spectra problem, we ob-
tain the deformation nonlinear equation of KE equation

and conservation law. In Sec.V, the N -soliton solution
with nonzero boundary conditions are obtained and we
give the one soliton solution and its figure with different

parameters. The conclusion is given in the end.
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(a) (b) (c)

Fig. 1: (color online). Plots of the breather solutions with the fixed parameters ρ = 1, c1 = e3+2i. (a): the breather
wave solution with ξ1 = −5i. (b): the density plot corresponding to (a). (c): the contour line of the breather
solution corresponding to (a).

(b)(a) (c)

Fig. 2: (color online). Plots of the breather solutions with the fixed parameters ρ = 0.01, C1 = e3+2i. (a): the
breather wave solution with ξ1 = −5i. (b): the density plot corresponding to (a). (c): the contour line of the
breather solution corresponding to (a).

2 Dbar dressing for KE equation with nonzero

boundary condition

We consider a matrix Dbar problem

∂̄ψ(x, t, z) =
∂ψ(x, t, z)

∂z̄
= ψ(x, t, z)r(z), z ∈ C \ {0},

(16)

where ψ(x, t, z) and r(x, t, z) are 2×2 matrix, the distri-
bution r(z) is independent of x and t. From the expres-
sion of the eigenfunction, we have the following non-

canonical normalization conditions

ψ(x, t, z) ∼ eiθσ3 , z → ∞;

ψ(x, t, z) ∼ −
i

z
σ3Q0e

iθσ3 , z → 0. (17)

We introduce a new function

ψ̂(x, t, z) = ψ(x, t, z)e−iθσ3 , (18)

then it satisfies the boundary condition

ψ̂(x, t, z) ∼ I, z → ∞;

ψ̂(x, t, z) ∼ −
i

z
σ3Q0, z → 0. (19)

We can also obtain the generalized Cauchy integral for-
mula

ψ̂(z) =
1

2πi

∫

ΓR+Γ−

ε

ψ̂(k)

k − z
dk

+
1

2πi

∫ ∫

ε<|k|<R

∂̄ψ̂(k)

k − z
dk ∧ dk̄, (20)

where ΓR and Γε are oriented circle with center at origin

of z plane and radius R and ε, respectively, i.e., ΓR =
{z | |z| = R} and Γε = {z | |z| = ε} and Γ−

ε denotes
a counter taking the negative direction of the circle Γε.

For simplicity, let’s denote the first term of the above
equation (20) as N (ψ), that is

ψ̂(z) = N (ψ) + Jψ̂(z) = I −
i

z
σ3Q0 + Jψ̂(z), (21)
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where

Jψ̂(z) =
1

2πi

∫ ∫

ε<|k|<R

ψ̂(k)eiθσ3r(k)e−iθσ3

k − z
dk ∧ dk̄,

(22)

when R→ ∞ and ε→ 0.
We can obtain the following asymptotic behaviors

about ψ from(21)

ψ(x, t, z) = (I +
∞
∑

l=1

al(x, t)z
−l)eiθσ3 , z → ∞, (23)

ψ(x, t, z) = (

∞
∑

m=−1

bm(x, t)zm)eiθσ3 , z → 0, (24)

where

al(x, t) = −iδl,1σ3Q0

−
1

2πi

∫ ∫

C\0

ψ(z)r(z)e−iθσ3zl−1dz ∧ dz̄, l = 1, 2, . . . , (25)

bm(x, t) =
{

−iδl,1σ3Q0, m = −1,

δm,0 +
1

2πi

∫ ∫

C\0
ψ(z)r(z)e−iθσ3z−m−1dz ∧ dz̄,m ≥ 0.

(26)

We have noted that the coefficients al(x, t) and bm(x, t)
are not independent about the symmetry condition

ψ = −
i

z
ψ(x, t,−

q20
z
)σ3Q0, (27)

then we have

b−1 = −iσ3Q0; bm−1 = −
i

(−q20)
m
amσ3Q0. (28)

Proposition 1 : Suppose that f(z) satisfies the fol-
lowing asymptotic behaviors

f(z) =
m
∑

j=1

am−j

zj
+O(1), z → 0, (29)

f(z) =

n
∑

j=0

bjz
j +O(1/z), z → ∞, (30)

then we have

1

2πi

∮

ΓR+Γ−

ε

f(z)

k − z
dk =

m
∑

j=1

am−j

zj
+

n
∑

j=0

bjz
j , (31)

for the circle ΓR = {z | |z| = R} and Γε = {z | |z| = ε},
where R→ ∞ and ε→ 0.

Proof There exist ε and R which satisfy 0 < |z| <
2ε and |z| > R/2 in (29) and (30), such that the func-
tion f(z) can be expressed as

f(z) =

m
∑

j=1

am−j

zj
+

∞
∑

l=0

alz
l, 0 < |z| < 2ε, (32)

f(z) =
n
∑

j=0

bjz
j +

∞
∑

l=1

bl
zl
, |z| > R/2. (33)

We introduce F1(z) =
∑m

j=1
am−j

zj and H1 =
∑∞

l=0 alz
l

to represent the nonanalytic part and the analytic part
of the function f(z) with |z| → 0. In a similar way, we
mark F2(z) =

∑n
j=0 bjz

j and H2 =
∑∞

l=1
bl
zl to denote

the corresponding nonanalytic and the analytic part of
the function f(z) with |z| → ∞, respectively. According
to the Cauchy formula, we have

1

2πi

∮

Γ−

ε

f(z)

k − z
dk

=
1

2πi

∮

Γ−

ε

F1(ξ)

ξ − z
dξ +

1

2πi

∮

Γ−

ε

H1(ξ)

ξ − z
dξ,

=
1

2πi

∮

Γ−

ε

F1(ξ)

ξ − z
dξ = F1(z) =

m
∑

j=1

am−j

zj
, |z| > ε, (34)

and

1

2πi

∮

ΓR

f(z)

k − z
dk

=
1

2πi

∮

ΓR

F2(ξ)

ξ − z
dξ +

1

2πi

∮

Γ−

ε

H2(ξ)

ξ − z
dξ,

=
1

2πi

∮

ΓR

F2(ξ)

ξ − z
dξ = F2(z)

=

n
∑

j=0

bjz
j , 0 ≠ |z| < R. (35)

Therefore, it is easy to find that the relation (31) holds.

�

3 Lax pair of KE equation with nonzero

boundary condition

In order to construct the relation between the potential
of KE equation and the solution of the Dbar problem,

the Lax pair of the KE equation is necessary to discuss.
For this purpose, it is important to search for two sets
of operator which have same normalization conditions.

The Dbar dressing method is based on the assuming
that the homogeneous equation of (21) only has the
zero solution, that is to say

(I − J)f(z) = 0 ⇒ f(z) = 0. (36)

Now we introduce the solution space of the Dbar
problem (16) as follows

F = {ψ|∂̄ψ(x, t, z) = ψ(x, t, z)r, z ∈ C {0}}. (37)

According to the expression (21), we can known that
N (ψ) = I − i

zσ3Q0. In particular, let ψ(x, t, z) ∈ F
and (21) implies that N (ψ1(x, t, z)) = N (ψ2(x, t, z)) ⇔
ψ1(x, t, z) = ψ2(x, t, z), if ψ1(x, t, z), ψ2(x, t, z) ∈ F .
In fact, the result can be used to construct the Lax
pair of KE equation. There is an indisputable fact that

Aψx + Bψt + Cψ ∈ F if ψ ∈ F where A,B and A are
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(b)(a) (c)

Fig. 3: (color online). Plots of the breather solutions with the fixed parameters ρ = 1, C1 = e3+2i. (a): the breather
wave solution with ξ1 = 1 − 5i. (b): the density plot corresponding to (a). (c): the contour line of the breather
solution corresponding to (a).

(b)(a)
(c)

Fig. 4: (color online). Plots of the breather solutions with the fixed parameters ρ = 0.01, C1 = e3+2i. (a): the
breather wave solution with ξ1 = 1 − 5i. (b): the density plot corresponding to (a). (c): the contour line of the
breather solution corresponding to (a).

some 2 × 2 matrices. On the one hand, to obtain the
spatial linear spectra problem, let’s start from (23) at
z → ∞, then

ψx = (−
i

2
σ3z −

i

2
a1σ3 +O(

1

z
))eiθσ3 , (38)

−ikσ3ψ = −
i

2
(σ3z + σ3a1 +O(

1

z
))eiθσ3 , (39)

i

2
[σ3, a1]ψ = (

i

2
[σ3, a1] +O(

1

z
))eiθσ3 , (40)

where [σ3, a1] = σ3a1 − a1σ3. We can observe that

−ikσ3ψ +
i

2
[σ3, a1]ψ

= −
i

2
(σ3z + a1σ3 +O(

1

z
))eiθσ3 , (41)

which implies that ψx and −ikσ3ψ + i
2 [σ3, a1]ψ share

the same principal part at z → ∞.

Now, in a similar way, we consider the asymptotic
behavior at z → 0,

ψx=[−
i

2
(b−1q

2
0σ3z

−2+b0q
2
0σ3z

−1)+O(1)]eiθσ3 , (42)

−ikσ3ψ=[
i

2
(q20σ3b−1z

−2+q20σ3b0z
−1)+O(1)]eiθσ3,(43)

−
i

2
q20(σ3b0 + b0σ3)b

−1
−1ψ

= [−
i

2
q20(σ3b0 + b0σ3)z

−1 +O(1)]eiθσ3 , (44)

which demonstrate that

−ikσ3ψ −
i

2
q20(σ3b0 + b0σ3)b

−1
−1ψ

= [−
i

2
(b−1q

2
0σ3z

−2 + b0q
2
0σ3z

−1) +O(1)]eiθσ3 , (45)

by observing, we can find that ψx and−ikσ3ψ+
i
2 [σ3, a1]ψ

also share the same principal part at z → 0.
Furthermore, from (28),we can know that the term

− i
2q

2
0(σ3b0 + b0σ3)b

−1
−1ψ = i

2 [σ3, a1] holds, then we can
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obtain N (ψx) = N (−ikσ3ψ + i
2 [σ3, a1]ψ) = − i

2σ3z −
i
2a1σ3−

i
2q

2
0(b−1σ3z

−2+b0σ3z
−1) in virtue of the Propo-

sition 1 and definition of N (ψ), which implies the spa-
tial linear spectral problem

ψx = −ikσ3ψ +Qψ, Q =
i

2
[σ3, a1]. (46)

On the other hand, we will deduce the temporal

linear spectra problem in similar to the process of the
spatial linear spectra problem. Firstly, we consider the
asymptotic behavior at z → ∞ by means of (23), we

have

ψt = [−
i

4
(z2σ3 + a1zσ3 + a2σ3) +O(

1

z
)]eiθσ3 , (47)

−ik2σ3ψ = [−
i

4
(σ3a1z + σ3a2)−

i

4
σ3z

2

+
i

2
q20σ3 +O(

1

z
)]eiθσ3 , (48)

kQψ =
1

2
(Qz +Qa1 +O(

1

z
))eiθσ3 , (49)

i

2
(Qx +Q2 − q20)σ3ψ

= [
i

2
(Qx +Q2 − q20)σ3 +O(

1

z
)]eiθσ3 . (50)

Also we have

−ik2σ3ψ + kQψ +
i

2
(Qx −Q2 − q20)σ3ψ

= (−
i

4
a1σ3z −

i

4
σ3z

2 −
i

4
a2σ3 +O(

1

z
))eiθσ3 , (51)

which implies ψt and −ik2σ3ψ + kQψ + i
2 (Qx − Q2 −

q20)σ3ψ share the same pricipal part at z → ∞.

Similar to the process of spatial and temporal spec-
tral problems, we can calculate the asymptotic behavior
at z → 0, from (24), we have

ψt = [
i

4
q40(b−1z

−3σ3 + b0z
−2σ3 + b1z

−1σ3)

+O(1)]eiθσ3 , (52)

−ik2σ3ψ + kQψ +
i

2
(Qx −Q2 − q20)σ3ψ

= [
i

4
q40(b−1z

−3σ3 + b0z
−2σ3 + b1z

−1σ3)

+O(1)]eiθσ3 . (53)

It’s easy to find that ψt ∈ F and obtain the relation

N (ψt) = −
i

4
(z2σ3 + a1zσ3 + a2σ3)

+
i

4
q40(b−1z

−3σ3 + b0z
−2σ3 + b1z

−1σ3), (54)

on account of the (47) and (52). For the same reason,
we can find

N (−ik2σ3ψ + kQψ +
i

2
(Qx −Q2 − q20)σ3ψ)

= −
i

4
(z2σ3 + a1zσ3 + a2σ3)

+
i

4
q40(b−1z

−3σ3 + b0z
−2σ3 + b1z

−1σ3), (55)

according to the formulas (51) and (53). We can further

simplify to the temporal linear spectra problem

ψt = −ik2σ3ψ + kQψ +
i

2
(Qx −Q2 − q20)σ3ψ. (56)

Moreover, for the sake of the solution of KE equa-
tion with nonzero boundary condition, we introduce the

symmetry condition about the matrix Q, then the sym-

metry relation σQ∗σ = Q holds where σ =

(

0 −i
i 0

)

.

Furthermore, we can obtain σX∗(x, t, z∗)σ = X by
means of X = −ikσ3 +Q. The eigenfunction ψ(x, t, z)
not only satisfy the symmetry (27) but also satisfy an-

other symmetry condition

ψ(x, t, z) = σψ∗(x, t, z∗)σ, (57)

for the linear system (46) and (56).

4 KE equation and conservation law

In this subsection, we are going to construct KE equa-
tion and its conservation law from the Dbar problem.

Firstly, we suppose the matrix R(x, t, z) has the zero di-
agonal part and Rt = −iλ(z)k(z)[σ3, R] = pσ3R, where
p = −2iλ(z)k(z).

From the Dbar problem (16) and (18), the new Dbar
problem is determined

∂̄ψ̂(x, t, z) = ψ̂(x, t, z)R(x, t, z), z ∈ C \ {0}, (58)

where R = eiθσ3re−iθσ3 , and the associated solution
space is defined as F̂ . It can be easily verified that if

ψ̂ ∈ F̂ , we can find the relationH(x, t, z)ψ̂ ∈ F̂ and ψ̂t+
1
2pψ̂σ3 ∈ F̂ , where H(x, t, z) =

∑M
n=−M Hn(x, t)z

n,
where n,M ∈ N .

Then the matrix function ψ̂ is a solution of (58) and
possess the asymptotic behaviors

ψ̂(x, t, z) =
∞
∑

l=0

al(x, t)z
−l, z → ∞, (59)

ψ̂(x, t, z) =
∞
∑

m=−1

bm(x, t)zm, z → 0, (60)

where the coefficient al and bm has been shown in (25)

and (26), respectively. The linear system about ψ̂t can
be written as

ψ̂t(x, t, z) +
1

2
pψ̂σ3 = T ψ̂, (61)

where T = −ik2σ3 + kQ+ i
2 (Qx −Q2 − q20)σ3.

In fact, the Abel formula can be used to achieve

∂̄ det ψ̂(x, t, z) = 0, z ∈ C \ {0}, (62)
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Fig. 5: (color online). Plots of the breather solutions with the fixed parameters ρ = 1, ξ1 = 2.5i. (a): the two-

breather wave solution. (b): the density plot corresponding to (a). (c): the contour line of the two-breather solution
corresponding to (a).

Fig. 6: (color online). Plots of the breather solutions with the fixed parameters ρ = 0.1, ξ1 = 2.5i. (a): the two-
breather wave solution. (b): the density plot corresponding to (a). (c): the contour line of the two-breather solution
corresponding to (a).

Fig. 7: (color online). Plots of the breather solutions with the fixed parameters ρ = 0.01, ξ1 = 2.5i. (a): the
two-breather wave solution. (b): the density plot corresponding to (a). (c): the contour line of the two-breather

solution corresponding to (a).
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which implies that the det ψ̂(x, t, z) is analytic in z ∈
C\{0}. The Cauchy integral formula and the asymptotic
behaviors about ψ̂ can be used to receive

det ψ̂(x, t, z) =
1

2πi

∮

ΓR+Γ−

ε

det ψ̂(x, t, z)

k − z
dk

= lim
R→∞

1

2πi

∮

ΓR

1

k − z
dk

− lim
ε→0

1

2πi

∮

Γ−

ε

q20
(k − z)k2

dk = 1−
q20
z2

= γ. (63)

We have γψ̂−1 = σψ̂Tσ for z ̸= ±iq0. Furthermore, we

can obtain the following expression by (61)

ψ̂t(x, t, z)σψ̂
T (x, t, z)−

i

2
p(x, t, z)Ψ(x, t, z) = γT (x, t, z)σ,

(64)

where Ψ = ψ̂σ1ψ̂
T and σ1 =

(

0 1
1 0

)

. Note that Ψ has

the asymptotic behavior as z → ∞

Ψ(x, t, z) =

∞
∑

n=0

Ψn(x, t)

zn
, z → ∞, (65)

where

Ψn(x, t) =
n
∑

m=0

am(x, t)σ1a
T
n−m(x, t), n ≥ 1;Ψ0 = σ1.

(66)

When z → 0, the asymptotic behavior of Ψ can also be
calculated

Ψ(x, t, z) =
∞
∑

n=−2

Ψ̃n(x, t)z
n, z → 0, (67)

where

Ψ̃n(x, t) =
n+1
∑

m=−1

bm(x, t)σ1b
T
n−m(x, t), n ≥ −1;

Ψ̃−2 = b−1σ1b
T
−1 = −q20σ1. (68)

In order to find the Kundu-Eckhaus equation we
substitute (61) and (65) into (64) and discuss theO(z−1),
we can obtain

a1,t(x, t) = −q20Q+
1

4
Ψ3σ. (69)

Because a1(x, t) is the function of potential function Q,

we can find the relation of Ψ3 in regard of Q. Making
use of the spatial linear spectral problem(46) and the
relation between ψ and ψ̂, there is also a linear problem

ψ̂x(x, t, z) = iλψ̂σ3 − ikσ3ψ̂ +Qψ̂, (70)

which implies Ψ(x, t, z) admits the linear problem

Ψx(x, t, z) = −ikσ3Ψ +QΨ − ikΨσ3 + ΨQT . (71)

From the expression (71), we can find the diagonal

Ψ [d]
x (x, t, z) = −2ikσ3Ψ

[d] +QΨ [o] + Ψ [o]QT (72)

and off-diagonal parts

Ψ [o]
x (x, t, z) = QΨ [d] + Ψ [d]QT (73)

where Ψ [d] and Ψ [o] denote the diagonal and off-diagonal
matrix of Ψ . Then let’s substitute the expansion (65)
into the above two expressions at z → ∞,

−iσ3Ψ
[d]
1 (x, t, z) + 2Qσ1 = 0,

−iσ3Ψ
[d]
2 (x, t, z)− Ψ

[d]
1,x(x, t, z) +QΨ

[o]
1 (x, t, z)

+Ψ
[o]
1 (x, t, z)QT = 0,

· · · ,

−iσ3Ψ
[d]
n+1(x, t, z)− Ψ [d]

n,x(x, t, z) + iσ3q
2
0Ψ

[d]
n−1(x, t, z)

+QΨ [o]
n (x, t, z) + Ψ [o]

n (x, t, z)QT = 0, (74)

and

Ψ [o]
n,x(x, t, z)−QΨ [d]

n (x, t, z)− Ψ [d]
n (x, t, z)QT = 0, (75)

n = 1, 2, 3, · · · .

Therefore, we can find all Ψn(n = 1, 2, · · · ) based on
the recurrent formula,

Ψ
[d]
1 (x, t, z) = −2Qσ, Ψ

[o]
1 (x, t, z) = 0,

Ψ
[d]
2 (x, t, z) = 2Qxσ1, Ψ

[o]
2 (x, t, z) = (2Q2 + q20)σ1,

Ψ
[d]
3 (x, t, z) = 2Qxxσ − 4(Q2 + q20)Qσ,

Ψ
[o]
3 (x, t, z) = 2(QQx −QxQ)σ,

· · · . (76)

According to the off-diagonal part of (69), we can

obtain the nonlinear evolution equation

iσ3Qt +
1

2
(Qxx − 2Q3) = 0, (77)

which is the deformed form of the KE equation. We can
obtain the original KE equation (1) by means of the
transformation q = q̂e−iβ

∫
|q̂|2dx. Moreover, the conser-

vation law has been calculated as

i(q20 + |q|2)t =
1

2
(q̄qx − qq̄x)x. (78)

The nonlinear evolution equation and the conserva-
tion law can also be deduced from (64) in virtue of the
expansion (67) and the symmetry condition (27) when

z → 0.
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Fig. 8: (color online). Plots of the breather solutions with the fixed parameters ρ = 1, ξ1 = −2.5i. (a): the two-
breather wave solution. (b): the density plot corresponding to (a). (c): the contour line of the two-breather solution
corresponding to (a).

Fig. 9: (color online). Plots of the breather solutions with the fixed parameters ρ = 0.1, ξ1 = −2.5i . (a): the
two-breather wave solution. (b): the density plot corresponding to (a). (c): the contour line of the two-breather
solution corresponding to (a).

5 soliton solutions of KE equation

In this section, we will establish the N-soliton solution

of the KE equation based on the Dbar problem. Ac-
cording to expression of Q = i

2 [σ3, a1] in (46), we have

Q=Q0−
1

4π
[σ3,

∫ ∫

C\0

ψ̂(z)eiθσ3r(z)e−iθσ3dz∧dz̄], (79)

where the function ψ̂(z) has been defined in (18) and

satisfies the integral equation (21). It is not hard to find
the distribution r(z) in C\0 has the symmetries

r(z) = σr̄(z̄)σ, r(z) = (σ3Q0)
−1r(−

q20
z
)σ3Q0, (80)

in view of (27) and (57).

Proposition 2 : Suppose that ζj are 2N discrete
spectra in complex plane C. Based on the symmetry
conditions, the distribution r(z) is chosen as following

form

r(z) = π
2N
∑

j=1

(

0 c̄jδ(z − ζ̄j)

−cjδ(z − ζj) 0

)

(81)

where cj is a constant and

ζj = zj , ζj+N = −
q20
z̄j
, j = 1, 2, · · · , N. (82)

Then the N-soliton solution of the KE equation with
nonzero boundary condition is

q = ρ− i
detMa

detM
, M = I +ΩΩ̄ (83)

where Ma is a (2N + 1)-order matrix defined by

Ma =

(

0 ḡ
fT M

)

, Ω = (Ωnj), Ωnj =
gj

ζj − ζ̄n
,

g = (g1, g2, · · · , g2N ), f = (f1, f2, · · · , f2N ),

gj = e−2iθ(ζj)cj , fn = 1− i
2N
∑

j=1

Ωjn
ρ

ζj
, (84)

n, j = 1, 2, · · · , 2N.

Proof

Substituting (81) into (79), we can find the solution
of the KE equation

q = ρ+ i
2N
∑

j=1

c̄je
2iθ(ζ̄j)ψ̂11(ζ̄j). (85)
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Fig. 10: (color online). Plots of the breather solutions with the fixed parameters ρ = 0.01, ξ1 = −2.5i . (a): the

two-breather wave solution. (b): the density plot corresponding to (a). (c): the contour line of the two-breather
solution corresponding to (a).

Fig. 11: (color online). Plots of the breather solutions with the fixed parameters ρ = 1, ξ1 = −1 + 2.5i . (a): the

two-breather wave solution. (b): the density plot corresponding to (a). (c): the contour line of the two-breather
solution corresponding to (a).

Fig. 12: (color online). Plots of the breather solutions with the fixed parameters ρ = 0.1, ξ1 = −1 + 2.5i . (a): the
two-breather wave solution. (b): the density plot corresponding to (a). (c): the contour line of the two-breather

solution corresponding to (a).



The Dressing Method and Dynamics of soliton solutions for the Kundu-Eckhaus equation 11

Fig. 13: (color online). Plots of the breather solutions with the fixed parameters ρ = 1, ξ1 = 1 − 2.5i . (a): the
two-breather wave solution. (b): the density plot corresponding to (a). (c): the contour line of the two-breather

solution corresponding to (a).

Fig. 14: (color online). Plots of the breather solutions with the fixed parameters ρ = 0.1, ξ1 = 1 − 2.5i . (a): the
two-breather wave solution. (b): the density plot corresponding to (a). (c): the contour line of the two-breather

solution corresponding to (a).

According to Eq.(21) and properties of δ function,

we can obtain

ψ̂11(z) = 1 +

2N
∑

j=1

gjψ̂12(ζj)

ζj − z
, (86)

ψ̂12(z) = −
iρ

z
−

2N
∑

k=1

ḡkψ̂11(ζ̄k)

ζ̄k − z
, (87)

where gj = e−2iθ(ζj)cj . Replacing z with ζ̄n in Eq.(86)

and z is replaced by ζj in (87), we can find an N-
dimensional linear system of ψ̂11(ζ̄n),

Mψ̃11 = fT , (88)

where ψ̃ = (ψ̂11(ζ̄1), ψ̂11(ζ̄2), · · · , ψ̂11(ζ̄2N ))T . From solv-
ing Eq.(88), we can get ψ̂11 and substitute it into (85),

then the formula (83) can be given.
In the following discussion, the propagation behav-

ior characteristics of the soliton solutions for KE equa-

tion will be analyzed. Based on the above description,

we have obtained the expression of N -solution (83).
Next we will give the propagation figures by choosing

the appropriate parameters to show the dynamic be-
haviors of the solution. In particular, for N = 1, we
obtain one-breather solution

q(x, t) = 1− i

det





0 ḡ1 ḡ2
f1 1 +M11 M12

f2 M21 1 +M22





det

(

1 +M11 M12

M21 1 +M22

) , (89)

where

θ(x, t, ζj) = −
1

2
(ζj +

q20
ζj

)(x+
1

2
(ζj −

q20
ζj

)t), j = 1, 2

gj = cje
−2iθ(ζj), c1 = e3+2i,

fn = 1− iρ
2

∑

j=1

Ωjn

ζj
, Ωjn =

gj
ζj − ζ̄n

,

Mnm = I +ΩjnΩ̄mj , m, n = 1, 2. (90)
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Therefore, based on the expression of (89), we can give

the following figures for N = 1 by means of choosing
the different parameters.

As can be seen from Fig.1, this soliton solution is
the one-breather solution which shows periodic changes
over t-axis. And the top of the Fig.2 is parallel to the

time axis as the initial values get smaller and smaller.
It can be seen from Fig.3 and Fig.4 that the propa-
gation of the solution is neither parallel to parallel to

the t-axis nor to the x-axis except that they have sim-
ilar propagating properties to Fig.1 and Fig.2. This is
because the discrete spectra are no longer purely imagi-

nary, which results in different propagation behavior of
breather solution.

Analogously, in the following, we will discuss the
two-breather solution when N = 2. When the eigen-

values are purely imaginary, we give the propagation
behaviors of the solutions in Fig.5-Fig.10. From these
figures, we can observe that the propagation character-

istics are similar to Fig.1-Fig.4. The soliton solutions
change periodically over time and show that the top of
the breather will get steeper when the initial value is

very small. In addition, we find that the images of the
soliton solutions are symmetric with respect to the x-
axis when the two eigenvalues present opposite numbers

by comparing Fig.5-Fig.7 and Fig.8-Fig.10. Moreover,
when the eigenvalues are complex parameters instead
of pure imaginary paremeters, the influence of the two-

breather solution propagation can be seen in Fig.11-
Fig.14. They also show that the two-breather solutions
are no longer parallel to the t-axis, and that the images

are symmetric about the x-axis when the eigenvalues
are opposite.

6 conclusion

In this paper, we applied Dbar dressing method to the
KE equation with non-zero boundary condition and s-
tudied its solution. In order to establish the relation

between KE equation and the Dbar problem, we intro-
duced the Dbar problem with non-canonical normaliza-
tion condition firstly. It is assumed that the associated

homogeneous integral equation just has zero solution.
According to the meromorphic property of the solution
for Dbar problem outside an annulus with center 0 and

it satisfied a local Dbar problem inside the annulus, we
introduced the asymptotic expressions to find the new
solution of the Dbar problem. Next we discussed the

nonlinear equation and conservation law by means of
introducing the distribution R and its properties, then
we found that deformation of KE equation could be

obtained, as can the conservation law. Furthermore, we

discussed the different symmetry conditions for obtain-

ing the solution of KE equation. Therefore, a special
distribution was introduced to construct the N -soliton
solution. As examples of the N -soliton solution, we fig-

ured out the one-soliton solution and the two-soliton
solution as well as analyzed their dynamic behaviors
in the end. Finally, in comparison with the Riemann-

Hilbert approach, we find that the analytic domains of
eigenfunctions seem to be not important for Dbar dress-
ing method.
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