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Introduction. 

 The design of synthetic promoters remains a challenge for current biotechnology. By and 

large, the whole industry relies upon several well-characterized promoters of viral origin; for 

example, the CMV promoter. These promoters have high activity in a broad range of cell lines. 

But high expression does not invariably produce better results. Too much heterologous protein 

(in short time) can lead to unfolded protein response and as a consequence to diminished 

productivity [1, 2]. A set of eukaryotic promoters covering a wide range of activity levels would 

be a valuable tool for biotechnology and molecular biology.  

 Several recent works employed transcription-guided design of synthetic promoters [3, 4]. 

The approach consisted in identifying sequence motifs over-represented in promoters of highly 

transcribed genes. The discovered motifs were concatenated into a single sequence to obtain a 

highly active synthetic promoter. Obtaining a sequence with high promoter activity turned out to 

be a relatively simple task. Thus, taking it a step further might be feasible entertainment. It might 

be possible to characterize the contribution of each motif quantitatively. We would like to assign 

a number to each motif, so that the activity of any combination (a promoter) can be computed as 

the sum of its constituent motifs. 

 One of the most popular methods of motif search is expectation-maximization (EM) [5, 

6]. The EM algorithm converges to a (minus) log-likelihood minimum, which can be any local 

minimum. Commonly, EM is started many times with varied (random) starting conditions in the 

hope of finding relevant motifs. Many EM-based algorithms score subsequences by the log-

likelihood ratio. Subsequences are assumed to be produced by either the background distribution 

or the motif distribution. Motif sequences are required to be ‘close’ to each other and ‘far’ from 

the background. But what is the biological significance of this condition? Background can’t 

change the fact that the factor will bind whenever binding is possible. The existence/importance 

of a ‘background’ is hypothetical information. The analysis is required to understand the role of 

a background, if any, and to meaningfully include it into the model. Scoring motifs by logL 

values shall be preferred because it utilizes information that is actually in our possession. In this 

work the scoring by logL values is shown to be practical. 

Methods. 

1. Expectation-maximization algorithm. 

 The input is a set of 𝑁𝑁 nucleotide sequences with lengths 𝑙𝑙1, 𝑙𝑙2, … , 𝑙𝑙𝑁𝑁  and the length of 

the motif 𝑤𝑤 to search for. Random subsequences of length 𝑤𝑤 are picked to start expectation-



maximization (EM) iterations. The algorithm runs in ZOOPS (zero or one occurrence per 

sequence) mode. During the expectation step, a position weight matrix (PWM) is evaluated using 

defined subsequences. PWM is the 4 ×𝑤𝑤 matrix whose element 𝑓𝑓𝑖𝑖𝑖𝑖 is the frequency of the 

nucleotide 𝑗𝑗 at position 𝑖𝑖. For each subsequence the value of the log-likelihood (logL) function is 

computed: 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 = ∑ ∑ log (𝑓𝑓𝑖𝑖𝑖𝑖)𝑤𝑤𝑖𝑖=14𝑖𝑖=1    (1) 

The subsequence with the maximum value of  𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 is set as the current evaluation of the motif 

for a given sequence, which constitutes the maximization step. Identified motifs are cross-

validated. Motifs are excluded from the motif set one at a time; PWM and then 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 are re-

evaluated. If the motif exclusion leads to an increase in the 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 value, the motif is annulled; i.e., 

it is concluded that the sequence contains no motif occurrences. Identified motifs are masked 

(replaced by N’s). Masked subsequences can’t be included into motifs. EM iterations continue 

until the required number of attempts is made or until no motifs can be found. If the algorithm 

can’t find any more motifs, but the number of attempts is below the required, the input is reset 

(initial unmasked sequences are set as input), and iterations continue. 

 Computations were done on AMD E2-9000e RADEON R2 processor (1500MHz), single 

core. The operating system was Debian 10 (x86_64).  

2. Preparation of synthetic sequence sets. 

 Active promoters of the GM12878 cell line were identified by intersecting CAGE and 

DNAse-seq data from ENCODE portal [7]. Promoters were defined as DNAse-sensitive regions 

(from ENCFF748UZH.bed file) that contain transcription start sites (from ENCFF853HOH.bed 

file). Sequences for a motif planting experiment were prepared using following steps: (a) choose 𝑁𝑁 random promoters from the set of all GM12878 promoters, (b) compute nucleotide 

frequencies for each promoter and create 𝑁𝑁 random sequences with same nucleotide frequencies, 

(c) create 𝑚𝑚 synthetic PWMs and for each PWM create 𝑁𝑁 sequences of length 𝑤𝑤 (these are 

motifs to be planted).  

 PWMs are characterized by 3 numbers: (1) motif length 𝑤𝑤; (2) the probability of 

insertion and (3) minimax nucleotide frequency 𝑡𝑡. For each sequence a random number from 0 to 

1.0 is generated. If the random number is smaller than the probability of insertion, the motif is 

planted into the sequence. The minimax nucleotide frequency 𝑡𝑡 is the minimum value of 

max (𝑓𝑓𝑖𝑖𝑖𝑖) for all motif positions. 



 𝑁𝑁 synthetic sequences/promoters and 𝑚𝑚 × 𝑁𝑁 synthetic motifs are generated. Each motif 

is planted into a fraction (controlled by its probability of insertion) of sequences. 

3. Estimation of the total number of -logL minima. 

 Suppose sampling with replacement is performed from the population of animals with 

size 𝑁𝑁. Upon catching, an animal is marked and released. All animals have equal probability of 

being caught. If 𝑚𝑚 unique animals are caught in 𝑀𝑀 catches, the expected value of 𝑚𝑚 is: 

𝐸𝐸(𝑚𝑚) = 𝑁𝑁 ∗ �1 − �𝑁𝑁−1𝑁𝑁 �𝑀𝑀�   (2) 

When the total number of  −𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 minima are estimated, 𝐸𝐸(𝑚𝑚) is the number of unique motif 

sets discovered by the EM algorithm and 𝑀𝑀 is the total number of discovered motif sets. The 

value of 𝑁𝑁 was increased starting from 𝑁𝑁0 = 𝑚𝑚 with step 1. When 𝐸𝐸(𝑚𝑚|𝑁𝑁𝑖𝑖−1) ≤𝑚𝑚 ⋀𝐸𝐸(𝑚𝑚|𝑁𝑁𝑖𝑖) > 𝑚𝑚, the estimate of the population size is 𝑁𝑁𝑖𝑖. 
4. Analysis of motif planting. 

 Five independent sequence sets were created for each value of 𝑁𝑁. Three motifs were 

planted into every sequence set. The Kullback-Leibler divergence 𝐷𝐷𝐾𝐾𝐾𝐾 between PWMs 𝑃𝑃 and 𝑄𝑄: 

𝐷𝐷𝐾𝐾𝐾𝐾(𝑃𝑃,𝑄𝑄) = ∑ ∑ 𝑃𝑃𝑖𝑖𝑖𝑖log (
𝑃𝑃𝑖𝑖𝑖𝑖𝑄𝑄𝑖𝑖𝑖𝑖4𝑖𝑖=1 )𝑤𝑤𝑖𝑖=1    (3) 

 𝐴𝐴𝑖𝑖 denotes the set of motifs planted into 𝑖𝑖th sequence set. 𝐵𝐵𝑖𝑖 denotes the set of motifs discovered 

by EM in the 𝑖𝑖th sequence set.  For the 𝑘𝑘th planted motif 𝐴𝐴𝑖𝑖𝑖𝑖 the closest motif 𝐶𝐶𝑖𝑖𝑖𝑖 ∈ 𝐵𝐵𝑖𝑖 is the one 

that satisfies 𝐷𝐷𝐾𝐾𝐾𝐾(𝐴𝐴𝑖𝑖𝑖𝑖,𝐶𝐶𝑖𝑖𝑖𝑖) = minp (𝐷𝐷𝐾𝐾𝐾𝐾�𝐴𝐴𝑖𝑖𝑖𝑖,𝐵𝐵𝑖𝑖𝑖𝑖�). The closest motif can be found among 

motifs planted into other sequence sets; i.e., 𝐷𝐷𝐾𝐾𝐾𝐾�𝐴𝐴𝑖𝑖𝑖𝑖,𝐶𝐶𝑖𝑖𝑖𝑖� = minp (𝐷𝐷𝐾𝐾𝐾𝐾�𝐴𝐴𝑖𝑖𝑖𝑖,𝐵𝐵𝑖𝑖𝑖𝑖�, 𝑖𝑖 ≠ 𝑗𝑗,𝐶𝐶𝑖𝑖𝑖𝑖 ∈𝐵𝐵𝑖𝑖). The quantity ∆𝐷𝐷𝑖𝑖𝑖𝑖𝑖𝑖 = 𝐷𝐷𝐾𝐾𝐾𝐾�𝐴𝐴𝑖𝑖𝑖𝑖,𝐶𝐶𝑖𝑖𝑖𝑖� − 𝐷𝐷𝐾𝐾𝐾𝐾(𝐴𝐴𝑖𝑖𝑖𝑖,𝐶𝐶𝑖𝑖𝑖𝑖) is the minimum Kullback-Leibler 

divergence difference. Generally, the EM would not find planted motifs exactly. The reason for 

this is discussed in Results. If motifs that are close to planted motifs are found by the EM, ∆𝐷𝐷𝑖𝑖𝑖𝑖𝑖𝑖 > 0 should be expected.  

5. Regression model of promoter activity. 

 To every promoter, two numbers corresponded, (1) expression level and (2) TSS activity. 

TSS activity was extracted from CAGE data (file ENFF853HOH.bed, column#7). To define the 

expression level, first, transcripts that originate from the promoter were identified. If the 

promoter end (strand-specific) was 100nt or closer to the beginning of the transcript, the 



transcript was assigned to the promoter. Transcript-level expression data for GM12878 cells 

were downloaded from ENCODE site (see Supplementary Data for the file list). There were 32 

files from 10 experiments. The expression level of the promoter was equal to the sum of 

abundances (in TPM) of all transcripts assigned to the promoter. The expression level was used 

to cluster promoters, while TSS activity was the model’s predicant. 

 Pearson correlation coefficient 𝑟𝑟 (GSL function gsl_stat_correlation) was computed 

between every pair of expression vectors. Promoters were clustered such that between any two 

promoters in the cluster the value of 𝑟𝑟 was larger or equal to 0.9. Clustering was done by 

exhaustive search. There were 223766 clusters. Only clusters with sizes 𝑠𝑠 ≥ 40 were considered 

in subsequent analysis. There were 1861 clusters with 𝑠𝑠 ≥ 40 and they contained 620 promoters. 

From those numbers it is clear that the majority of clusters have to significantly overlap. Sets of 

clusters that efficiently covered all 620 promoters were obtained in the following way. A random 

starting cluster was chosen. A cluster was added to the group, if it shared no more than 4 

promoters with any other cluster in the group. Five groups of clusters were obtained; 40 clusters 

in total. These clusters were analyzed by MEME (version 5.4.1). MEME options: ZOOPS mode; 

minimum and maximum motif widths were 6 and 12; classical scoring function; the number of 

motifs to find was 10. FIMO (version 5.4.1, web interface, cutoff p-value was 0.0001) was used 

to search 400 motifs found by MEME in all promoter sequences (N=8261). The design matrix 

indicating presence/absence of a motif in a promoter was obtained. The CAGE promoter activity 

was a predicant. The regression model was estimated using LASSO. The function glmnet() (R 

package glmnet version 4.1-3) performs LASSO with user-specified value of the penalty 

coefficient 𝜆𝜆. The function lasso_perm() (R package adapt4pv vesion 0.2-2) performs 

permutation of the design matrix and chooses the best value of 𝜆𝜆 automatically. 

 

Results. 

1. The number of EM-discoverable motifs grows exponentially with the number of 

sequences. 

 Suppose we are given a collection of 𝑁𝑁 nucleotide sequences. Each sequence has length 𝑙𝑙. The set of subsequences with length 𝑤𝑤 < 𝑙𝑙, such that each subsequence belongs to different 

sequence, is the motif set. The number of subsequences in the motif set is the motif set size 𝑥𝑥. If 

one knows 𝑁𝑁 and 𝑙𝑙 (and the alphabet), all possible motif sets can be formulated. To every motif 

set a position weight matrix (PWM) and -logL value can be corresponded. The knowledge of 



sequences amounts to choosing a sample from this collection of points. The expectation-

maximization algorithm (EM) searches for local minima in the given sample. We are interested 

in the number of -logL local minima. Specifically, how the number of local minima changes, 

when the number of sequences increases. Increasing the number of sequences adds points to the 

sample. What happens when points are added to, for example, white noise? If points are added 

outside of the domain, the number of local minima grows proportionally to the number of added 

points. When points are added inside the domain, intuition suggests that the number of minima 

grows slower. For the problem of motif search the domain has to be defined. If set A has a lower 

-logL value than B, and sequences of A are ‘close’ to sequences of B, set A is ‘better’ than set B. 

So the domain measure must be a measure of the difference between sequences. These ideas are 

conveyed in a more rigorous way in the following theorems. 

Theorem 1. The function  𝑢𝑢 =
∏ 𝑐𝑐𝑖𝑖(1)𝑤𝑤𝑖𝑖=1𝑥𝑥  , where 𝑐𝑐𝑖𝑖(1)

- the count for the most frequent nucleotide in 

the position/column 𝑖𝑖, 𝑥𝑥 - size of the motif set, is the strictly increasing function of 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙. 

Nucleotide frequencies are replaced by counts because later this result is linked to the Hamming 

distance: 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 = ∑ ∑ log (𝑓𝑓𝑖𝑖𝑖𝑖)𝑤𝑤𝑖𝑖=14𝑖𝑖=1 = ∑ ∑ log (𝑓𝑓𝑖𝑖𝑖𝑖 ∗ 𝑥𝑥)𝑤𝑤𝑖𝑖=14𝑖𝑖=1 − log(𝑥𝑥) = ∑ ∑ log�𝑐𝑐𝑖𝑖𝑖𝑖�𝑤𝑤𝑖𝑖=1 − log(𝑥𝑥)4𝑖𝑖=1 =∑ log (∏ 𝑐𝑐𝑖𝑖𝑖𝑖)𝑤𝑤𝑖𝑖=1 − log(𝑥𝑥)4𝑖𝑖=1    (4) 𝑓𝑓𝑖𝑖𝑖𝑖 - frequency of 𝑗𝑗th nucleotide at position 𝑖𝑖, 𝑐𝑐𝑖𝑖𝑖𝑖 - count of 𝑗𝑗th nucleotide at position 𝑖𝑖. 
Let’s write the product for the 𝑖𝑖th position as 𝑐𝑐𝑖𝑖(1)𝑐𝑐𝑖𝑖(2)𝑐𝑐𝑖𝑖(3)𝑐𝑐𝑖𝑖(4)

, where a superscript denotes the 

rank. When the difference between the two positive numbers increases, their product decreases. 

Consider two numbers 𝑎𝑎1 and 𝑎𝑎2, where 𝑎𝑎1 + 𝑎𝑎2 = 𝑠𝑠. Preserve the sum 𝑠𝑠 and form the product: 

(𝑎𝑎1 + 1)(𝑎𝑎2 − 1) = 𝑎𝑎1𝑎𝑎2 + 𝑎𝑎2 − 𝑎𝑎1 − 1   (5) 

From eq.(5) (𝑎𝑎1 + 1)(𝑎𝑎2 − 1) > 𝑎𝑎1𝑎𝑎2, iff 𝑎𝑎2 > 𝑎𝑎1. If we write 𝑎𝑎1 = 𝑐𝑐(1) and 𝑎𝑎2 = ∑ 𝑐𝑐(𝑖𝑖)4𝑖𝑖=2  , it 

follows that ∏ 𝑐𝑐𝑖𝑖𝑤𝑤𝑖𝑖=1 < ∏ 𝑐𝑐𝑖𝑖𝑤𝑤𝑖𝑖=1 , when 𝑐𝑐𝑖𝑖(1)
> 𝑐𝑐𝑖𝑖(1)

. Since 
∏ ∏ 𝑐𝑐𝑖𝑖𝑖𝑖𝑤𝑤𝑖𝑖=14𝑖𝑖=1 𝑥𝑥 = ∏𝑓𝑓𝑖𝑖𝑖𝑖 ≤ 1, it follows that − log �∏ ∏ 𝑐𝑐𝑖𝑖𝑖𝑖𝑤𝑤𝑖𝑖=14𝑖𝑖=1 𝑥𝑥 � ≥ −log (

∏ ∏ 𝑐𝑐𝑘𝑘𝑖𝑖𝑤𝑤𝑘𝑘=14𝑖𝑖=1 𝑥𝑥 ), when ∏ 𝑐𝑐𝑖𝑖𝑤𝑤𝑖𝑖=1 < ∏ 𝑐𝑐𝑖𝑖𝑤𝑤𝑖𝑖=1 .  

 Thus, 𝑢𝑢 and – 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 can be used to rank motif sets interchangeably. 



Theorem 2. When the number of sequences 𝑁𝑁 changes, the number of motif sets with given 

Hamming distance 𝐻𝐻 changes by a factor whose value does not depend upon the Hamming 

distance. 

 When two motifs in a motif set have same nucleotide at the same position, call this a 

match. Let’s denote 𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑐𝑐ℎ the probability of a match in the motif set. The probability of 

observing 𝑚𝑚 matches 𝑞𝑞(𝑚𝑚) is binomial: 

𝑞𝑞(𝑚𝑚) = �𝑤𝑤𝑚𝑚�𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑐𝑐ℎ𝑚𝑚 (1− 𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑐𝑐ℎ)𝑤𝑤−𝑚𝑚   (6) 

In the motif set of size 𝑥𝑥 the number of comparisons is (𝑥𝑥2 − 𝑥𝑥). Assume that sequences in the 

motif set are independent. The probability 𝑝𝑝(𝑚𝑚) of observing a motif set with size 𝑥𝑥 and the 

Hamming distance between all possible pairs of motifs equal to or less than 𝑚𝑚 can be written: 

𝑝𝑝(𝑚𝑚|𝑁𝑁, 𝑥𝑥,𝑤𝑤) =  
∑ [�𝑤𝑤𝑖𝑖�𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚ℎ𝑘𝑘 (1−𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚ℎ)𝑤𝑤−𝑘𝑘]𝑥𝑥2−𝑥𝑥𝑚𝑚𝑘𝑘=1∑ ∑ [�𝑤𝑤𝑚𝑚�𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚ℎ𝑚𝑚 (1−𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚ℎ)𝑤𝑤−𝑚𝑚]𝑥𝑥2−𝑥𝑥𝑤𝑤𝑚𝑚=1𝑁𝑁𝑥𝑥=1 =

𝑐𝑐𝑏𝑏   (7) 

Only the value of the normalization factor 𝑏𝑏 depends upon the number of sequences 𝑁𝑁. After 

adding one sequence 𝑝𝑝(𝑚𝑚|𝑁𝑁 + 1, 𝑥𝑥,𝑤𝑤) becomes: 𝑝𝑝(𝑚𝑚|𝑁𝑁 + 1, 𝑥𝑥,𝑤𝑤) =∑ [�𝑤𝑤𝑖𝑖�𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚ℎ𝑘𝑘 (1−𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚ℎ)𝑤𝑤−𝑘𝑘]𝑥𝑥2−𝑥𝑥𝑚𝑚𝑘𝑘=1∑ ∑ ��𝑤𝑤𝑚𝑚�𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚ℎ𝑚𝑚 (1−𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚ℎ)𝑤𝑤−𝑚𝑚�𝑥𝑥2−𝑥𝑥+∑ ��𝑤𝑤𝑚𝑚�𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚ℎ𝑚𝑚 (1−𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚ℎ)𝑤𝑤−𝑚𝑚�(𝑁𝑁+1)2−(𝑁𝑁+1)𝑤𝑤𝑚𝑚=1𝑤𝑤𝑚𝑚=1𝑁𝑁𝑥𝑥=1 =
𝑐𝑐𝑏𝑏+𝑚𝑚   (8) 

The probability 𝑝𝑝(𝑚𝑚) is proportional to the number of motif sets: 

𝑖𝑖�𝑚𝑚�𝑁𝑁 + 1, 𝑥𝑥,𝑤𝑤�𝑖𝑖(𝑚𝑚|𝑁𝑁,𝑥𝑥,𝑤𝑤)
= 1 +

𝑚𝑚𝑏𝑏 = 1 +
∑ ��𝑤𝑤𝑚𝑚�𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚ℎ𝑚𝑚 (1−𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚ℎ)𝑤𝑤−𝑚𝑚�(𝑁𝑁+1)2−(𝑁𝑁+1)𝑤𝑤𝑚𝑚=1∑ ∑ ��𝑤𝑤𝑚𝑚�𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚ℎ𝑚𝑚 (1−𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚ℎ)𝑤𝑤−𝑚𝑚�𝑥𝑥2−𝑥𝑥𝑤𝑤𝑚𝑚=1𝑁𝑁𝑥𝑥=1    (9) 

When 𝑁𝑁 increases, the increase in the number of motif sets with 𝐻𝐻 = 𝑚𝑚 is independent of 𝑚𝑚.  

Theorem 3. The number of -logL minima is proportional to exp (
12𝑒𝑒). 

 First, let’s clarify the meaning of the maximum Hamming distance 𝐻𝐻𝑚𝑚𝑚𝑚𝑥𝑥. If 𝐻𝐻𝑚𝑚𝑚𝑚𝑥𝑥 = 𝑎𝑎, 

only 𝑎𝑎 columns/positions can vary; other columns must have all identities. For example, consider 

the following motif set (variable positions are in bold):  

ATGGCTC 

ATGCCTC 

ATGTCTC 



AAGTCTC 

For first 3 sequences 𝐻𝐻𝑚𝑚𝑚𝑚𝑥𝑥 = 1. The 4th sequence differs in one more position, which makes 𝐻𝐻𝑚𝑚𝑚𝑚𝑥𝑥 = 2. If a motif set has size 𝑥𝑥 and 𝐻𝐻𝑚𝑚𝑚𝑚𝑥𝑥 = 𝑎𝑎, (𝑤𝑤 − 𝑎𝑎) columns have 𝑐𝑐𝑖𝑖(1)
= 𝑥𝑥. The 

remaining 𝑎𝑎 variable positions have 𝑐𝑐𝑖𝑖(1)
= 𝑘𝑘𝑖𝑖: 

∏ 𝑐𝑐𝑖𝑖(1)𝑤𝑤𝑖𝑖=1𝑥𝑥 =
𝑥𝑥(𝑤𝑤−𝑚𝑚)∏ 𝑖𝑖𝑖𝑖𝑚𝑚𝑖𝑖=1𝑥𝑥    (10) 

Accordingly, for a set with size (𝑥𝑥 + 1) and 𝐻𝐻𝑚𝑚𝑚𝑚𝑥𝑥 = 𝑏𝑏: 

∏ 𝑐𝑐𝑖𝑖(1)𝑤𝑤𝑖𝑖=1𝑥𝑥+1 =
(𝑥𝑥+1)(𝑤𝑤−𝑏𝑏)∏ 𝑖𝑖𝑖𝑖𝑏𝑏𝑖𝑖=1𝑥𝑥+1   (11) 

The motif set with size (𝑥𝑥 + 1)  is ‘better’ than the motif set with size 𝑥𝑥, when 
∏ 𝑐𝑐𝑖𝑖(1)𝑤𝑤𝑖𝑖=1𝑥𝑥+1 >

∏ 𝑐𝑐𝑖𝑖(1)𝑤𝑤𝑖𝑖=1𝑥𝑥   

according to the Theorem 1. Using eq.(10) and eq.(11) we arrive at the following inequality: 

∏ 𝑖𝑖𝑖𝑖𝑚𝑚𝑖𝑖=1∏ 𝑖𝑖𝑖𝑖𝑏𝑏𝑖𝑖=1 <
𝑤𝑤−𝑏𝑏𝑤𝑤−𝑚𝑚   (12) 

 Motif sets are grouped according to the value 𝐻𝐻𝑚𝑚𝑚𝑚𝑥𝑥. A motif set is a -logL minimum, 

only if there is no ‘better’ motif set. Any motif set that satisfies the condition eq.(12) is a ‘better’ 

motif set. Thus, the total number of -logL minima is the number of motif sets for which no 

‘better’ sets exist. Theorem 2 tells what happens, when sequences are added. The number of 

motif sets in each group increases 𝜔𝜔 –fold. A motif set is simultaneously a potential -logL 

minima and a potential ‘better’ motif set. Consequently, the number of minima does not change. 

Adding one sequence also spawns the group, where 𝐻𝐻𝑚𝑚𝑚𝑚𝑥𝑥 = 𝑁𝑁 + 1. Only motif sets of the 

maximum size can have 𝐻𝐻𝑚𝑚𝑚𝑚𝑥𝑥 = 𝑁𝑁 + 1. The fraction of motif sets of the maximum size 

asymptotically goes to 
1𝑒𝑒 [8]. If motif sets are independent and uniformly distributed, half of them 

are expected to be (local) minima. It follows that the number of -logL minima grows 

exponentially with the rate 
12𝑒𝑒. 

 2. The EM algorithm search time grows linearly with the number of sequences. 

 Synthetic sequence sets were created as described in Methods. All sequences had length 𝑙𝑙 = 120 nucleotides. The number of sequences 𝑁𝑁 in the set varied from 6 to 20. For each value 

of 𝑁𝑁 five independent sets were created. Three motifs with length 10nt were planted into 

sequences. Minimax nucleotide frequencies were set to 0.9, 0.8 and 0.7; planting probability was 

equal to 0.6. Using the number of unique motif sets identified by the EM, the total number of   



−𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 minima was estimated. Estimating the total number of −𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 minima is a problem in the 

domain of capture-recapture analysis (CRA) [9]. The CRA was developed to estimate the sizes 

of animal populations. A minimal capture-recapture experiment includes two time points. First, 

animals are trapped, marked, and freed. Second, trapping is repeated to find out the proportion of 

marked animals. In the problem under consideration ‘animals’ are  −𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 minima. During EM 

iterations ‘animals’ are trapped (the algorithm converges), marked (the motif set is identified). 

Repeated trapping is possible (motif sets can be re-discovered). The EM algorithm is sampling 

from the population of −𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 minima with replacement. Under the assumption of equal 

‘catchability’ the simplest estimator of the size of the population showed good performance (Fig. 

S1). The total number of – 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 minima grew exponentially (Fig.1). The rate of growth 0.17 was 

close to the theoretically predicted value 
12𝑒𝑒. 

Fig.1. A) The dependence between the number of unique motif sets discovered by EM and the 

number of sequences, N. For each value of N five sequence sets were analyzed. B) Estimation 

(mean, n=5) of the total number of unique motif sets discoverable by the EM in sequence sets of 

different sizes. 

 

 Every sequence set contained 3 planted motifs. The discovery of precisely these motifs 

shall not be expected for at least two reasons. First, only a fraction of the −𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 minima were 

analyzed. Second, planted motif sets might not be a −𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 minimum. A sequence set might 

contain a motif set that is ‘close’ to the planted motif set and is ‘better’. For example, suppose 

the following motif was planted: 

ATG 

CTG 

ACG 

A sequence from the set, where no motif was planted, may happen to contain the substring ATG: 



ATG 

CTG 

ACG 

ATG 

Or the sequence with planted CTG may contain an ATG substring: 

ATG 

ATG 

ACG 

The example indicates that the EM shall be able to discover PWMs that are close to PWMs of 

planted motifs. Indeed, EM-discovered motifs were closer to planted vs non-planted motifs 

(Fig.2). 

 As the number of sequences increases the number of −𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 minima grows exponentially. 

The time needed to discover all minima (or a constant fraction of all minima) would also grow 

exponentially. In practice, we are interested only in ‘statistically significant’ motif sets. Motif 

sets have to have a certain minimum size to be ‘significant’. For example, the minimum 

significant motif set size (MSMSS) can be defined as size  𝑥𝑥0 such that the combined fraction of 

motif sets with size 𝑥𝑥0 ≤ 𝑥𝑥 ≤ 𝑁𝑁 is less than 5%. Considering only ‘significant’ motifs saves 

computation time. The cross-validation step subtracts one sequence at a time and checks how the 

value of logL changes. The execution time can be reduced by immediately stopping iterations 

once the number of sequences in the motif set becomes lower than the MSMSS.  

Fig.2. Minimum KL divergence differences. For definitions see “Methods”. 

 



 The MSMSS value depends upon the number of sequences and their lengths. MSMSS 

can be estimated empirically. If the number of sequences and their lengths are decreased by the 

same factor, ratios between numbers of motif sets of different sizes are approximately preserved 

(see Supplementary Results). For example, EM is to be performed on a sequence set with =

200, 𝑙𝑙 = 1200 . We are interested in estimating the fraction of motif sets with size 𝑥𝑥 ≥ 100. To 

answer this question, we perform EM on the sequence set with 𝑁𝑁 = 20, 𝑙𝑙 = 120 and estimate the 

fraction of motif sets with size 𝑥𝑥 ≥ 10. The actual value is ~0.15. 

 The time to find 1000 motifs 𝑡𝑡1000(𝑥𝑥 >
𝑁𝑁2) with size 𝑥𝑥 >

𝑁𝑁2  was measured for same 

sequence sets, which were used in planting experiments (6 ≤ 𝑁𝑁 ≤ 20). The dependence 𝑡𝑡1000(𝑁𝑁)~exp (𝑁𝑁) was observed (Fig.3A).  In planting experiments, 12000 motifs were 

identified for each sequence set. The fraction of motif sets with size 𝑥𝑥 >
𝑁𝑁2  was computed 

(Fig.S2). The normalized time 𝑡𝑡1000∗ = 𝑡𝑡1000(𝑁𝑁) ∗ 𝑓𝑓(𝑁𝑁)𝑓𝑓(𝑁𝑁=20)
 is the time needed to discover the 

equal fraction of motif sets with length 𝑥𝑥 >
𝑁𝑁2  . The linear dependence 𝑡𝑡1000∗ (𝑁𝑁)~𝑁𝑁 was 

observed (Fig.3B). Thus, we conclude that the time needed to find the constant fraction of motif 

sets satisfying the condition of type 𝑥𝑥 > 𝑎𝑎, where 2 ≤ 𝑎𝑎 ≤ (𝑁𝑁 − 1), increases linearly with the 

number of sequences in the set.  

Fig.3. The EM algorithm search times. A) Time to find 1000 motif sets larger than N/2; B) 

Normalized time to find 1000 motif sets larger than N/2.  

 A motif search experiment has the following layout. Suppose we have to search for 

motifs in the A motif search experiment has the following layout. Suppose we have to search for 

motifs in the 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 =
𝑁𝑁2 was accepted. For the second EM run motifs are planted into the 

sequence set. A fixed number of motif sets with size that is equal to or larger than MSMSS are 

searched for. If planted motifs are successfully identified, it is concluded that the search time is 



sufficient. The linear model is then used to compute how much time would be required to obtain 

the same results with larger sequence set.  

 Finding 1000 motif sets with size 𝑥𝑥 >
𝑁𝑁2  in the sequence set 𝑁𝑁 = 20, 𝑙𝑙 = 120 allowed 

detecting planted motifs. The theory suggests that the sequence set 𝑁𝑁 = 200, 𝑙𝑙 = 1200  requires 

~150 hours to produce similar results (Fig.4). It is worth noting that motifs with lower 

information content (lower values of minimax fraction 𝑡𝑡) seem to be more discoverable. Motif 

‘catchability’ may be more important than the information content. The motif ‘catchability’ is 

proportional to the number of starting conditions that converge to the motif. Motifs with high 

information content might require very specific starting conditions and thus be hard to catch. 

 The next experiment tested how well the output of MEME [10], which ranks motifs by E-

value, suits the purpose of expression modeling. Promoters were clustered by co-expression. 

Motifs were searched only in clusters with a size larger than or equal to 40 (see Methods for 

details). Analyzed clusters contained 620 promoters out of a total of 8960. Four models were 

tested (Table 1). For each model, a (lasso) regression was evaluated by the glmnet() function 

(Fig.S3). Model#3 was analyzed in more detail. With 𝜆𝜆 = 0.05 the model#3 had 𝑅𝑅2 = 0.207. 

The Kendal correlation coefficient between model prediction and data was 0.295 (Pearson and 

Spearman correlation coefficients were 0.499 and 0.417, respectively). The number of significant 

 

Fig.4. The result of EM search in the 

sequence set 𝑁𝑁 = 200, 𝑙𝑙 = 1200 for 150 

hours. Logos of planted motifs and motifs 

discovered by the EM, which were closest 

to planted motifs. A) Planted motif#1 

(t=0.9); B) Discovered motif, closest to the 

planted motif#1; C) Planted motif#2 

(t=0.8); D) Discovered motif, closest to the 

planted motif#2; E) Planted motif#3 (t=0.7); 

F) Discovered motif, closest to the planted 

motif#3.  

 



Table 1. The four regression models (N – the number of predictors in the model). 

                             Exclude non-clustered  

                             promoters 

 

Exclude promoters  

with zero expression 

no yes 

no Model#0 

(N=8960) 

Model#2 

(N=620) 

yes Model#1 

(N=5761) 

Model#3 

(N=547) 

 

predictors/motifs was 43 (Fig.S4). The function lasso_perm() found 7 significant motifs. They 

were among the significant motifs identified by the glmnet() function. When the design matrix m 

was permuted by the command apply(m,2,sample), the lasso_perm() did not find significant 

motifs. MEME E-values were not good predictors of whether lasso identified a motif as 

significant (Fig.5).  

Fig.5. The relation between MEME E-values and absolute values of regression coefficients for 

significant motifs of the model#3 (lasso penalty term 0.05).

 

Discussion. 

 It was shown that EM algorithm without background distribution is suitable for finding 

motifs in relatively large sequence sets (hundreds of sequences with lengths of thousands of 

nucleotides) in realistic time (hundreds of hours on a single core).  



 Several shortcomings of this work are to be mentioned. First, the estimator of population 

size implies sampling with replacement. The EM algorithm does not fully correspond to such a 

model. After a motif is found, it is masked. The motif can’t be re-discovered until the algorithm 

resets. In the capture-recapture experiment, every day animals are trapped. In the EM algorithm, 

one day is the time from one reset to the other. Animals that are trapped during a single day are 

‘sampled without replacement’, i.e., they can be re-sampled at later days, but not the same day. If 

the number of animals captured at any given day is low compared to the total population size, 

sampling can be well approximated as sampling with replacement. Nevertheless, some 

conditions have to be satisfied for the ‘sampling with replacement’ approximation to work. 

 Second, the argument is made that the relation between the time to find a fixed fraction of 

motif sets with size 𝑥𝑥 ≥ 𝑎𝑎 and the number of sequences is linear. Planted (or close to them) 

motifs could be discovered in experiments because (a) the fraction of discovered motifs is high 

or (b) motifs have unequal discoverability/catchability. If (b) is true, some questions are to be 

asked. How unequal discoverabilities are? How this affects the quality of the population size 

estimator? 
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