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Algorithm for configuring fuzzy inference systems by reference 
points based on the average value 

Mikhail Golosovskiy 1, Aleksey Bogomolov 1, Dmitriy Tobin1
 

Abstract   

In the article an algorithm for configuring Sugeno type fuzzy inference systems based on 
statistical data is proposed. The algorithm uses the principle of operation based on selecting the 

area around the reference points, finding the average value in the selected areas, and using it to 
configure the fuzzy logic output system. The work of the algorithm takes place under the 
conditions of changing the number of functions belonging to input variables and the number of 
points of statistical data, on the basis of which the models were configured. 

Keywords: average sum, fuzzy control, fuzzy inference system, Sugeno type system. 

1. Introduction 

Fuzzy logic inference systems are widely used for solving problems of automatic control and 
decision support. One of the reasons for this is the possibility of approximation with a given 
accuracy a continuous function f: X→Y if the domain of its definition (X) is a compact set [1, 2]. 
The main limitation of using fuzzy inference systems in practice is that the number of rules 
required for the synthesis of a complete fuzzy inference system increases exponentially and is 

bounded from above by the value k
n (where n is the number of input variables and k is the 

maximum number of membership functions (MF) in the input variable). 
Many authors [2, 3] have studied methods and algorithms for configuring fuzzy inference 

systems based on splitting the domain of the approximated function definition by membership 
functions of input variables into n-dimensional hyper-rectangular sections. At the same time, the 
known works focus on the theoretical possibilities of implementing such a configuration, but 
insufficient attention is paid directly to the algorithms for its implementation. This is true in 
cases where the fuzzy inference system contains a large (more than 100) number of inference 
rules, which makes it difficult to manually configure the fuzzy inference system by experts. 

The article presents the results of theoretical and experimental studies of configuring Sugeno 

type fuzzy inference systems by reference points based on statistical data, since Sugeno type 
fuzzy inference systems (FIS) are widely used in practice [3, 4]. 

 

2. Problem statement 

 

Configuration algorithm proposed in the article will be applied to Sugeno type fuzzy inference 
systems in which each membership function has only one point with the maximum value of the 
membership function (in the literature these points are called core of the membership function) 
and the value at this point is equal to 1. The definition area of each input variable is split into mi 
segments with the same length by reference points xij  (i – the number of the input variables, j - 
the number of the reference points, the total number of reference points for the i – th input 

variable is mi+1). Each reference point xij corresponds to the one membership function of the i-th 
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input variable with core in xij. There are no restrictions on form of the membership functions, but 

it is recommended that they meet the following condition: 

µ ij(x)0 when x[xj1,xij-1] and x[xij+1,xim+1],                               (1) 
where µ ij(x) – the j-th membership function of the i-th input variable.  

Based on previous statements the domain of the function modeled by the FIS with a full 

consistent set of rules would be split by the cores of the membership functions on n-dimensional 
(hyper-) rectangles [3], where n is the number of input variables (in case of one input variable 
the scope would be broken into line segments). The article will consider FIS with triangular 
membership functions (MF) of input variables, since triangular MF are the simplest, most 
frequently used and fit the condition (1).  An example of splitting a three-dimensional space with 
two input variables is shown on Fig. 1.  
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Fig. 1. Example of splitting a three-dimensional space with two input variables with a uniform 
distribution of membership functions. 

x1, x2 – domain of the first and second input variables. 
y – the output value of fuzzy inference system. 

µ(x1), µ(x1) – the grades of membership functions of the first and second input variables. 
In a system of fuzzy logical output of the Sugeno type of zero order, the defuzzification 
procedure (obtaining the resulting value) is performed using the formula: 
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where y is the output value of the fuzzy inference system; wi - is the grade of fulfillment of the 
premises of the i-th rule, bi - is the value of the conclusion of the i-th rule for a Sugeno-type FIS 
with constant function in the conclusion. In this case, fuzzy inference systems could be 
configured on calculating specified output value of output y’ for the specified values of input 
variables [x’1, x’2, , x’n] by changing the conclusions of the fuzzy inference rules using the 
formula: 
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 where b’i – the corrected value of the conclusion of the i-th rule. This formula would be used for 

configuring FIS in reference points which are related to the cores of the membership functions 
on n-dimensional (hyper-) rectangles.  

3. Algorithm description 

 

Algorithm is based on calculating the average value of points in the neighborhood of 
reference points and applying the result to configure the fuzzy inference system. A graphical 
representation of the principle of algorithm is shown in fig. 2. The figure shows the reference 
points, the boundaries of the statistical data selection interval for performing adjustment around 
each reference point and the statistical data point. 

Statistical data points that fall within the interval boundaries are used to form the values of the 
modeled function at reference points, which are used to configure the fuzzy inference system. 

x

x

y

µ(x)

1

0

 

x1 x2 x3 x4 x5

x1 + h x2 + hx2 - h x3 + h x4 + hx3 - h x4 - h x5 - h
 

Fig. 2. A graphical representation of the algorithm principle 
 – statistical data points 
 – statistical data points selected for calculating mean value 

 – calculated value y’ in reference points 
 – boundaries of the point selection interval for calculating the average value 

x – input variable 
y – output variable  
µ(x) – grade of membership functions 

h – half of the boundaries interval size 
Formal algorithm description: 

1. Set up half of the boundaries interval size hi for each input variable. The maximum size 
of hi  should be less than | xij+1 - xij| / 2.  

2. Take the first reference point [x11, x21, , xn1]. 
3. Select statistical data points in boundaries around taken reference point in interval: i:[xij 

- hi,  xij + hi], where xij – value of the i-th input variable for j-th reference point. 
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4. If there are no points in given boundaries then increase half of the boundaries interval on  
Hi, (further in article Hi equal hi on the first step) and repeat steps 3 and 4 until in 
boundaries would be one or more statistical data points or boundaries size would be more 
than the domain of one of the input variables. 

5. Calculate mean value for selected statistical data points - y’. 
6. Configure fuzzy inference systems: set FIS output value to y’ in the taken reference point  

using formula 3. 
7. If all reference points have been taken for the configuration of FIS, then stop. Or take the 

next reference point and go to step 3. 
Let us show the convergence of the algorithm by proving the following theorem. 

Theorem: Let be a continuous function f(x), where x ∈ X, X – a compact set on Rn, the function 
g(x) as approximation function f(x) by the FIS with K membership functions for each of n input 
variable, H(K,N) – procedure realized by proposed algorithm for configuring the FIS based on N 

points defined by the implementation of a random variable 𝜉 with a mathematical expectation 

M[𝜉(𝑥)] = f(x),  h – the points selection interval for setting up the FIS system at reference points 
during the operation of the proposed algorithm. 

It is required to prove that there is an FIS that, after performing the procedure, H(N) 
approximates the function f(x) with the specified accuracy Ɛ by N→∞, h→0. 

    
, 0

( , ) , lim :[| | 0]
N h

H K N x g x f x
 

                                          (4) 

Proof: In accordance with the theorem proved by B. Kosko [1], the fuzzy inference system, 

which realized function g(x), approximates with the specified accuracy Ɛ any continuous 

function f(x) if x ∈ X, X – a compact set on Rn. Consequently, it is possible to configure the FIS 
so that condition |f(x) – g(x)| < Ɛ would be true for any small constant Ɛ > 0. In accordance to this 
theorem Ɛ→0 when K→∞, 
The proposed algorithm uses the formula for precise tuning the FIS at reference points. To 

configure the system value FIS to each reference point x’∈ X adjustment points from the interval 

are used x ∈ [x’-h, x’+h], with values as a manifestation of a random variable 𝜉. The kernels of 
the membership functions of the input variables of the FIS are in the reference points. When the 

number of membership functions tends to infinity, the number of reference points also tends to 
infinity. One of the properties of compactness of a set X is that X bounded. In this regard, when 
the number of reference points tends to infinity, the distance between them tends to zero. 
In case the FIS is able to approximate the function with a given accuracy, which is provided by a 
sufficient number of reference points, when decrease the interval h→0 and increase N→∞, for 
any reference point there will be an infinite number of points to configuring FIS, and the sample 
average calculated by the algorithm will tend to the true value of the mathematical expectation of 

the random variable 𝜉(𝑥). In this case, the condition will be met: 
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But M[𝜉(𝑥)] = f(x) and as a consequence we get expression 4. The theorem is proved. 
Consequence: the algorithm allows us to configure the FIS for approximate the function with a 
given accuracy Ɛ, if the FIS can approximate this function with a given accuracy by its structure 
and the number of adjustment points N for each reference point fit the requirement: 

2
6

N



    
,                                                                     (6) 

where σ is the standard deviation of the random variable 𝜉, ⌈ ⌉ - the operation of rounding up. 
The inequality is obtained in accordance with the Central limit theorem. Average standard 
deviation σ’ distributions of the mathematical expectation of a random sample from n random 

variable implementations 𝜉 equal to:  
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If you set a requirement that: 

6   ,                                                                  (8) 

then in this case for 99.99966 % of samples mathematical expectation will be less than Ɛ. If we 
substitute equation 7 in 8 then, as a result , we obtain the formula 6. 
 

4. Algorithm evaluation 

 
For algorithm evaluation the function was taken of two variables with many local maximum 

and minimum points on modeled interval. This function would be called «base function» and 
calculated by Formula 4: 𝑓(𝑥1, 𝑥2) = −(400∗(𝑥2 + 8.7))∗sin(√|200∗(𝑥1 + 4)+ 400∗(𝑥2+8.7)|)− (400∗(𝑥1 + 4))∗sin(√|400∗(𝑥1 + 4)+ 400∗(𝑥2+8.7)|)1500 + 5      (4) 

Base function was used for generating points value in statistical data for configuration FIS. 

These points were set by random pairs input variables (x1i, x2i)i  with range in x1[0, 10] and 

x2[0, 10], represents a number of generated points. Each pair input variable (x1i, x2i)i generated 
the value of yi by the normal distribution law with its mean calculated by formula 4 and mean 
square error 1.3. Fig. 3 shows graphs of the base function and the 3000 points that were 
generated with its mean value represented by base function. 
 

 
Fig. 3. a) Base function graph, b) Graph representation of 3000 points generated with mean value 

represented by base function 
Algorithm evaluation was made by comparison FIS configured by proposed algorithm on 

generated statistical data set (next marked as FIS-a), FIS configured using formula 3 on base 
function value in reference points (next marked as FIS-b) and FIS configured using adaptive 
neuro-fuzzy inference system (ANFIS) [6] (next marked as FIS-c). Evaluation was made by the 

following criteria: 
1. Comparison of FIS configuration runtime for FIS-a and FIS-c in depending of 

number membership functions input variables; 
2. Comparison of mean, max errors calculated for FIS-a, FIS-b and FIS-c outputs in 

depending of number membership functions input variables; 
3. Comparison of mean errors calculated for FIS-a and FIS-b outputs in depending of 

number statistical data points; 
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Max error max for FIS outputs calculated by formula:       

 1 2 1 2
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  ,                                         (9) 

Mean error  for FIS outputs calculated by formula: 
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  ,                                           (10) 

In formulas 5-6: g(x1i, x2i) – function value was calculated by FIS in points x1i, x2i, f(x1i, x2i) – 

function value was calculated by formula 4 in points x1i, x2i . Here ‘n’ signifies the points count 
taken for calculation. In this article, for the variable ‘n’, 10 000 points have been utilized. To 
compare errors calculated for FIS outputs depending on the number of membership functions, 
input variables were taken for each input variable x1i, x2i number of membership functions in 
interval [3, 30] with step 1. The number of membership functions is equal for both variable on 
the same step. ANFIS has train parameters, sown in table. 
Table 1 ANFIS train parameters 

Train parameter name Train parameter value 

Training epoch number 10 
Training error goal 0 
Initial step size 0,01 
Step size decrease rate 0,9 
Step size increase rate 1,1 
 
Graphs for FIS configuration runtime, mean, max errors in depending on the number of 
membership functions in input variables are shown on fig. 4 and calculation results in Table 2. 

 
Fig. 4. Dependence graphs FIS configuration time a) and error value from number of the 

membership functions for b) Mean error , c) Max error max  
  - Dependence graph FIS configuration runtime and error value from number of the 

membership functions for FIS configured by proposed algorithm (FIS-a) 
 - Dependence graph error value from number of the membership functions for FIS 

configured using formula 3 on base function value in reference points (FIS-b) 
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 - Dependence graph FIS configuration runtime and error value from number of the 

membership functions  for FIS  configured by ANFIS (FIS-c) 

Table 2 FIS configuration time, mean error , max error max values in dependence from number 
of the membership functions calculated for FIS-a, FIS-b, FIS-c. 

Number 

MF 

FIS configuration 

time 
Mean error  Max error max 

FIS-a FIS-c FIS-a FIS-b FIS-c FIS-a FIS-b FIS-c 

3 0,066 3,493 2,8936 2,9889 2,8352 12,2994 13,3636 9,9275 
4 0,029 3,693 2,8779 3,2637 2,7982 9,9447 14,2580 13,3025 
5 0,040 4,364 2,8755 3,1415 2,7334 10,6519 13,3392 15,6677 
6 0,055 5,558 2,7663 2,9155 2,6333 9,4228 10,1620 17,1755 
7 0,084 7,179 2,4791 2,5634 2,3057 8,3251 8,6240 7,9366 
8 0,118 9,746 2,1947 2,2145 1,9154 7,3781 7,5172 9,2145 
9 0,155 13,216 1,9073 1,8763 1,4990 6,2585 6,1478 7,9575 

10 0,245 18,258 1,6588 1,5977 1,1506 5,5487 5,1284 5,9976 
11 0,275 24,604 1,4546 1,3752 0,8746 4,7467 4,6109 4,4775 
12 0,367 33,103 1,2526 1,1836 0,6743 4,2116 3,9144 4,6280 
13 0,505 44,599 1,1197 1,0247 0,5403 3,9142 3,4746 4,0967 
14 0,671 64,544 0,9889 0,8942 0,4458 3,4450 2,9929 2,6814 
15 0,798 89,444 0,8867 0,7870 0,3803 3,0123 2,6311 2,7814 
16 1,070 122,863 0,7950 0,6970 0,3300 2,7570 2,3389 2,6787 
17 1,378 174,238 0,7424 0,6202 0,2964 2,7721 2,1051 2,7120 
18 1,612 234,448 0,6946 0,5566 0,3033 3,2900 1,8698 2,6033 
19 1,957 306,346 0,6367 0,5006 0,2870 3,2070 1,6907 2,8846 
20 2,408 390,786 0,6099 0,4527 0,2587 2,5258 1,5406 2,3484 
21 2,850 487,366 0,5753 0,4081 0,2668 3,6781 1,3857 1,7912 
22 3,448 610,170 0,5356 0,3752 0,2708 3,2500 1,2724 2,5755 
23 4,023 781,639 0,5729 0,3436 0,2804 3,4366 1,1661 2,6991 
24 6,470 1035,220 0,5366 0,3157 0,2841 3,0852 1,0753 2,3141 
25 6,317 1192,209 0,5762 0,2907 0,2771 3,6051 0,9897 2,7348 
26 7,913 1397,651 0,4994 0,2660 0,2955 3,6840 0,9271 2,1601 
27 8,033 1642,250 0,4844 0,2496 0,3100 3,2872 0,8591 2,7635 
28 10,912 1966,273 0,4922 0,2321 0,3114 4,9913 0,7900 3,5664 
29 11,728 2212,706 0,4754 2,9889 0,3369 4,0444 0,7380 2,6878 
30 13,341 2619,065 0,4733 3,2637 0,3263 3,7579 0,6871 2,6524 
31 16,068 3185,581 0,4690 3,1415 0,3350 10,1286 0,6545 3,8127 
32 20,010 3940,811 0,4782 2,9155 0,3476 3,4604 0,6161 3,8267 
33 21,647 5173,682 0,4411 2,5634 0,3835 6,7590 0,5708 3,1045 
34 26,712 5479,967 0,4693 2,2145 0,3766 3,6060 0,5367 3,6652 
35 23,944 6638,522 0,4666 1,8763 0,3965 5,3311 0,5123 4,1604 
36 29,958 7306,605 0,4655 1,5977 0,4012 4,8600 0,4848 5,3054 
37 32,955 8679,743 0,4511 1,3752 0,4301 3,8681 0,4528 4,5512 
38 37,125 9861,035 0,4860 1,1836 0,4215 9,6409 0,4365 10,0158 
39 40,687 10961,415 0,4905 1,0247 0,4555 3,6452 0,4104 14,3789 
40 45,507 12689,881 0,4600 0,8942 0,4461 9,4467 0,3908 4,7951 

 
 
The obtained data allow us to conclude that with an increase in the number of 

membership functions and as a consequence with an increase in the number of reference points 
the average error outputs of the FIS configured using the proposed algorithm (FIS-a) decreases. 
The value of the average error of the FIS-a is comparable to the error of the FIS configured 
based on the exact value of the modeled function (FIS-b). In this case, the maximum error values 

can be several times higher than the maximum error value of the FIS-b, which can be explained 
by the occurrence of individual "peaks" of maxima or minima corresponding to outliers. 
Examples of surfaces plotted using FIS- and FIS-b outputs with 15 membership functions for 
each input variable are shown in the fig. 5. FIS-a was configured using 3000 points for getting 
data to plot fig. 5. 
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Fig. 5. Examples of surfaces plotted using FIS-a and FIS-b outputs with 15 membership 

functions for each input variable 
a) plot for outputs of the FIS-a, configured using 3000 statistical data points,  

b) plot for outputs of the FIS-b. 
 

To investigate changing the mean error  for outputs of the FIS configured earlier by using the 

proposed algorithm, depending on the number membership functions, FIS was used, in which the 
number of MF for each input variable varied from 3 to 30 with a step 1. The number of random 
points for configuring FIS varied from 4 to 2000 with a step 200, and from 2000 to 10 000 with a 
step 1000. A graphical representation of the calculations results are shown in fig. 6. The 
calculation results are shown in Table 3. 
 

Table 3 Mean error  for outputs of the FIS configured using the proposed algorithm in 
dependency of number membership functions NMF and number random points for configuring 

NMF 

  

 Number random points for configuring FIS 

4 204 604 1004 1404 1604 1804 2000 3000 4000 5000 6000 7000 8000 9000 10000 

3 4,20 3,11 2,87 2,86 2,89 2,90 2,90 2,88 2,88 2,87 2,89 2,86 2,90 2,86 2,87 2,87 

4 4,08 3,16 2,92 2,87 2,92 2,90 2,95 2,88 2,89 2,89 2,87 2,86 2,89 2,87 2,87 2,88 

5 4,76 3,02 2,80 2,81 2,78 2,78 2,78 2,81 2,78 2,79 2,77 2,78 2,77 2,77 2,79 2,77 

6 4,60 2,76 2,57 2,53 2,52 2,56 2,50 2,50 2,49 2,49 2,48 2,49 2,49 2,50 2,49 2,50 

7 4,68 2,47 2,29 2,28 2,28 2,22 2,20 2,24 2,21 2,24 2,21 2,20 2,21 2,20 2,19 2,19 

8 4,81 2,30 2,04 2,02 2,00 1,94 1,93 1,92 1,90 1,92 1,91 1,90 1,92 1,90 1,89 1,90 

9 4,91 2,23 1,92 1,76 1,78 1,69 1,82 1,68 1,68 1,64 1,65 1,68 1,66 1,67 1,66 1,63 

10 5,03 2,17 1,79 1,52 1,50 1,61 1,49 1,50 1,48 1,44 1,47 1,46 1,48 1,46 1,45 1,43 

11 4,95 1,98 1,65 1,50 1,41 1,42 1,40 1,36 1,33 1,33 1,34 1,27 1,28 1,26 1,25 1,27 

12 4,89 1,90 1,47 1,31 1,31 1,26 1,22 1,29 1,23 1,18 1,08 1,11 1,14 1,12 1,12 1,11 

13 4,90 2,07 1,46 1,23 1,26 1,21 1,14 1,11 1,12 1,07 1,07 1,05 1,05 1,01 1,01 0,99 

14 4,92 2,40 1,44 1,16 1,15 1,20 1,07 1,05 1,02 0,98 0,95 0,94 0,91 0,92 0,87 0,90 

15 4,91 2,14 1,31 1,16 1,12 1,09 1,03 0,98 0,95 0,91 0,84 0,85 0,80 0,83 0,81 0,82 

16 4,93 2,16 1,21 1,10 1,10 0,97 0,94 0,90 0,91 0,79 0,82 0,82 0,74 0,79 0,76 0,75 

17 4,92 2,08 1,47 1,12 1,03 0,91 0,96 0,86 0,85 0,80 0,72 0,71 0,70 0,74 0,71 0,68 
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NMF 

  

 Number random points for configuring FIS 

4 204 604 1004 1404 1604 1804 2000 3000 4000 5000 6000 7000 8000 9000 10000 

18 5,06 2,47 1,27 1,15 0,94 0,91 0,89 0,90 0,77 0,76 0,74 0,74 0,65 0,69 0,65 0,64 

19 5,00 2,37 1,45 1,06 0,98 0,88 0,92 0,78 0,75 0,69 0,67 0,70 0,59 0,64 0,58 0,62 

20 4,97 2,64 1,31 1,10 0,91 0,92 0,83 0,81 0,71 0,71 0,64 0,68 0,63 0,62 0,58 0,57 

21 5,05 2,59 1,38 1,10 0,99 0,89 0,88 0,80 0,75 0,69 0,66 0,63 0,58 0,61 0,56 0,53 

22 4,96 2,65 1,59 1,12 0,99 0,87 0,82 0,82 0,70 0,69 0,61 0,60 0,57 0,57 0,57 0,54 

23 5,01 2,56 1,48 1,11 0,94 0,91 0,84 0,87 0,76 0,64 0,60 0,61 0,57 0,58 0,52 0,54 

24 5,07 2,61 1,47 1,14 0,91 0,91 0,82 0,77 0,66 0,63 0,61 0,55 0,60 0,55 0,55 0,52 

25 4,97 2,69 1,61 1,19 0,92 0,93 0,91 0,81 0,70 0,62 0,59 0,58 0,55 0,56 0,55 0,49 

26 5,08 2,88 1,51 1,14 0,98 0,89 0,80 0,81 0,71 0,62 0,64 0,53 0,54 0,54 0,51 0,48 

27 4,96 2,68 1,63 1,21 0,96 0,93 0,89 0,81 0,68 0,65 0,58 0,55 0,52 0,52 0,51 0,51 

28 4,97 3,00 1,62 1,22 1,05 0,87 0,86 0,81 0,70 0,66 0,59 0,56 0,53 0,52 0,47 0,47 

29 5,10 3,01 1,61 1,24 1,07 0,94 0,89 0,82 0,66 0,61 0,53 0,54 0,53 0,50 0,50 0,47 

 
Based on the results obtained, it follows that the mean error  value decreases with an increase 

of the number of random points for configuring FIS and the number of membership functions. 
However, it is always greater than the mean error value of the FIS configured on the exact value 
of the function in the reference points, but it is asymptotically closer to it. The mean error value 
decreasing is not linear. For considered in the article’s example, an increase in the number of 
membership functions greater than 17 with the number of adjustment points greater than 1600 
results in a decrease in the error value of no more than 10% relative to the maximum and 
minimum error values. 

 

 
Fig. 6. Graphical representation changing mean error  for outputs of the FIS configured using 
the proposed algorithm in dependency of number membership functions NMF and number of 

random points for configuring. The graph is rotated on 90 degrees relative to the z axis. 

 
5. Conclusions 
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The algorithm considered in the article allows you to configure fuzzy inference systems based 

on statistical data. The advantage of the proposed algorithm is the relatively high speed compare 
to ANFIS. It could be important for configuring FIS with big number of input variable and 
membership functions. As a further development of the topic, it is planned to consider the 
development of algorithms in terms of changing the size of intervals between reference points to 
achieve more accurate adjustment in areas with a large amount of statistical data.  
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