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A novel method for improving damage detectability in nonlinear

wave modulation: Modeling and design of a driving system

Naserodin Sepehry · Sina Asadi · Mohammad
Ehsani · Weidong Zhu · Firooz Bakhtiari Nejad

the date of receipt and acceptance should be inserted later

Abstract Nonlinear wave modulation (NWM) is a nonlinear health monitoring technique that al-
lows for the early detection of minor faults and damages. The purpose of this study is to develop a
novel, low-cost and portable device to improve the damage index (DI) in the NWM. 2D spectral fi-
nite element method is used to model the electromechanical coupling between piezoelectric patches,
an inductor and a structure in a feasibility study. In the simulation, an inductor is attached to
each actuator to compare the results with those without an inductor. A specific inductance value is
selected for the piezoelectric transducer to achieve resonance, which results in an increased voltage
amplitude. A circuit that is inexpensive and portable has been designed and implemented. The
results of two experimental setups, an aluminum beam with boundary loosening and a sandwich
panel with bolt loosening as damage, are compared with those of the NWM without an inductor.
The average of sidebands as a DI is then compared for various frequency combinations using the
two NWM techniques i.e. with and without an inductor.

Keywords Nonlinear Wave Modulation · Circuit · Inductor · Aluminum beam · Sandwich Panel ·
Low Cost System · Structural Health Monitoring · Bolt loosening · Boundary loosening

1 Introduction

One of the most researched areas in structural health monitoring (SHM) in the last two decades
has been the early detection of damage using nonlinear characteristics of elastic waves [1–5]. Some
previous studies have used linear methods in SHM [6–8]. The piezoelectric patches can be used for
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online monitoring of structures [6,9–12]. As opposed to linear damage detection methods, nonlinear
methods detect damage at an earlier stage [13]. There is evidence that nonlinear methods, such
as the subharmonic resonance method [14], the second-order output [15, 16], and the higher-order
harmonic method [17], can be used to detect defects in structures.

Various experimental methods detect non-classical damage [18–20] So far, the technique of non-
linear methods have been used to detect damage in a wide range of structures, including reinforced
sheets, welded pipe fittings [21], bolts looseness [22–31], structure with fatigue cracks [32–36], and
composite structures [37–39]. Nonlinear wave modulation (NWM) is one of the nonlinear methods
for detecting damage. The main concept of NWM is to apply a pump and carrier wave to the
structure. The structure is subjected to both of these waves at the same time. If the structure is
perfectly linear, the response spectrum will only contain the main frequency components, namely,
the probe (carrier) and pump frequencies. A nonlinear structure is characterized by higher har-
monics and sidebands around the carrier frequency in addition to the linear components of the
response spectrum [10, 40]. Nonlinear damage indices (DIs) are negligible due to the low severity
of damage in the early stages. As a result, the probability of successfully detecting damage in a
noisy environment is reduced.

Depending on the frequency range used to stimulate the pump, there are two types of inter-
modulation techniques. They are similar in terms of the principle of detecting damage, but differ
slightly in terms of implementation, simulation, and signal processing. In the first type, called
vibro-acoustic modulation (VAM), the pump signal corresponds to one of the structure’s first nat-
ural frequencies (less than 1500 Hz in most previous studies). In this paper, a second type of signal
was used, NWM, which uses an ultrasonic pump signal [41–43]. Although the results of VAM and
NWM can be studied in both the time and frequency domains, frequency domain results are fre-
quently employed to offer effective damage indicators in practice. The modulation phenomenon
occurs as a sideband around the carrier frequency peak at frequencies fc ± nfp (n = 1, 2, . . . ).
where fc is the carrier frequency, fp is the pump frequency and n is the sideband number. Sohn et
al. proposed the NWM for detecting sidebands that employ a high frequency and low voltage (10
V) pump actuation [40].

In practical implementation, pump excitation in VAM is often applied with shakers [29,34,44,45]
or piezoelectric stacks [27]. Shakers can inject considerable of energy into the structure; however,
they are challenging to be implemented in online monitoring applications. In addition, nonlinear
contact behavior at the point of contact of the shaker with the structure is likely. Due to their high
operation bandwidth, piezoelectric patches, can be used for VAM and NWM. In most papers that
use NWM, a function generator is used to apply voltage to the carrier and pump actuators. An
oscilloscope or digitizer was used to measure the sensor voltage. Liu et al. [46] developed a wireless
sensor node for fatigue crack detection. In order to calculate the damage indicator, Oppermann
et al. [47] used undersampling and a sensor network, which reduced computational resources and
memory requirements significantly. Only one pair of sidebands has been observed at the sensor
frequency response output in most earlier works that employed 10 V for actuators. The key to
defect identification in the NWM method is to maximize nonlinear effects by optimal excitation
of surfaces in contact by combined stimulations [29, 48]. However, heavy and expensive amplifiers
are required for higher voltages [28, 34,39, 41].

The previous studies demonstrated that increasing the voltage causes the DI to increase. In
online detection methods, the heavy and bulky amplifiers can be difficult to use, but if they are
not used, they reduce the signal-to-noise ratio in environments with high levels of noise, resulting
in a reduction in the amplitude of sidebands, or failing to detect them in defective structures. This
paper describes the design and implementation of a portable and low-cost device for improving
NWM. A piezoelectric transducer and an inductor are used to form a circuit between the wave
generator and the actuator, thus increasing the efficiency of the NWM. A feasibility analysis is
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first conducted with an electromechanical coupled model of piezoelectric, inductor, and beam with
the loosened boundary as damage. A device has been developed and tested on an aluminum beam
with a loosened boundary and a sandwich panel with a loosened bolt.

2 Model description

This section introduces an electromechanical coupled model developed via 2D spectral finite ele-
ment (SFEM) to investigate the proposed concept of increasing the performance of the NWM. The
beam with dimensions of 300 × 20 × 1 mm3 is modeled (Figure (1)), with the loose boundary as
the defect. The beam has three piezoelectric transducers mounted on it. These PZTs functions as a

Fig. 1: Schematic of the beam with piezoelectric transducers and inductors.

pump, probe and sensor (Figure (1)). An inductor is attached to each actuator PZT to increase the
input voltage of the NWM (Figure (1)). The inductor is seriated with the actuator PZT to create
a resonance circuit, which increases the applied voltage at a specific frequency. For the actuator
PZT and the inductor to resonate at a specified frequency, it is necessary to change the inductor
value. The boundary conditions for the beam consist of a region of the beam which is in contact
with the support. Mating surfaces with higher stiffness are designated as ”secondary”, while those
with lower stiffness are designated as ”primary”. As a result, the primary is the support, whereas
the secondary is the beam surface in contact with the support (Figure (1)). The node-to-node
formulation is utilized to maintain the contact between mating surfaces. The Lagrange multiplier
formulation is used to enforce the constrained conditions. The sinusoidal voltage input is applied
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directly to the top of the actuator PZT in the first case while for the second simulation, the voltage
is applied to the PZT through the inductor.

2.1 2D spectral element method

The geometry of the 6×6 2D spectral element is shown in Figure (2). 2D displacements can be

Fig. 2: Geometry of spectral element.

defined as follow:

u (ξ, η) =
∑

i

∑

j

Ni (ξ)Ni (η)uij

w (ξ, η) =
∑

i

∑

j

Ni (ξ)Nj (η)wij

(1)

where uij and wij are nodal displacements. i and j denote the index of nodes in the ξ and η
direction, respectively. Ni and Nj are the shape functions.

In each element, the N matrix, which relates displacement fields to nodal displacements, can
be expressed as:

u = Nd

d = {d11 d12 · · · dn1n2
}

dij = {uij wij}

N=
[
N11 N12 · · · Nn1n2

]

N ij =

[
Ni (ξ)Nj (η) 0

0 Ni (ξ)Nj (η)

]

(2)

In both structural and PZT elements, the Bu matrix, which relates nodal displacements to
strain field, is represented by

ε=Bud

ε=
[
εxx εzz εxz

]

Bu=
[
B11 B12 · · · Bn1n2

]

Bij=






∂
∂x

0

0 ∂
∂y

∂
∂y

∂
∂x




Ni (ξ)Nj (η)

(3)
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It is assumed that the electric potential of the PZT layer is distributed linearly through the thickness
[49]. So, the electric voltage φp in the PZT can be calculated by

Ez = −
∂ϕp

∂z
= −

ϕ

hp
= −Bϕϕ (4)

The beam and PZT mass matrix elements can be defined as:

Me=

∫ ∫ ∫

V

ρNTN |J| dV

Ke=

∫ ∫ ∫

V

(

Bu
TDBu +NTKsN

)

|J| dV

(5)

where

Ks =

[
0 0
0 ks

]

(6)

where J is the Jacobian matrix of the element, ρ and D are density and elastic matrix, respectively.
V is the volume of element. ks is the spring constant of elastic foundation. For elements lacking a
spring ks = 0. The superscript T represent the transpose operation.
According to piezoelectric constitutive equations, for PZT element, we have [11]:

Ki
uϕ=Ki

ϕu

T
=

∫ ∫ ∫

V i

Bu
T eTBϕ |J| dV

Ki
ϕϕ=

∫ ∫ ∫

V i

Bϕ
T
ε
SBϕ |J| dV

(7)

where V i is the element volume of PZT and superscript i is pump, probe and sensor. e is the
piezoelectric coupling coefficients for stress-charge form and ε

S is electric permittivity.
The differential equation of the global system with adding Rayleigh’s damping (C=αM+βK) is
given by [49]:

Md̈+Cḋ+Kd= −Kpu
uϕϕ

pu
−Kpr

uϕϕ
pr

Ks
ϕϕϕ

s= −Ks
ϕud

(8)

where ϕpu and ϕpr are the applied voltage to the pump and probe actuator, respectively. ϕs is
output voltage of the sensor. α and β are Rayleigh coefficients.

2.2 Coupling SFEM with the circuit

A study of the electromechanical equations of the PZT with the circuit is presented in this section.
Eq. (4) and piezoelectric constitutive equations can be used to calculate the output charge of the
PZT pump and probe actuator.

Qi (t)=
∫ ∫

AiDdA=
∫ ∫

Ai

(

eBud+
εS

33
ϕi

hi
p

)

dA=
∫ ∫

Ai (eBu) dAd+ Ciϕi (9)

where:

Ci =
εS33A

i

hi
p

(10)
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Fig. 3: circuit of PZT with inductor

where Ai is the area of pump and probe elements. where superscript i is the pump and probe
actuator. The differential equations governing the electrical circuit that contains the PZT actuator
and the inductor are as follow (Figure (3)):

Li d
2Qi (t)

dt2
+ ϕi = ϕi

inp
(11)

where ϕi
inp is the input voltage. Li is the inductance of inductor connected to the pump and probe

PZTs. As the inductor has a small inherent resistance, this resistance has been omitted from the
calculations.
The final coupled equation can be rewritten as follow:







Md̈+Cḋ+Kd= −Kpu
uϕϕ

pu
−Kpr

uϕϕ
pr

Qpu (t) =
∫∫

Apu (eBu) dAd+Cpuϕpu

Qpr (t) =
∫∫

Apr (eBu) dAd+Cprϕpr

Lpu d2Qpu(t)
dt2

+ ϕpu = ϕpu
inp

Lpr d2Qpr(t)
dt2

+ ϕpr = ϕpr
inp

Ks
ϕϕϕ

s= −Ks
ϕud

(12)

Solving these equations yields the output voltage of the sensor.

2.3 Investigation of the effect of an inductor on actuator voltage in the linear case

The inductor effect on the voltage of the PZT actuator is investigated in this section. In this case,
only the voltage on the pump actuator is checked (the applied voltage of the probe is taken to be
zero). However, the results can be extended to the probe actuator as well. A sinusoidal voltage is
assumed to be applied to the circuit with the inductor and PZT (ϕpu

inp = Φcos(ωt) and ϕpr
inp = 0,

where Φ is the amplitude of input voltage). Based on Eq. (12) and the linear assumption, the
solution of the equations in linear mode is as follows:

{
ϕpu (t) = Φpu

0 eiωt

d=d0e
iωt (13)
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So, we have:







d0= −

(
−Mω2+Ciω+K

)
−1

Kpu
uV

Φpu
0

Qpu (t) =







∫∫

Apu

(eBu) dAd0+CpuΦpu
0

︸ ︷︷ ︸

Q
pu
0








eiωt
(14)

Substitute Eq. (14) to Eq. (11),we have

(

−Lpuω2
)

Qpu
0 +Φpu

0 = Φ (15)

According to the Eqs. (13), (14) and (15), the voltage applied to the PZT actuator is equal to:

Φpu
0 =

(

Lpuω2

∫ ∫

Apu

eBudA
(

−Mω2 +Ciω +K
)
−1

Kpu
uV

+
(

−Lpuω2Cpu + 1
))

−1
Φ (16)

According to Eq. (15) and in the absence of an inductor (Lpu = 0), the voltage applied to the PZT
actuator is equal to Φ. In Eq. (16), the value of ω is selected as follows:

ω =

√

1

CpuLpu
(17)

So, the voltage of is applied to the PZT actuator as follows:

Φpu
0 =

(

1

Cpu

∫ ∫

Apu

eBudA

(

−M
1

LpuCpu +Ci

√

1

LpuCpu +K

)
−1

Kpu
uV

)−1

Φ (18)

In NWM, both the pump and probe frequencies are commonly selected above 10 kHz [40]. High
structural damping in these frequency regions, reduce the effects of structural resonance relative
to low frequencies [11].According to Eqs. (16) and (18),by selecting an appropriate inductor at the
intended frequency, the energy supplied by the input voltage is transferred from the capacitive
part of the PZT to the coupling part. Hence, the applied voltage to the actuator PZTs (pump and
probe) is increased which is appealing for NWM fault diagnosis. Finally, Eq. (17) can be used to
calculate the inductor value based on the desired frequency.

2.4 Nonlinear Equation of contact between beam and support

Contact problems are generally nonlinear phenomena. In this section, Lagrange multipliers are
used to solve the equations of motion with contact conditions. The first step is to formulate the
restrained equation of motion. The next step involves introducing the Lagrange multiplier. After
this, the equations of motion are solved by following a time stepping procedure. Since the slip is
tiny, only normal contact is introduced [50].
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2.4.1 The gap function definition

The displacement constraints have been imposed to prevent the primary nodes from penetrating
the secondary domain. These constraints are as follows [49]:

gN=GN(d+ δeS) (19)

The displacement at nodes is d and the spring free length is δ= 10−10. Additionally, eS=
∑

i∈S
ei,

where S represents a set of activated nodal contacts and ei represents a unit vector in normal di-
recton.
Displacement and deformation change GN ’s components a priori. To introduce restrained displace-
ment components into GN when the contact occurs, the motions of the contactor and target must
be tracked.

2.4.2 Lagrange multiplier method

By inserting the Lagrange multipliers into Eq. (12), we get:

{
Md̈+Cḋ+Kd + GT

NλN=−Kpu
uϕϕ

pu −Kpr
uϕϕ

pr

GN (d+ δeS) ≥ 0; λN ≤ 0; giNλ
i
N=0 for i = 1, . . . , s

(20)

where s denote number of activated nodal contact pairs, λN=
[
λ1
N λ2

N · · · λs
N

]T
represents the

normal contact force vector, λi
N represents the Lagrange multiplier for the ith nodal contact pair,

and gN=
[
g1N g2N · · · gsN

]T
. In the Lagrange multipliers, λN is treated as an unknown and Eq. (20)

is solved simultaneously.

2.4.3 Numerical solution of motion equation in contact

The forward increment Lagrange multipliers method is used for the time-integration of Eqs. (20)
and(11) [51]. The constrained equation of motion is expressed as follows:







Md̈
n
+Cḋ

n
+Kdn +

(
Gn+1

N

)T
λ
n
N +Kpu

uϕϕ
pu,n +Kpr

uϕϕ
pr,n= 0

Gn+1
N

(
dn+1 + δeS

)
= 0

Qpu,n=
∫ ∫

Apu (eBu) dAdn + Cpuϕpu,n

Qpr,n=
∫ ∫

Apr (eBu) dAdn + Cprϕpr,n

LpuQ̈pu,n + ϕpu,n=ϕpu,n
inp

LprQ̈pr,n + ϕpr,n=ϕpr,n
inp

Ks
ϕϕϕ

s,n+1=−Ks
ϕud

n+1

(21)

At the current time tn, it is assumed that no contact exists. The central difference time integration
is used for solution of Eq. (21) for the next increment (tn+1):







a11 0 0 a14

a12 a22 0 0
a31 0 a33 0

(a14)
T 0 0 0













dn+1

ϕpu,n+1

ϕpr,n+1

λ
n+1
N






=







b1

b2
b3
b4







(22)
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Appendix A provides details of Eq. (22). By solving Eq. (A.1), the displacement (dn+1), voltage
of the probe (ϕpr,n+1) and pump (ϕpu,n+1) actuator, as well as the contact force (λn

N) in the next
time step (tn+1) are calculated.

The proposed method’s performance is assessed using a DI, which is the average of the side-
band’s amplitude [1] as follow:

DI =

∑n
i=0

(

Ai,+
sb +Ai,−

sb

)

n
(23)

where Ai,+
sb and Ai,−

sb are the ith right and left sidebands, respectively and n is the number of
sidebands.

The properties of the materials used to model the beam are listed in Table (1).

Table 1: aluminum and PZT properties

Parameter PZT-5H aluminum
c11 (Nm−2) 129× 109 91.9× 109

c13 (Nm−2) 84.1× 109 45.3× 109

c33 (Nm−2) 117.9× 109 91.9× 109

c44 (Nm−2) 23.9× 109 23.9× 109

e31 (Cm−2) -6.5 0
e33 (Cm−2) 23 0
e15 (Cm−2) 17.44 0
ǫ11 (Fm−1) 15.03× 10−9 0
ǫ33 (Fm−1) 13× 10−9 0
ρ (kgm−3) 7500 2700

Figure (4) shows the results of applying the proposed method (circuit with an inductor) and
comparing it to the conventional method (circuit without an inductor) at pump frequency 56 kHz
and carrier frequency 250 kHz. Also, the magnified frequency response around the carrier frequency
is shown in this figure. All higher harmonics are filtered out because this study is only interested
in the intermodulation effect.

As shown in Figures (4a) and (4c), the sidebands do not appear in the frequency response of
the sensor output without and with inductor in the healthy state, respectively. In the defective
state, however, sidebands are visible in the sensor’s frequency response. Also, the amplitude of the
frequency response in conventional method is much less than the proposed method (Figures (4b)
and (4d)). In addition, the number of sidebands in the proposed method is 4, while the number
of sidebands in the conventional method is 2. Therefore, the use of inductors has increased both
the amplitude and number of sidebands, which is an advantage of the proposed method over the
previous method. For NWM without and with the inductor, the DIs are 2.1× 10−5 and 35× 10−5,
respectively. The DI when using the inductor is seventeen times higher than when it is not used.

3 Experiments

This section describes the circuits needed to implement the NWM with the inductor. The pro-
posed method will next be tested for damage detection on two experimental setups, including an
aluminum beam with loosened boundary and a sandwich panel with a loosened bolt, employing
these circuits.
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(a) (b)

(c) (d)

Fig. 4: Frequency response of the PZT sensor with focusing around carrier frequency at pump
frequency 56 kHz and carrier frequency 250 kHz a) healthy structure without inductor b) defected
structure without inductor c) healthy structure with inductor d) defected structure with inductor

3.1 Hardware design

Figure (5) shows a schematic of relays, waveform generator, inductors, and PZTs. A microcontroller
has the duty of sending required settings for low and high-frequency harmonic signals to signal
generators (AD9833) through a Serial Peripheral Interface (SPI). Moreover, it controls two sets of
relays, making different inductances by short-circuiting specific inductors connected in series. The
pump and carrier are driven by two sets of wave generators and inductors. AD9833 is a digitally
controllable waveform generator capable of producing sine waves up to 12.5 MHz with 28-bit
resolution so that a 0.004 Hz frequency step is achievable. AD9833 is powered by an evaluation
board and connected to the microcontroller via the SPI interface. Since output voltage and current
of AD9833 are not enough to drive PZT transducers and it has a DC offset, it is required to be
amplified and remove the offset. It is done using an OP37 operational amplifier (op-amp) in a
non-inverting mode with a capacitor on the input. The gain is set such that output swings between
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±6.5V. The indicator’s value must be selected according to a specific resonance frequency of the
PZT series to the inductor. Six different frequencies are selectable with three connected inductors
to each transducer. The microcontroller decides which relays to power on based on the required
inductance and capacitance of the transducer and shorts out unnecessary inductors. With just
three inductors, a wide range of frequencies can be achieved. It is the same for both pump PZT
and carrier PZT. The output amplitude of the sensor PZT is bipolar and usually between -5 to +5

Fig. 5: Schematic of controller relays, waveform generator, inductors and PZTs

V, while the input of ADC accepts unipolar signals between 0 to 3.3 V. An op-amp can achieve
a bias of 1.65 V directly after the sensor with gain and offset adjustments. High pass filters are
placed within the same op-amp to mitigate low-frequency noise such as 50 Hz. To prevent aliasing,
a low-pass filter is applied to the signal before it is fed into the converter. A 12-bit ADC is used
for this part, which provides enough resolution for further signal processing. The piezoelectric
transducers act as a capacitor in a simplified model. The impedance of a capacitive load decreases
as frequency increases. Therefore, a large current or power is required to drive a capacitive load
at higher frequencies leading to a much more complex and expensive amplifier. There are a few
assumptions for designing this amplifier:

– Maximum output power is 70 Watts, approximately
– Bandwidth is around 0.5-700 kHz
– Maximum Total Harmonic Distortion (THD) should be below 1%

3.2 Design and fabrication of the power amplifier

Step 1: The maximum capacitance of the load should be considered. Given that to monitor the
structure’s health, the dimensions of the actuator have certain limits and the capacitance depends
on the dimensions, a capacitance equal to 20 nF is considered.
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Step 2: Defining the slew rate. The maximum frequency and voltage must be considered to deter-
mine the slew rate. The slew rate for a sine wave is calculated as follows:

slew rate [V/µs]= 2π f.Vout

(

10−6
)

(24)

Step 3: The maximum output current required for the load depends on the maximum frequency
and output voltage. Each amplifier usually has several stages. Each stage should have a large
enough input impedance so that the previous stage does not affect the next stage, and at the
same time, it should have a low output impedance to have minor effects on the next stages or to
be able to deliver enough power to the load. In this design, two stages are considered. The first
stage benefits an op-amp to have a large input impedance. Therefore, the output signal from the
wave generator is not affected by the op-amp. The first stage is also used for voltage amplification.
However, op-amps usually have high output impedance, hence, minor output current, so they do
not perform well driving capacitive loads specifically, at higher frequencies. In the second stage,
a class AB common-emitter push-pull amplifier was used to amplify the current and drive the
load. This stage has a low output impedance, high current gain, proper frequency characteristic
and low distortion (Figure (6)). Another issue to consider is the power dissipation of the op-amp
and the push-pull stage which, is resolved by a proper heat sink for each stage. It depends on the
transistor’s junction temperature to determine how much power it can deliver. Therefore, when
the transistor is adequately cooled, it can transfer more power and operate at maximum power.
Table (2) shows the specifications of the proposed amplifier for a 20 nF capacitor as a load and a

Fig. 6: Schematic of power amplifier circuit

maximum frequency of 800 kHz (maximum load condition). Experimentally measured frequency
response for different capacitances is shown in Figure (7). With increasing capacitance of the load,
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the cut-off frequency decreases. Thus, if the capacitance of the transducer is less than 10 nF, the
amplifier can be used without reduction in output voltage up to 2 MHz. According to the phase
diagram, the phase shift of the output signal relative to the input is always less than 10 degrees
up to 1 MHz, which is acceptable for practical applications such as the one in this paper.

Fig. 7: Frequency response of proposed power amplifier for different loads

Table 2: Specifications for power amplifier at the maximum load (20 nF capacitance)

Parameter Value
Peak to peak 25 V

Maximum current 3A
Slew rate 700V/µs
THD 0.8%

Table (3) provides values for inductors used in this study measured with a RLC meter. As it
can be seen from this table, the inherent resistance of an inductor is a very small value that can
almost be ignored in calculations.

To determine the exact experimental value of the resonant frequency of an inductor and PZT
circuit, first the approximate frequency range in which the inductor and PZT resonate is calculated
theoretically. Then, a chirp signal is applied to the entire pump/probe circuit, including the actuator
and the inductor. After the chirp signal is applied, the sensor’s output frequency is measured. Thus,
the resonant frequency is defined as the frequency at which the sensor’s frequency response reaches
its maximum amplitude. Those frequencies are shown in Table (4) for each actuator and inductor.
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Table 3: The inductance and inherent resistance of inductor measured by RLC meter

Symbol Inductance (µH) Resistance (mΩ)
L1 50.01 250.5
L2 100.02 300.3
L3 120.01 330.2
L4 350.04 600.5
L5 500.03 780.1
L6 998.6 950.5

Table 4: Different combination of pump and carrier inductors in series with transducers (≈8.1 nF)
to get different resonance frequencies

Pump Inductance Frequency (kHz) Carrier Inductance Frequency (kHz)
L1 250 L4 94.8
L2 176.9 L5 79.3
L3 161.5 L6 56

L1+L2 144.4 L4+L5 61
L1+L3 135.3 L4+L6 48.5
L2+L3 119.2 L5+L6 46

4 Enhanced NWM with coupled-inductor

4.1 Aluminum Beam

The results of the NWM with the inductor for the aluminum beams are reported in this section. The
loosening of the boundary is considered as damage in this section (Figure (8)). Figure (1) shows
the pump, carrier actuator, and piezoelectric sensors. To compare the NWM with and without

Fig. 8: The experimental setup of cantilever aluminum beam with loosening of the boundary
condition as defect
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an inductor, the results are first measured for the state with a tight boundary (healthy state),
and then the results are obtained for the state with a loose boundary (defected state). Figure (9)
illustrates the healthy and defected state results for the NWM with and without the inductor for
the 61 kHz pump frequency and the 250 kHz carrier. In this case, the pump inductor (L1) and the
carrier inductor (L4) are chosen according to Figure (5) and Table (4). Since the structure is in
healthy state, no significant nonlinearity is present and only the excitation frequencies are visible
in the sensor frequency response, as seen in Figures (9a) and (9b).

The resonance amplitude in a tank circuit depends on the amount of capacitors and inductors.
As a result, the pump amplitude ratio in Figures (9c) and (9a) (about seven times) is different
from the probe amplitude ratio in the same figures (about five times). This is due to the different
amounts of the inductors in the pump and probe circuits (Table (4)).

(a) (b)

(c) (d)

Fig. 9: Frequency response of the PZT sensor magnified on carrier frequency at pump frequency
61 kHz and carrier frequency 250 kHz a) healthy structure without inductor b) defected structure

without inductor c) healthy structure with inductor d) defected structure with inductor

For defected state, sidebands are not present in the results of the NWM without the inductor, as
shown in Figure (9b), but they exist when the inductor was used (Figure (9d)). Figure (10) shows
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the result of the NWM with and without inductor for the healthy and defected states at pump
and carrier frequencies of 56 kHz and 250 kHz, respectively. The results of both the conventional
method and the proposed method for SFEM (Figure (4)) and experimental results (Figure (10))
are in good agreement.

Figures (9c) and (10c) show the results of the healthy state and the designed circuit (Figure
(6)) with the inductor. There is no sideband in the results of the healthy state of the structure
in this case. Therefore, the circuit alone does not produce sidebands, and the sidebands shown
in Figures (9d) and (10d) are only due to the loosening of the boundary. The same results were
obtained for all frequency combinations related to Table (4), showing that, in the healthy state,
no sideband is generated from any combination of probe and pump frequencies. At all of these
frequencies, the circuit does not cause a nonlinear factor. The nonlinear characteristics created by
the boundary looseness tests are only due to the boundary looseness itself. It can be seen that
only excitation frequencies (pump and carrier) are visible, as shown in Figure (10) for the healthy
state. The sidebands are also visible in the frequency response of the defected case in the NWM
without the inductor. However, the proposed method has more sidebands with a larger amplitude
than the NWM without the inductor.

Finally, Table (5) shows the DIs for the carrier and pump actuator using a combination of
inductors using the NWM with and without the inductor. This table only shows the DI for a limited
number of pump and carrier frequencies. This table shows that the NWM with the inductor has a

Table 5: Comparison of DIs between the NWM without inductor for aluminum beam

Pump
frequency

Carrier
frequency

DI without
inductor

DI with
inductor

sideband #
without
inductor

sideband #
with
inductor

46kHz 176.9kHz 3.5× 10−3 30× 10−3 2 5
48.5kHz 161.5kHz 2.3× 10−3 18× 10−3 2 4
56kHz 176.9kHz - 13× 10−3 - 2
61kHz 135.3kHz 2.7× 10−3 25× 10−3 2 4
79.3kHz 144.4kHz - 8× 10−3 - 3
94.8kHz 250kHz 1.5× 10−3 16× 10−3 2 2

higher DI than the NWM without the inductor. Furthermore, in some cases of the NWM without
the inductor, the DI is not detectable, meaning that the damage is not detected. In contrast, in
the same cases of the proposed method, the DI is non-zero, indicating that the damage has been
discovered. A 10 V voltage is applied to the pump and carrier without an inductor. Piezoelectric
pumps have maximum and minimum voltages that depend on frequency, e.g., 50 V and 70 V if the
inductor is used. The probe piezoelectric has a maximum and minimum voltage of 60 V and 90 V,
respectively.

4.2 Sandwich panel

4.2.1 Investigation of bolt looseness

This section will look at the sandwich panel results. The sandwich panel has a dimension of
200×20×12 mm. The skin thickness is 1 mm, and the core thickness is 10 mm. The skin is made
of aluminum, and the core material is polyethylene. The experimental setup and schematic for the
sandwich beam with three piezoelectric patches are shown in Figure (11). The loosening of the
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(a) (b)

(c) (d)

Fig. 10: Frequency response of the PZT sensor with focusing around carrier frequency at pump
frequency 56 kHz and carrier frequency 250 kHz a) healthy structure without inductor b) defected
structure without inductor c) healthy structure with inductor d) defected structure with inductor

bolt is interpreted as damage in the beam. In this section, the same inductors as defined in Table
(4) are used.

Table (6) shows the DI for the NWM with and without the inductor. This table contains
DIs for a few combinations of pump and carrier frequencies, not all of them. The DI has led to
better damage detection in the NWM with the inductor, as shown in this table. According to this
table, when the inductor was used a higher DI than when the inductor was not used, similar to
the aluminum beam. Furthermore, in some cases of the NWM without the inductor, the DI is not
detectable, indicating that the defect is not detected. In contrast, in the same cases of the proposed
method, the DI is non-zero. This means that the proposed method was able to detect the damage.
Also, the NWM without the inductor has a maximum of two recognizable sidebands, whereas the
NWM with the inductor has a maximum of five recognizable sidebands.
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(a)

(b)

Fig. 11: The experimental setup for free the sandwich panel with loosening of the bolt as defect
(b) schematic of the sandwich panel

Table 6: Comparison of the DI between the NWM with and without inductor for sandwich panel

Pump
frequency

Carrier
frequency

DI without
inductor

DI with
inductor

sideband #
without
inductor

sideband #
with
inductor

46kHz 176.9kHz 2× 10−3 17× 10−3 2 4
48.5kHz 161.5kHz − 8× 10−3 - 3
56kHz 176.9kHz 5× 10−3 27× 10−3 2 5
61kHz 135.3kHz - 11× 10−3 - 3
79.3kHz 144.4kHz 3× 10−3 19× 10−3 2 4
94.8kHz 250kHz 1× 10−3 15× 10−3 2 2

4.2.2 Investigation of defect severity

This section examines the loosening severity of bolts for a probe frequency of 46kHz and a pump
frequency of 176.9kHz. It is studied in both cases without and with inductors for three different
severity of the damage. To measure the torque of the bolt, a torque meter is used. Table (7) shows
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the results of the DI for different damage based on severity. Increasing bolt loosening increases DI

Table 7: Comparison of the DI between the NWM with and without inductor for different
severity of damage

Damage # Torque (N.m) DI with inductor DI without inductor
1 10 – 4× 10−3

2 5 1.1× 10−3 10× 10−3

3 1 2× 10−3 17× 10−3

both with and without inductors, as shown in this table. In damage # 1, however, it was impossible
to diagnose the damage without the inductor. Additionally, DIs for all severity levels of damage
are significantly higher in the presence of inducer compared to the absence of inducer. Moreover,
when the inductor is used, it can even detect damage # 1.

5 Conclusion

This article presents a low-cost and portable method for improving the performance of NWM.
At the resonant frequency of the series inductor and actuator PZT, the applied voltage on the
actuator PZT is greater than that of the NWM without the inductor, which is about ten volts.
First, a spectral finite element model was used to assess the feasibility of the proposed method.
According to the results, the DI increases when an inductor is included in the model. An low-cost
power amplifier was designed and built to provide the resonant circuit current in the experimental
part. The proposed method was tested on two experimental setups: an aluminum beam with a loose
boundary and a sandwich panel with a loosened bolt as damage. For all frequency combinations,
aluminum and sandwich structures, the healthy state results showed no sidebands caused by the
inductor design, so all sidebands related to the defect are merely a result of the damage. Both with
and without inductors, the models and experimental results for boundary loosening in aluminum
beams were in good agreement. Both experimental setups demonstrated that the proposed method
increases the DI. The DI has increased more than seven times for the aluminum beam and at least
five times for the sandwich panel compared to the NWM without the inductor. There are also
frequencies in both experimental setups where the DI is not detectable, indicating that the NWM
could not to detect the damage without the inductor. Conversely, the DI in the NWM with the
inductor is nonzero in the same frequencies, indicating that the NWM with the inductor has
identified the defect. Also, the results of damage severity were examined, and it was found that
all of the results in which the inductor was used had a much larger DI compared to the results in
which it was not used.

A Appendix A

The matrix and vector entries of Eq. (22) are defined as follow:
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