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The interpolation finite difference method (IFDM) allows free numerical analysis of elliptic partial 

differential equations over arbitrary domains. Conventionally, in the finite difference method (FDM), 

the calculation is performed using the second-order accuracy central difference. For engineering 

problems, second-order accuracy calculations are often sufficient. On the other hand, much research 

has been done on improving the accuracy of numerical calculations. Although there is much research 

in the field of FDM, the development of numerical calculations by the spectral method is decisive in 

improving calculation accuracy. Numerical calculations are usually performed by double precision 

calculations. If double precision calculations ensure 15 significant digits in floating point computing, 

such numerical calculations will be the ultimate goal to reach. A numerical calculation that does not 

seem to have an error even though it originally has an error is defined as a virtual error-zero (VE0) 

calculation. In this paper, we will examine an overall picture of high-accuracy numerical calculation 

by IFDM in the numerical calculation of the 1D Poisson equation. It becomes clear that a VE0 

calculation is always possible in the numerical calculation method defined as the compact 

interpolation finite difference scheme (CIFD(𝑚𝑚)). 

Keywords: Poisson Equation, Finite difference method (FDM), Interpolation FDM (IFDM), Compact 

FDM, High-Accuracy Calculation 

 

1. Introduction  

 

The FDM is a major numerical calculation mainly used in the field of fluid dynamics. The common 

recognition of the FDM up to approximately 2000 was as follows: 

“The FDM is the oldest method for numerical solutions of partial differential equations (PDEs). On 

structured grids, the FDM is very simple and effective. It is especially easy to obtain higher-order 

schemes on regular grids. A disadvantage of the FDM is that certain conservation laws are not enforced 

unless special care is taken. Furthermore, the restriction to simple geometries is a significant 

disadvantage if complex flows are specified” [1]. 

Hoffmann and Chiang [2] issued a comprehensive guide on the FDM and stated the following 

problems when applying the FDM to numerical analyses in arbitrary domains: 

 “Simple rectangular boundaries rarely occur in nature; indeed, most boundaries are irregular. 

Irregular boundaries create tremendous difficulties in the implementation of boundary conditions. 
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Various schemes are available to treat irregular boundaries. One may consider using variable step sizes 

in the neighborhood of the irregular boundaries. This procedure is cumbersome and most cases, very 

inefficient” [Ref. 2, p. 94]. 

Many ideas have been proposed to overcome the aforementioned difficulties with the FDM [3-8]. 

Fukuchi’s research [9-18] may be considered an attempt to exceed the conventional limits of the FDM. 

From a mathematical perspective, innumerable higher-order PDEs can be considered. However, PDEs 

that define the physical phenomena of the continuum are considered to be at most second-order PDEs. 

“It is a phenomenological fact that most of the fundamental equations that arise in physics are second-

order derivatives [19].” Among them, the Poisson equation has a fundamental meaning in physics; it 

is the governing equation in the study of potential fields caused by a given electric charge or mass 

density, steady-state thermal fields, electrostatic fields, potential flows in fluid dynamics, and seepage 

analyses. 

Second-order PDEs are classified as (i) parabolic PDEs, (ii) elliptic PDEs, and (iii) hyperbolic PDEs. 

Poisson equations are the simplest examples of elliptic PDEs. All three are the targets of numerical 

analyses using the FDM and the treatment of spatial difference schemes is considered to be common 

to all three kinds of PDEs. The Poisson equation in 3D spaces is expressed as follows: 

 

(1) 

 

As the forcing term, 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧) equals zero, thereby reducing Eq. (1) to the 3D Laplace equation. The 

ultimate goal is to numerically analyze Eq. (1) over arbitrary domains and arbitrary boundary 

conditions. We propose a new theoretical system for high-accuracy numerical analyses using the 

IFDM, but to gradually improve the theoretical system from simple to complex, we focus on the 1D 

Poisson equation. Regarding managing spatial differences, the IFDM is categorized as the (i) algebraic 

polynomial interpolation method (APIM) and (ii) boundary polynomial interpolation method (BPIM) 

[11]. In the IFDM-BPIM, polynomial interpolation is applied around the boundary [15,16], and in the 

IFDM-APIM, it is applied to the finite difference (FD) scheme itself [12,13]. In this paper, we will 

approach from the latter point of view. When IFDM is specified below, it means IFDM-APIM. 

Numerical calculation methods using the compact FDM have been proposed from the perspective 

of high-accuracy calculations. For example, there is the high-order compact (HOC) FD scheme [20-

24]. This method was first introduced by Kreiss and Oliger [20], implemented by Hirsh [21], and then 

popularized by Lele [22]. In the numerical analysis of 1D and 2D Poisson equations, fourth-order and 

sixth-order HOC-FD schemes are derived, and their high calculation accuracies are confirmed [23]. 

The HOC-FDM can provide numerical solutions with a spectral-like resolution and very low 

numerical dissipation [24]. A related technique is the high-order difference approximation through the 

identity expansion (HODIE) method proposed by Lynch [25-27]. Simple forms of a higher-order 

𝛻𝛻(3)
2 𝑢𝑢 ≡ 𝜕𝜕2𝑢𝑢𝜕𝜕𝑥𝑥2 +

𝜕𝜕2𝑢𝑢𝜕𝜕𝑦𝑦2 +
𝜕𝜕2𝑢𝑢𝜕𝜕𝑧𝑧2 = 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧) 
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accurate formula were devised using auxiliary points located among grid points. In this paper, these 

methods are collectively referred to as the compact FDM. 

Inspired by the compact FDM, we newly consider the second-order-based IFDM (SOBI(𝑚𝑚 )) 

scheme, which adds Tayler series higher-order terms to the finite difference equation (FDE) with a 

second-order difference. Parameter 𝑚𝑚 of SOBI(𝑚𝑚) represents the scheme’s accuracy order. 

Section 2 briefly outlines the standard algebraic polynomial interpolation SAPI(𝑚𝑚) scheme, which 

is a high-order difference scheme based on the IFDM that was proposed in previous studies [12,13]. 

Section 3 describes the SOBI(𝑚𝑚) scheme. Section 3-1 defines the SOBI(𝑚𝑚) scheme over equidistant 

grid points and the advanced form of the compact interpolation FD (CIFD) scheme. Examples of 

numerical calculation are also given. The numerical calculation method by the CIFD scheme is called 

CIFD(𝑚𝑚), and it is shown that when 𝑚𝑚 ≥ 10, double precision calculation always enables calculation 

with an accuracy of approximately 15 significant digits. Section 3-2 discusses the interrelationship 

between the compact FDM scheme and the CIFD scheme and shows that the latter is a generalized 

scheme of the former. Section 3-3 shows that CIFD(𝑚𝑚) can also be applied to nonequidistant grid 

points. Numerical calculation examples consider the cases where the forcing term takes the simple 

form of 𝑓𝑓(𝑥𝑥) = exp(𝑘𝑘𝑥𝑥), but even if 𝑓𝑓(𝑥𝑥) is a complicated periodic function there is no problem. 

Section 3-4 shows an example where the solution is defined by a Fourier series. Furthermore, for a 

simple case analyzed by the spectral method, it is shown that numerical analysis by CIFD(𝑚𝑚) can 

obtain comparable results to those of the spectral method. The spectral method has already become an 

important numerical analysis method in the high-accuracy numerical calculation of PDEs, and has a 

diverse theoretical system [28]. In this paper, we compare and refer to the numerical analysis results 

by the spectral method and CIFD (𝑚𝑚) for the most basic problems. In Section 3-5, it becomes clear 

that the numerical calculation system of IFDM has nothing to do with the Runge phenomenon. Section 

4 summarizes the newly proposed contents and discusses their significance. 

There are overwhelmingly many calculation areas where the second-order accuracy calculation is 

sufficient, but in this paper, we report from the viewpoint that a numerical analysis method that 

infinitely matches an exact solution has important significance in the theory of numerical calculation. 

 

2. Overview of numerical calculations using IFDM 

 

In this paper, the 1D Poisson equation is described as follows. 

 

(2) 

 

It is conventionally abbreviated as 𝜕𝜕2𝑢𝑢 𝜕𝜕𝑥𝑥2 ≡ 𝑢𝑢𝑥𝑥𝑥𝑥⁄ , but since many higher-order derivative notations 

are required in this paper, it is expressed as 𝜕𝜕2𝑢𝑢 𝜕𝜕𝑥𝑥2 ≡ 𝑢𝑢2𝑥𝑥⁄ , and 𝑓𝑓(𝑥𝑥) is often abbreviated as 𝑓𝑓. In 

𝛻𝛻(1)
2 𝑢𝑢 ≡ 𝜕𝜕2𝑢𝑢𝜕𝜕𝑥𝑥2 ≡ 𝑢𝑢𝑥𝑥𝑥𝑥 ≡ 𝑢𝑢2𝑥𝑥 = 𝑓𝑓(𝑥𝑥) 
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the IFDM calculation, the elliptic PDE is calculated using the pseudoacceleration method, where a 

pseudoacceleration term is added to the elliptic PDE and numerically analyzed as the parabolic PDE 

[11-16]. Therefore, the basic equation for the numerical calculation of the 1D Poisson equation, 𝛻𝛻(1)
2 𝑢𝑢 = 𝑓𝑓(𝑥𝑥), is expressed as follows: 

 

 (3) 

 

As 𝑡𝑡 → ∞,  𝜕𝜕𝑢𝑢 𝜕𝜕𝑡𝑡 → 0⁄ , and the convergent solution to Eq. (3) is the solution to 𝛻𝛻(1)
2 𝑢𝑢 = 𝑓𝑓(𝑥𝑥). The 

FDE using the forward time-centered space (FTCS) scheme in Eq. (3) is expressed as follows: 

 

(4) 

 

In this paper, the difference width is uniformly expressed as ℎ unless otherwise specified. The time 

difference in the FTCS scheme is defined by the following equation [12]. 

 

(5) 

 

where 𝛼𝛼𝑎𝑎(2)  is the acceleration factor when using the second-order difference and ∆𝑡𝑡𝑐𝑐(2)  is the 

criteria time difference. The numerical calculation stability condition is  0 < 𝛼𝛼𝑎𝑎(2) < 𝛼𝛼𝑎𝑎(2)𝑚𝑚𝑎𝑎𝑥𝑥(=

1 + 𝜖𝜖). As the number of divisions of domain 𝑁𝑁𝑥𝑥 increases, the maximum acceleration factor (MAF) 

becomes 𝛼𝛼𝑎𝑎(2)𝑚𝑚𝑎𝑎𝑥𝑥 → 1(𝜖𝜖 → 0) [12,13]. The notations 𝛼𝛼𝑎𝑎(2),∆𝑡𝑡𝑐𝑐(2)  assume the general notations 𝛼𝛼𝑎𝑎(𝑚𝑚),∆𝑡𝑡𝑐𝑐(𝑚𝑚),𝑚𝑚 = 2,4,⋯ for numerical analysis using higher-order differences. Usually, the Crank-

Nicholson method (CNM scheme) is adopted to improve the calculation accuracy of the FTCS scheme. 

At this time, if only the convergence result is a problem, the full implicit method (FIM scheme) is far 

more advantageous [12]. 

Calculating Eq. (4) is based on the simultaneous displacement of calculation variables. Computing 

this using successive displacement of calculation variables greatly accelerates convergence. This is 

called the time marching successive displacement (TMSD) scheme [10]. This calculation is equivalent 

to the successive overrelaxation (SOR) calculation of the 1D Poisson equation [10-12]. The time 

difference in this case is defined as follows: 

 

(6) 

 

The numerical calculation stability condition is 0 < 𝛼𝛼𝑏𝑏(2) < 𝛼𝛼𝑏𝑏(2)𝑚𝑚𝑎𝑎𝑥𝑥 , but the range of the 

acceleration factor is specified in a range of 1 < 𝛼𝛼𝑏𝑏(2) < 2  from the high-speed convergence 

perspective. The optimum acceleration factor (OAF), 𝛼𝛼𝑏𝑏(2)𝑜𝑜𝑜𝑜𝑜𝑜, exists in this range, and using the OAF, 

𝜕𝜕𝑢𝑢 𝜕𝜕𝑡𝑡⁄ ≡ 𝑢𝑢𝑜𝑜 = 𝑢𝑢2𝑥𝑥 − 𝑓𝑓(𝑥𝑥) 

𝑢𝑢𝑖𝑖𝑛𝑛+1 = 𝑢𝑢𝑖𝑖𝑛𝑛 + ∆𝑡𝑡 �𝑢𝑢𝑖𝑖−1𝑛𝑛 − 2𝑢𝑢𝑖𝑖𝑛𝑛 + 𝑢𝑢𝑖𝑖+1𝑛𝑛ℎ2 − 𝑓𝑓𝑖𝑖�  

∆𝑡𝑡 = 𝛼𝛼𝑎𝑎(2)∆𝑡𝑡𝑐𝑐(2),∆𝑡𝑡𝑐𝑐(2) = 1
2ℎ2 , 0 < 𝛼𝛼𝑎𝑎(2) < 𝛼𝛼𝑎𝑎(2)𝑚𝑚𝑎𝑎𝑥𝑥(= 1 + 𝜖𝜖)�   

∆𝑡𝑡 = 𝛼𝛼𝑏𝑏(2)∆𝑡𝑡𝑐𝑐(2),∆𝑡𝑡𝑐𝑐(2) = 1
2ℎ2 , 1 < 𝛼𝛼𝑏𝑏(2) < 𝛼𝛼𝑏𝑏(2)𝑚𝑚𝑎𝑎𝑥𝑥(= 2)�   
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the calculation step for convergence is overwhelmingly shortened [12]. The OAF when the difference 

widths are all equal in the regular domain is defined by the following equation [2,12]: 

 

(7a) 

 

(7b) 

 

where 𝑛𝑛  is the space dimension. In the 1D Poisson equation 𝑁𝑁1 = 𝑁𝑁𝑥𝑥 , and 𝑎𝑎 = cos2(𝜋𝜋 𝑁𝑁𝑥𝑥⁄ ) . 

Equation (7b) holds only when all of the boundary conditions are Dirichlet conditions in the regular 

domain. In mixed Dirichlet and non-Dirichlet conditions, the OAF is obtained using numerical 

stability analyses [10,12]. 

When using spatial higher-order differences, the FDE is expressed as follows: 

 

(8) 

 

where 𝑚𝑚 is the spatial difference accuracy order, which is usually an even number specified as 𝑚𝑚 =

2, 4,⋯, 𝑚𝑚𝑚𝑚𝑎𝑎𝑥𝑥. Theoretically, there is no upper limit for 𝑚𝑚, but under the double precision calculation, 

the upper limit naturally occurs depending on the division number, 𝑁𝑁𝑥𝑥. When 𝑚𝑚 = 𝑚𝑚𝑚𝑚𝑎𝑎𝑥𝑥 is changed 

to 𝑚𝑚 = 𝑚𝑚𝑚𝑚𝑎𝑎𝑥𝑥 + 2 , 𝑚𝑚𝑚𝑚𝑎𝑎𝑥𝑥  is the upper limit of 𝑚𝑚  when improvement in calculation accuracy 

cannot be expected. This definition is a rule of thumb. At 𝑚𝑚 = 2, Eq. (8) results in Eq. (4). When 

using higher-order differences, differences other than the central difference must also be used. The 

difference scheme in this case is defined as the forward time explicit scheme, called the FTEX(𝑚𝑚) 

scheme. The FTEX(2) scheme is the FTCS scheme. Equation (8) is commonly used when solving with 

FTEX(𝑚𝑚 ) and when solving with TMSD(𝑚𝑚 ). It is assumed that the calculation method differs 

depending on which method is specified. 

In Fig. 1(a), we focus on the calculation point,  𝑝𝑝𝑖𝑖(𝑥𝑥𝑖𝑖 ,𝑢𝑢𝑖𝑖𝑛𝑛). We express the quadratic curve through 

the three points 𝑝𝑝𝑖𝑖−1(𝑥𝑥𝑖𝑖−1,𝑢𝑢𝑖𝑖−1𝑛𝑛 ),𝑝𝑝𝑖𝑖(𝑥𝑥𝑖𝑖 ,𝑢𝑢𝑖𝑖𝑛𝑛), and 𝑝𝑝𝑖𝑖+1(𝑥𝑥𝑖𝑖+1,𝑢𝑢𝑖𝑖+1𝑛𝑛 ) as follows: 

 

(9) 

 

When performing this calculation, we set the local coordinates with 𝑥𝑥𝑖𝑖 as the origin. (In previous 

papers [11-14], Eq. (9) was written as 𝑃𝑃(𝑥𝑥) = 𝑎𝑎1𝑥𝑥2 + 𝑎𝑎2𝑥𝑥 + 𝑎𝑎3. Whichever we choose, it is only a 

matter of definition. However, many (algebraic) polynomial interpolations are frequently used in this 

paper; thus, it is much more convenient to use Eq. (9), so it is changed.) Under the corresponding 

(𝑥𝑥𝑖𝑖−1, 𝑥𝑥𝑖𝑖 , 𝑥𝑥𝑖𝑖+1) ↔ (𝑥𝑥0, 𝑥𝑥1, 𝑥𝑥2) = (−ℎ, 0, ℎ) and (𝑢𝑢𝑖𝑖−1𝑛𝑛 ,𝑢𝑢𝑖𝑖𝑛𝑛,𝑢𝑢𝑖𝑖+1𝑛𝑛 ) ↔ (𝑢𝑢0,𝑢𝑢1,𝑢𝑢2), the quadratic curve 

is determined by solving the following equations: 

𝑎𝑎 = �1𝑛𝑛� cos � 𝜋𝜋𝑁𝑁𝑖𝑖�𝑛𝑛
i=1 �2 

𝛼𝛼𝑏𝑏(2)𝑜𝑜𝑜𝑜𝑜𝑜 =
2 − 2√1 − 𝑎𝑎𝑎𝑎  

𝑢𝑢𝑖𝑖𝑛𝑛+1 = 𝑢𝑢𝑖𝑖𝑛𝑛 + ∆𝑡𝑡(𝑚𝑚)�𝑃𝑃(𝑚𝑚)𝑥𝑥′′ (𝑢𝑢𝑖𝑖𝑛𝑛)− 𝑓𝑓𝑖𝑖�   

𝑃𝑃(𝑥𝑥) = 𝑎𝑎0 + 𝑎𝑎1𝑥𝑥 + 𝑎𝑎2𝑥𝑥2 
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Fig. 1. Notations for the second-order and fourth-order FD schemes. 

 

 

(10) 

 

 

where 𝐗𝐗 is the Vandermonde matrix. This is often noted as VM(2), meaning the quadratic curve is 

assumed. In the one-dimensional generalization of this concept, it is expressed as VM(𝑚𝑚),𝑚𝑚 = 2,3,⋯. 

If the point 𝑝𝑝𝑖𝑖 is located at the local coordinate origin, then 𝑢𝑢𝑖𝑖𝑛𝑛 = 𝑎𝑎0, and the first derivative is 𝑢𝑢𝑥𝑥 =𝑎𝑎1 + 2𝑎𝑎2𝑥𝑥 , which changes depending on the position, but at the point 𝑝𝑝𝑖𝑖 , 𝑢𝑢𝑖𝑖,𝑥𝑥𝑛𝑛 = 𝑎𝑎1 . The second 

derivative is 𝑢𝑢𝑖𝑖,2𝑥𝑥𝑛𝑛 = 2𝑎𝑎2 and is independent of the position. By sequentially calculating the second 

derivative value 𝑢𝑢𝑖𝑖,2𝑥𝑥𝑛𝑛  in this way and adopting it as the value of 𝑃𝑃(𝑚𝑚)𝑥𝑥′′ (𝑢𝑢𝑖𝑖𝑛𝑛),𝑚𝑚 = 2 in Eq. (8), a 

calculation result equivalent to that calculated in Eq. (4) can be obtained. This also holds true for 𝑚𝑚 =

4, 6,⋯. (The interpolation polynomial is not limited to the algebraic polynomial. There will be many 

other types of interpolation polynomials that pass through some specified calculation points. Algebraic 

polynomials obtained by the least squares method, trigonometric polynomials, etc., may be used. Any 

polynomial can be used as long as the derivative value is defined. This is a unique characteristic of the 

FDM that uses only algebraic polynomials.) If only the convergence value is of concern, the TMSD 

scheme is used. The converged calculation results using the above method are in strict agreement with 

the results of the difference representation in the explicit analyses, FTEX(2) and TMSD(2). This is an 

important concept; however, it is inconvenient to calculate Eq. (10) each time at each calculation point. 

Furthermore, in the 1D Poisson equation, as previously described [12], the full implicit method using 

the tridiagonal matrix algorithm (TDMA-FIM) converges overwhelmingly faster, and in the direct 

method using TDMA (TDMA-direct), the calculation is completed instantly because the calculation 

time is almost equivalent to one set calculation of TDMA-FIM [12]. Therefore, the difference scheme 

must be determined to perform high-speed calculations. In Eq. (9), each quadratic equation when 𝒖𝒖𝑇𝑇 ≡ [𝑢𝑢0 𝑢𝑢1 𝑢𝑢2] → [𝑢𝑢0 0 0] , [𝑢𝑢0 𝑢𝑢1 𝑢𝑢2] → [0 𝑢𝑢1 0] , and [𝑢𝑢0 𝑢𝑢1 𝑢𝑢2] → [0 0 𝑢𝑢2]  is defined as 

�1 𝑥𝑥0 𝑥𝑥02
1 𝑥𝑥1 𝑥𝑥12
1 𝑥𝑥2 𝑥𝑥22� �

𝑎𝑎0𝑎𝑎1𝑎𝑎2� = �𝑢𝑢0𝑢𝑢1𝑢𝑢2� 
𝐗𝐗 𝒂𝒂 𝐮𝐮 
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follows: 

 

(11a) 

(11b) 

(11c) 

 

In this case, local coordinates (𝑥𝑥𝑖𝑖−1, 𝑥𝑥𝑖𝑖 , 𝑥𝑥𝑖𝑖+1) ↔ (𝑥𝑥0, 𝑥𝑥1, 𝑥𝑥2) = (−ℎ, 0, ℎ) are used. Each coefficient 𝑎𝑎𝑖𝑖𝑖𝑖 is defined by solving the following equation: 

 

 

(12) 

 

 

where 𝐀𝐀 = 𝐗𝐗−1  is defined as the difference coefficient matrix [12,13]. The difference coefficient 

matrix is often denoted as DM(2). This concept is also expressed as DM(𝑚𝑚),𝑚𝑚 = 2,3,⋯ in one-

dimensional generalizations. (The expression “one-dimensional generalization” implies that there are 

two- and three-dimensional generalizations; see references [17,18]. These are not treated in this paper.) 

From the information in 𝐀𝐀, we can automatically derive all of the difference schemes. At first, it is 

clear that 𝑃𝑃(𝑥𝑥) in Eq. (9) is the sum of Eqs. (11a), (11b), and (11c): 

 

(13) 

 

Because the right and left sides are different expressions of the quadratic curve passing through the 

same three points 𝑝𝑝𝑖𝑖−1,𝑝𝑝𝑖𝑖 , and 𝑝𝑝𝑖𝑖+1 , it must be unique. This means that the Lagrange polynomial 

function [11,12] is expressed by a quadratic expression that can be easily differentiated. In Eq. (9), if 𝑢𝑢1,𝑢𝑢2, and 𝑢𝑢3 change, Eq. (10) must be calculated sequentially. However, the convenience of Eq. (11) 

is that 𝐀𝐀 = 𝐗𝐗−1 is calculated once from Eq. (12), and the quadratic equation can be easily determined 

without solving simultaneous equations each time. The same is true for the first and second derivatives. 

As 𝑚𝑚 = 2 in the expression in Eq. (8), the difference scheme is determined as follows: 

 

(14) 

 

The numerical calculation immediately confirms that this is equivalent to the second-order central 

difference. From Eq. (4), 𝐴𝐴0 = 2𝑎𝑎21 = − 2 ℎ2⁄ . In Eqs. (5) and (6), the criteria time difference is ∆𝑡𝑡𝑐𝑐(2) = 1 (2 ℎ2⁄ )⁄ , that is, the criteria time difference is expressed as ∆𝑡𝑡𝑐𝑐(2) = 1 |𝐴𝐴0|⁄ . This rule is 

naturally extended when defining the time difference of higher-order differences [12,13]. From the 

𝑃𝑃3(𝑥𝑥) = (𝑎𝑎02 + 𝑎𝑎12𝑥𝑥 + 𝑎𝑎22𝑥𝑥2)𝑢𝑢2 
𝑃𝑃0(𝑥𝑥) = (𝑎𝑎00 + 𝑎𝑎10𝑥𝑥 + 𝑎𝑎20𝑥𝑥2)𝑢𝑢0 𝑃𝑃1(𝑥𝑥) = (𝑎𝑎01 + 𝑎𝑎11𝑥𝑥 + 𝑎𝑎21𝑥𝑥2)𝑢𝑢1 

�1 𝑥𝑥0 𝑥𝑥02
1 𝑥𝑥1 𝑥𝑥12
1 𝑥𝑥2 𝑥𝑥22� �

𝑎𝑎00 𝑎𝑎01 𝑎𝑎02𝑎𝑎10 𝑎𝑎11 𝑎𝑎12𝑎𝑎20 𝑎𝑎21 𝑎𝑎22� = �1 0 0

0 1 0

0 0 1

� 𝐗𝐗 𝐀𝐀 𝐈𝐈 

𝑃𝑃(𝑥𝑥) = 𝑃𝑃0(𝑥𝑥) + 𝑃𝑃1(𝑥𝑥) + 𝑃𝑃2(𝑥𝑥)    

𝑃𝑃(2)𝑥𝑥′′ ≡ 𝐴𝐴−1𝑢𝑢𝑖𝑖−1𝑛𝑛 + 𝐴𝐴0𝑢𝑢𝑖𝑖𝑛𝑛 + 𝐴𝐴+1𝑢𝑢𝑖𝑖+1𝑛𝑛 = 2𝑎𝑎20𝑢𝑢𝑖𝑖−1𝑛𝑛 + 2𝑎𝑎21𝑢𝑢𝑖𝑖𝑛𝑛 + 2𝑎𝑎22𝑢𝑢𝑖𝑖+1𝑛𝑛  
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derivation process of this FD scheme, this method can be applied to nonequidistant grid points. The 

result is equivalent to the Shortley-Weller (SW) scheme [29] used for nonequidistant grid points. This 

method is immediately generalized to derive the higher-order difference equation. Let 𝑚𝑚 = 4. In Fig. 

1(b), we focus on the calculation point, 𝑝𝑝𝑖𝑖(𝑥𝑥𝑖𝑖 ,𝑢𝑢𝑖𝑖𝑛𝑛) . The quartic curve through the five points 𝑝𝑝𝑖𝑖−2,𝑝𝑝𝑖𝑖−1,𝑝𝑝𝑖𝑖 ,𝑝𝑝𝑖𝑖+1, and 𝑝𝑝𝑖𝑖+2 is expressed as follows: 

 

(15) 

 

By calculating the coefficient in Eq. (15) using the point 𝑝𝑝𝑖𝑖  as the local coordinate origin, the 

following relationship holds at 𝑝𝑝𝑖𝑖: 
 𝑢𝑢𝑖𝑖𝑛𝑛 = 𝑎𝑎0,𝑢𝑢𝑖𝑖,𝑥𝑥𝑛𝑛 = 𝑎𝑎1,𝑢𝑢𝑖𝑖,2𝑥𝑥𝑛𝑛 = 2! 𝑎𝑎2,𝑢𝑢𝑖𝑖,3𝑥𝑥𝑛𝑛 = 3! 𝑎𝑎3,𝑢𝑢𝑖𝑖,4𝑥𝑥𝑛𝑛 = 4! 𝑎𝑎4 

 

Five representation patterns with the same interpolation polynomials are generated depending on 

where the coordinate origin is set. We express these as N0, N1, N2, N3, and N4. The forward difference 

scheme, N0, and backward difference scheme, N4, are not used in the IFDM calculation. The central 

difference is a difference approximation by N2. As 𝑃𝑃(4)𝑥𝑥′′ (𝑢𝑢𝑖𝑖𝑛𝑛) = 𝑢𝑢𝑖𝑖2𝑥𝑥𝑛𝑛 = 2𝑎𝑎2 , it is equivalent to 

defining Eq. (8) with the central difference of the fourth-order accuracy. The expressions 

corresponding to Eq. (11) are as follows: 

 

(16a) 

(16b) 

(16c) 

(16d) 

(16e) 

 

In this case, it is clear that 𝑃𝑃(𝑥𝑥) = ∑ 𝑃𝑃𝑖𝑖(𝑥𝑥)4𝑖𝑖=0 . That is: 𝑎𝑎𝑖𝑖 = ∑ 𝑎𝑎𝑖𝑖𝑖𝑖𝑢𝑢𝑖𝑖4𝑖𝑖=0  or 𝑎𝑎𝑖𝑖 = (𝑎𝑎𝑖𝑖0,𝑎𝑎𝑖𝑖1,𝑎𝑎𝑖𝑖2,𝑎𝑎𝑖𝑖3,𝑎𝑎𝑖𝑖4) ∙ (𝑢𝑢0,𝑢𝑢1,𝑢𝑢2,𝑢𝑢3,𝑢𝑢4), 𝑖𝑖 = 0,1,⋯ ,4. 

If necessary, the integral form of P(𝑥𝑥) is also determined automatically. The difference coefficient 

matrix 𝐀𝐀 = 𝐗𝐗−1, DM(4), can be obtained from the following equation: 

 

 

 

(17) 

 

 ⎣⎢⎢
⎢⎢⎡1 𝑥𝑥0 𝑥𝑥02 𝑥𝑥03 𝑥𝑥04
1 𝑥𝑥1 𝑥𝑥12 𝑥𝑥13 𝑥𝑥14
1

1

1

𝑥𝑥2𝑥𝑥3𝑥𝑥4 𝑥𝑥22𝑥𝑥32𝑥𝑥42
𝑥𝑥23𝑥𝑥33𝑥𝑥43

𝑥𝑥24𝑥𝑥34𝑥𝑥44⎦⎥⎥
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⎢⎡𝑎𝑎00 𝑎𝑎01 𝑎𝑎02 𝑎𝑎03 𝑎𝑎04𝑎𝑎10 𝑎𝑎11 𝑎𝑎12 𝑎𝑎13 𝑎𝑎14𝑎𝑎20 𝑎𝑎21 𝑎𝑎22 𝑎𝑎23 𝑎𝑎24𝑎𝑎30 𝑎𝑎31 𝑎𝑎32 𝑎𝑎33 𝑎𝑎34𝑎𝑎40 𝑎𝑎41 𝑎𝑎42 𝑎𝑎43 𝑎𝑎44⎦⎥⎥

⎥⎤
= ⎣⎢⎢⎢
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0

0

0

0

0

0

1

0

0

0

1

0

0

0
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𝑃𝑃3(𝑥𝑥) = (𝑎𝑎03 + 𝑎𝑎13𝑥𝑥 + 𝑎𝑎23𝑥𝑥2 + 𝑎𝑎33𝑥𝑥3 + 𝑎𝑎43𝑥𝑥4)𝑢𝑢3 
𝑃𝑃0(𝑥𝑥) = (𝑎𝑎00 + 𝑎𝑎10𝑥𝑥 + 𝑎𝑎20𝑥𝑥2 + 𝑎𝑎30𝑥𝑥3 + 𝑎𝑎40𝑥𝑥4)𝑢𝑢0 𝑃𝑃1(𝑥𝑥) = (𝑎𝑎01 + 𝑎𝑎11𝑥𝑥 + 𝑎𝑎21𝑥𝑥2 + 𝑎𝑎31𝑥𝑥3 + 𝑎𝑎41𝑥𝑥4)𝑢𝑢1 𝑃𝑃2(𝑥𝑥) = (𝑎𝑎02 + 𝑎𝑎12𝑥𝑥 + 𝑎𝑎22𝑥𝑥2 + 𝑎𝑎32𝑥𝑥3 + 𝑎𝑎42𝑥𝑥4)𝑢𝑢2 

𝑃𝑃(𝑥𝑥) = 𝑎𝑎0 + 𝑎𝑎1𝑥𝑥 + 𝑎𝑎2𝑥𝑥2 + 𝑎𝑎3𝑥𝑥3 + 𝑎𝑎4𝑥𝑥4 

 

𝑃𝑃4(𝑥𝑥) = (𝑎𝑎04 + 𝑎𝑎14𝑥𝑥 + 𝑎𝑎24𝑥𝑥2 + 𝑎𝑎34𝑥𝑥3 + 𝑎𝑎44𝑥𝑥4)𝑢𝑢4 

𝐗𝐗 𝐀𝐀 𝐈𝐈 
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Fig. 2. Interpolation polynomial setting method. (a) Second-order setting, (b) sparse fourth-order setting, and (c) dense 

fourth-order setting. 

 

Therefore, the fourth-order accuracy central FD scheme of the second derivative is determined as 

follows: 

 

 

 (18) 

 

All of the FD schemes of the first to fourth derivative and interpolation polynomials are defined 

immediately from 𝐀𝐀. As previously mentioned, when the derivative is approximated using quaternary 

interpolation, there are five patterns depending on where the evaluation point (local coordinate origin) 

is set. The same applies to the difference scheme; the calculation determines the difference scheme by 

N2. For the first- and second-order derivatives, a second-degree polynomial is used to derive the 

second-order differences, and a fourth-degree polynomial is used to derive the fourth-order differences. 

Generally, the 𝑚𝑚-th degree polynomial is used to derive the 𝑚𝑚-th order difference. There are several 

other ways to calculate the FD scheme (difference coefficients) [17,18]. As the difference shifts to a 

higher-order difference, a slight difference occurs in the calculation result depending on the deriving 

methods, but it is not as different as an order of error. In this paper, we will proceed with the study by 

unifying the method introduced here. 

Figure 2(a) shows the layout of the interpolation polynomial when calculating the second-order 

difference over equidistant grid points. The Dirichlet condition is set at both ends. The layout of the 

interpolation polynomial in this case is unique. Calculation points are defined discretely. However, in 

the numerical calculation by IFDM, the theoretical solution as a continuous quantity can be considered 

to be approximated by the sum of the piecewise polynomials. In Figure 2 (a), the definition area of 

𝑃𝑃(4)𝑥𝑥′′ ≡ 𝐴𝐴−2𝑢𝑢𝑖𝑖−2𝑛𝑛 + 𝐴𝐴−1𝑢𝑢𝑖𝑖−1𝑛𝑛 + 𝐴𝐴0𝑢𝑢𝑖𝑖𝑛𝑛 + 𝐴𝐴+1𝑢𝑢𝑖𝑖+1𝑛𝑛 + 𝐴𝐴+2𝑢𝑢𝑖𝑖+2𝑛𝑛  

              = 2𝑎𝑎20𝑢𝑢𝑖𝑖−2𝑛𝑛 + 2𝑎𝑎21𝑢𝑢𝑖𝑖−1𝑛𝑛 + 2𝑎𝑎22𝑢𝑢𝑖𝑖𝑛𝑛 + 2𝑎𝑎23𝑢𝑢𝑖𝑖+1𝑛𝑛  + 2𝑎𝑎24𝑢𝑢𝑖𝑖+2𝑛𝑛  
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𝑃𝑃2,0 is [𝑥𝑥0 − 𝑥𝑥2], that of 𝑃𝑃2,1 is [𝑥𝑥1 − 𝑥𝑥3], and so on. When the numerical calculation converges, it 

is natural to define that the dominant region of 𝑃𝑃2,0 is [𝑥𝑥0 − 𝑥𝑥1+2 1⁄ ], the dominant region of 𝑃𝑃2,1 is 

[𝑥𝑥1+1 2⁄ − 𝑥𝑥2+1 2⁄ ], and so on. In this case, the average error of the continuous quantity of 𝑃𝑃2,0 will 

be equivalent to the error of 𝑢𝑢1 . The theoretical solution is approximated by nine piecewise 

polynomials. The division of each defined area is indicated by a broken line. The mean error of the 

piecewise polynomials is equated with the discrete mean error. Figures 2(b) and 2(c) are 

representations of the interpolation polynomial when calculating with the fourth-order difference. In 

these cases, as well, it is clear that the concept of approximation by the piecewise polynomials to the 

theoretical solution holds. Now that 𝑚𝑚  is an even number, there are generally innumerable 

possibilities in the layout of the fourth-degree interpolation polynomial. The only condition for the 

calculation to be finalized is that the adjacent interpolation polynomials must partially overlap. We 

define this as the overlapping condition in the layout of the interpolation polynomial (or FD scheme). 

This concept holds in multidimensional Poisson equations. In innumerable layouts of interpolation 

polynomials, typical examples are Figs. 2(b) and 2(c), where the former is defined as a sparse setting 

of interpolation polynomials and the latter is defined as a dense setting [11-13]. In a sparse setting, a 

symmetrical setting may not be possible depending on the number of grid points. To establish 

symmetrical interpolations, the number of divisions must be specified, and in the interpolation of P(4), 𝑁𝑁𝑥𝑥 = 3𝑛𝑛 + 1(𝑛𝑛: natural number) must be specified. Generally, it is specified as 𝑁𝑁𝑥𝑥 = (𝑚𝑚 − 1)𝑛𝑛 +

1 . However, this designation causes inconvenience when dealing with spatial multidimensional 

problems in arbitrary domains. However, in the dense setting shown in Fig. 2(c), a symmetrical setting 

is possible with an arbitrary number of divisions. Although the calculation accuracy does not decrease 

due to the sparse setting [11], only the dense setting is adopted in this paper. In Fig. 2(c), 𝑃𝑃4,0 is 

adopted at the 𝑥𝑥1 and  𝑥𝑥2 locations, and 𝑃𝑃4,6 is adopted at the 𝑥𝑥8 and 𝑥𝑥9  locations. At each point 

of 𝑥𝑥2, 𝑥𝑥3,⋯ , 𝑥𝑥8, the central difference is used, but at each point of 𝑥𝑥1 and 𝑥𝑥9, the central difference 

cannot be used. We assume that Eq. (18) is written as follows at 𝑥𝑥1: 

 

 (19) 

 

To determine this, a difference scheme with 𝑥𝑥1  as the local coordinate origin is derived. This 

difference scheme is defined by N1. Table 1 shows the FD scheme from the first to the fourth derivative 

with ℎ  = 1. In the actual calculation, the difference width ℎ  is included in the calculation. As 

previously described, by finding the difference coefficient matrix 𝐀𝐀 = 𝐗𝐗−1, the FD scheme below the 

degree of the interpolation polynomial can be obtained automatically and instantly. This function may 

develop into a high-accuracy numerical analysis algorithm with high-order ordinary differential 

equations. Table 1-P(4,2) shows the FD scheme with fourth-order accuracy of the second-order 

derivative 𝑢𝑢2𝑥𝑥; the central difference is determined by specifying P(4,2)-N2. This coincides with the  

𝑃𝑃(4)𝑥𝑥′′ ≡ 𝐴𝐴−1𝑢𝑢𝑖𝑖−1𝑛𝑛 + 𝐴𝐴0𝑢𝑢𝑖𝑖𝑛𝑛 + 𝐴𝐴+1𝑢𝑢𝑖𝑖+1𝑛𝑛 + 𝐴𝐴+2𝑢𝑢𝑖𝑖+2𝑛𝑛 + 𝐴𝐴+3𝑢𝑢𝑖𝑖+3𝑛𝑛              
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Table 1 Difference coefficients derived from the fourth-order polynomial with equally spaced intervals h = 1 (the values 

in this table are shown in finite decimal numbers, but are instantaneously and exactly given in the process of numerical 

calculation analysis) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

difference coefficient when ℎ = 1 in the following fourth-order central difference scheme: 

 

(20) 

 

As shown in Table 1, The difference coefficient of 𝑢𝑢4𝑥𝑥 does not depend on the position of the zero 

point, and the others depend on the position of the zero point. This can be concluded from Eq. (15). If 

it is assumed that 𝑢𝑢𝑖𝑖−2𝑛𝑛 ,𝑢𝑢𝑖𝑖−1𝑛𝑛 ,⋯ ,𝑢𝑢𝑖𝑖+2𝑛𝑛  are all equal, all of the derivatives must be zero. Therefore, the 

sum of the difference coefficients must be zero. The sum is also shown in Table 1, and the previously 

described proposition is almost satisfied. For example, the sum of P(4,2)-N2 is -5.6E-17 (-5.6×10-17). 

Whether to adopt pivot selection is an important issue in inverse matrix calculation. With 2 ≤𝑚𝑚 ≤ 6, almost the same result can be obtained with or without pivot selection. However, when 𝑚𝑚 ≥
8, digit loss occurs [14], and the calculation accuracy deteriorates when pivot selection is not adopted. 

In the inverse matrix calculation of this paper, the Gauss–Jordan method with pivot selection is 

uniformly adopted [17,18]. 

𝑃𝑃(4)𝑥𝑥′′ =
−𝑢𝑢𝑖𝑖−2𝑛𝑛 + 16𝑢𝑢𝑖𝑖−1𝑛𝑛 − 30𝑢𝑢𝑖𝑖𝑛𝑛 + 16𝑢𝑢𝑖𝑖+1𝑛𝑛 − 𝑢𝑢𝑖𝑖+2𝑛𝑛

12ℎ2  
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Fig. 3 Calculations over regular grid disposition 

 

In the definition of higher-order differences, it is generally expressed as P(𝑚𝑚,𝑂𝑂)-N𝑛𝑛, where 𝑚𝑚 is 

the degree of the interpolation polynomial, 𝑂𝑂(≤ 𝑚𝑚) is the derivative order, N𝑛𝑛 is designated as N0, 

N1, ⋯, N𝑚𝑚, and the central difference is specified by N𝑚𝑚/2. Generally, when the order of 𝑚𝑚 (even 

number) of the interpolation polynomial is specified under the dense setting of difference schemes, it 

is automatically determined which pattern of N1, N2, ⋯, N𝑚𝑚 − 1 is adopted at each calculation point. 

This is defined as a calculation using the standard algebraic polynomial interpolation, abbreviated 

SAPI(𝑚𝑚) [12]. Up to this point, the FTEX and TMSD schemes have been assumed, but the basic 

treatment of spatial differences is the same in the implicit or direct methods using the band diagonal 

matrix algorithm (BDMA). 

Herein, we consider a concrete case. The fastest calculation is performed by the BDMA-direct 

method [12]. Figure 3 shows examples of numerical calculations where the division number is unified 

as 𝑁𝑁𝑥𝑥=10. Figure 3(a) is the calculation result when 𝑓𝑓(𝑥𝑥) = 𝑘𝑘2 exp(𝑘𝑘𝑥𝑥) , 𝑘𝑘 = 1 in the 1D Poisson 

equation. 𝑓𝑓(𝑥𝑥)  can be roughly divided into aperiodic functions and periodic functions. It seems 
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natural to specify the exponential function, which is the most basic function as an aperiodic function, 

as a starting point for discussion. In this paper, only Dirichlet boundary conditions are dealt with. 

The general solution for 𝑢𝑢𝑥𝑥𝑥𝑥 = 𝑘𝑘2 exp(𝑘𝑘𝑥𝑥)  can be expressed as 𝑢𝑢 = exp(𝑘𝑘𝑥𝑥) + 𝑐𝑐0 + 𝑐𝑐1𝑥𝑥 . 

Arbitrary boundary values are given at both end points, and the corresponding 𝑐𝑐0  and 𝑐𝑐1  are 

determined. However, these values have nothing to do with numerical calculation errors. Therefore, 

only the case of 𝑐𝑐0 = 𝑐𝑐1 = 0 is considered. 

The calculation conditions are shown in Fig. 3(a). Numerical solutions (dots and interpolated 

curves) and theoretical solutions (dashed lines) are shown. In this calculation result, no difference can 

be confirmed whether it is calculated by SAPI(2) or another SAPI(𝑚𝑚). However, there is a significant 

difference in the order of the calculation errors. We define the (mean absolute) error of the calculation 

using SAPI(𝑚𝑚 ) as 𝐸𝐸𝐸𝐸(𝑚𝑚) = ∑ |𝑢𝑢𝑖𝑖 − 𝑈𝑈𝑖𝑖|/(𝑁𝑁𝑥𝑥 − 1)
𝑁𝑁𝑥𝑥−1𝑖𝑖=1  (> 0) . 𝑈𝑈𝑖𝑖 = 𝑈𝑈(𝑥𝑥𝑖𝑖)  is an exact solution. In 

the FDE, 𝑢𝑢𝑖𝑖 is assumed to be an approximate solution. In this paper, the exact solution is referred to 

as 𝑈𝑈𝑖𝑖 only when the approximate solution is compared with the exact solution. In Fig. 3(a), as  𝑘𝑘 =

1, the calculation error is 𝐸𝐸𝐸𝐸(2) = 1.3E-04, in Fig. 3(b), as  𝑘𝑘 = 2, 𝐸𝐸𝐸𝐸(2) = 3.7E-03, in Fig. 3(c), as 

 𝑘𝑘 = 4 , 𝐸𝐸𝐸𝐸(2) = 2.1E -01, and in Fig. 3(d), as  𝑘𝑘 = 8 , 𝐸𝐸𝐸𝐸(2) = 6.3E +01. The error increases as 

exp(𝑘𝑘)  increases. In Fig. 3(d), a visually clear dissociation appears between the numerically 

calculated value and the theoretical value. To reduce this deviation, it is necessary to increase the 

number of divisions or adopt a high-order difference scheme. From the former point of view, when 𝑁𝑁𝑥𝑥=20, 𝐸𝐸𝐸𝐸(2) = 1.6E+01, and from the latter point of view, using the 4th order difference,  𝐸𝐸𝐸𝐸(4) =

1.1E +01. To properly evaluate the numerical calculation error, individual errors are added and 

averaged, so it may be effective to divide the above error by the maximum variable value in the domain 

and express it as a relative error (Er'). Relative errors are shown in parentheses in each figure. In Fig. 

3 (a), Er = 1.3E-04 corresponds to Er' = 1.3E-04/u(1) = 4.7E-05. The calculation guarantees 4 

significant digits. In Fig. 3 (d), 𝐸𝐸𝐸𝐸 = 6.3𝐸𝐸+01(2.1E-02), where the relative error exceeds 1%, and the 

error becomes visually clear. If the relative error is less than 0.1%, it is difficult to visually confirm 

the calculation error. In numerical analysis with second-order accuracy, calculation accuracy with a 

relative error of less than 1% is usually guaranteed. From the calculation examples in Fig. 3, the 

following can be concluded. 

(i) In the second-order accuracy calculation, the accuracy is often visually sufficient. (ii) As the 

variable range of numerical calculation increases, the calculation error increases. 

   Figure 4 shows the calculation result, including the calculation error data. In general, this error is 

expected to be 𝐸𝐸𝐸𝐸(𝑚𝑚) = 𝐶𝐶(𝑚𝑚)ℎ𝑚𝑚 . Taking the common logarithm of each side, it becomes 

log�𝐸𝐸𝐸𝐸(𝑚𝑚)� = 𝑚𝑚log(ℎ) + log(𝐶𝐶(𝑚𝑚)) . This is usually a straight line in log-log representations. We 

define this as an (actual) accuracy power (AP-)line.   In SAPI(2), the AP-line is log�𝐸𝐸𝐸𝐸(2)� =𝛼𝛼(2)log(ℎ) + 𝛽𝛽(2) = 2.0358log(ℎ)− 1.8582  (the subscript (2) is often omitted). The reason it 

becomes 𝛼𝛼(2) = 2 + 𝜖𝜖 (where 𝜖𝜖  is a small positive value) is the influence of higher-order terms  
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Fig. 4 Log-log error diagram, SAPI(𝑚𝑚), 𝑘𝑘 = 1,𝑢𝑢(1) = 2.718⋯, corresponding to Fig. 3 

 

with truncation errors [14]. In the error diagram, we generally express log�𝐸𝐸𝐸𝐸(𝑚𝑚)� = 𝛼𝛼(𝑚𝑚)log(ℎ) +𝛽𝛽(𝑚𝑚). We define 𝛼𝛼(𝑚𝑚) as the accuracy power, which is generally expressed as 𝛼𝛼(𝑚𝑚) = 𝑚𝑚 + 𝜖𝜖(> 0). 

If the number of divisions is multiplied by 𝑛𝑛, the error is expressed as 𝐸𝐸𝐸𝐸(𝑚𝑚)′ = 𝐶𝐶(𝑚𝑚)(ℎ 𝑛𝑛⁄ )𝛼𝛼(𝑚𝑚) =𝐸𝐸𝐸𝐸(𝑚𝑚) 𝑛𝑛𝛼𝛼(𝑚𝑚)⁄ . We define this as the accuracy power law. When defining an approximate value, 𝛼𝛼(𝑚𝑚) =𝑚𝑚 may be assumed. We define 𝛽𝛽(𝑚𝑚) as the basic accuracy factor. Assuming ℎ = 0.1, log�𝐸𝐸𝐸𝐸(𝑚𝑚)� =𝛽𝛽(𝑚𝑚) − 𝛼𝛼(𝑚𝑚), the error becomes 10𝛽𝛽(𝑚𝑚)−𝛼𝛼(𝑚𝑚). We define this as the basic error. The basic error changes 

depending on 𝑓𝑓(𝑥𝑥) and the calculation method, as described later. 

In Fig. 4, AP lines are clearly defined in SAPI(2): 𝑚𝑚 = 2 and SAPI(4): 𝑚𝑚 = 4. However, the AP-

line is not defined as a whole in SAPI(𝑚𝑚) for 𝑚𝑚 = 6, 8, 10. Numerical calculations are performed in 

double precision. The display is usually 15 digits. Fig. 4 confirms that there is a range of formation of 

the AP-line as shown by the broken line for each SAPI(m) where m = 6, 8, 10. For example, in SAPI(6), 

at 𝑁𝑁𝑥𝑥 = 61 , Er = 1.7E-14 (6.2E-15). This error is about whether the end of the 15-digit number 

changes by 1 in the calculation of all 60 points. The error can almost be considered a VE0 calculation. 

(The theoretical meaning of the VE0 calculation will be described later.) When 61 ≤ 𝑁𝑁𝑥𝑥 ≤ 100, 

deviation from the AP-line occurs. 

When calculating with higher accuracy, it is conceivable to calculate with quadruple precision, etc. 

Furthermore, a system for calculating with high precision by arbitrarily specifying the number of 

significant digits has been published [14,34,35]. The result of the calculation with the number of 

significant digits as Nd = 60 is shown in Fig. 5. We added and examined the cases from SAPI(12) to 

SAPI(20). The AP-line is defined in all cases. In SAPI(12), the AP-line has the following results. 

log�𝐸𝐸𝐸𝐸(12)� = 𝛼𝛼(12)log(ℎ) + 𝛽𝛽(12) = 12.865log(ℎ)− 1.8721 
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Fig. 5 Log-log error diagram, SAPI(𝑚𝑚), 𝑘𝑘 = 1, computing precision: 𝑁𝑁𝑁𝑁 = 60 calculation, corresponding to Fig. 3 

 

In this case, the calculated value cannot be defined at the position of basic error, but can be formally 

defined as 10𝛽𝛽(12)−𝛼𝛼(12) = 1.8𝐸𝐸 -15. If there is no limit to the number of significant digits in the 

numerical calculation, any high-accuracy calculations can be performed using higher-order differences 

only under the SAPI(𝑚𝑚 ) calculation. However, the multiprecision calculation requires much more 

calculation time. Therefore, only double precision calculations are dealt with below. 

   There are several methods to calculate the 1D-FD scheme. In the papers [17,18], five methods are 

introduced, and no matter which one is used, if the degree of the interpolation polynomial is small, 

almost equivalent FD schemes are defined. At m ≥ 8, subtle differences occur between each as 𝑚𝑚 

increases. The difference is confirmed by the log-log diagram of the error in the numerical calculation. 

The author has identified all methods, but only one case is shown here. Figure. 6 is the result of 

defining and calculating the FD scheme by Fornberg's method [17, 31, 32]. Compared with Fig. 4, it 

is almost the same up to SAPI(6), but there are some changes in SAPI(8) and SAPI(10). 

Figure 7 is an example of 𝑘𝑘 = 2. In Fig. 3 (b), u (1) = 7.389⋯, the variable range is large, and 

therefore, the error is also large compared to the case of 𝑘𝑘 = 1. Figure 8 is an example of 𝑘𝑘 = 4. With 𝑢𝑢(1) = 54.59⋯, the variable range and error become even larger. In the table, the minimum error is 

Er = 5.4E-12(9.9E-14). However, upon closer examination, the AP-line with 𝑚𝑚 = 8, 10 is shown by  
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Fig. 6 Log-log error diagram, SAPI(𝑚𝑚), 𝑘𝑘 = 1,𝑢𝑢(1) = 2.718⋯, using the Fornbarg method for FD schemes, cf. Fig. 

4, corresponding to Fig. 3 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7 Log-log error diagram, SAPI(𝑚𝑚), 𝑘𝑘 = 2,𝑢𝑢(1) = 7.389⋯, corresponding to Fig. 3 

 

a broken line. Therefore, in this case as well, it is possible to perform a VE0 calculation that secures 

15 significant digits on a trial basis. (The calculation precision is expressed in the floating-point 

number of significant digits. For example, in the double precision calculation, the number of 

significant decimal digits is 15–17 [33], and 15 significant digits are guaranteed.) 
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3. High-accuracy calculations based on second-order differences 

3-1. High-accuracy calculations over equidistant grid points 

 

Unlike the high-accuracy calculations using SAPI(𝑚𝑚), a high-accuracy calculation method, the 

second-order based interpolation (SOBI) method is considered. The second-order central difference 

can be obtained using the Taylor expansion: 

 

(21) 

 

 (22) 

 

The following second-order difference scheme is obtained by adding both equations: 

 

(23) 

 

(24a) 

or 

 

(24b) 

 

 

The regularity of higher-order term representation facilitates the creation of general-purpose numerical 

systems. Equation (24a) is expressed as follows from the 1D Poisson equation 𝑢𝑢2𝑥𝑥 = 𝑓𝑓(𝑥𝑥): 

 

(25) 

 

First, we consider the high-order accuracy calculation based on Eq. (24). We express the 𝑚𝑚-th order 

accuracy FDE as follows: 

 

 (26) 

 𝑚𝑚 = 2 in 𝑢𝑢𝑖𝑖(𝑚𝑚) is defined as 𝑢𝑢𝑖𝑖(2) = 0, which is the usual second-order accuracy FDE. When 𝑚𝑚 

=2, 4, 6, 8, and 10,we have the following: 

 

(27a) 

(27b) 

𝑢𝑢2𝑥𝑥 =
𝑢𝑢(𝑥𝑥 + ℎ) − 2𝑢𝑢(𝑥𝑥) + 𝑢𝑢(𝑥𝑥 − ℎ)ℎ2 + 𝑂𝑂(ℎ2) 

𝑢𝑢(𝑥𝑥 + ℎ) = 𝑢𝑢(𝑥𝑥) + ℎ𝑢𝑢𝑥𝑥 +
ℎ2
2!
𝑢𝑢2𝑥𝑥 +

ℎ3
3!
𝑢𝑢3𝑥𝑥 +

ℎ4
4!
𝑢𝑢4𝑥𝑥 + ⋯ 

𝑢𝑢(𝑥𝑥 − ℎ) = 𝑢𝑢(𝑥𝑥) − ℎ𝑢𝑢𝑥𝑥 +
ℎ2
2!
𝑢𝑢2𝑥𝑥 − ℎ33!

𝑢𝑢3𝑥𝑥 +
ℎ4
4!
𝑢𝑢4𝑥𝑥 + ⋯ 

𝑂𝑂(ℎ2) = −2
ℎ2
4!
𝑢𝑢4𝑥𝑥 − 2

ℎ4
6!
𝑢𝑢6𝑥𝑥 − 2

ℎ6
8!
𝑢𝑢8𝑥𝑥 − 2

ℎ8
10!

𝑢𝑢10𝑥𝑥 + 𝑂𝑂(ℎ10) 

𝑂𝑂(ℎ2) = −2 � ℎ𝑘𝑘
(𝑘𝑘 + 2)!

𝑢𝑢2𝑘𝑘𝑥𝑥8
𝑘𝑘=2,4,⋯

+ 𝑂𝑂(ℎ10)    

𝛿𝛿𝑥𝑥2𝑢𝑢𝑖𝑖 + 𝑢𝑢𝑖𝑖(𝑚𝑚) = 𝑓𝑓𝑖𝑖 , 𝛿𝛿𝑥𝑥2𝑢𝑢𝑖𝑖 ≡ 𝑢𝑢𝑖𝑖−1 − 2𝑢𝑢𝑖𝑖 + 𝑢𝑢𝑖𝑖+1ℎ2   

𝑂𝑂(ℎ2) = −2
ℎ2
4!
𝑓𝑓2𝑥𝑥 − 2

ℎ4
6!
𝑓𝑓4𝑥𝑥 − 2

ℎ6
8!
𝑓𝑓6𝑥𝑥 − 2

ℎ8
10!

𝑓𝑓8𝑥𝑥 + 𝑂𝑂(ℎ10) 

𝑢𝑢𝑖𝑖(2) = 0   𝑢𝑢𝑖𝑖(4) = −2(ℎ2 4!⁄ )𝑢𝑢𝑖𝑖,4𝑥𝑥 
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(27c) 

 (27d) 

 (27e) 

 

Regarding 𝑢𝑢𝑖𝑖(4), we find the following fourth-order interpolation polynomial with the calculation 

point as the coordinate origin: 

 

 (28) 

 

Where, when 𝑢𝑢𝑖𝑖4𝑥𝑥 = 4!𝑎𝑎4, it becomes 𝑢𝑢𝑖𝑖(4) = −2𝑎𝑎4ℎ2. The N1, N2, and N3 schemes are used for 

each calculation point as uniquely determined in the case of SAPI(4). 

   Regarding 𝑢𝑢𝑖𝑖(6), we find the following sixth-order interpolation polynomial with the calculation 

point as the coordinate origin: 

 

 (29) 

 

where 𝑢𝑢𝑖𝑖4𝑥𝑥 = 4!𝑎𝑎4  and 𝑢𝑢6𝑥𝑥 = 6!𝑎𝑎6 . Therefore, 𝑢𝑢𝑖𝑖(6) = −2𝑎𝑎4ℎ2 − 2𝑎𝑎6ℎ4.  The same applies to 𝑢𝑢𝑖𝑖(8) and 𝑢𝑢𝑖𝑖(10). The results are summarized as follows: 

 

(30a) 

(30b) 

(30c) 

(30d) 

(30e) 

 

In this case, calculations using the direct method are not possible, but calculations using the 

pseudoacceleration TMSD and TDMA-FIM methods are possible. The FDE of pseudoacceleration -

TMSD(𝑚𝑚) is expressed as follows: 

 

(31) 

 

where 𝑢𝑢𝑖𝑖𝑛𝑛(𝑚𝑚)  changes sequentially depending on the calculation step. However, if P(4,2)-Nn is 

defined at each calculation point prior to the iterative calculation, 𝑢𝑢𝑖𝑖𝑛𝑛(𝑚𝑚) is easily calculated and is 

treated as an additional term to −𝑓𝑓𝑖𝑖. When calculating with TMSD, we use the following equation for 

the time difference: 

 

𝑢𝑢 = 𝑎𝑎0 + 𝑎𝑎1𝑥𝑥 + 𝑎𝑎2𝑥𝑥2 + 𝑎𝑎3𝑥𝑥3 + 𝑎𝑎4𝑥𝑥4 + 𝑎𝑎5𝑥𝑥5 + 𝑎𝑎6𝑥𝑥6   

𝑢𝑢𝑖𝑖(10) = −2(ℎ2 4!⁄ )𝑢𝑢𝑖𝑖,4𝑥𝑥 − 2(ℎ4 6!⁄ )𝑢𝑢𝑖𝑖,6𝑥𝑥 − 2(ℎ6 8!⁄ )𝑢𝑢𝑖𝑖,8𝑥𝑥  − 2(ℎ8 10!⁄ )𝑢𝑢𝑖𝑖,10𝑥𝑥   

𝑢𝑢𝑖𝑖(6) = −2(ℎ2 4!⁄ )𝑢𝑢𝑖𝑖,4𝑥𝑥 − 2(ℎ4 6!⁄ )𝑢𝑢𝑖𝑖,6𝑥𝑥   𝑢𝑢𝑖𝑖(8) = −2(ℎ2 4!⁄ )𝑢𝑢𝑖𝑖,4𝑥𝑥 − 2(ℎ4 6!⁄ )𝑢𝑢𝑖𝑖,6𝑥𝑥 − 2(ℎ6 8!⁄ )𝑢𝑢𝑖𝑖,8𝑥𝑥   

𝑢𝑢𝑖𝑖(4) = −2𝑎𝑎4ℎ2   𝑢𝑢𝑖𝑖(6) = −2𝑎𝑎4ℎ2 − 2𝑎𝑎6ℎ4 
   

𝑢𝑢𝑖𝑖(2) = 0   

𝑢𝑢 = 𝑎𝑎0 + 𝑎𝑎1𝑥𝑥 + 𝑎𝑎2𝑥𝑥2 + 𝑎𝑎3𝑥𝑥3 + 𝑎𝑎4𝑥𝑥4  

𝑢𝑢𝑖𝑖𝑛𝑛+1 = 𝑢𝑢𝑖𝑖𝑛𝑛 + ∆𝑡𝑡(𝑚𝑚)(𝛿𝛿𝑥𝑥2𝑢𝑢𝑖𝑖𝑛𝑛 + 𝑢𝑢𝑖𝑖𝑛𝑛(𝑚𝑚) − 𝑓𝑓𝑖𝑖) 

𝑢𝑢𝑖𝑖(8) = −2𝑎𝑎4ℎ2 − 2𝑎𝑎6ℎ4 − 2𝑎𝑎8ℎ6 
   𝑢𝑢𝑖𝑖(10) = −2𝑎𝑎4ℎ2 − 2𝑎𝑎6ℎ4 − 2𝑎𝑎8ℎ6 − 2𝑎𝑎10ℎ8   
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Table 2 Comparison of convergence between the TMSD scheme and TDMA-FIM scheme 

 

 

 

 

 

 

 

 

 

 

(32) 

 

where ∆𝑡𝑡𝑐𝑐(2) commonly has the value defined in Eq. (6), that is, ∆𝑡𝑡𝑐𝑐(2) = 1 �𝐴𝐴0(2)�⁄  = ℎ2 2⁄ . The 

MAF 𝛼𝛼𝑏𝑏(𝑚𝑚)𝑚𝑚𝑎𝑎𝑥𝑥  changes depending on 𝑁𝑁𝑥𝑥 ,𝑚𝑚(≥ 4) , and the OAF, 𝛼𝛼𝑏𝑏(𝑚𝑚)𝑜𝑜𝑜𝑜𝑜𝑜 , also changes 

depending on 𝑁𝑁𝑥𝑥 ,𝑚𝑚(≥ 4). This SOBI(𝑚𝑚) scheme may be useful because a general-purpose system 

can be created with only minor changes to the second-order TMSD calculation system. When 

numerically analyzing this with TDMA-FIM, the time difference with the same type as Eq. (32) is 

defined as follows: 

 

(33) 

 

In this case, the calculation is unconditionally stable, but when 𝛼𝛼𝑐𝑐(𝑚𝑚) becomes large to some extent, 

the convergence process becomes oscillation convergent [10,12]. 

Table 2(a) shows the estimated trial OAF, 𝛼𝛼𝑏𝑏(𝑚𝑚)𝑜𝑜𝑜𝑜𝑜𝑜′ , when calculating the problem in Fig. 3(c) using 

TMSD. In this paper, it is calculated as follows. The initial value is set as zero. Focusing on the 

calculation sequence with the initial value of the calculation point near the center point of the domain, 

we search for the acceleration factor that achieves the condition �𝑢𝑢𝑖𝑖𝑛𝑛+1 − 𝑢𝑢𝑖𝑖𝑛𝑛� < 10−𝑚𝑚𝑐𝑐(𝑚𝑚𝑐𝑐 = 10) 

with the least number of repetitions. This is achieved by several trial calculations; the number of 

repeated calculations at that time is expressed as Nc(10). There is a significant difference in the results 

depending on 𝑁𝑁𝑥𝑥 and 𝑚𝑚. Nc(10) is an index of convergence speed, and the iterative calculation does 

not end at Nc(10). By specifying the number of iterations so that 𝑛𝑛𝑒𝑒 > 2Nc(10), an exact 15-digit 

convergent solution can be obtained. However, at 𝑁𝑁𝑥𝑥 = 40, 100, the iterative calculation becomes 

enormous as 𝑚𝑚 increases, which is not realistic. Table 2(b) shows the results calculated by TDMA-

FIM. In this case, the acceleration factor can be arbitrarily large. Herein, 𝛼𝛼𝑐𝑐(𝑚𝑚) = 1000. In a range of 𝑚𝑚 = 2~10, Nc(10) = 11~27 at 𝑁𝑁𝑥𝑥 = 10 and 𝑁𝑁𝑐𝑐(10) = 21~46 at 𝑁𝑁𝑥𝑥 = 20. Even if 𝑁𝑁𝑥𝑥 = 100, it  

∆𝑡𝑡(𝑚𝑚) = 𝛼𝛼𝑏𝑏(𝑚𝑚)∆𝑡𝑡𝑐𝑐(2),∆𝑡𝑡𝑐𝑐(2) = 1 �𝐴𝐴0(2)�, 0 < 𝛼𝛼𝑏𝑏(𝑚𝑚) < 𝛼𝛼𝑏𝑏(𝑚𝑚)𝑚𝑚𝑎𝑎𝑥𝑥⁄  

∆𝑡𝑡(𝑚𝑚) = 𝛼𝛼𝑐𝑐(𝑚𝑚)∆𝑡𝑡𝑐𝑐(2),∆𝑡𝑡𝑐𝑐(2) = 1 �𝐴𝐴0(2)�⁄   
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Fig. 8 SAPI(m), log-log error diagram, SAPI(𝑚𝑚), 𝑘𝑘 = 4,𝑢𝑢(1) = 54.59⋯, corresponding to Fig. 3 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 9, Log-log error diagram, SOBI(𝑚𝑚), 𝑘𝑘 = 4,𝑢𝑢(1) = 54.59⋯, all the addition data (+) are on the case of 𝑚𝑚=10, 

corresponding to Fig. 3 

 

is not necessary to change 𝛼𝛼𝑐𝑐(𝑚𝑚)  = 1000 and Nc (10) = 64. Creating a system for TDMA-FIM 

calculations is slightly more complicated than creating a system for TMSD calculations, but the 

superiority of TDMA-FIM is decisive. 

Figure 8 shows the log-log diagram of SAPI(𝑚𝑚 ) and Fig. 9 is the corresponding diagram of 

SOBI(𝑚𝑚). The difference between the two is visually confirmed, but at 𝑚𝑚 = 2,4, the AP-line looks 

almost the same. If there is no digit-loss error in both calculations, SAPI(𝑚𝑚) and SOBI(𝑚𝑚) may be 
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considered theoretically equivalent. It is difficult to prove this in general, but we check only the fourth-

order accuracy central difference, P(4,2)-N2. The following expression holds: 

 

(34) 

 

(35) 

 

The following results can be obtained from both equations: 

 

(36) 

 

However, the first term on the right side of Eq. (36) is the fourth-order accuracy difference of 𝑢𝑢𝑖𝑖,2𝑥𝑥. 

Therefore, one sufficient condition that both are equivalent is confirmed. If the numerical analyses of 

SAPI(𝑚𝑚) and SOBI(𝑚𝑚) are theoretically equivalent, the latter with a small digit-loss error should be 

adopted. (This method has a theoretical possibility of naturally developing into a fourth-order-based 

difference scheme. However, TDMA cannot be used in the implicit method, and its practical value 

should not be expected.) 

In SOBI(10) in Fig. 9, the range of the AP-line is limited. At approximately 𝑁𝑁𝑥𝑥 = 40 (42,38), 

there is no irregular change in the error calculation value, but it is observed that an irregular change 

occurs in the error calculation value in the process of 𝑁𝑁𝑥𝑥 →100. 

We express the FDE using Eq. (25) as follows: 

 

 (37) 

 

where the higher-order difference correction term is expressed by 𝜏𝜏𝑖𝑖(𝑚𝑚). Referring to Eq. (27), 𝜏𝜏𝑖𝑖(𝑚𝑚) 

is expressed as: 

 

(38a) 

(38b) 

(38c) 

(38d) 

(38e) 

 

When calculating the FD scheme via interpolation, the definition point cannot be specified arbitrarily 

when 𝑢𝑢𝑖𝑖(𝑚𝑚)  is used. However, when using 𝜏𝜏𝑖𝑖(𝑚𝑚) , it can be specified arbitrarily. We let the 

calculation point be 𝑝𝑝𝑖𝑖(𝑥𝑥𝑖𝑖 ,𝑢𝑢𝑖𝑖), and set the definition points required for interpolation in an interval of 

𝛿𝛿𝑥𝑥2𝑢𝑢𝑖𝑖 + 𝜏𝜏𝑖𝑖(𝑚𝑚) = 𝑓𝑓𝑖𝑖 

𝑢𝑢𝑖𝑖,2𝑥𝑥 =
𝑢𝑢𝑖𝑖−1 − 2𝑢𝑢𝑖𝑖 + 𝑢𝑢𝑖𝑖+1ℎ2 − 2

ℎ2
4!
𝑢𝑢𝑖𝑖,4𝑥𝑥 + 𝑂𝑂(ℎ4) 

𝑢𝑢𝑖𝑖,4𝑥𝑥 =
𝑢𝑢𝑖𝑖−2 − 4𝑢𝑢𝑖𝑖−1 + 6𝑢𝑢𝑖𝑖 − 4𝑢𝑢𝑖𝑖+1 + 𝑢𝑢𝑖𝑖+2ℎ4 − ℎ2

6
𝑢𝑢𝑖𝑖,6𝑥𝑥 + 𝑂𝑂(ℎ4) 

𝜏𝜏𝑖𝑖(6) = −2(ℎ2 4!⁄ )𝑓𝑓𝑖𝑖,2𝑥𝑥 − 2(ℎ4 6!⁄ )𝑓𝑓𝑖𝑖,4𝑥𝑥   

𝜏𝜏𝑖𝑖(4) = −2(ℎ2 4!⁄ )𝑓𝑓𝑖𝑖,2𝑥𝑥 

𝜏𝜏𝑖𝑖(2) = 0   

𝑢𝑢𝑖𝑖,2𝑥𝑥 =
−𝑢𝑢𝑖𝑖−2 + 16𝑢𝑢𝑖𝑖−1 − 30𝑢𝑢𝑖𝑖 + 16𝑢𝑢𝑖𝑖+1 − 𝑢𝑢𝑖𝑖+2

12ℎ2 +
ℎ4
90
𝑢𝑢𝑖𝑖,6𝑥𝑥 + 𝑂𝑂(ℎ6) 

𝜏𝜏𝑖𝑖(8) = −2(ℎ2 4!⁄ )𝑓𝑓𝑖𝑖,2𝑥𝑥 − 2(ℎ4 6!⁄ )𝑓𝑓𝑖𝑖,4𝑥𝑥 − 2(ℎ6 8!⁄ )𝑓𝑓𝑖𝑖,6𝑥𝑥   𝜏𝜏𝑖𝑖(10) = −2(ℎ2 4!⁄ )𝑓𝑓𝑖𝑖,2𝑥𝑥 − 2(ℎ4 6!⁄ )𝑓𝑓𝑖𝑖,4𝑥𝑥 − 2(ℎ6 8!⁄ )𝑓𝑓𝑖𝑖,6𝑥𝑥  − 2(ℎ8 10!⁄ )𝑓𝑓𝑖𝑖,8𝑥𝑥   
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|𝑥𝑥𝑖𝑖 − ℎ, 𝑥𝑥𝑖𝑖 + ℎ|  (compact area) and calculate the difference approximation of 𝑓𝑓𝑖𝑖,𝑘𝑘𝑥𝑥, 𝑘𝑘 = 2, 4, 6, 8 . 

This calculation method is also a form of SOBI(𝑚𝑚), but we call it CIFD(𝑚𝑚). There is also a method of 

analytically defining 𝑓𝑓𝑖𝑖,𝑘𝑘𝑥𝑥,𝑘𝑘 = 2, 4, 6, 8  in Eq. (38). However, it may be cumbersome to find the 

higher derivative when 𝑓𝑓  is a complex function. In this paper, Eq. (38) is calculated using the 

following interpolation method. This method can manage this only by changing the definition of 𝑓𝑓 

in a general-purpose system and is advantageous because it can secure calculation accuracy 

comparable to that using analytical values. 

For 𝜏𝜏𝑖𝑖(4) , by defining three points over the compact area, we find the following quadratic 

interpolation equation with the calculation point as the coordinate origin: 

 

 (39) 

 

It is defined as 𝑓𝑓𝑖𝑖,2𝑥𝑥 = 2!𝑎𝑎2 + 𝑂𝑂𝑖𝑖(ℎ2) , then 𝑂𝑂𝑖𝑖(ℎ2)  is negligible and becomes 𝜏𝜏𝑖𝑖(4) =−2𝑎𝑎2(2! 4!⁄ )ℎ2. For 𝜏𝜏𝑖𝑖(6), we find the following quadratic interpolation curve over the compact area 

with the calculation point as the coordinate origin: 

 

 (40) 

 

It holds that 𝑓𝑓𝑖𝑖,2𝑥𝑥 = 2!𝑎𝑎2 + 𝑂𝑂𝑖𝑖((ℎ 2⁄ )4)  and 𝑓𝑓𝑖𝑖,4𝑥𝑥 = 4!𝑎𝑎4 + 𝑂𝑂𝑖𝑖((ℎ 2⁄ )2) . Therefore, it becomes 𝜏𝜏𝑖𝑖(6) = −2𝑎𝑎2(2! 4!⁄ )ℎ2 − 2𝑎𝑎4(4! 6!⁄ )ℎ4. In the same manner, the whole is expressed as follows: 

 

(41a) 

(41b) 

(41c) 

(41d) 

(41e) 

 

These expressions have a kind of regularity, and a general-purpose system can be easily created using 𝑚𝑚 of 𝜏𝜏𝑖𝑖(𝑚𝑚) as a parameter. When solving with SOBI(𝑚𝑚), 𝑢𝑢𝑖𝑖𝑛𝑛(𝑚𝑚), 𝑚𝑚 > 2 is a quantity that changes 

sequentially. However, in CIFD(𝑚𝑚 ), once calculated, 𝜏𝜏𝑖𝑖(𝑚𝑚)  becomes a fixed value at each 

calculation point and is processed as an additional term to −𝑓𝑓𝑖𝑖. In the TMSD calculation, the OAF 𝛼𝛼𝑏𝑏(2)𝑜𝑜𝑜𝑜𝑜𝑜  defined in Eq. (7) is used as is. Calculation by TDMA-FIM is possible, but the fastest 

calculation method in this case is the direct method using TDMA, and the calculation is completed 

instantly. 

   Figure 10 shows the log-log error diagram when the problem in Fig. 9 is calculated by CIFD(𝑚𝑚). 

The calculation accuracy significantly improves despite the double precision calculation. For reference,  

𝑓𝑓 = 𝑎𝑎0 + 𝑎𝑎1𝑥𝑥 + 𝑎𝑎2𝑥𝑥2  

𝜏𝜏𝑖𝑖(4) = −2𝑎𝑎2ℎ2/(3 ∙ 4)   𝜏𝜏𝑖𝑖(6) = −2𝑎𝑎2ℎ2/(3 ∙ 4) − 2𝑎𝑎4ℎ4/(5 ∙ 6) 

   

𝑓𝑓 = 𝑎𝑎0 + 𝑎𝑎1𝑥𝑥 + 𝑎𝑎2𝑥𝑥2 + 𝑎𝑎3𝑥𝑥3 + 𝑎𝑎4𝑥𝑥4  

𝜏𝜏𝑖𝑖(2) = 0   

𝜏𝜏𝑖𝑖(8) = −2𝑎𝑎2ℎ2/(3 ∙ 4) − 2𝑎𝑎4ℎ4/(5 ∙ 6) − 2𝑎𝑎6ℎ6/(7 ∙ 8) 

   𝜏𝜏𝑖𝑖(10) = −2𝑎𝑎2ℎ2/(3 ∙ 4) − 2𝑎𝑎4ℎ4/(5 ∙ 6) − 2𝑎𝑎6ℎ6/(7 ∙ 8) − 2𝑎𝑎8ℎ8/(9
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Fig. 10, Log-log error diagram, CIFD(𝑚𝑚), 𝑘𝑘 = 4,𝑢𝑢(1) = 54.59⋯, Data(22,18) and (42,38) are on 𝑚𝑚=8, the others 

are on 𝑚𝑚=10, corresponding to Fig. 3 

 

the result when 𝑁𝑁𝑥𝑥 = 5  is also shown. The calculation error of 𝑁𝑁𝑥𝑥 = 5  in CIFD(10) is 1.5E-10, 

2.4E-13 in CIFD(12), and 1.0E-14 in CIFD(14). Then, the output values of four points almost perfectly 

agree with the theoretical values in the expression of 15 significant digits. The calculations of 

CIFD(𝑚𝑚),𝑚𝑚 ≥ 16  are also possible; however, they are meaningless under the double precision 

calculation. (In the high-order difference calculation of CIFD(𝑚𝑚), the calculation error is on the AP-

line until the calculation result reaches a certain limit. However, after that, it fluctuates randomly. Such 

a phenomenon also occurs in numerically generated spectral coefficients, resulting in a “Roundoff 

Plateau” state [28-P.48]). AP lines are also shown where linear regression holds (almost) exactly. In 

the comparison of the regression equations of SOBI(𝑚𝑚) and CIFD(𝑚𝑚), the accuracy power 𝛼𝛼(𝑚𝑚)(=𝑚𝑚 + 𝜖𝜖) is not so different. However, there is a difference in the basic accuracy factor,  𝛽𝛽(𝑚𝑚), and the 

basic error 10𝛽𝛽(𝑚𝑚)−𝛼𝛼(𝑚𝑚) at ℎ = 0.1 is significantly different. 

   In the calculation of SAPI(𝑚𝑚) and SOBI(𝑚𝑚), if the theoretical solution is an 𝑛𝑛-th degree equation 

(𝑓𝑓(𝑥𝑥) is an (𝑛𝑛-2)-th degree equation), as 𝑚𝑚 ≥  𝑛𝑛, the numerical calculation is an intrinsic error-zero 

(IE0) calculation [12,14]. However, in the calculation of CIFD(𝑚𝑚), (almost) nonerror calculations are 

possible under a predetermined precision calculation even if the theoretical solution is a general 

continuous function. This is because the effect of the higher-order residual term is smaller than the 

limit of the floating-point expression; then, the numerical calculation result matches the exact solution 

with the expression of 15 significant figures. We defined this as a virtual error-zero (VE0) calculation. 
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Fig. 11 Error diagram when 𝑁𝑁𝑥𝑥 = 𝑃𝑃𝑛𝑛 = 𝑚𝑚,𝑚𝑚 = ,8,10,⋯ , 18, 𝑘𝑘 = 4,𝑢𝑢(1) = 54.59⋯, corresponding to Fig. 3 

 

There is a numerical analysis method called the spectral method for high-accuracy calculation. 

References [28, p.6] have the following definitions. 

Spectral method: One high-order polynomial for the WHOLE domain 

Finite difference method: Multiple overlapping low-order polynomials 

Furthermore, FDM is defined as follows. 

“Finite difference methods approximate the unknown 𝑢𝑢(𝑥𝑥)  by a sequence of overlapping 

polynomials which interpolate 𝑢𝑢(𝑥𝑥) at a set of grid points. The derivative of the local interpolant is 

used to approximate the derivative of 𝑢𝑢(𝑥𝑥). The result takes the form of a weighted sum of the values 

of 𝑢𝑢(𝑥𝑥) at the interpolation points.” 

According to this definition, in SAPI(𝑚𝑚), the numerical calculation by (𝑁𝑁𝑥𝑥 = 𝑚𝑚, Pn = 𝑚𝑚) may be said 

to be a kind of numerical calculation by the spectral method. Figure 11-SAPI shows the error of the 

result of the numerical calculation of the problem of Fig. 3 (c) with 𝑚𝑚 = 8, 10, ⋯ , 18. In Fig. 11, one 

reference line is shown, and the data of 𝑚𝑚 = 2, 4, 6 are also on this line. Up to Pn = 12, the errors of 

the SAPI are on the line, but after that, the calculation accuracy is significantly reduced. Therefore, if 

the numerical calculation by IFDM is limited to this method, it cannot be adopted as a high-accuracy 

numerical calculation method. Next, the numerical calculation results by SOBI are also shown. From 

Pn = 2 to Pn = 10, the numerical calculation results by both are completely equivalent. This reaffirms 

that SAPI and SOBI would be theoretically equivalent. In the case of SOBI, Pn = 16 is the usage limit. 

Here, we dealt with the case where 𝑓𝑓(𝑥𝑥) is a simple exponential function. However, the usage 

limit of 𝑚𝑚 at Pn = 𝑚𝑚 also depends on 𝑓𝑓(𝑥𝑥). It is a well-known fact that the Runge phenomenon 
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occurs when using the algebraic polynomial [14, 28-pp.83-86]. For this reason, the spectral method 

excluded the algebraic polynomial. It is a very natural conclusion, and various polynomials that avoid 

the Runge phenomenon have been proposed and studied. However, in numerical analysis by IFDM, 

there is no problem in using the higher-order algebraic polynomial as the interpolation polynomial. 

By subdividing the domain, the Runge phenomenon can always be avoided [14] in SAPI(m) and 

SOBI(m) calculations. On the other hand, in CIFD (m) calculation, the use of high-order polynomials 

is limited to the compact area, so it has nothing to do with the Runge phenomenon completely. 

 

3-2. Conventional 1D compact FDM formulation 

 

The fourth-order accuracy FDE of the 1D Poisson equation is derived as follows [30]: 

 

(42) 

 

In the FDE, 𝛿𝛿𝑥𝑥2𝑢𝑢𝑖𝑖 + 𝜏𝜏𝑖𝑖(4) = 𝑓𝑓𝑖𝑖 is expressed as 𝜏𝜏𝑖𝑖(4) = −2(ℎ2 4!⁄ )𝑓𝑓𝑖𝑖,2𝑥𝑥; see Eqs. (37) and (38b). We 

express 𝑓𝑓𝑖𝑖,2𝑥𝑥 as follows: 

 

(43) 

 

Therefore, the FDE defined in this paper is expressed as follows in the difference notation: 

 

 (44) 

 

Equations (42) and (44) are equivalent. 𝜏𝜏𝑖𝑖(4) = −2𝑎𝑎2ℎ2/(3 ∙ 4) defined in Eq. (41b) is equivalent 

to the second term on the left side of Eq. (44). Therefore, the fourth-order accurate FDE (CIFD(4)) 

defined in this paper matches the FDE of the fourth-order accurate compact FDM. 

The sixth-order accuracy FDE is derived as follows [30]: 

 

(45) 

 

In the FDE, 𝛿𝛿𝑥𝑥2𝑢𝑢𝑖𝑖 + 𝜏𝜏𝑖𝑖(6) = 𝑓𝑓𝑖𝑖 , which is expressed as 𝜏𝜏𝑖𝑖(6) = −2(ℎ2 4!⁄ )𝑓𝑓𝑖𝑖,2𝑥𝑥 − 2(ℎ4 6!⁄ )𝑓𝑓𝑖𝑖,4𝑥𝑥 . 

Equation (43) is adopted for 𝑓𝑓𝑖𝑖,2𝑥𝑥. We express 𝑓𝑓𝑖𝑖,4𝑥𝑥 as follows: 

 

(46) 

 

A result equivalent to Eq. (45) is obtained. To evaluate 𝑓𝑓𝑖𝑖,2𝑥𝑥, the following equation may be used: 

𝑢𝑢𝑖𝑖−1 − 2𝑢𝑢𝑖𝑖 + 𝑢𝑢𝑖𝑖+1ℎ2 =
1

12
(𝑓𝑓𝑖𝑖−1 + 10𝑓𝑓𝑖𝑖 + 𝑓𝑓𝑖𝑖+1) +

ℎ2
360

(𝑓𝑓𝑖𝑖−1′′ − 2𝑓𝑓𝑖𝑖′′ + 𝑓𝑓𝑖𝑖−1′′ ) 

𝑓𝑓𝑖𝑖,4𝑥𝑥 = 𝛿𝛿𝑥𝑥2𝑓𝑓𝑖𝑖′′ + 𝑂𝑂𝑖𝑖(ℎ2),𝛿𝛿𝑥𝑥2𝑓𝑓𝑖𝑖′′ =
𝑓𝑓𝑖𝑖−1′′ − 2𝑓𝑓𝑖𝑖′′ + 𝑓𝑓𝑖𝑖+1′′ℎ2  

𝑢𝑢𝑖𝑖−1 − 2𝑢𝑢𝑖𝑖 + 𝑢𝑢𝑖𝑖+1ℎ2 =
1

12
(𝑓𝑓𝑖𝑖−1 + 10𝑓𝑓𝑖𝑖 + 𝑓𝑓𝑖𝑖+1) 

𝑓𝑓𝑖𝑖,2𝑥𝑥 = 𝛿𝛿𝑥𝑥2𝑓𝑓𝑖𝑖 + 𝑂𝑂𝑖𝑖(ℎ2),𝛿𝛿𝑥𝑥2𝑓𝑓𝑖𝑖 =
𝑓𝑓𝑖𝑖−1 − 2𝑓𝑓𝑖𝑖 + 𝑓𝑓𝑖𝑖+1ℎ2  

𝑢𝑢𝑖𝑖−1 − 2𝑢𝑢𝑖𝑖 + 𝑢𝑢𝑖𝑖+1ℎ2 − 2
ℎ2
4!

𝑓𝑓𝑖𝑖−1 − 2𝑓𝑓𝑖𝑖 + 𝑓𝑓𝑖𝑖+1ℎ2 = 𝑓𝑓𝑖𝑖 
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(47) 

 

For 𝑓𝑓𝑖𝑖,4𝑥𝑥, we use Eq. (46). The sixth-order accuracy FDE is expressed as follows: 

 

(48) 

 𝛿𝛿𝑥𝑥2𝑓𝑓𝑖𝑖′′ is expanded as follows: 

 

(49) 

 

Even if this definition is used, the calculation has a sixth-order accuracy, but if the compact area is 

|𝑥𝑥𝑖𝑖 − ℎ, 𝑥𝑥𝑖𝑖 + ℎ|, Eq. (49) must change as follows: 

 

(50) 

 

In Eq. (48), the result calculated using this definition and the result calculated in CIFD(6) are 

numerically consistent. The calculation error of CIFD(6) with 𝑁𝑁𝑥𝑥 = 10 is 5.3E-07, as shown in the 

table in Fig. 10. The calculation error when Eq. (49) is used is 3.3E-05, and when Eq. 50 is used it is 

5.3E-07. Even in the same sixth-order accuracy calculation, the basic error defined previously, 

10𝛽𝛽(6)−𝛼𝛼(6), is significantly different. 

In the 1D compact FDM, fourth-order and sixth-order accuracy FDEs are derived, but no further 

high-order accuracy FDE is mentioned [30]. The reason seems to be that it becomes difficult (even if 

possible) to obtain FDE schemes with eighth-order accuracy and tenth-order accuracy in the 

conventional formulation. However, in the CIFD(𝑚𝑚) formulation, any high-order accuracy calculation 

can be handled by specifying 𝑚𝑚 in a single system. 

 

3-3. High-accuracy calculations over nonequidistant grid points 

 

If it is limited to numerically calculating the 1D Poisson equation, the investigation in this section 

is unnecessary. However, considering the numerical calculation of multidimensional Poisson 

equations over arbitrary domains, it is necessary to consider high-accuracy calculations over 

nonequidistant grid points. The following two equations related to Taylor expansion hold: 

 

(51) 

 

𝛿𝛿𝑥𝑥2𝑓𝑓𝑖𝑖′′ =
𝑓𝑓𝑖𝑖−1′′ − 2𝑓𝑓𝑖𝑖′′ + 𝑓𝑓𝑖𝑖+1′′ℎ2 =

𝑓𝑓𝑖𝑖−2 − 4𝑓𝑓𝑖𝑖−1 + 6𝑓𝑓𝑖𝑖 − 4𝑓𝑓𝑖𝑖+1 + 𝑓𝑓𝑖𝑖+2ℎ4  

𝑢𝑢(𝑥𝑥 − ℎ1) = 𝑢𝑢(𝑥𝑥) − ℎ1𝑢𝑢𝑥𝑥 +
ℎ12
2!
𝑢𝑢2𝑥𝑥 − ℎ133!

𝑢𝑢3𝑥𝑥 +
ℎ14
4!
𝑢𝑢4𝑥𝑥 −⋯ 

𝑓𝑓𝑖𝑖,2𝑥𝑥 = 𝛿𝛿𝑥𝑥2𝑓𝑓𝑖𝑖 − 2
ℎ2
4!
𝑓𝑓𝑖𝑖,4𝑥𝑥 + 𝑂𝑂𝑖𝑖(ℎ4) 

𝛿𝛿𝑥𝑥2𝑢𝑢𝑖𝑖 = 𝑓𝑓𝑖𝑖 +
ℎ2
12
𝛿𝛿𝑥𝑥2𝑓𝑓𝑖𝑖 + �− ℎ4

144
+
ℎ4

360
�𝛿𝛿𝑥𝑥2𝑓𝑓𝑖𝑖′′ 

𝛿𝛿𝑥𝑥2𝑓𝑓𝑖𝑖′′ =
𝑓𝑓𝑖𝑖−1 − 4𝑓𝑓𝑖𝑖−1/2 + 6𝑓𝑓𝑖𝑖 − 4𝑓𝑓𝑖𝑖+1/2 + 𝑓𝑓𝑖𝑖+1

(ℎ 2⁄ )4  
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Fig. 12 Calculations over irregular grid disposition 

 

 (52) 

 

The following equations are obtained from both equations: 

 

 (53) 

 

 (54) 

 

where 𝑂𝑂(ℎ) is a definition indicating that the difference scheme of concern has first-order accuracy. 

When ℎ1 = ℎ2 = ℎ, both equations result in Eqs. (23) and (24) and automatically become a second-

order accurate difference. In Fig. 12, nonequidistant grid points are used only near the boundary. In 

this case, in the terms 𝑢𝑢𝑘𝑘𝑥𝑥, 𝑘𝑘 = 3,4,⋯ in Eq. (54), the absolute values of the odd-numbered terms are 

relatively smaller than the absolute values of the even-numbered terms. Furthermore, since it is a 

Poisson equation, Eq. (54) is evaluated as follows: 

 

 (55) 

 

In this case, as well, the concepts of SOBI(𝑚𝑚) and CIFD(𝑚𝑚) hold. The FDE of SOBI(𝑚𝑚) over the 

nonequidistant grid points is expressed as follows: 

 

 (56) 

 

In 𝑢𝑢𝑖𝑖(𝑚𝑚), 𝑚𝑚 can be both odd and even, but only odd numbers are used herein because we use even- 

𝑢𝑢(𝑥𝑥 + ℎ2) = 𝑢𝑢(𝑥𝑥) + ℎ2𝑢𝑢𝑥𝑥 +
ℎ22
2!
𝑢𝑢2𝑥𝑥 +

ℎ23
3!
𝑢𝑢3𝑥𝑥 +

ℎ24
4!
𝑢𝑢4𝑥𝑥 + ⋯ 

𝑢𝑢2𝑥𝑥 =
2𝑢𝑢(𝑥𝑥 − ℎ1)ℎ1(ℎ1 + ℎ2)

− 2𝑢𝑢(𝑥𝑥)ℎ1ℎ2  +
2𝑢𝑢(𝑥𝑥 + ℎ2)ℎ2(ℎ1 + ℎ2)

+ 𝑂𝑂(ℎ) 

𝑂𝑂(ℎ) = − 2

(ℎ1 + ℎ2) 
�(ℎ22 − ℎ12)

3!
𝑢𝑢3𝑥𝑥 +

(ℎ23 + ℎ13)

4!
𝑢𝑢4𝑥𝑥 +

(ℎ24 − ℎ14)

5!
𝑢𝑢5𝑥𝑥⋯� 

𝑂𝑂(ℎ) = − 2

(ℎ1 + ℎ2) 
�(ℎ22 − ℎ12)

3!
𝑓𝑓𝑥𝑥 +

(ℎ23 + ℎ13)

4!
𝑓𝑓2𝑥𝑥 +

(ℎ24 − ℎ14)

5!
𝑓𝑓3𝑥𝑥⋯� 

2𝑢𝑢𝑖𝑖−1
 ℎ𝑖𝑖1(ℎ𝑖𝑖1 + ℎ𝑖𝑖2)

− 2𝑢𝑢𝑖𝑖ℎ𝑖𝑖1ℎ𝑖𝑖2  +
2𝑢𝑢𝑖𝑖+1ℎ𝑖𝑖2(ℎ𝑖𝑖1 + ℎ𝑖𝑖2)

+ 𝑢𝑢𝑖𝑖(𝑚𝑚) = 𝑓𝑓𝑖𝑖 
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Fig. 13 Log-log error diagram, CIFD(m), 𝑘𝑘 = 4,𝑢𝑢(1) = 54.59⋯, corresponding to Fig. 12 

 

degree polynomial interpolation in this paper. When 𝑚𝑚 =  1(𝑃𝑃𝑛𝑛 = 2)  is specified, 𝑢𝑢𝑖𝑖(1) = 0 , 

which is equivalent to the FDE according to the conventional SW scheme [29]. When 𝑚𝑚 =

 3(𝑃𝑃𝑛𝑛 = 4) is specified, 𝑢𝑢𝑖𝑖(3) is expressed as follows: 

 

 (57) 

 

When ℎ1 = ℎ2 = ℎ , this expression automatically becomes 𝑢𝑢𝑖𝑖(4) . In Eq. (56), when adopting 

CIFD(𝑚𝑚), the high-order correction term is expressed as 𝜏𝜏𝑖𝑖(𝑚𝑚). 𝜏𝜏𝑖𝑖(3) is expressed as follows: 

 

 (58) 

 

When ℎ1 = ℎ2 = ℎ, this expression automatically becomes 𝜏𝜏𝑖𝑖(4). In the regular grid disposition, to 

calculate the approximate derivative value of 𝑓𝑓(𝑥𝑥), the number of 𝑚𝑚-1 calculation points was set 

within the compact area of 2ℎ with the center point as 𝑥𝑥𝑖𝑖. In this case, the same treatment is also 

possible with a typical width of 2ℎ . Figure 12 shows a calculation result. This is the result of 

translating the calculation points by 𝑚𝑚𝑥𝑥ℎ = 0.5ℎ from the regular grid disposition, called the regular 

element disposition. CIFD(𝑚𝑚) calculation is also possible even if the difference width is specified 

arbitrarily; however, it can be argued that the problem of nonequidistant grid points is sufficiently 

𝜏𝜏𝑖𝑖(3) = − 2

(ℎ𝑖𝑖1 + ℎ𝑖𝑖2) 
�(ℎ𝑖𝑖22 − ℎ𝑖𝑖12 )

3!
𝑓𝑓𝑖𝑖,𝑥𝑥 +

(ℎ𝑖𝑖23 + ℎ𝑖𝑖13 )

4!
𝑓𝑓𝑖𝑖,2𝑥𝑥� 

𝑢𝑢𝑖𝑖(3) = − 2

(ℎ𝑖𝑖1 + ℎ𝑖𝑖2) 
�(ℎ𝑖𝑖22 − ℎ𝑖𝑖12 )

3!
𝑢𝑢𝑖𝑖,3𝑥𝑥 +

(ℎ𝑖𝑖23 + ℎ𝑖𝑖13 )

4!
𝑢𝑢𝑖𝑖,4𝑥𝑥� 
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general by confirming this case. The error calculation results, including other cases, are shown in the 

table in Fig. 13. The calculations are CIFD(𝑚𝑚) calculations without the CIFD(𝑚𝑚-1) calculation at both 

end points. Figure 13 shows an error figure in which the accuracy power is 1.7514 when 𝑚𝑚 = 2(1) 

and 3.8382 when 𝑚𝑚 = 4(3). The accuracy power decreases due to the influence of both ends. The 

error generated at both ends spreads throughout the calculation. Compared to Fig. 10, the three AP 

lines are not exactly straight lines. When the data of 𝑁𝑁𝑥𝑥 = 5 are deleted, they seem to be strict straight 

lines, that is, they become almost perfectly correlated. It is judged that this phenomenon is also due to 

the influence of the calculation of both ends. However, there is no large difference in the calculation 

accuracy between the regular grid disposition and regular element disposition; see Fig. 10. When 𝑁𝑁𝑥𝑥 = 5 in CIFD(14), the error is 4.4E-15. The almost exact solution is calculated. As the calculation 

point 𝑚𝑚𝑥𝑥ℎ, 0 < 𝑚𝑚𝑥𝑥 < 1 moves, even if 𝑚𝑚𝑥𝑥 is arbitrarily specified, there is no problem in the result. 

By increasing the numbers of calculation digits as needed, the accuracy can be improved indefinitely 

according to the accuracy power law. It is understood that the concept of VE0 calculations is unrelated 

to the layout of the calculation points. 

 

3-4 Application example when the forcing term is a periodic function 

 

Herein, we consider the case when the theoretical solution is expressed by a Fourier series of the 

sine function. As shown in Fig. 14, P1-P2-P3-P4 is a part of the so-called sawtooth wave. This Fourier 

series is expressed by the following equation: 

 

(59) 

 

To obtain this solution in the 1D Poisson equation, 𝑓𝑓(𝑥𝑥) must be defined as follows: 

 

 

 

 

(60) 

 

In both equations, the finite term addition from 𝑛𝑛  = 1 to 𝑛𝑛  = 𝑘𝑘  is adopted. Figure 14(a) is a 

calculation example under the conditions of 𝑘𝑘 = 1 and 𝑁𝑁𝑥𝑥 = 64. The left side (a-1) is the expression 

of 𝑓𝑓(𝑥𝑥), and the right side (a-2) is the calculation result using CIFD(10). Then, the error is Er = 1.8E-

15, as shown in the figure. Figure 15 is a log-log diagram of the error of the calculation result including 

other cases. The calculation of SAPI(𝑚𝑚) and SOBI(𝑚𝑚) is omitted. The AP-line is defined up to 𝑚𝑚 = 

6. Data for 𝑁𝑁𝑥𝑥 = 8, 𝑚𝑚 = 12, 14 are also shown. The calculation of 𝑚𝑚 = 14 is the VE0 calculation.  

𝑢𝑢 =
2𝜋𝜋�(−1)𝑛𝑛−1 sin(𝑛𝑛2𝜋𝜋𝑥𝑥)

∞
𝑛𝑛=1  =

2𝜋𝜋 �sin(2𝜋𝜋𝑥𝑥) − 1

2
sin(4𝜋𝜋𝑥𝑥) +

1

3
sin(6𝜋𝜋𝑥𝑥) −⋯� 

 

𝑓𝑓(𝑥𝑥) =
2𝜋𝜋�(−1)𝑛𝑛 (𝑛𝑛2𝜋𝜋)2sin(𝑛𝑛2𝜋𝜋𝑥𝑥)

∞
𝑛𝑛=1  

=
2𝜋𝜋 �−(2𝜋𝜋)2 sin(2𝜋𝜋𝑥𝑥) +

1

2
(4𝜋𝜋)2sin(4𝜋𝜋𝑥𝑥) − 1

3
(6𝜋𝜋)2sin(6𝜋𝜋𝑥𝑥) + ⋯� 
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Fig. 14 Numerical analyses by CIFD (𝑚𝑚) when 𝑓𝑓(𝑥𝑥) is expressed as periodic functions 

 

The calculation by CIFD(𝑚𝑚), 𝑚𝑚 = 10 is extremely accurate. Calculation data of 𝑚𝑚 = 12,14 are also 

added, where VE0 calculations are performed. Figure 14(b) shows the case of 𝑘𝑘 = 4 with an error of 

Er = 2.4E-15. The calculation error is almost the same as in Fig. 14(a). Under 𝑁𝑁𝑥𝑥 = 64, increasing 𝑘𝑘 

increases the error, but even in that case, VE0 calculation is always possible by increasing 𝑁𝑁𝑥𝑥. Fig. 

14(c) shows the case of 𝑘𝑘 = 64. As a result of adjusting the parameters to obtain the minimum error,  
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Fig. 15 Log-log error diagram, CIFD(𝑚𝑚), corresponding to Fig. 14(a) 

 

it became  𝑁𝑁𝑥𝑥 = 256, 𝑚𝑚 = 14, and Er = 1.2E-14. It is interesting that even in Fig. 14(c-1), which 

looks like a discontinuous function at first glance, it is possible to perform almost exact calculations. 

The Gibbs phenomenon is also accurately expressed. 

   In some cases, 𝑓𝑓(𝑥𝑥) may be defined as a discrete value. If the discrete value is regarded as a 

periodic function and expressed as a discrete Fourier series, it becomes a continuous function, and 

high-accuracy calculations using CIFD(𝑚𝑚 ) become possible. It is clear that if the calculation is 

executed with quadruple precision, the errors can be reduced to approximately 10−30. This calculation 

is carried out by changing the definition of 𝑓𝑓(𝑥𝑥) in the calculation system used in Fig. 14. When 𝑓𝑓(𝑥𝑥)  is represented by a Fourier series, 𝑓𝑓𝑖𝑖,𝑛𝑛𝑥𝑥  is easily defined analytically; even if the analytical 

value is used for additional term calculations, almost the same result as the calculation result here can 

be obtained. However, when 𝑓𝑓(𝑥𝑥) is expressed by multiplication and division of some functions, it 

may be cumbersome to find the analytical value of the higher derivative. Even in this case, numerical 

calculations can be performed simply by changing the definition of  𝑓𝑓(𝑥𝑥)  in the general-purpose 

system. There is no need to distinguish between periodic and aperiodic 𝑓𝑓(𝑥𝑥), and it is considered that 

VE0 calculation is always possible with a single system. 

   To understand the problem simply, we limited it to the 1D Poisson equation. However, the above 

considerations may be applied evolutionarily to the numerical calculations of general second-order 

ODEs. At least SAPI(𝑚𝑚) and SOBI(𝑚𝑚) calculations are possible. Let us consider the following ODE. 

 

(61) 

 

With the boundary condition 𝑢𝑢 (−𝜋𝜋) =  𝑢𝑢 (𝜋𝜋) = 0, the following special solution is obtained by the 

𝑢𝑢𝑥𝑥𝑥𝑥 − (1 2⁄ )𝑢𝑢 = −(3 2⁄ ) cos(𝑥𝑥) − (9 2⁄ ) cos(2𝑥𝑥)   
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Galerkin spectral method [28,pp.87-88]. 

 

(62) 

 

By substituting the approximate solution 𝑢𝑢2 into Eq. (61), it is confirmed that is an exact solution. In 

the calculation by the spectral method, this problem becomes an IE0 calculation. However, the 

numerical calculation by IFDM is not an IE0 calculation, even though it may become a VE0 

calculation. Let us express Eq. (61) as follows. 

 

(63) 

 

Here, the calculation range is assumed to be [0-2π]. Since it is a periodic function, 𝑢𝑢 (0)  =  𝑢𝑢 (2𝜋𝜋)  =

 𝑐𝑐,  where 𝑐𝑐 =  2. When this is calculated by the SAPI(𝑚𝑚)-BDMA direct method, it is almost the 

same as the Poisson equation except that −𝑎𝑎 is added to the diagonal component of the band diagonal 

matrix. In the calculation using SOBI(𝑚𝑚), TDMA-FIM must be used. The FDE only needs to change 

Eq. (26) as follows. 

 

(64) 

 

The CIFD(𝑚𝑚) is formulated as follows. As 𝑢𝑢𝑖𝑖,𝑥𝑥𝑥𝑥 ≡ 𝑢𝑢𝑖𝑖,2𝑥𝑥, the following relationship holds. 

 

(65a) 

(65b) 

(65c) 

(65d) 

 

(65e) 

 

If we try to calculate this problem with TDAM-direct, the algorithm becomes complicated. Therefore, 

we apply TDAM-FIM. Eq. (65e) shows the expansion, which does not need to be calculated. It can 

be calculated sequentially starting from the known value of Eq. (65a). CIFD(𝑚𝑚), 𝑚𝑚 = 10 will be 

described. 𝑓𝑓𝑖𝑖,𝑛𝑛𝑥𝑥,𝑛𝑛 = 2,4⋯ ,8 may be defined analytically from the definition of 𝑓𝑓(𝑥𝑥) in Eq. (63), 

but it is cumbersome. As already explained, it is much more advantageous to set and calculate the 

interpolation polynomial with the eighth degree of 𝑓𝑓(𝑥𝑥) in the compact area. Since 𝑓𝑓(𝑥𝑥) = 𝑎𝑎0 +𝑎𝑎1𝑥𝑥 + ⋯+ 𝑎𝑎8𝑥𝑥8  is defined with 𝑥𝑥𝑖𝑖  as the origin, each differential approximation value is easily 

defined. The following equation is determined by substituting the above results into the equation  

𝛿𝛿𝑥𝑥2𝑢𝑢𝑖𝑖 − 𝑎𝑎𝑢𝑢𝑖𝑖 + 𝑢𝑢𝑖𝑖(𝑚𝑚) = 𝑓𝑓𝑖𝑖 ,𝛿𝛿𝑥𝑥2𝑢𝑢𝑖𝑖 ≡ 𝑢𝑢𝑖𝑖−1 − 2𝑢𝑢𝑖𝑖 + 𝑢𝑢𝑖𝑖+1ℎ2  

𝑢𝑢2 = cos(𝑥𝑥) + cos(2𝑥𝑥) 

𝑢𝑢𝑥𝑥𝑥𝑥 − 𝑎𝑎𝑢𝑢 = 𝑓𝑓(𝑥𝑥)(≡ −(3 2⁄ ) cos(𝑥𝑥) − (9 2⁄ ) cos(2𝑥𝑥))  

𝑢𝑢𝑖𝑖,2𝑥𝑥 = 𝑎𝑎𝑢𝑢𝑖𝑖 + 𝑓𝑓𝑖𝑖  𝑢𝑢𝑖𝑖,4𝑥𝑥 = 𝑎𝑎𝑢𝑢𝑖𝑖,2𝑥𝑥 + 𝑓𝑓𝑖𝑖,2𝑥𝑥  𝑢𝑢𝑖𝑖,6𝑥𝑥 = 𝑎𝑎𝑢𝑢𝑖𝑖,4𝑥𝑥 + 𝑓𝑓𝑖𝑖,4𝑥𝑥 𝑢𝑢𝑖𝑖,8𝑥𝑥 = 𝑎𝑎𝑢𝑢𝑖𝑖6𝑥𝑥 + 𝑓𝑓𝑖𝑖,6𝑥𝑥 𝑢𝑢𝑖𝑖,10𝑥𝑥 = 𝑎𝑎𝑢𝑢𝑖𝑖,8𝑥𝑥 + 𝑓𝑓𝑖𝑖,8𝑥𝑥 = 𝑎𝑎�𝑎𝑎�𝑎𝑎�𝑎𝑎(𝑎𝑎𝑢𝑢𝑖𝑖 + 𝑓𝑓𝑖𝑖  ) + 𝑓𝑓𝑖𝑖,2𝑥𝑥�+ 𝑓𝑓𝑖𝑖,4𝑥𝑥� + 𝑓𝑓𝑖𝑖,6𝑥𝑥�+ 𝑓𝑓𝑖𝑖,8𝑥𝑥
= 𝑎𝑎5𝑢𝑢𝑖𝑖 + 𝑎𝑎4𝑓𝑓𝑖𝑖 + 𝑎𝑎3𝑓𝑓𝑖𝑖,2𝑥𝑥 + 𝑎𝑎2𝑓𝑓𝑖𝑖,4𝑥𝑥 + 𝑎𝑎𝑓𝑓𝑖𝑖6𝑥𝑥 + 𝑓𝑓𝑖𝑖,8𝑥𝑥 
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Fig. 16 Numerical analysis example of the non-Poisson equation, error comparison of three kinds of calculation 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 17 Log-log error diagram, SAPI(𝑚𝑚), corresponding to Fig. 16 

 

shown in Eq. (27e). 

 

 (66) 

 

On the right side of the above equation, �𝑢𝑢𝑖𝑖,𝑛𝑛𝑥𝑥�,𝑛𝑛 = 4,6,8,10 indicates that Eq. (65) is substituted. 

This calculation is also unconditionally stable, the acceleration coefficient is uniformly specified as 𝛼𝛼𝑐𝑐(𝑚𝑚) = 1000, and a convergent solution can be obtained instantly. 

   Figure 16 shows the calculation results. At 𝑁𝑁𝑥𝑥  = 64 and Pn = 10, the calculation errors in 

SAPI(10), SOBI(10), and CIFD(10) are Er = 9.1E-10, Er = 3.8E-10, and Er = 1.8E-15, respectively.  

𝜏𝜏𝑖𝑖(10) = −2(ℎ2 4!⁄ )(𝑢𝑢𝑖𝑖,4𝑥𝑥)− 2(ℎ4 6!⁄ )(𝑢𝑢𝑖𝑖,6𝑥𝑥)− 2(ℎ6 8!⁄ )(𝑢𝑢𝑖𝑖,8𝑥𝑥)  − 2(ℎ8 10!⁄ )(𝑢𝑢𝑖𝑖,10𝑥𝑥)  
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Fig. 18 Log-log error diagram, SOBI(𝑚𝑚), corresponding to Fig. 16 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 19 Log-log error diagram, CIFD(𝑚𝑚), corresponding to Fig. 16 

 

Figure 17 is a calculation by SAPI(𝑚𝑚). The upper limit of 𝑚𝑚 is 8, and when 𝑚𝑚 ≥ 10, the error is 

rather large. Figure 18 is a calculation by SOBI(𝑚𝑚). The accuracy is improved from Fig. 17 at 𝑚𝑚 ≥8. 

Overall, the VE0 calculation cannot be achieved. Figure 19 shows the calculation by CIFD(𝑚𝑚). The 
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calculation accuracy is significantly improved, and VE0 calculation is possible. The AP-line data 

shown in Figs. 17 and 18 are not exactly arranged on a straight line. However, in Fig. 19, they are 

strictly on straight lines. Let us focus on the part where the AP-line log�𝐸𝐸𝐸𝐸(𝑚𝑚)� = 𝛼𝛼(𝑚𝑚)log(ℎ) + 𝛽𝛽(𝑚𝑚) 

holds. In the range of 𝑚𝑚 ≥  4, even with the same accuracy order, there is not much difference in 𝛼𝛼(𝑚𝑚) , but 𝛽𝛽(𝑚𝑚)  is significantly different from the cases of SAPI(𝑚𝑚 ) and SOBI(𝑚𝑚 ), resulting in 

extremely high-accuracy calculation. 

 

3-5 Numerical analysis example related to the Runge function 

 

Finally, let us consider the case related to the Runge function already mentioned. The Runge function 

is defined as follows. 

 

(67) 

 

If this is the solution of the Poisson equation, 𝑓𝑓(𝑥𝑥) is defined as: 

 

(68) 

 

We have already reported the result of numerical calculation of this problem with SAPI(𝑚𝑚) [14]. Here, 

the result calculated by CIFD(𝑚𝑚) is shown. It is extremely difficult to analytically obtain the arbitrary 

derivative of Eq. (68), but it is not necessary for numerical analysis by CIFD(𝑚𝑚). It can be calculated 

simply by changing the definition of 𝑓𝑓(𝑥𝑥)  in the general-purpose system. The results calculated 

under the conditions of 𝑁𝑁𝑥𝑥 = 100,𝑚𝑚 = 10  are shown in Fig. 20. Note that in the CIFD(𝑚𝑚 ) 

calculation, the degree of the polynomial for finding the higher derivative approximation of 𝑓𝑓(𝑥𝑥) is 𝑚𝑚-2. In this case, an eighth-degree polynomial for expressing 𝑓𝑓(𝑥𝑥) is defined in each compact area. 

At both ends, Dirichlet boundary conditions that match the Runge function are given. The calculation 

error is Er = 3.1E-15, which is almost the VE0 calculation in the double precision calculation. Fig. 21 

is a log-log diagram of the numerical calculation error. Cases of 𝑚𝑚 = 2,4,⋯ ,20 are shown. In the 

double precision calculation, 𝑚𝑚  = 20 is 𝑚𝑚𝑚𝑚𝑎𝑎𝑥𝑥  at 𝑁𝑁𝑥𝑥 = 20 . Despite the difference in 𝑓𝑓(𝑥𝑥) , a 

tendency of error similar to that in Fig. 19 appears. The Runge phenomenon is not a characteristic that 

appears only in the Runge function [14]. In SAPI(𝑚𝑚) and SOBI(𝑚𝑚), the Runge phenomenon may 

occur in the calculation of the case, 𝑁𝑁𝑥𝑥 = 𝑃𝑃𝑛𝑛 = 𝑚𝑚; this problem was solved by increasing the number 

of divisions. However, in CIFD(𝑚𝑚), the Runge phenomenon is completely irrelevant. The polynomial 

of the 𝑓𝑓(𝑥𝑥)  approximation set in the compact area is a sufficiently narrow region, so the Runge 

phenomenon cannot occur. 

 

𝑢𝑢 =
1

1 + 25𝑥𝑥2 

𝑓𝑓(𝑥𝑥) =
50(−1 + 75𝑥𝑥2)

(1 + 25𝑥𝑥2)3  
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Fig. 20 Numerical analysis when the theoretical solution is the Runge function, CIFD(𝑚𝑚) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 21 Log-log error diagram, CIFD(m), corresponding to Fig. 20 

 

4. Conclusion and discussion 

 

Minor evaluations of the FDM up to approximately 2000 were valid when the spatial difference 

was limited to the second-order central difference scheme and calculations over the regular grid 

disposition in the regular domain. However, things are essentially changing. The following is a 

summary of what was revealed in this paper as well as discussions of the future development directions. 
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In conventional numerical calculations using the FDM, the difference scheme was given as a 

formula. However, in the numerical calculations using IFDM-APIM, the difference scheme was 

calculated instantly from the difference coefficient matrix DM(𝑚𝑚) defined as the inverse matrix of the 

Vandermonde matrix VM(𝑚𝑚 ). Both the calculations over the regular grid and irregular grid 

dispositions were processed using the same algorithm. 

In the conventional numerical analysis of elliptic PDEs, as may be the case with the FDM, the main 

focus was on how to reduce the whole to linear simultaneous equations 𝐌𝐌𝐮𝐮 = 𝐟𝐟. As with the FDM, 

in the one-dimensional problem, the direct method using TDMA was possible, but in the two-

dimensional and three-dimensional problems, 𝐌𝐌 became a large sparse matrix, and the direct method 

was not realistic. Various iterative calculation methods were substituted. Attempts to move to 

numerical calculations after creating 𝐌𝐌𝐮𝐮 = 𝐟𝐟 also faced many difficulties. The problems addressed 

in this paper eventually resulted in 𝐌𝐌𝐮𝐮 = 𝐟𝐟. It was cumbersome, but not necessary. Difficulties were 

avoided using the pseudoacceleration method to solve the Poisson equation. 

The pseudoacceleration method to numerically calculate the Poisson equation with the second-order 

FD scheme included all of the conventional iterative calculation methods (i), Jacobi iteration method 

(ii), Gauss-Seidel iteration method (iii), and successive overrelaxation (SOR) method as equivalent 

techniques [11]. This holds for the Poisson equations ∇(𝑛𝑛)
2 = 𝑓𝑓,𝑛𝑛 = 1, 2, and 3. 

In TMSD calculations, when the accuracy order was specified, it was expressed as 

TMSD(𝑚𝑚),𝑚𝑚 = 2,4,⋯ ,𝑚𝑚𝑚𝑚𝑎𝑎𝑥𝑥. Unless otherwise specified, 𝑚𝑚𝑚𝑚𝑎𝑎𝑥𝑥 = 10 was set. However, this was 

not a theoretical constraint but an experimental one as digit-loss errors became prominent and 

meaningless for higher-order accuracy calculations under double-precision calculations. 

   The concept of TMSD(2), equivalent to SOR, naturally developed into higher-accuracy 

calculations, TMSD(𝑚𝑚), 𝑚𝑚 ≥ 4. Since TMSD(𝑚𝑚) was an explicit calculation, it had the advantage 

that it was easy to create a calculation system. However, the pseudoacceleration-full implicit method, 

FIM(𝑚𝑚 ), was unconditionally stable and much faster than TMSD(𝑚𝑚 ). Furthermore, in the one-

dimensional calculations, the direct method using BDMA (including TDMA) was the fastest 

calculation. 

   The high-accuracy calculation method of 1D Poisson equations consisted of (i) SAPI(𝑚𝑚) and (ii) 

SOBI(𝑚𝑚 ). When 𝑚𝑚  = 2, both resulted in conventional calculations based on the second-order 

difference scheme. SAPI(𝑚𝑚) was described in detail in Ref. [12], but this paper also outlined it. This 

scheme should be considered first as a high-accuracy calculation method. To derive the high-order 

accuracy difference of SAPI(𝑚𝑚), the difference coefficient matrix defined as the inverse matrix of the 

Vandermonde matrix was calculated. In previous papers, the inverse matrix was calculated without 

pivot selection, but sufficient calculation accuracy could not be secured in high-order FD calculations. 

Therefore, in this paper, the inverse matrix was calculated using the Gauss–Jordan method with pivot 

selection. As a result, significant improvement in the calculation accuracy was observed, especially in 
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SAPI(8) and SAPI(10). 

   The SOBI(𝑚𝑚 ) scheme is shown. Regarding the steady solution, the SOBI(𝑚𝑚 ) scheme was 

considered to be theoretically equivalent to the SAPI(𝑚𝑚) scheme. Inverse matrix calculations with 

pivot selection improved the calculation accuracy of SAPI(𝑚𝑚), but even so, under the usual double 

precision calculations, the decrease in the calculation accuracy due to digit-loss error became 

remarkable as the difference scheme shifted to higher-order difference schemes. At this time, the 

accuracy of the high-order FD calculations was further improved using SOBI(𝑚𝑚). 

   In the 1D Poisson equation, 𝑢𝑢𝑘𝑘𝑥𝑥 = 𝑓𝑓(𝑘𝑘−2)𝑥𝑥 was defined, and the higher-order additional terms of 

SOBI(𝑚𝑚) were expressed by derivatives of  𝑓𝑓(𝑥𝑥), which enabled “compact calculation” in the higher-

order accuracy calculations. This was also a kind of SOBI(𝑚𝑚) in a broad sense but defined as CIFD(𝑚𝑚) 

in a narrow sense. This system held for both calculations over equidistant and nonequidistant grid 

dispositions. 

   When the forcing term  𝑓𝑓(𝑥𝑥)  was a polynomial with the (𝑚𝑚 -2)-th degree in the 1D Poisson 

equation, the SAPI(𝑚𝑚 ) and SOBI(𝑚𝑚 ) calculations became intrinsic error-zero calculations (IE0 

calculations) [12-14]. However, in CIFD(𝑚𝑚), exact calculation is always possible. When 𝑓𝑓(𝑥𝑥) was 

continuous and there were innumerable derivatives, the calculation accuracy increased to the limit of 

the floating-point number of significant digits of the computer by sometimes setting several calculation 

points. This was defined as a virtual error-zero (VE0) calculation. From the viewpoint of high-

accuracy and high-speed numerical calculations, calculations using the CIFD(𝑚𝑚 )-TDMA direct 

method were comparable to some spectral methods. In this paper, we attempted case calculations 

related to the spectral method and CIFD (𝑚𝑚). It seems important to consider a given problem from 

different perspectives. 

   In three types of high-accuracy numerical calculation methods, SAPI(𝑚𝑚), SOBI(𝑚𝑚), and CIFD(𝑚𝑚), 

each has its own individuality. If multiprecision calculation is possible, any high-accuracy calculation 

will be possible with SAPI(𝑚𝑚) alone. SOBI(𝑚𝑚) has comparatively high-accuracy calculation results 

under the limitation of double precision calculation. These are also effective when dealing with 

parabolic PDEs that deal with heat conduction and diffusion problems etc. However, CIFD(𝑚𝑚) cannot 

be used for numerical analysis of time-dependent physical phenomena. Nevertheless, when dealing 

with steady phenomena, the use of CIFD(𝑚𝑚) is decisive. 

   Numerical calculation examples in this paper are limited. However, the proposed system is 

extremely general. 𝑓𝑓(𝑥𝑥) can be basic functions or composite functions of them. However, as long as 

they are analytic functions that do not have singularities in the computational domain, it is judged that 

the above method can be used universally. 

   Numerical calculation by FDM is usually said to be an approximate calculation. However, the 

calculation for which the IE0 calculation holds is exact. In the calculation in which the VE0 calculation 

holds, it is not possible to distinguish between the numerical solution and the exact solution as the 
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output result. Changes may occur in traditional perceptions. 

From the investigation in this paper, the whole picture of the numerical calculation system with 

high-accuracy and high-speed calculations of 1D Poisson equations using IFDM-APIM was shown. It 

is ideal that similar results are obtained with 2D and 3D Poisson equations, but the problem is not so 

simple, and inherent difficulties occur. However, by applying the logic obtained in this paper to the 

numerical analysis of multidimensional Poisson equations, some useful and important results are 

obtained. The details will be reported in the near future. 

 

This research did not receive any specific grant from funding agencies in the public, commercial, 

or not-for-profit sectors. 
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