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The extreme high-accuracy calculation of the 1D Poisson equation by the interpolation finite 

difference method (IFDM) is possible. Numerical calculation errors have conventionally been 

evaluated by comparison with theoretical solutions. However, it is not always possible to obtain a 

theoretical solution. In addition, when trying to obtain numerical values from the theoretical solution, 

the exact numerical value may not be obtained because of inherent difficulties, that is, a theoretical 

solution equal to the exact numerical solution does not hold. In this paper, we focus on an ordered 

structure of the error calculated by the high-order accuracy finite difference (FD) scheme. This 

approach clarifies that in the numerical calculation of the 1D Poisson equation, which is the most basic 

ordinary differential equation, the error of the numerical calculation can be evaluated without 

comparison with the theoretical solution. Furthermore, in the numerical calculation by the IFDM, not 

only the discrete solution but also the continuous approximate solution is defined by piecewise 

interpolation polynomials. 

Keywords: Poisson equation, interpolation finite difference method (IFDM), high-accuracy 

calculation, estimation of calculation error, Newton’s method 

 

1. Introduction 
 

Mathematically, innumerable higher-order differential equations can be considered, but there is a 

phenomenological fact that the basic equations of physical engineering are overwhelmingly second-

order differential equations [1]. Among them, the Poisson equation (including the Laplace equation as 

a special form) has an important meaning as a partial differential equation that reflects a static physical 

phenomenon that does not depend on time. 

In general, in the ideal numerical analysis by the finite difference method (FDM) regarding the 

Poisson equation, the following three characteristics are important: (i) being able to handle arbitrary 

boundary shapes, (ii) being able to perform high-accuracy calculations, and (iii) being able to perform 

high-speed calculations. Regarding the characteristic of (i), there is an approach from the Ghost fluid 

method [2-4]. Regarding the characteristic of (ii), there is an approach from the compact FDM [5-7]. 

The author also reported that the numerical calculation system by the interpolation finite difference 

method (IFDM) has the above three characteristics [8-16]. The second-order accuracy FD scheme has 

usually been employed in the numerical calculation of the Poisson equation. The accuracy of the FD 
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scheme is often sufficient. However, many studies of high-accuracy numerical analysis by high-order 

FD schemes have been reported. Furthermore, many studies have investigated high-accuracy 

numerical calculation methods based on the spectral method [17]. 

Numerical calculations are usually performed in double precision calculations. The number of 

displayed digits is 15. If the number of significant digits in the numerical calculation is 15, the final 

goal of the high-accuracy numerical calculation has been reached. Numerical analysis by the spectral 

method has potential. However, even in numerical calculations by the IFDM, such a calculation can 

be performed [16]. 

The discussion of numerical error is usually based on the assumption that the exact value is known. 

In the one-dimensional boundary value problem, the theoretical solution is often obtained, but in the 

multidimensional boundary value problem, it is usually difficult to obtain a theoretical solution. Even 

if a theoretical solution is obtained, if it is expressed in an infinite series, errors will occur due to 

quantification, and the accuracy may be lower than the numerical calculation itself [14]. In addition, 

in a kind of conformal mapping problem (or Cauchy-Riemann problem), the algorithm associated with 

the digitization of the theoretical solution becomes complicated, and considerable calculation time 

may be required [11]. Even in such a case, it is very convenient if there is an algorithm that can evaluate 

the numerical calculation error by numerical analysis. This problem is the theme of this paper. Such 

an argument seems to be a new attempt. In high-accuracy, numerical calculation by the IFDM, there 

is a well-ordered structure in the numerical calculation error, and for this reason, it is shown that the 

error of the numerical calculation can be evaluated even if the exact discrete solution of the numerical 

calculation is not known. 

The paper directly related to this paper is reference [16], which details three types of high-order 

accuracy numerical schemes, 

(i) Standard algebraic polynomial interpolation, SAPI( ) scheme, 

(ii) Second-order-based interpolation, SOBI( ) scheme, 

(iii) Compact interpolation finite difference, CIFD( ) scheme, 

and illustrates how calculation errors occur. ( ) shows the accuracy order of each scheme. The error 

evaluation method shown in this paper can be applied to any of the above three schemes, but it is 

limited here to numerical calculation by CIFD ( ). Section 2 outlines the derivation of the high-order, 

accuracy difference scheme reported in the previous paper. In Section 3, the theme of this paper is 

described to focus on the well-ordered structure of calculation errors and to show that it is possible to 

evaluate errors without assuming an exact solution. In Section 3-1, as an example, the forcing term of 

the 1D Poisson equation is described as an aperiodic function, and in Section 3-2, it is described with 

a periodic function. Section 4 shows that even if there are several discrete output points, the entire 

solution is expressed as a continuous quantity by each of piecewise high-order interpolation 

polynomials that are almost equivalent to the theoretical solution itself. Section 5 outlines the content 
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of this paper. 

 

2. Derivation of finite difference equations for high-order accuracy calculations 
 

In this paper, the 1D Poisson equation is described as follows. 

 

(1) 

 

It is conventionally abbreviated that ≡⁄  , but since many higher-order derivative 

notations are required in this paper, it is expressed as ≡⁄ , and  is often abbreviated 

as . Three schemes, SAPI( ), SOBI( ), and CIFD( ), are defined as high-order accuracy difference 

schemes by the IFDM in Eq. (1) [16]. Here, the explanation of SAPI( ) is omitted and starts from 

SOBI( ). The finite difference equation (FDE) by SOBI( ) in Eq. (1) is expressed as follows. 

 

 (2) 

 

  is an additional term to the second-order difference, meaning the higher-order difference 

correction term. When using the central difference in evenly spaced grid points, the accuracy order  

is even [16]. There is no theoretical upper limit for , but under double-precision calculation, when 

 becomes larger than a certain value, improvement in calculation accuracy cannot be expected. This 

de facto upper limit for  ,   varies depending on the calculation conditions but is easily 

confirmed by several trial calculations. 

We derive the second-order central difference. The following equations are obtained by Taylor 

expansion. 

 

(3) 

 

 (4) 

 

The following second-order difference scheme is obtained by adding both equations: 

 

(5a) 

 

(5b) 

 

We change the above expression to the FD scheme expression and obtain the following expression. 

≡ ≡ ≡  

, 2, 4, ⋯ , , ≡ 2   

2  

2! 3! 4! ⋯ 

2! 3! 4! ⋯ 

2 4! 2 6! 2 8! 2 10! ⋯ 
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(6a) 

 

(6b) 

 

When  is disregarded in Eq. (6), Eq. (2) becomes  with 2 0, resulting in the 
usual second-order accuracy FDE. When the first term on the right-hand side is adopted in Eq. (6b), 

Eq. (2) obtains the following expression. 

 

(7) 

 

As previously described, up to the 10th order accuracy,  can be summarized as follows. 

 

(8a) 

(8b) 

(8c) 

 (8d) 

 (8e) 

 

The method of calculation based on this equation was defined as SOBI( ) [16]. To calculate with this 
method, , , , , ⋯ , , 	 must be defined. For details, refer to a previous paper [16]. This method 

is considered to be theoretically equivalent to the SAPI( ), but in the high-order accuracy calculation, 

the digit-loss error is reduced by the SOBI(  ) calculation, and a higher accuracy calculation is 

expected. In this paper, the calculation by these methods is omitted. 

We are currently considering the Poisson equation. From the characteristics of the Poisson equation, 
the expression , ,  is generally obtained, and Eq. (8) is modified as follows. 

 

(9a) 

(9b) 

(9c) 

(9d) 

(9e) 

 

In this case, Eq. (2) is expressed as follows by changing the additional term  to . 

 

(10) 

2 4! , 2 6! , 2 8! , 2 10! , ⋯ 

4 , 4 2 4! ,  

10 2 4!⁄ , 2 6!⁄ , 2 8!⁄ , 	 2 10!⁄ , 	 
2 0		 4 2 4!⁄ ,  6 2 4!⁄ , 2 6!⁄ , 	 8 2 4!⁄ , 2 6!⁄ , 2 8!⁄ , 	 

6 2 4!⁄ , 2 6!⁄ , 	 4 2 4!⁄ ,  
2 0		 

8 2 4!⁄ , 2 6!⁄ , 2 8!⁄ , 	 10 2 4!⁄ , 2 6!⁄ , 2 8!⁄ , 	 2 10!⁄ , 	 
, 2, 4, ⋯ , 	 

, 	 
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This change in notation is very important. The area [  where the second-order FD scheme 

is defined is referred to as the compact area. For example, in Eq. (8b), ,  must be determined by 

setting a fourth-degree interpolation polynomial. Since there are 5 calculation points, the definition 

points extend beyond the compact area. The same condition holds for others, and the local coordinate 

origin of the interpolation polynomial must be changed depending on the calculation point [16]. 

However, when Eq. (9) is applied, the interpolation polynomial can be processed in the compact area 

in any case, and its local origin coincides with the calculation point. Furthermore, the degree of the 

interpolation polynomial is also -2. If  is an analytic function that is easy to differentiate, it is 
possible to use the analytical values for , , 1,2, ⋯ . However, there are cases where 

differentiation is not easy with complicated analytic functions. Therefore, to create a general-purpose 

system, we have to use the method that uses an interpolation polynomial. 

For 4  in Eq. (9b), we set the following three points over the compact area: , , , , ,  

We obtain the following quadratic interpolation equation with the calculation point as the coordinate 

origin: 

 

 (11) 

 

The equation is easily calculated and defined as , 2! ; then,  is negligible and 

becomes 4 2 2! 4!⁄ . For 6 , we obtain the following quartic interpolation curve with 

the calculation point as the coordinate origin: 

 

 (12) 

 

It holds that , 2! 2⁄   and , 4! 2⁄  ; therefore, the equation 

becomes 6 2 2! 4!⁄ 2 4! 6!⁄  . In the same manner, the whole is expressed as 

follows: 

 

(13a) 

(13b) 

(13c) 

(13d) 

(13e) 

 

These expressions have a kind of regularity, and a general-purpose system can be easily created using  

	 

4 2 / 3 ∙ 4 		 6 2 / 3 ∙ 4 2 / 5 ∙ 6  

	 

2 0		 
8 2 / 3 ∙ 4 2 / 5 ∙ 6 2 / 7 ∙ 8  10 2 / 3 ∙ 4 2 / 5 ∙ 6 2 / 7 ∙ 8 2 / 9 ∙ 10 		 
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Fig. 1 Calculation example with aperiodic function, 10, 6 

 

 of  as a parameter. The scheme calculated in this way is also a form of the SOBI scheme but 

is especially referred to as the compact IFD (CIFD) scheme. 

 changes depending on the calculation point. The polynomial for  of degree -2 may be 

calculated each time with the simultaneous equations, but the Vandermonde matrix, VM(  ), is 

isomorphic at all calculation points in this case. Once the inverse matrix IVM( ) is calculated, the 

polynomial can be easily calculated from IVM( ) [16]. The latter should be adopted when creating a 

general-purpose system. 

The numerical solution is obtained at the fastest speed by the direct method using the tridiagonal 

matrix algorithm TDMA-direct, and no matter how large the division number  is, the calculation is 

instantly completed regardless of the division number  [13]. 

 

3. Ordered structure of numerical calculation error 
3-1 When  is an aperiodic function 
 

Figure 1 shows an example of the numerical calculation of exp , 4 . The 

calculation conditions are shown in the figure. The division number is 10 and 0.1. The 
theoretical solution is exp 4 . In the problems addressed in this paper, the numerical solution 

and exact solution cannot be visually distinguished. Therefore, only the former is shown. In the 

calculation with , 10, 6 , the overall mean error is 5.3 -07 (=5.3×10-7). The overall 

mean error is defined as ∑ | |/ 1 	 0 .  is an exact solution. 
To properly evaluate the numerical calculation error, individual errors are added and averaged, so 

it may be effective to divide the above error by the maximum absolute variable value in the domain, 

which is defined as a relative error. Next, the error becomes 5.3  -07/exp(4)=9.7  -09. It is  
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Fig. 2 Calculation example of aperiodic function, log-log error diagram, CIFD( ), (a) overall mean error, (b) individual 

error at designated point ( 0.5) 

 

understood that the significant figures in the calculation are approximately 8 digits. At this time, an 

individual error occurs at each calculation point. The error at the calculation point, 0.5, is 6.9 -07. This error indicates a deviation from the theoretical value ; its absolute value 

is adopted in the log-log error diagram, which will be subsequently described.  and  have the 

same order of error. 

Figure 2 shows a log-log error diagram as a result of calculation, including other cases. Figure 2(a) 
shows the overall mean error, which is expected to be . Taking the common logarithm 
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of each side, this error becomes log log log , which is usually a straight line 

in log-log representations. We define this line as an (actual) accuracy power (AP-) line.	In CIFD(2), 

the AP-line is log log 2.0319log 1.3483 (the subscript ( ) is often 
omitted). The reason the line becomes 2  (where  is a small positive value) is the influence 

of higher-order terms with truncation errors [14]. In the error diagram, we generally express log log  . We define   as the accuracy power, which is generally 
expressed as 0 . If the number of divisions is multiplied by , the error is expressed 

as ′ ⁄ ⁄ . We define this error as the accuracy power law. When 

defining an approximate value,   may be assumed. We define   as the basic accuracy 

factor. Assuming  0.1, log , the error becomes 10 . We define this 

as the basic error. The AP line is clearly defined in CIFD( ), where  = 2, 4, and 6, but the AP line 

is not clearly defined in CIFD( ), where  = 8 and 10. This phenomenon occurs because it is a double 

precision calculation, and the AP line is always defined in the calculation where the effective digit can 

be arbitrarily specified [15,16]. 

Figure 2(b) shows a log-log error diagram of the individual error at 0.5. Individual errors 

occur in both positive values and negative values corresponding to each calculation, but absolute 

values are used for drawing. Fig. 2(a) and Fig. 2(b) are similar. Usually, error evaluation is premised 

on the existence of a theoretical solution. However, from the theoretical feature of individual error, the 

error can be evaluated without assuming the theoretical solution. This is the theme of this paper. In the 

AP line with CIFD (6) of Fig. 2 (b), the coordinate values of the following three points , , , , ,  

are defined in log-log coordinates. First, let us consider the case of log 1/40 . For a "strict" AP 

line to hold, the following equation must hold. 

 

(14) 

 

Referring to Fig. 3, the following two cases can be considered: 

Case (1): Fig. 3(a) shows the case where the exact value  exists above. 

Case (2): Fig. 3(b) shows the case where the exact value  exists below. , , and  are the values determined by numerical calculation. In the range in which the AP line 

holds, it is limited to both cases, that is,  does not occur between  and . In both cases of Fig. 3, 

Eq. (14) is expressed as follows. 

 

(15) 

 

The following function is defined to obtain the true value  by Newton's method. 

, log 1/40 , log 1/20 , log 1/10 		

log| | log 	| | log| | log| |	
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Fig. 3 Conceptual diagram of error-two patterns of deviation from the exact value 

 

 

(16) 

 

To adopt Newton's method, the first derivative value must be determined; in both cases, it is expressed 

as follows. 

 

(17) 

 

where ln is the natural logarithm. In this study, the initial value by Newton's method is 10  in Fig. 3(a) and 10  in Fig. 3(b). 

The calculation results are shown in Table 1(c).  is the exact solution, the true value, indicated 

by 15 significant digits.  is a convergent solution determined by Newton's method. The convergence 

condition by Newton's method is | | 10 . In this case, the number of convergence 

iteration calculations is 	  10. Other calculations are similar.  is the error with respect to the true 

value.  =7.1E-13 is shown at the bottom. In this case, the estimated value expected by the 

numerical calculation has an error on the order of 10-13. The error is 1/100 or smaller than the true 

error of .  is the error for . Note that  and  are equivalent in the double digit display of 

the error. The error is evaluated without assuming the theoretical value. 

The above findings are obtained via numerical error analysis by Newton's method, but it is possible 

to directly estimate the approximate value of the error.   is a calculated value of   and 

. In this case, the error evaluation of  is impossible, but each error of  and  is the same 

result in the double digit comparison compared with . 

When it is calculated as 2 , 1,2,3 ⋯, the numerical calculation absolute error decreases as 

  increases. The case of   shows that the approximate value of the error of   and 2   can be 

grasped by comparing the numerical calculation result of 4 . 

Table 1(c) also shows the calculated values of  and , which are the estimated values of the AP 

line. It is confirmed that there is not much difference from the AP-line,  , and   of CIFD (6) 

≡ log| | log 	| | log| | log| |	

′ ln 10 ln 10 	
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Table 1 Analysis table of individual error; refer to Fig. 2(b) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 in Fig. 2. The case of CIFD (6) has been explained above, but the same investigation was performed 

for CIFD ( ), where  = 2 and 4. The results are shown in Tables 1(a) and (b). As with CIFD (6), the 

expected results are obtained. It is understood that the estimated value  becomes more accurate as 

the  value becomes larger. 

Next, we consider the case of log 1/100  in Fig. 2. The results are shown in Table 2. It is 

observed that the accuracy is improved as a whole compared with the results in Table 1. Focusing 

again on the AP line of  = 6, it is assumed that the four points are exactly positioned on a straight 
line. The derived ,  and  must also be equivalent. However, this is not the case. Even if the 

AP line appears to be a straight line, it is a regression line, and each data point in the log-log expression 

is not strictly defined by a single line. We intuitively obtain the reasonable conclusion that a group 

with numerous divisions can obtain a more accurate estimation than a group with a small number of 

divisions. 

   In Fig. 2(b), m = 8, and the AP line is not shown because the calculation of 40 is the VE0 

calculation. In this case, Table 1(d) shows the results of estimating the error from the calculated values 

of 22, 20, 18 to confirm the calculation accuracy near 20. At 	= 2, 4, and 6, the error 
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evaluations of   and   were identical in the double digit display. However, in this case, the 

evaluations were slightly different. It can be said that  is effective as a reference value for error. Let 

us define the method here as the three-point method for error estimation. 

Here, we focused on the center point. (The condition for evaluating the error at the center point is 

that  must be even.) The above method can be applied to locations other than the center point, as 

shown in the next section. However, since Figs. 2(a) and (b) are similar, a similar error occurs as an 

order of error at other calculation points. 

 
Table 2 Analysis table of individual error; refer to Fig. 2(b) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 4 Calculation examples with different Dirichlet boundary conditions, 20, 6 
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Fig. 5 Calculation example of periodic function, Log-log error diagram, CIFD( ), (a) overall mean error, (b) individual 

error at designated point ( 0.1) 

 

3-2. When  is a periodic function 
 

Figure 4 (a) shows an example when  is a periodic function: 2 sin 2 . The 

general solution is sin , but Fig. 4(a) is calculated by specifying the boundary 

condition as 0 1 0. By specifying 0 1, 1 1, Fig. 4(b) is obtained. Since the 

calculation error is determined regardless of the boundary conditions, the examination results for Fig. 

4(a) are sufficiently general. In this case, if the center point is specified, the error becomes zero  
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Table 3 Analysis table of individual error; refer to Fig. 4(b) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

regardless of the number of divisions, so error analysis cannot be performed. When we specify the 

error evaluation point as 0.1, the number of adopted divisions is 10 , 1,2, ⋯. When 

this number is calculated by specifying 20, 0.1, it becomes 4.9 -07. At this time, 

all the errors on  (dotted horizontal line) are equivalent. On , the error is 3.0 -07; on ,  

and all errors are zero. For , 3.0 -07; and for , 4.9 -07. The overall mean error is 3.4 -07. 

Figure 5(a) shows the log-log diagram of the overall mean error, and Fig. 5(b) shows the log-log 

diagram when  = 0.1 is specified. Table 3 is an error analysis diagram calculated in the same way as 

Table 1, and it is observed that the equivalence of  and  almost completely holds in this case. 

 

4. Interpolation of CIFD( ) calculation 
 

In numerical calculation by the IFDM, not only is the calculation result output at each discrete 

point, but also the solution is defined as a continuous quantity by piecewise interpolation polynomials. 

In SAPI ( ) and SOBI( ), there is no problem because the interpolation polynomial related to the  



14 
 

 

 

 

 

 

 

 

 

 

 

 
Fig. 6 Discrete point calculation (a) by CIFD (18) and display of the interpolation curve (b) 

 

variable  is directly defined. However, in CIFD( ), it is necessary to separately prepare a simple 

routine to derive the interpolation polynomial related to the variable . 

   Figure 6 shows the results when exp , 8  and is calculated by 4,18. In this case, 4.8E-14(1.6E-17), and of course, it is the VE0 calculation. The cubic 

spline curve in this case is shown, but it is not usable. Now, let us assume that the calculation is 

performed by =4. Equation (11) has already been defined with the calculation point as the coordinate 

origin. The second-order integral would generally be expressed as: 

 

 (18) 

 

Here, by definition, . In addition, the following relationship must be established. 

 

(19) 

 

(20) 

 

From both equations, the following conclusions can be obtained. 

 

(21) 

 

 and  are the values determined by numerical calculation. Equalizing the right-hand side  
of Eq. (18) and Eq. (21), , , and the quaternary interpolation equation in the compact area is 

determined. 

, 1 2 2 3 	3 4 			
, 1 2 2 3 	3 4 			
, 2 2 3 			

≡ 1 2 2 3 3 4 	 
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   It is easy to generalize the above argument with the accuracy order . Equation (18) is generalized 

and expressed as follows. 

 

 (22) 

 

Equation (21) is generalized and expressed as follows. 

 

(23) 

 

In this way, the piecewise continuous interpolation polynomial   is determined. A similar 

argument can be made by starting with the Taylor series (Maclaurin series) below. 

 

(24) 

 

Since it is a Poisson equation, the following equation holds. 

 

(25) 

 

The following argument process is identical to the above process. 

Curve (b) in Fig. 6 shows the results of dividing  into 10 equal parts. When , 

the value of  is output. When , the mean value of the value of  and the value 

of   is output. The overall mean error was 3.1 E-13(1.1E-16), and almost all of the 

calculated individual values become zero error, that is, it is the VE0 calculation. 

The subdivision number  can be arbitrarily designated. At that time, if  increases to a certain 

extent, the value of  hardly changes. For example, when 20, 3.3E-13(1.1E-16). 

From experience, when an analytic function is expressed by a polynomial, the Runge phenomenon 

may occur. It is not possible to clearly define the boundary between the two. However, the exponential 

function is not associated with the Runge phenomenon. In such a case, the VE0 calculation can be 

easily performed by reducing  and increasing , as in the case described here. The value of  does 

not affect the calculation accuracy. 

 
5. Conclusion 
 

A new phase has arrived in the numerical calculation by the FDM, that is, in the numerical 

calculation by the IFDM, the VE0 calculation of the 1D Poisson equation became possible. Calculation 

examples are limited. However, this method can be applied by a general method as long as the forcing 

, 2! , 3! , 4! , ⋯	
, 2! 3! , 4! , ⋯	

, 1 2 	 
, 2 1 2, ,⋯ 			
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term is an analytic function. There is no need to distinguish between a periodic function and an 

aperiodic function. In this paper, we focused on the ordered structure of numerical calculation errors 

and clarified that numerical calculation errors can be evaluated without assuming theoretical solutions. 

Presently, the above studies are limited to one-dimensional problems, but it is also necessary to 

consider their effectiveness in multidimensional problems. This issue will be investigated in the near 

future. 

 

This research did not receive any specific grant from funding agencies in the public, commercial, 

or not-for-profit sectors. 
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