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Abstract The solar magnetic field dominates and structures the solar coronal plasma. De-
tailed insights into the coronal magnetic field are important to understand most of the physical
phenomena there. While direct routine measurements of the coronal magnetic field are not
available, field extrapolation of the photospheric vector field measurements into the corona is
the only way to study the structure and dynamics of the coronal field. Here we focus on global
coronal structures which are traditionally modelled using spherical grids and synoptic vector
magnetograms as boundary conditions. We developed a new code that performs nonlinear force-
free magnetic field extrapolations in spherical geometry. Our new implementation is based on
a well-established optimization principle, which was implemented on a Cartesian grid and a
single spherical finite-difference grid. In the present work, for the first time, the algorithm is
able to reconstruct the magnetic field in the entire corona, including the polar regions. The
finite-difference numerical scheme that was employed in previous spherical code versions suffered
from numerical inefficiencies because of the convergence of those grids on the poles. In our new
code, we implement the so-called Yin-Yang overhead grid, the structure of which addresses this
difficulty. Consequently, both the speed and accuracy of the optimization algorithm are improved
compared to the previous implementations. We tested our new code using the well known semi-
analytical model (Low and Lou solution), which has frequently been used as a benchmark for
nonlinear force-free extrapolation codes.

Keywords: Magnetic fields, Corona; Magnetic fields, Models

1. Introduction

Reconstructing the global coronal magnetic field of the Sun remains an open research problem
in solar physics. The magnetic structure and topology in the solar atmosphere is of major
importance in modelling and understanding the dynamics of the solar corona as phenomena
like solar flares and coronal mass ejections are driven by coronal magnetic activity. Our un-
derstanding and our ability to model and predict such phenomena require a highly accurate
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coronal magnetic field model. The progress in this field is hindered partly by the current lack of
direct measurements of the magnetic field in the solar corona and of other physical quantities
such as plasma temperature and density that define the state of the coronal plasma, and partly
by the very high complexity the solar corona exhibits as a dynamical system. Nevertheless,
various methods have been developed during the past five decades for modelling the solar corona.
The photospheric magnetic field measurements have been used as boundary conditions for such
models. These models have different levels of sophistication, including different assumptions for
the state of the coronal plasma and different requirements of computational resources. Deriving
the coronal electric currents plays an important role in characterizing the different models. The
simplest approach is to assume that no current exists within the corona, which leads to potential
fields (Schatten, Wilcox, and Ness, 1969; Altschuler and Newkirk, 1969). Global potential fields
require only line-of-sight (LOS) magnetic fields as the boundary. A popular approach for the
outer boundary is the assumption of a source surface, where all field lines become parallel to
the radial direction. This mimics the effect of stretching the field lines as a consequence of the
solar wind flow. These are the so-called potential field source surface (PFSS) models. Schatten
(1972) extended the PFSS model by introducing current sheets. Other global models take into
account that the real coronal magnetic field has currents and is non-potential. Solving the full
MHD equations for coronal modelling was done for axis-symmetric solutions in Mikic and Linker
(1994) and in 3D in Mikić et al. (1999). MHD codes with an adaptive mesh refinement have been
developed to study the solar corona including modelling the solar wind (Feng et al., 2012b; Feng,
2020). Popular are also codes which solve subclasses of the full MHD equations, e.g., a special
class of global magneto-hydro-static equilibria (see Bogdan and Low, 1986; Neukirch, 1995, for
details) and stationary MHD including the solar wind flow (Wiegelmann et al., 2020). For an
overview on global coronal magnetic field models see the review articles by Mackay and Yeates
(2012) and Wiegelmann, Petrie, and Riley (2017), and for force-free fields by Wiegelmann and
Sakurai (2021).

Recent advances mainly within the last 15 years in both observational facilities like full-
disk vector magnetograms from SOLIS (Synoptic Optical Long-term Investigations of the Sun)
and the Helioseismic Magnetic Imager (HMI) on board the Solar Dynamics Observatory (SDO)
and the increase of the available computational resources have contributed significantly to the
improvement of the global corona models. Although there is still a lack of direct measurements
of the coronal field, in contrast to the past, when only line-of-sight magnetograms were used,
high-quality photospheric vector magnetograms can be employed now as more strict boundary
conditions. Moreover, because of the recent advances in stereoscopy the and the availability of
high-resolution extreme-ultraviolet coronal images is now possible to validate coronal magnetic
field models, as was proposed by De Rosa et al. (2009) for Cartesian nonlinear force-free models.
Observing coronal loops simultaneously from several vantage points allows us to reconstruct
their 3D geometric structure by using stereoscopic techniques (see Aschwanden, 2011, for a
review article on stereoscopy). Coronal observations can be used not only as a way to validate
computational models, as done, e.g., in Yeates et al. (2018) but also as a tool to improve them,
as demonstrated in Chifu, Wiegelmann, and Inhester (2017).

Currently, there are still limitations in deriving the full global structure of the coronal magnetic
field. Two of the most significant challenges one has to face when constructing such global
models are the quality of the vector magnetograms on the polar regions and the numerical
inefficiencies associated with the convergence of the regular spherical grids towards the poles.
The reliability of the vector magnetograms in these high latitude regions is questionable because
of the large observation angle when the observations are performed from the ground (e.g. SOLIS)
or spacecrafts orbiting within the ecliptic plane (e.g. SDO). As nonlinear force-free models require
vector magnetograms as a boundary condition their applicability is not possible when the data
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are not reliable. Furthermore, single finite-difference spherical grids suffer from numerical issues
on the poles. More specifically, the convergence of the spherical grid towards the poles affects
the convergence of the extrapolation algorithms. The successful launch of Solar Orbiter (SolO)
in February of 2020 promises new measurements of the vector magnetic field on the solar polar
regions. Recent overviews about the SoLo mission can be found in Zouganelis et al. (2020)
and Rouillard et al. (2020). The Polarimetric and Helioseismic Imager (PHI) on board SolO
will provide the magnetic field vector and the Extreme Ultraviolet Imager (EUI) EUV imaging
observations of coronal loops. To be ready for the time when polar region vector magnetograms
will become available, we developed a new code which can use these data as a boundary condition
to compute the coronal global magnetic field. Our new code overcomes the problem of grid
convergence in the polar regions because it is implemented on a Yin-Yang grid which is specifically
developed for modeling spherical objects like planets, stars, etc. We structure the paper as follows.
In Section 2 we give details of our new Yin-Yang code for computing nonlinear force-free fields
(NLFFF), and in Section 3 we test our code with a semi-analytic reference solution while also
examining its efficiency. Finally, we summarize our results and discuss our future research plans
based on the newly developed code in Section 4.

2. Code description

2.1. Optimization code

Force-free magnetic fields are defined by both a vanishing Lorentz force and a vanishing magnetic
field divergence. Therefore, they have to obey the following equations

(∇×B)×B = 0, (1)

∇ ·B = 0. (2)

One possibility to solve equations (1) and (2) was proposed by Wheatland, Sturrock, and Roume-
liotis (2000) through the minimization of a functional L. For the study of global coronal magnetic
fields, we use a functional expressed in spherical geometry as introduced in Wiegelmann (2007)
and defined as

L =

∫

V

[

B−2 |(∇×B)×B|2 + |∇ ·B|2
]

r2 sin θ dr dθ dφ. (3)

The definition of the functional (3) is such that L = 0 fulfils the requirement that the field is
both force-free and divergence free, because the quadratic form in the functional ensures that
equations (1) and (2) are satisfied for L = 0. The functional derivative of the functional leads to

∂B

∂t
= µF, (4)

where µ refers to a positive constant and the pseudo force F is defined as

F = ∇× (Ωa ×B)−Ωa × (∇×B)

+∇(Ωb ·B)−Ωb(∇ ·B) + (Ω2
a +Ω2

b) B (5)

with

Ωa = B−2 [(∇×B)×B] (6)

Ωb = B−2 [(∇ ·B) B] . (7)
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A typical approach to solving nonlinear force-free equilibrium by minimizing equation (3) is to use
a potential field as the initial state, which is a special class of a force-free equilibrium. Potential
fields are usually not consistent with the horizontal magnetic field measurements, which are used
as the bottom boundary for our model. Subsiquently when calculating the functional (3) after
having replaced the bottom layer of the potential field with the observed field, there is a (large)
deviation of force- and divergence freeness. The functional L is then minimized numerically
by applying the iterative equation (4). For the tests performed in this study, we use synthetic
synoptic vector magnetograms and generalize the implementation of our spherical optimization
code for synoptic magnetograms as described in Tadesse et al. (2014).

2.2. Yin-Yang grid

When the optimization algorithm is implemented on a regular finite difference spherical grid,
there are some limitations when the computational domain extends towards the poles. Close to
the polar regions, the spatial grid converges, which means that the minimum distance between the
grid points decreases. The iteration step scales with the square of the spatial grid resolution and
consequently the number of iteration steps until L reaches its minimum increases dramatically.
The dynamic time step control in our previous spherical code (and also in the Cartesian code)
decreases the time step automatically when L does not monotonously decrease. Consequently,
the time step decreases by several orders of magnitude and the number of iterations steps until
the convergence increases accordingly. Up to now, this limitation of the code was not significant
for the application to currently available data, because the lack of reliable magnetic field mea-
surements in solar polar regions did not allow accurate modelling of the coronal magnetic field
above the poles anyway. Consequently, the computational domain was limited between 20 and
160 degrees in latitude to achieve a reasonable execution time. In the advent of polar magnetic
field measurements from the Solar Orbiter mission, we implement the optimization code on a
Yin-Yang grid to overcome the polar convergence issue. The Yin-Yang grid was introduced in
Kageyama and Sato (2004) for geophysical applications. This overhead grid was to our knowledge
first applied to solar applications by Jiang, Feng, and Xiang (2012) who implemented a Yin-
Yang grid in their CESE-MHD code to compute nonlinear force-free fields equilibria by MHD
relaxation. A Yin-Yang grid was also implemented in the AMR-CESE-MHD code to study the
global coronal evolution in a data-driven model by Feng et al. (2012a). The Yin-Yang grid consists
of two identical spherical grids. The first component of the grid is a regular spherical grid with
some cutout regions. More specifically, π

4
< θ < 3π

4
and π

4
< φ < 7π

4
, which corresponds to

45◦ < θ < 135◦ and 45◦ < φ < 315◦ (θ refers to the longitude and φ to the latitude). The
other component of the grid is the Yang grid, which is identical to the complementary Yin grid
and perpendicular to it. While both grids do not have polar regions, the two combined grids
cover the entire sphere. The spherical grids are defined close enough to the equatorial regions
so that the finite difference grid is almost equidistant. This allows the use of a larger iteration
step. The prize one has to pay is that the boundaries of each grid should be updated to capture
the evolution of the field that happens within the other grid. This should be done while the
optimization algorithm is running thus increasing the algorithm complexity. The corresponding
coordinate transformation equations between the two grids are given by

re = rn, (8)

sin θe cosφe = − sin θn cosφn, (9)

sin θe sinφe = cos θn, (10)

cos θe = sin θn sinφn, (11)
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where the index e is used to refer to the Yin grid and the index n to the Yang grid. As the
two-component grids are completely symmetrical to each other, the same expression is used
to transform coordinates from the Yang to the Yin grid. The symmetry of the two grids is
very convenient for the implementation of the code, because all mathematical and algorithmic
procedures can operate on both grids.

2.3. Yin-Yang implementation

There are two basic differences between the previous version of the optimization code and the
newly developed one. All numerical operations called to operate on one grid are also called to
operate on the other. The lateral boundaries of each grid (which have been fixed to a potential
field in previous code versions) are now updated with values taken from the complementary grid.
In this way, the new method overcomes the problem of earlier codes where the lateral boundaries
were required to be specified. The Yin-Yang implementation requires only boundary conditions
at the photosphere and on the outer boundary. In order to update the boundaries of one grid
using the values from the other, we apply the following procedure:

1. For an arbitrary grid point, we perform a coordinate transformation to find its coordinates
with respect to the other grid.

2. Compute the magnetic field vector at this point, by applying an interpolation method. It is
important to note here that the new coordinates of our arbitrary point do not have to match
with the coordinates of a grid point of the other grid and this is why we have to interpolate
to estimate the components of the magnetic field vector.

3. Transform the magnetic vector back to the initial grid.

Because of the symmetry of the grids, this process is identical regardless of which is the first and
second grid. We describe below all the steps needed for the new Yin-Yang optimization code.

1. Initialize the Yin grid by performing a potential extrapolation using the line of sight magne-
togram as a boundary condition.

2. Replace the bottom boundary of the Yin grid with a vector magnetogram. Here, a synthetic
one deduced from the Low and Lou solution is used.

3. Initialize the Yang grid by coordinate transformation, interpolation and vector transformation.
4. Calculate L with equation (3) separately on both grids.
5. Add L = LYin + LYang.
6. The iterative equation (4) is used to iterate the field towards minimizing L separately on both

grids.
7. The boundaries of each grid are updated using the values of the field on the other grid (by

coordinate transformation, interpolation, and vector transformation).
8. The code is terminated when L becomes stationary.
9. The final solution can be transformed to both grids.

3. Validation of the code

3.1. Method

In this section, we want to evaluate the performance of our newly developed code. The aim is to
find out whether our code is able to minimize the functional L down to numerical precision and
to compare the output of our code with a known nonlinear force-free field reference equilibrium.
Checking the force-freeness and comparing with a reference solution are standard procedures to
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validate NLFFF codes implemented on Cartesian and spherical grids. A frequently used reference
solution for this aim is a semi-analytical nonlinear force-free equilibrium solution found by Low
and Lou (1990). This method solves a Grad-Shafranov equation in spherical coordinates, which
is invariant in the φ-direction, but displacements of the origin and rotation allows to compute
equilibria which change in all three spatial coordinates. It can be used to evaluate nonlinear
force-free codes in 3D (as done for Cartesian geometry in, e.g., Wiegelmann, 2004; Amari,
Boulmezaoud, and Aly, 2006; Schrijver et al., 2006; Inhester and Wiegelmann, 2006; Valori,
Kliem, and Fuhrmann, 2007) and to evaluate spherical NLFFF codes (Wiegelmann, 2007; Song
et al., 2007; Tadesse, Wiegelmann, and Inhester, 2009; Jiang, Feng, and Xiang, 2012; Guo et al.,
2012; Contopoulos, 2013; Amari et al., 2013). Following these works, we use a spherical Low and
Lou solution as reference to evaluate our code, which we do as described below.

Figure 1. A comparison of some magnetic field lines. The left panel shows the Low and Lou reference solution,
the center panel the initial PFSS field and the right panel the output from our code.

1. Calculate the spherical Low and Lou solution in 3D which from now on we will call the
reference solution. A field line plot for this reference solution is shown in Figure 1, left panel.
The reference solution was computed on a spherical grid with nr = 45, nθ = 90, and nφ = 180
where nr is the number of points in the radial direction, nθ is the number of points in latitude,
and nφ is the number of points in longitude.

2. By using the radial component of the Low and Lou solution as a synthetic magnetogram,
we performed a potential field extrapolation on the same spherical grid, which is shown in
Figure 1, middle panel.

3. We use the potential field as computed in the last step as initial equilibrium and the bottom
boundary from the reference solution is taken as a synthetic vector map used as a boundary
condition for our new code. The top boundary was selected to be either the top boundary
of the potential field or the top boundary from the reference field. The effect of using these
different top boundary conditions will be examined in section 3.2.

4. We run the optimization code and compare the results with the reference Low and Lou solution
and evaluate the influence of several effects as stated below. A visual representation of one of
our outputs (duped case 3, see also Table 1) is shown in Figure 1, right panel.

3.2. Code specifications and free parameters

A number of different parameters are used in order to control the flow of the code and to
specify different conditions, as explained below. How these specifications influence the quality
and computing time of our code are presented in Table 1.
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1. Interpolation method: Specifies the order of the interpolation method used during the vector
transformation process. As a first test, we use a bi-linear interpolation. Please note that the
r is always identical on both grids and interpolation is needed only for the lateral directions.
In principle, higher-order interpolation methods could be used.

2. Non-interpolation steps (NIS): Defines the number of optimization steps between updating
the boundaries of the one grid with vectors interpolated and transformed from the other grid.

3. The initial iteration step is µ = 10−4, which is sufficiently small to ensure a strictly decreasing
functional L if µ is kept constant.

4. Iteration step reducer: This parameter divides µ if the functional L does not decrease after
one iteration step. This is considered as a non-successful iteration step, which is refused and
repeated with the reduced iteration step when running the code with a dynamically controlled
time step.

5. Iteration step increaser: This parameter multiplies µ with 1.01 after every successful iteration
step. This doubles the iteration step after 70 successful iterations. The optimization ensures
a continuous decrease of L (see Wheatland, Sturrock, and Roumeliotis, 2000). In a numerical
implementation L can increase if the iteration time step is too large. The time-step increaser
and reducer help to search for the optimum time-step, as high as possible (for a short comput-
ing time) and as low as necessary (to ensure a strictly monotonously decreasing L). The code
is terminated either when the maximum number of iterations is reached or when µ becomes
smaller than a threshold number 10−9.

6. The original Yin & Yang grid spans in the range 45 ≤ θ ≤ 135 and 45 ≤ φ ≤ 315. In most
cases we use this standard grid, but we investigate also the effect of different (non-standard)
grids.

3.3. First qualitative evaluation

Our first tool to validate our new code is the comparison between the field lines of the solution
resulting from our code with the field lines of the reference solution and the potential solution
as shown in Figure 1. It is evident from the reference solution in the left panel that the output
of our code depicts a very good qualitative agreement of the corresponding magnetic field lines.
The potential field model, which was used as the initial equilibrium for our code shows large
deviations in the field line plots.

3.4. Quantitative evaluation

Visualizing our solution and comparing the corresponding magnetic field line plots with the
reference solution as done in Figure 1 is a fast way to qualitatively evaluate our results. Here
we use a number of quantitative criteria. The value of the functional L (equation 3) after the
optimization evaluates how close is the resulting field to a force free and divergence free state.
We compute this also separately for the Lorentz-force part, defined as

L1 =

∫

V

[

B−2 |(∇×B)×B|2
]

r2 sin θ dr dθ dφ, (12)

and the divergence integral defined as

L2 =

∫

V

|∇ ·B|2 r2 sin θ dr dθ dφ. (13)

Additionally, we compare our results quantitatively with the reference resolution by a number
of quantitative measures, (as introduced in Schrijver et al., 2006).
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Namely we use the Vector Correlation which is defined as

VC =
∑

i

Bi · bi/

(

∑

i

|Bi|
2
∑

i

|bi|
2

)1/2

, (14)

and the Energy Percentage defined as

EP =

∑

i |bi|
2

∑

i |Bi|2
(15)

The magnetic field output from our code bi is compared to a reference solution Bi (here the Low
and Lou solution). For a perfect agreement of our solutions with the reference, both quantities
should be unity. In order to compute these numerical quantities, the sums are taken over all N
data points of the computational grid. More specifically, for the computation of each quantity,
we calculate the Yin and the Yang part separately and then average them weighted with the
number of points used for the computation in the respective grid. In order to not include the
overlapping regions, twice in the computations for these regions we use the points of the Yin grid
and this is why there is the need for these weighted averaging. The vector correlation VC is an
important indicator, of how well the two vector fields agree because it involves the dot products
between the vectors as well as their magnitudes. The percentage of the magnetic energy EP not
only helps us to compare the two vector fields but also has a physical meaning. If the energy
in our solution is not close to the energy of the reference solution our model is not that useful
because being able to calculate the free magnetic energy stored in the corona is one of the reasons
why nonlinear force-free extrapolations are useful. Having the energy percentage close to unity
tells us that overall the vectors of our vector field have the correct magnitude.

3.5. Comparison of different test cases

-Case 0: In this case the initial potential field and the discretization error (L, L1, and L2) are
computed. This does not require optimisation, but only one iteration to compute the func-
tional L. A comparison with the reference solution is done as well. All comparison criteria
should be close to their ideal values so that the potential-field solution is meaningful.

-Case 1: This case estimates the discretization error of the reference solution computed on the
numerical grids. Again, no iteration was done, just one evaluation of L was computed.

-Cases 2–4: These are the first real tests which use an initial potential field and both the bottom
and top boundaries are prescribed from the reference solution. This ensures fully consistent
boundary conditions. This set-up of boundary conditions for the Yin-Yang code is equivalent
as prescribing all six boundaries of the computational box of a Cartesian NLFFF code. All
quantities show an almost perfect agreement with the reference solution (Case 1). The
values of L, L1, and L2 are even a bit smaller than the discretization error of the semi-
analytical reference field. The reason for this is that the code optimizes these quantities on
the numerical grids. The results are not affected if the update of the boundaries between
the Yin and Yang grid is done after every iteration step (Case 2) or only after every 10
or 100 iteration steps as in Cases 3 and 4, respectively. When examining the convergence
of the code, it seems that in Case 2 it converges faster than in Case 3 and in Case 3 it
converges faster than in Case 4. This can be understood as more frequent update of the
boundaries that insures faster flow of information between the grids. When we talk about
convergence speed we refer to the number of iterations needed to reduce L. The difference
in convergence speed is so small that it is not visible in Figure 3. A significant difference
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Table 1. The table summarizes the specifications of our test cases (columns 1 – 4) and a quantitative
evaluation of the results (columns 5 – 11). The first column ‘Case’ names the test cases. The second
column ‘NIS’ the Non-Interpolation-Steps. This means the number of iterations are done on the Yin
and Yang separately without communication between the two grids. Column three ‘Bound’ specifies
the used boundary condition. Here ‘l’ means that the Low & Lou reference field was specified in the
photosphere and on the outer boundary and ‘p’ means that a potential field was specified on the
outer boundary. Column four ‘µ control’ specifies whether a constant iteration time step was used
(value 1) or if and how the time-step was controlled dynamically (see the text for details). Column
five ‘Iterations’ shows the number of iteration steps until convergence and column six ‘Time’, the
computational time in minutes on Mac book pro with M1 processor. Columns seven to nine ‘L’, ‘L1’,
‘L2’ show the final value of the minimized functional L (see equation (3)) and its two parts which are
the residual Lorentz force (see equation( 12)) and the residual magnetic field divergence (see equation
(13)). Finally, we compare the output of our code with the reference solution by the vector correlation
(see equation (14)) in column ten ‘VC’ and the energy percentage (see equation( 15)) in column eleven
named ‘EP’.

Case NIS Bound µ control Iterations Time L L1 L2 VC EP

Cases 1 – 7 with constant iteration time step µ

Yin & Yang grid with 45 ≤ θ ≤ 135 and 45 ≤ φ ≤ 315

0 1 p - 1 < 1 0.001 0.001 0.000 0.876 0.783

1 1 1 - 1 < 1 0.025 0.012 0.012 1.000 1.000

2 1 l - 40000 248 0.013 0.010 0.004 1.000 0.998

3 10 l - 40000 190 0.013 0.010 0.004 1.000 0.998

4 100 l - 40000 186 0.014 0.011 0.004 1.000 0.998

5 1 p - 31340 166 0.070 0.048 0.022 0.996 0.957

6 10 p - 31960 149 0.070 0.048 0.023 0.996 0.957

7 100 p - 35100 163 0.070 0.048 0.023 0.996 0.958

Cases 8 – 13 with dynamical controlled iteration time step µ

Yin & Yang grid with 45 ≤ θ ≤ 135 and 45 ≤ φ ≤ 315

8 1 l 2.0 5763 30 0.047 0.032 0.015 0.998 0.972

9 1 l 1.5 5695 31 0.038 0.026 0.012 0.998 0.977

10 1 l 1.25 4319 23 0.061 0.041 0.019 0.997 0.965

11 1 p 2.0 7221 37 0.084 0.061 0.023 0.994 0.942

12 1 p 1.5 7213 39 0.084 0.061 0.023 0.994 0.942

13 1 p 1.25 6956 37 0.084 0.061 0.023 0.994 0.942

Case 14 with Yin & Yang grid with 50 ≤ θ ≤ 130 and 35 ≤ φ ≤ 325

14 1 l 2 4756 25 0.246 0.190 0.057 0.996 0.961

Case 15 with Yin & Yang grid with 35 ≤ θ ≤ 145 and 55 ≤ φ ≤ 305

15 1 l 2 27618 134 0.221 0.173 0.049 0.997 0.974

is observed in the computational time which is reduced by about 25% as the updating of
the boundaries is a lot less frequent in these cases. The reduction of the execution time is
not that significant when going from 10 to 100 non-interpolation steps as the percentage
of the execution time that the code spends on doing the updates is a lot smaller in Case 3
than in Case 2. In all cases, a fixed (small) iteration time-step was used and the code was
running until the maximum number of allowed steps (40 000) was reached. The evolution of
L (a decrease of almost four orders of magnitude) during the iterations is shown in Figure 2
and the development of the vector correlation and energy percentage in Figure 3. These two
quantities naturally start with the potential field values and reach almost one at the end of
the iteration.
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-Cases 5–7: They are similar to Cases 2–4 with the only difference that the bottom boundary of

our computational domain was prescribed by the reference solution. The outer boundary

was taken from the initial potential-field solution. These two boundaries are not necessarily

consistent with each other. However, these test cases are closer to the code application real

observational data. When a full-Sun extrapolation is attempted, only photospheric magnetic

field measurements are available at present and the outer boundary is a priori unknown.

This set-up of boundary conditions is comparable to specifying only the bottom boundary

of a Cartesian code. The inconsistent top and bottom boundary result in slightly increased

residual L, L1, and L2, a still almost perfect vector correlation, and an error of about 4%

in the magnetic energy. Again the number of non-interpolation steps hardly influenced the

result. updating the interpolation only every 10 steps resulted in the lowest computing time,

but not by a large margin. In order to understand this difference is important to mention here

that in Case 6 fewer iterations were needed to reach the state with a minimum L compared

to Case 7. This is expected as the more frequent update of the boundaries ensures faster

communication between the grids, thus accelerating the convergence. On the other hand,

the code runs faster when the updates are not that frequent. Therefore, the combination of

these two competing procedures gives us this complex dynamics.

-Cases 8–10: Here, instead of using a fixed small iteration step, we controlled the iteration step

dynamically. If both bottom and top boundaries are prescribed, we get a slight increase

in the residual errors L, L1, and L2 compared with a fixed time step and an error in the

energy percentage of 3− 4%. The vector correlation is almost one. Compared with a fixed

time step, we obtain a drastically reduced computational time by a factor of about ten.

-Cases 11–13: Here. we explore the dynamic time step control for the realistic case in which only

the photospheric magnetic field is provided. The effects of potential inconsistent bottom and

outer boundaries and the effects of the dynamic control of time step cumulate in a slightly

higher residual error in L1, but not in L2. Compared with the fixed time-step computation,

the error in the energy percentage increases by another 1.5% and the magnetic energy is

underestimated by almost 6% compared with the reference solution. The computing time

decreases by a factor of about four compared to the cases with a fixed time step.

-Cases 14 and 15: Here, we investigate the effect of a non-standard Yin-Yang grid and changed

the areas where both grids overlap. This was done for a case with a dynamically controlled

time step and the top boundary taken from the reference solution. All quantities (residual

L, L1, and L2 and comparison matrices VC and EP) compare worse with the standard

Yin-Yang grid, and consequently, we do not investigate further non-standard grids.
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Figure 2. Visualizing minimization of functional L from left to right cases 2, 3, and 4.
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Figure 3. Evolution of the vector correlation and normalized magnetic energy from left to right cases 2, 3, and
4.

4. Conclusion and future plans

We developed a new nonlinear force-free optimization code implemented on a Yin-Yang grid. The
quality of the solutions is comparable to the ones produced by a previous version of the spherical
NLFFF code as described in Wiegelmann (2007). Please note that the previous code version
did not include proper treatment of the polar regions and the tests have been done on a lower
resolution grid. Within this work, we investigated the influence of several code specifications.
The first more technical test was to investigate the new code under the condition of complete
and consistent boundary conditions, where the reference solution was specified on all bound-
aries, which showed an almost perfect agreement of the computed equilibria with the reference
solution. Please note that the Yin & Yang grids have no lateral boundaries and only bottom
and top boundaries needed to be prescribed. On the Sun, we have, however, only magnetic field
measurements in the photosphere and other boundaries are unknown. A natural guess is using a
potential field source surface model to prescribe the boundary conditions on the source surface.
Our code does still provide a good agreement with the reference solution. The vector correlation
with the reference solution has an error of about 0.5% and the error in the magnetic energy is in
the range of 4% (for a fixed small time step) and 6% (for a dynamically controlled time step). A
dynamic time step does, however, reduce the computing time by about a factor of 4.5. We also
investigated to which extent the final result is influenced by how often the Yin grid and Yang grid
communicate which each other (after every iteration step, after 10 and after 100 steps) and it
was found that these hardly influence the solution. The lowest computing time was reached if the
interpolation between the two grids was done every tenth iteration step. From this, we conclude
that using a dynamically controlled time step and grid communication at every tenth step should
be the standard for future application to data. If computing time does not matter a small fixed
time step gives somewhat more accurate results. Our next plans are to apply our new code
to the forthcoming synoptic vector magnetograms created by observations from SoLo/PHI and
SDO/HMI data. The high orbit from SoLO allows a view of the poles and combining data from
both spacecrafts will allow to remove the 180-degree ambiguity by stereoscopy (as investigated in
Valori et al., 2022). Our newly developed Yin-Yang implementation is timely for an application to
these new vector maps, which are expected to be more accurate than the current data (due to the
stereoscopic ambiguity removal approach) and because polar fields will be measured. We would
like to point out that the resulting full sphere global coronal magnetic field model is not only
important as a stand-alone result, but knowing the global magnetic topology and connectivity
helps also to prescribe (lateral and top) boundary conditions for local computations, e.g. in active
regions and at the poles.
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Wiegelmann, T.: 2006, Nonlinear Force-Free Modeling of Coronal Magnetic Fields Part I: A Quantitative
Comparison of Methods. Solar Phys. 235(1-2), 161. DOI. ADS.

Song, M.T., Fang, C., Zhang, H.Q., Tang, Y.H., Wu, S.T., Zhang, Y.A.: 2007, Reconstructing Spherical Nonlinear
Force-free Field in the Solar Corona. Astrophys. J. 666(1), 491. DOI. ADS.

Tadesse, T., Wiegelmann, T., Inhester, B.: 2009, Nonlinear force-free coronal magnetic field modelling and
preprocessing of vector magnetograms in spherical geometry. Astron. Astrophys. 508(1), 421. DOI. ADS.

Tadesse, T., Wiegelmann, T., Gosain, S., MacNeice, P., Pevtsov, A.A.: 2014, First use of synoptic vector mag-
netograms for global nonlinear, force-free coronal magnetic field models. Astron. Astrophys. 562, A105. DOI.
ADS.

Valori, G., Kliem, B., Fuhrmann, M.: 2007, Magnetofrictional Extrapolations of Low and Lou’s Force-Free
Equilibria. Solar Phys. 245(2), 263. DOI. ADS.
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